
Relaxation and thermalization in the one-dimensional Bose-Hubbard model: A case
study for the interaction quantum quench from the atomic limit

S. Sorg, L. Vidmar, L. Pollet, and F. Heidrich-Meisner
Department of Physics and Arnold Sommerfeld Center for Theoretical Physics,

Ludwig-Maximilians-Universität München, D-80333 München, Germany

Motivated by recent experiments, we study the relaxation dynamics and thermalization in the one-
dimensional Bose-Hubbard model induced by a global interaction quench. Specifically, we start from
an initial state that has exactly one boson per site and is the ground state of a system with infinitely
strong repulsive interactions at unit filling. Using exact diagonalization and the density matrix
renormalization group method, we compute the time dependence of such observables as the multiple
occupancy and the momentum distribution function. Typically, the relaxation to stationary values
occurs over just a few tunneling times. The stationary values are identical to the so-called diagonal
ensemble on the system sizes accessible to our numerical methods and we further observe that
the micro-canonical ensemble describes the time averages of many observables reasonably well for
small and intermediate interaction strength. The expectation values of observables in the canonical
ensemble agree quantitatively with the time averages obtained from the quench at small interaction
strengths, and qualitatively provide a good description even in parameter regimes where the micro-
canonical ensemble is not applicable due to finite-size effects. We discuss our numerical results in the
framework of the eigenstate thermalization hypothesis. Moreover, we also observe that the diagonal
and the canonical ensemble are practically identical for our initial conditions already on the level of
their respective energy distributions for small interaction strengths. Finally, we discuss implications
of our results for the interpretation of a recent sudden expansion experiment [Phys. Rev. Lett. 110,
205301 (2013)], in which the same interaction quench was realized.

PACS numbers: 05.10.-a, 05.70.Ln, 21.60.Fw

I. INTRODUCTION

The non-equilibrium dynamics of closed many-body
quantum systems is attracting considerable attention, fu-
eled by both fundamental theoretical questions and a
surge of experiments with ultra-cold quantum gases [1–
13] that give direct access to studying the real-time evo-
lution of such systems. As one of the primary goals for
theory, one seeks to understand how steady states and
thermal behavior emerge in a closed quantum system
[14–16]. This case is typical for quantum gas experiments
which are well isolated from the environment. Thermal-
ization in such a situation can occur in the sense that
subsystems equilibrate with each other, and can thus be
probed by studying the relaxation dynamics and thermal
behavior of local observables.

A typical protocol to drive a many-body system out of
equilibrium is a quantum quench, in which one param-
eter of the Hamiltonian is changed instantaneously. For
such quantum quenches, in a large number of examples
(see, e.g., [17–23] and [14, 24] for a review), the emer-
gence of thermal steady states has been investigated and
numerically demonstrated for generic models [15], which
do not possess any unusual conservation laws.

In order to pinpoint some of the questions addressed
in this field, it is instructive to consider the expression
for the time evolution for a pure state, appropriate for a
closed quantum system. Consider an observable Â and
its time evolution under the Hamiltonian H, which, for
instance, could be induced by a quantum quench (we set

~ = 1):

〈Â(t)〉 = 〈ψ(t)|Â|ψ(t)〉 (1)

with

|ψ(t)〉 = e−iHt|ψ(t = 0)〉 . (2)

In the eigenbasis |α〉 of H with H|α〉 = Eα|α〉, we can
write:

|ψ(t = 0)〉 =
∑
α

cα|α〉 (3)

and therefore, neglecting degeneracies,

〈Â(t)〉 =
∑
α 6=α′

Aαα′c∗αcα′e−i(Eα′−Eα)t +
∑
α

|cα|2Aαα ,

(4)

with Aαα′ = 〈α|Â|α′〉. In a generic many-body system,
one expects the first term in Eq. (4) to decay to zero due
to dephasing [15, 22, 25, 26] (see Ref. [27] for a weaker
definition of relaxation). Following [15], we introduce
the term diagonal ensemble for the statistical mixture of
states reproducing the infinite time average

ρ̂diag =
∑
α

|cα|2 |α〉 〈α| . (5)

One of the main questions is whether

〈Â〉diag =
∑
α

|cα|2Aαα = 〈Â〉thermal , (6)
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FIG. 1. (Color online) Sketch of possible distributions of

eigenstate expectation values of an observable Â. While A
(1)
αα

is broad with large fluctuations even between eigenstates close

in energy, A
(2)
αα and A

(3)
αα can be considered sharp functions

A(E) of the energy, for which for a sufficiently large system
and thus a narrow state, the ETH should hold. On a finite sys-
tem, where initial states can be so broad in energy (indicated
by the shaded area) as to resolve large variations of A(E)

with energy, A
(2)
αα may lead to non-thermal behavior. Since

A
(3)
αα has a simple linear dependence on energy, the ETH is

expected to apply in such a case for sufficiently large systems.

where 〈Â〉thermal is evaluated in a standard thermal en-
semble, which implies independence of the initial state.

A second question pertains to the relaxation dynam-
ics, namely how 〈Â(t)〉 approaches its steady-state value.
This could be an exponential, Gaussian, or a power-law
approach [21, 28–30], and related to that, the behavior
and decay of temporal fluctuations are of relevance to
define an equilibrated state [25, 31, 32]. Equilibration
may not necessarily occur in one step. For instance,
the possibility of prethermalized metastable states has
been demonstrated in theoretical studies [33–35]. Indi-
cations for prethermalization in experiments with one-
dimensional (1D) Bose gases were reported on in Ref. [5].

Clearly, one desires criteria to be able to tell be-
forehand whether a given observable for a given model
thermalizes or not. One framework in which this is
addressed is the eigenstate thermalization hypothesis
(ETH) [15, 36, 37]. The ETH states that if the expec-

tation values of an observable Â in the eigenbasis of the
post-quench Hamiltonian are a smooth function of en-
ergy, then Eq. (6) holds for the micro-canonical ensem-
ble. In other words, under the assumption that the de-
pendence of the 〈α|Â|α〉 on Eα can be approximated by
a linear function over the range of the initial state, the
micro-canonical ensemble describes steady-state values of
observables in quantum quenches well. These concepts
are meant to apply to large systems in the thermody-
namic limit, while numerical simulations and cold gas
experiments work with finite particle numbers. Typical
situations are illustrated in Fig. 1.

The validity of the ETH has been tested and estab-

lished in numerous numerical examples (see, e.g., [15, 38–
45]). Finite-size effects are important to understand since
many studies are carried out numerically [38, 45, 46]. A
notable exception from the ETH picture are integrable
1D quantum systems where extra conservation laws typ-
ically lead to non-thermal behavior [15, 47]. To ac-
count for that the generalized Gibbs ensemble with in-
finitely many Lagrange parameters was introduced in
Ref. [47] and studied for many integrable systems (see,
e.g., [22, 47–54]).

Many studies have emphasized the presence of chaotic
properties in the energy spectrum of many-body systems
(see, e.g., [40, 41, 55–57]) for the emergenve of thermal-
ization. Such considerations give a handle on under-
standing the width and typical form of the energy dis-
tribution defined by an initial state, which is essentially
the product of the density of states with the weights given
in Eq. (5). We will apply these concepts to understand
why the canonical ensemble works well in describing time
averages of observables for our quench. For further dis-
cussions of thermalization alternative to the ETH and
the connection between ETH and chaotic systems, see,
e.g., Refs. [40, 46, 58–60].

One of the many-body lattice systems that is well
established in quantum gas experiments is the Bose-
Hubbard model (BHM) [61, 62], for which a number
of non-equilibrium experiments have been performed
[1, 4, 6, 10, 12, 63]. This is also a model, for which a
direct comparison between experimental results and the-
ory is feasible [4, 12].

In this work we will be interested in its one-dimensional
version, for which the Hamiltonian is given as:

H = −J
L∑
i=1

(a†iai+1 + H.c.) +
U

2

L∑
i=1

n̂i(n̂i − 1) . (7)

The operator a†i creates a boson at site i, n̂i = a†iai is the
particle number operator and L is the number of sites.
We assume periodic boundary conditions (PBC), unless
stated otherwise, and a lattice spacing of a = 1. This
system has a Mott-insulating (MI) phase at large U/J
at any integer filling and a superfluid (SF) phase in all
other parameter regimes. At unit filling, the transition
occurs at (U/J)crit ≈ 3.3 [64, 65].

Various non-equilibrium topics have been investigated
theoretically for the one-dimensional Bose-Hubbard
model, including interaction quenches [17, 21, 45, 46, 66–
73], the relaxation dynamics starting from an ideal charge
density wave state [74, 75], the propagation of correla-
tions [76–79], the growth of entanglement in quantum
quenches [76], slow quantum quenches [80, 81], wave-
packet propagation [82, 83], sudden expansion dynamics
[12, 84–88], quenches in two-component Bose gases at fi-
nite temperatures [89] and dynamics in trapped gases
[80, 81, 90]. We mention that the question of ther-
malization has also been studied for the Bose-Hubbard
model with dissipation, spontaneous emission, or other
couplings to the environment (see e.g., [91, 92]).
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In recent experiments, the non-equilibrium dynam-
ics starting from product states in real space has been
studied, including an ideal density-wave state [4] or the
ground state of the BHM at U/J =∞ and n = N/L = 1
(where N represents the number of particles) [6, 12]

|ψ(t = 0)〉 =

L∏
i=1

a†i |0〉 . (8)

The ensuing time evolution is then monitored as a func-
tion of the post-quench interaction strength.

Our work is motivated, in particular, by the experi-
mental and numerical results from Ref. [12] for the one-
dimensional case. In that study, the dynamics were in
fact induced by both quenching J from 0 to J > 0, and
a simultaneous removal of the trapping potential. The
quench of J is, for the initial state given in Eq. (8), equiv-
alent to an interaction quench from U/J = ∞ to finite
values. A main result of Ref. [12] is the observation of
ballistic dynamics of strongly interacting bosons in one
dimension due to the integrability of hard-core bosons
and their exact mapping to non-interacting fermions, in
sharp contrast to the behavior in two dimensions. The
experimental and numerical data also clearly unveiled
a fast local relaxation that is relevant to understand
the dynamics in particular at intermediate U/J . This
local relaxation is due to the interaction quench per-
formed in the experiment. As a notable consequence
of the interaction quench, interacting bosons with, e.g.,
U/J ∼ 4 > (U/J)crit expand ballistically if they start
from the ground state in the trap but for the expansion
from Eq. (8), the interaction quench causes much slower,
presumably diffusion-like dynamics [12, 88].

The goal of our study is to understand relaxation
and steady states for the specific initial state Eq. (8) of
Refs. [6, 12]. In particular, we intend to clarify whether
experimentally measurable observables can, in the regime
of intermediate U/J ∼ 4, be described by standard ther-
mal ensembles. The establishment of at least local equi-
librium in these experiments can be seen as a prerequisite
for diffusive transport.

We will use exact diagonalization (ED) and the
time-dependent density matrix renormalization group
(tDMRG) method [93–95] to compute the time evolution
of these observables, extending first results from Ref. [12]
(see also closely related recent work [71–73]). We observe
that steady-state values are approached very fast for all
U/J . We then use exact diagonalization and quantum
Monte Carlo simulations to compare the time averages
of observables to various thermal ensembles.

As a main result, we observe that the micro-canonical
ensemble describes well many observables in the regime
U/J < 5, while we also identify examples where it fails
on small systems in this parameter regime. Moreover, we
will discuss the results in the framework of the ETH and
demonstrate that failures of the micro-canonical ensem-
ble in describing time averages can be traced back to sim-
ple finite-size effects, namely either the initial state being

too broad in energy or the total energy set by the initial
condition sitting in the first gap in the large U/J regime.
We estimate that even with typical particle numbers used
in quantum gas experiments that are larger than what we
can access numerically, thermal behavior in the sense of
the ETH and of ensemble equivalence [69, 96] cannot be
seen for large U/J � 4 for the initial conditions consid-
ered here.

Surprisingly, the canonical ensemble describes the time
averages of observables very well for small U/J . 5
and yields a qualitative good approximation for most
observables studied here for all U/J , even where the
micro-canonical ensemble is ill-defined due to finite-size
effects. In the small U/J regime, this can be traced
back to a remarkable agreement of ensemble energy dis-
tributions ρens(E) = pens(E)g(E), where pens(E) is the
occupation of eigenstates at energy E and where g(E)
denotes the density of states. For the initial condition
given in Eq. (8), the diagonal and the canonical en-
ergy distributions are practically identical at small U/J ,
an agreement, which gradually deteriorates as U/J in-
creases. A similar observation for initial product states
has been reported in Ref. [97]. While the focus of Ref. [97]
was specifically on understanding thermalization in inte-
grable systems, we emphasize that initial real-space prod-
uct states can lead to time averages similar to canonical
expectation values in the non-integrable case as well.

Our results for the density of states and the energy dis-
tribution are corroborated by studying the time evolution
of the fidelity F = |〈ψ(t = 0)|ψ(t)〉|2, i.e., the probability
to recover the initial state at a given time t. The fi-
delity is related to the energy distribution in Eq. (11) by
a Fourier transformation. We observe a Gaussian decay
of the fidelity for 0 < U/J . 4, with the time scale being
directly related to the width of the energy distribution
ρdiag(E). Qualitatively similar observations on the short-
time dynamics of the fidelity have been recently reported
on in Refs. [30, 98].

Finally, we discuss implications of our results for the
interpretation of the sudden expansion dynamics in the
regime of large U/J � 4, namely we derive an analyti-
cal prediction for the expansion velocity (see [12]) based
on a two-component picture of single bosons and inert
doublons.

The plan of this exposition is the following. Some
technical aspects and definitions as well as the numer-
ical methods used in this work are briefly introduced in
Sec. II. Our main results for relaxation and thermaliza-
tion in the interaction quench are contained in Sec. III.
We first discuss the relaxation dynamics in the interac-
tion quench in Sec. III A and then devote Sec. III B to the
comparison of the time averages to the expectations from
the micro- and the canonical ensemble. Section III C con-
tains a discussion of the ETH for our example, while we
provide a detailed discussion on the validity of the micro-
and the canonical ensemble in Secs. III D and III E, re-
spectively. The implications of our results for the sudden
expansion studied in Ref. 12 are presented in Sec. IV. We
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conclude with a summary of our results, Sec. V. In Ap-
pendix A, we provide a discussion of the short-time dy-
namics of the fidelity and its connection to properties of
the energy distribution. Appendix B contains examples
for the error analysis of time-dependent DMRG data.

II. SET-UP AND DEFINITIONS

A. Initial state

For the initial state given in Eq. (8), the total energy
E = 0 is independent of U , while the quench energy δE,
i.e., the energy of the system with respect to the post-
quench ground-state energy E0, is

δE = E − E0 = |E0| . (9)

The width of the initial state is

σdiag =
√
〈H2〉 − 〈H〉2 = 2J

√
L (10)

by a straightforward calculation (see Appendix A). The
energy distribution associated with the diagonal ensem-
ble, Eq. (5), is defined as

ρdiag(E) =
∑
α

|cα|2δ(E − Eα) . (11)

B. Observables

We will concentrate on the fraction of atoms on multi-
ply occupied sites and the quasi-momentum distribution
function (MDF). First, the fraction νh of atoms on mul-
tiply occupied sites is given by

νh := 〈ν̂h〉 :=
1

L

L∑
i=1

N∑
m=2

m 〈n̂(m)
i 〉 (12)

where n̂
(m)
i is defined through its action on the posi-

tion basis Fock states, n̂
(m)
i |..., ni, ...〉 = δm,ni |..., ni, ...〉,

yielding one if the occupancy on site i is m and zero
otherwise.

Second, we compute the quasi-momentum distribution
function nk, given by

nk = 〈n̂k〉 =
1

L

∑
l,m

e−ik(l−m)a 〈a†l am〉 , (13)

which we use for PBC. The MDF is not a local observ-
able but is one of the most frequently measured ones in
experiments.

C. Statistical ensembles

Micro-canonical ensemble. The micro-canonical en-
semble (denoted with a subscript mc throughout the pa-
per) consists of the energy eigenstates at the system’s en-
ergy E, each occurring with the same probability. Since

we are dealing with a finite system and thus a discrete
energy spectrum, we use the statistical mixture assigning
the same weight to all energy eigenstates with energies in
a window [E−∆E,E+ ∆E] around the system’s energy
E,

ρ̂mc =
1

NE,∆E

∑
|E−Eα|<∆E

|α〉 〈α| , (14)

where NE,∆E is the number of energy eigenstates in [E−
∆E,E+ ∆E]. In practice, we determine ∆E by plotting

〈Â〉mc versus ∆E and choosing ∆E such that 〈Â〉mc is
independent of the value of ∆E. For consistency, we
require that

E = 〈H〉mc . (15)

Canonical ensemble. The canonical ensemble (sub-
script can) is usually used to describe a system with fixed
particle number in thermal equilibrium with a heat bath
at some temperature T . It is the statistical mixture of
states given by the density matrix

ρ̂can =
1

Z
e−βH =

1

Z

∑
α

e−βEα |α〉 〈α| (16)

where Z is the partition function Z = tr(e−βH) =∑
α e
−βEα and β = 1/Tcan is the inverse temperature

(in units of 1/energy). In order to consistently describe
the steady state of our pure system with a canonical en-
semble, β will be chosen such that the ensemble energy
expectation value reproduces the system’s energy E,

〈H〉can = 〈ψ(t)|H |ψ(t)〉 = E = 0 . (17)

The energy distribution associated with the canonical en-
semble is defined as

ρcan(E) =
1

Z

∑
α

e−βEαδ(E − Eα) . (18)

Grand-canonical ensemble. We will also compute the
temperatures obtained in the grand-canonical ensemble
(subscript gc)

ρ̂gc =
1

Z
e−β(H−µN̂), (19)

where we determine β = 1/Tgc and the chemical potential
µ such that they fulfill the equations

E = tr[Hρ̂gc]; N = tr[N̂ ρ̂gc] . (20)

D. Numerical methods

For ED simulations, we use a Krylov-space based time-
evolution scheme [99] to propagate the wave function,
which, using ED methods, is possible for L ∼ 14. We do
not impose a cut-off Ncut in the local number of bosons.
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0 5 10 15 20

time tJ

0

0.2

0.4

0.6

0.8

ν
h

ν
h
(t)

diag. ens.

U/J = 0, 1, 4, 10, 20 (top to bottom)

FIG. 2. (Color online) Time evolution (solid lines) of the
fraction of atoms on multiply occupied sites νh for the quench
to U/J = 0, 1, 4, 10, 20 (top to bottom), L = 10, PBC. Dashed
lines: Diagonal ensemble. Data for tJ < 2 was shown in
Ref. 12.

We obtain the time evolution of several observables us-
ing this method, while results for larger systems with
L ∼ 20 are obtained from tDMRG simulations. We use
a Trotter-Suzuki method to propagate the wave-function
using tDMRG; the time step is typically chosen to be
δt ∼ 0.02/J . The discarded weight which controls the
accuracy of the truncation involved in tDMRG [100, 101]
is varied between δρ ∼ 10−4 and δρ ∼ 10−7. Exam-
ples demonstrating the numerical quality of the time-
dependent DMRG data are shown in Appendix B. The
cut-off Ncut was varied between 4 < Ncut < 9 to ensure
convergence. We perform tDMRG runs for open bound-
ary conditions (OBC), while ED results are for PBC,
unless stated otherwise.

Exact diagonalization allows us to obtain the complete
spectrum for systems with L ∼ 10 without any trunca-
tion in the local number of bosons (i.e., Ncut = N) by ex-
ploiting translational invariance and conservation of total
particle number. This information is used to construct
thermal ensembles for comparison with the time aver-
ages of observables. For large systems, we use quantum
Monte Carlo simulations to compute thermal expectation
values. Explicitly, we use path integral Monte Carlo with
worm updates [64], in the implementation of [102]. For
a recent review, see [103]. If not stated otherwise, then
PBC are imposed in the QMC simulations.

III. INTERACTION QUENCH

A. Relaxation dynamics

In this section, we present our results for the time-
evolution of various observables, starting from the initial
conditions given by Eq. (8). The filling is consequently

0 5 10 15 20

time tJ

0

1

2

3

4

n
k

n
k
(t)

diag. ens.

0

1

2

3

4

n
k

0

1

2

3

4

n
k

(a) U/J = 1

 top to bottom:
 k = 0, k = 0.4π/a, k = π/a

(b) U/J = 4

(c) U/J = 10

FIG. 3. (Color online) Time evolution (solid lines) and diag-
onal ensemble (dashed lines) of nk, ka = 0, 0.4π, π, after the
quench to finite U/J < ∞ for L = 10 and PBC: (a) U = J ;
(b) U = 4J ; (c) U = 10J .

always n = N/L = 1.

Typical results for the time evolution of νh and the
MDF nk are shown in Figs. 2 and 3. Evidently, νh quickly
increases from zero for all values of U/J and approaches
its stationary value after tJ ∼ 2, as was already discussed
in Ref. 12. At U = 0, there are large deviations from the
time average at times tJ = 8, 14, 19, which are finite-size
effects as their amplitude decreases and their position
moves to larger times as L increases.

The behavior for nk is quite similar. We display re-
sults for three different quasi-momenta in Fig. 3. In
all cases, also including density-density correlations (not
shown here), the time average is identical to the expec-
tation value in the diagonal ensemble defined in Eq. (5).
Note that at U = 0, analytical results for simple observ-
ables can be obtained, see, e.g., Ref. [73].

The oscillations around the time average are typically
small for U/J ∼ 1 but larger for large U/J (compare
Figs. 2 and 3). This is simply related to the number of
accessible eigenstates in the vicinity of the total energy
E = 0. As expected [15, 21, 25, 26, 29], these temporal
fluctuations around the mean value quickly decrease with
system size, as is evident from our data shown in Fig. 4,
where we show the relative standard deviation for νh and
nk=0, defined by

δA =
σA,t

At
, (21)
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0

0.1

0.2

0.3

0.4

0.5

0.6
δ
ν

h

U/J =   1
U/J =   4
U/J = 10

0 0.05 0.1 0.15 0.2 0.25
1/L

0

0.1

0.2

0.3

δ
n

k
=

0
(a)

(b)

FIG. 4. (Color online) Relative temporal standard deviation,
Eq. (21), of (a) νh and (b) nk=0 as a function of system size
L ≤ 14 after the quench from U/J =∞ to U/J = 1, 4, 10 for
the time interval tJ ∈ [5, 20] (unit filling N/L = 1, PBC). In
all cases, the fluctuations quickly decrease with system size.

where

σ2
A,t =

1

t2 − t1

∫ t2

t1

〈Â(t)〉2dt− A
2

t (22)

and

At =
1

t2 − t1

∫ t2

t1

〈Â(t)〉dt . (23)

Evidently, in all cases, the fluctuations decay to zero with
system size, in some cases consistent with an exponential
dependence on L.

B. Comparison of time averages with statistical
ensembles

We now turn our attention to the comparison of the
time averages of observables and the thermal expecta-
tion values calculated in different ensembles. In Figs. 5
and 6, we show results for nk and νh, plotting the diago-
nal ensemble (identical to the time average), the micro-
canonical ensemble, and the canonical ensemble.

First of all, let us stress that we show results for the
micro-canonical ensemble only if (i) it correctly produces
the right average energy equal to the total energy de-
fined by the quench and (ii) if a range of ∆E can be
found over which the micro-canonical expectation values
are independent of ∆E. These criteria can be met for
0 < U/J . 8. We find that the micro-canonical ensem-
ble systematically describes well νh (see Fig. 6(a)) and

-1 -0.5 0 0.5 1

ka/π

0

1

2

3

n
k

0

1

2

3

4

n
k

0

1

2

n
k

diagonal &

time average

canonical
microcan.

(a) U/J = 1

(b) U/J = 4

(c) U/J = 10

FIG. 5. (Color online) MDF nk versus k: diagonal (circles),
canonical (squares) and micro-canonical (diamonds) ensem-
bles for a system with L = 10 and PBC. (a) U = J ; (b)
U = 4J (c) U = 10J . For this system size, the micro-
canonical ensemble cannot properly be defined for U/J = 10.

density correlations in that regime (results not shown
here).

In the case of the MDF, nk=0 is typically not well de-
scribed by the micro-canonical ensemble (see Fig. 6(b)).
Since nk=0 is typically underestimated in the micro-
canonical ensemble compared to the diagonal ensemble,
for other values of k 6= 0, nk is too large in the micro-
canonical ensemble because of the normalization of the
MDF. Indeed, for some finite quasi-momenta k > 0, there
are large deviations as exemplified in the case U/J = 1
and k = 0.4π/a shown in Fig. 5(a).

The canonical ensemble describes the diagonal en-
semble very well for U/J . 5 (see Figs. 5(a), 5(b),
and 6), even at U = 0. Surprisingly, even where the
micro-canonical ensemble fails on small systems, i.e., for
U/J & 8, the canonical ensemble still qualitatively repro-
duces the U/J dependence of all quantities and the quasi-
momentum dependence of the MDF quite well, while
quantitative differences between the canonical and diag-
onal ensemble are typically the largest for U/J ≈ 10.

C. Discussion of the ETH

In order to understand why the thermal ensembles
work in some cases and fail in other examples, it is in-
structive to revisit the question of the validity of the ETH
for this model (see Refs. [43, 45, 46]), focusing on the
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0.8

1.0
ν

h
diagonal &

time average

canonical
microcan.

0.0

1.0

2.0

3.0

n
k
=

0

0.0

0.5

1.0

1.5

n
k
=

0
.4

π
/a

eff. model

0 5 10 15 20

U/J

0.0

0.5

1.0

n
k
=

π
/a

(a)

(b)

(c)

(d)

FIG. 6. (Color online) Comparison of the diagonal with the
canonical and micro-canonical ensembles as a function of U/J
for a system with L = 10 and PBC after the global interac-
tion quench from infinite to finite U/J . (a) νh, and nk for
(b) k = 0, (c) k = 0.4π/a, (d) k = π/a. The dashed line in
(a) represents the fraction of doublons, Eq. (38), in the di-
agonal ensemble of an effective two-level system discussed in
Sec. IV A.

regime in energy defined by our initial condition, i.e.,
−σdiag < E < σdiag, recalling that the total energy is
E = 0, independently of U/J .

To that end, we compute the expectation values of νh
and nk in all eigenstates |α〉 of the post-quench Hamilto-
nian. Our results are shown in Fig. 7 and Figs. 8, 9 and 10
for U/J = 0, 1, 4, 10. For the MDF, we present results
for three different quasi-momenta k = 0, 0.4π/a, π/a in
Figs. 8, 9 and 10, respectively. In these four figures we
show both the full distributions and the distribution re-
stricted to the total quasi-momentum K = 0 subspace
the initial state lies in.

Several observations need to be stressed. First, for
U = 0 and U = J , the system’s energy E = 0 is in
the center of the spectrum, while for large U/J , it sits
at the lower edge. Hence, finite-size effects are expected
to be more severe at large U/J [45] (which corresponds
to the small-quench regime discussed in [68]) and there-
fore, one would expect thermalization to be observable
numerically—if at all—only on comparably large sys-
tems. Second, both for U = 0 and large U/J , the distri-
butions of 〈α|n̂k|α〉 are very broad and structured. This
is typical for integrable systems or systems that are close

FIG. 7. (Color online) Eigenstate expectation values
〈α| ν̂h |α〉 of νh for (a) U = 0, (b) U = J , (c) U = 4J , (d)
U = 10J , and N = L = 10. Red (dark): All energy eigen-
state expectation values. Blue (light): Expectation values in
energy eigenstates in the K=0 subspace, which are the only
ones relevant for the diagonal ensemble for our initial con-
dition. Vertical lines mark the total energy in our quench,
E = 0. For the integrable case U/J = 0, degenerate energy
eigenvalues exist in each K-subspace, such that the choice
of the basis is not unique. Here and in Figs. 8-10 we repre-
sent the diagonal elements of observables in the simultaneous
eigenbasis of nk. Shaded area: Width of the initial state,
σdiag/(NJ) = 2/

√
N ≈ 0.63.

to an integrable point [15, 38]. At U = 0, this is a con-
sequence of integrability and the existence of many de-
generacies. For nk, the particular structure at U = 0
emerges by choosing the simultaneous eigenbasis of all
nk, in which the 〈α|n̂k|α〉 take only integer numbers. For
large U/J , the structure of the spectrum at the integrable
U/J = ∞ point (compare [45, 104]) is reflected in the
distributions of 〈α|ν̂h|α〉, with separate bands emerging,
corresponding to excitations with an energy nU above
the ground state (n integer). Third, for U = 0, 〈α|ν̂h|α〉
exhibits almost no dependence on energy.

An important requirement for the ETH is that 〈α|Â|α〉
is a smooth and sharp function of energy E. This means
that the vertical width of the distribution of 〈α|Â|α〉 at a
fixed E should be small, compared to the typical size and
overall variation of 〈α|Â|α〉 in that region. By inspection
of Figs. 7, 8, 9 and 10, this condition seems to be mostly
fulfilled for U = J with the exception of nk at k = 0.4π/a
(see Fig. 9(b)). For U/J = 4 and U/J = 10, the typi-
cal vertical width of the distribution across the entire
spectrum is much larger, yet at E = 0, the eigenstate
expectation values have smooth distributions compared
to the behavior at larger E.

For U = 0, there are always several significantly differ-
ent expectation values for a given value of Eα (except for
νh), and thus one would in general not expect thermal
behavior for nk. At present, we do not understand why
the distribution of 〈α|ν̂h|α〉 has such a simple structure
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FIG. 8. (Color online) Eigenstate expectation values as in
Fig. 7, but for the MDF at k = 0, 〈α| n̂k=0 |α〉. Note that
in the integrable case U/J = 0, the distribution of energy
eigenstate expectation values of the global observable nk=0 is
very broad. Results for 〈α| n̂k=0 |α〉 were shown and discussed
in Ref. [45].

FIG. 9. (Color online) Eigenstate expectation values as in
Fig. 7, but for the MDF at ka = 0.4π, 〈α| n̂k=0.4π/a |α〉.

at U = 0, namely a narrow distribution with 〈α|ν̂h|α〉 al-
most independent of energy (compare Fig. 7(a)). Qual-
itatively, since the Hamiltonian at U = 0 does not de-
pend on n̂i or any higher occupancies, it implies that the
eigenenergies are also independent of higher occupancies
and thus νh is only a function of average density but not
of eigenstate energy. Nonetheless there are several flat
bands of eigenstates, all of which have different values of
νh, with no dependence on Eα.

To understand our results obtained for a fixed sys-
tem of finite size and for our specific initial state, we
are interested in the deviation of the eigenstate expec-
tation values with respect to the diagonal ensemble,

FIG. 10. (Color online) Eigenstate expectation values as in
Fig. 7, but for the MDF at ka = π, 〈α| n̂k=π/a |α〉.

δAα = Aαα − 〈Â〉diag. We calculate the variance of δAα
in the diagonal ensemble as

Σ2
δA,diag =

∑
α

|cα|2
(
Âαα

)2

−

(∑
α

|cα|2Âαα

)2

. (24)

Our results are shown in Fig. 11, where we actually plot

Σrel
diag = ΣδA,diag/〈Â〉diag . (25)

We observe, similar to related studies [15, 43, 44, 105],
that these fluctuations decay quickly with system size in
this non-integrable model. However, note that Σrel

diag ∼
1/L (i.e., power-law dependence on 1/L), in contrast
to other measurements of the vertical width of distribu-
tions of 〈α|Â|α〉 studied in the literature [43]. There, one
usually desires an initial-state independent criterion and
therefore, one studies the fluctuations of the eigenstate
expectation values relative to the corresponding micro-
canonical values, ∆Aα = Aαα − 〈Â〉mc (Eα). The vari-
ance of these fluctuations

Σ2
∆A = 〈(∆Aα)2〉c − 〈∆Aα〉2c (26)

is typically measured with respect to the central region of
the spectrum 〈...〉c, which contains the most eigenvalues.
This quantity decays as Σ∆A ∼ 1/D1/2 [43], where D is
the Hilbert-space dimension, and thus exponentially fast
in L.

The difference clearly is that our measure ΣδA,diag also
takes into account the width of the initial state, which,
as our examples show, can contribute to deviations from
thermal behavior on small systems, as was also empha-
sized in [46]. We believe that it is important to consider
this aspect in the analysis of numerical data at finite L
for specific examples of quantum quenches, while in or-
der to assess the validity of the ETH assuming sufficiently
narrow initial states (which will usually be the case [15]),
Σ∆A provides the appropriate measure.
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FIG. 11. (Color online) Σrel
diag = ΣδA,diag/ 〈Â〉diag as a func-

tion of inverse system size 1/L for different observables at
U/J = 1. Dashed: Linear fits through origin (for nk=0, the
three smallest system sizes are excluded from the fit).

D. Micro-canonical ensemble

The results from the previous section Sec. III C on the
ETH suggest that the micro-canonical ensemble should
yield a reasonable description for most observables in
the 0 < U/J . 5 regime, where most observables have
(i) narrow distributions of eigenstate expectation values

〈α|Â|α〉 and (ii) the total energy E is in the bulk of the
system. Of course, neither the fluctuations of the eigen-
state expectation values are vanishingly small for L = 10
nor is the initial state narrow in energy. In fact, for
L = 10, σdiag ≈ 0.63JN .

The results for U = 0 and U/J = 1 shown in Figs. 7(a)
and 7(b), respectively, suggest that (νh)αα can be reason-
ably approximated as a linear function of energy. As a di-
rect consequence of this observation, the micro-canonical
average matches the diagonal one even though L = 10
is small. A similar behavior, i.e., a linear variation with
Eα in the vicinity of E = 0, is realized for the MDF
for certain values of the quasi-momentum k (see, e.g.,
Fig. 10(b)).

Nonetheless, there are cases in which the state as such
is broad in energy such that a large variation of 〈α|Â|α〉
with energy is resolved (see Fig. 9(b)), resulting in

〈Â〉diag 6= 〈Â〉mc .

This is clearly a finite-size effect since ultimately
σdiag/(NJ)→ 0 (note that we plot 〈α|Â|α〉 versus Eα/N
in Figs. 7-10).

The failure of the micro-canonical ensemble at large
U/J is due to the fact that the total energy lies in the
gap ∆ for these small system sizes. Therefore, in the
vicinity of E = 0 there are no states at all, and a naive
implementation of the micro-canonical ensemble will mix
in the ground state and states from the first band, which
contains states with one doublon excitation. As a conse-
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FIG. 12. (Color online) Temperatures of the canonical and
the grand-canonical ensembles as a function of interaction
strength U/J for systems with energy E = 0 and PBC. Main
panel: T/U versus U/J , inset: T/J versus U/J . The data
for L = 10 was obtained with exact diagonalization (ED), the
ones for L = 20 are Quantum Monte Carlo (QMC) results.

quence, one can easily convince oneself that 〈ν̂h〉mc > νh.
This, of course, is a finite-size effect, since the quench en-
ergy in a global quench is extensive [45], while the Mott
gap ∆ is intensive.

Nevertheless, the system’s energy will sit in the bulk
of the spectrum if the limit N,L→∞ at n = N/L = 1 is
taken at U/J < ∞. In this case, one would expect that
the comparison to thermal ensembles becomes meaning-
ful again. We quantify this condition as δE � ∆, fol-
lowing Ref. [45]. To estimate the number of particles Ñ
which satisfy this condition, we use the following approx-
imations: (i) We obtain the quench energy from second-
order perturbation theory. For periodic boundary condi-

tions, this results in δE = 4J2

U N . (ii) We use the effective
holon-doublon quadratic model [6, 73] to estimate the ex-
citation gap as ∆ = U − 6J . The requirement δE � ∆
then leads to

Ñ � 1

4

U

J

(
U

J
− 6

)
. (27)

For U/J = 10, this implies Ñ � 10, while for U/J = 20,

it implies Ñ � 70. Alternatively, one could require that
the width of the diagonal distribution σdiag, Eq. (10), is
much larger than the gap ∆. This leads to

L̃� 1

4

(
U

J
− 6

)2

. (28)

For large U/J and N = L, the latter condition becomes
very similar to the condition in Eq. (27). Evidently, in
a typical quantum gas experiment, in which there are
about N ∼ 100 particles per tube, thermalization in the
small quench regime can thus never occur.
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E. Canonical ensemble

1. Temperature

In the canonical ensemble, it is always possible to en-
force E = 〈H〉can by choosing temperature. Whether the
temperatures extracted from this condition are meaning-
ful for a small system is a different question though. One
may require several criteria such as (i) independence of
Tcan on system size and, even stronger, (ii) equivalence
of definitions of T in different ensembles [69].

Figure 12 shows the canonical temperature Tcan for two
system sizes L = 10 and 20 and it also includes the grand-
canonical temperature Tgc for L = 20 (note that our
results differ qualitatively from Ref. [72]). In the main
panel where we plot T/U versus U/J , we simply observe
that T increases monotonically from T = 0 at U/J =∞
towards U = 0, where the temperature diverges. This
behavior follows the dependence of the excess energy δE.

The inset, which displays T/J versus U/J , unveils the
finite-size effects: These are negligible for U/J . 5 but
Tcan(L = 10) > Tcan(L = 20) as U/J increases. At the
same time, Tgc is practically identical to Tcan(L = 20)
for U/J . 5, but again deviates from that for large in-
teraction strengths. On the one hand, it is very interest-
ing that at small U/J . 5 and system sizes of L ∼ 20
there is already a notion of ensemble equivalence with
〈Â〉mc ≈ 〈Â〉can for at least some observables (e.g., νh)
and agreement between different definitions of tempera-
ture. On the other hand, these results suggest that the
similarity between canonical and diagonal ensemble at
large U/J has to be taken with some caution since (i)
the micro-canonical ensemble cannot properly be con-
structed and thus there is no ensemble equivalence and
(ii) canonical temperatures are evidently system-size de-
pendent.

Since the canonical temperature at U = 0 is T = ∞,
one can easily understand the apparent agreement be-
tween the canonical and diagonal expectation values of
n̂k as a coincidence. Namely, as a consequence of the ini-
tial state being a product state plus the fact that the nk
are integrals of motion for U/J = 0, nk(t = 0) = nk(t) =
〈n̂k〉diag, nk immediately has the right T =∞ form, i.e.,

nk = N/L.

2. Statistical weights of the initial state

We now turn to an analysis of the weights of the di-
agonal and canonical ensemble and the respective energy
distributions. This will be instrumental in understanding
why the canonical ensemble works so well for U/J . 5,
and we thus start our discussion with the small U/J
regime.

Small U/J. We present typical examples for the energy
distribution in Figs. 13 and 14 for U = 0 and U/J = 1,
respectively. Evidently, for small U/J , this distribution

FIG. 13. (Color online) Comparison of the energy distribu-
tions in the diagonal and the canonical ensembles for the
quench U/J = ∞ → U/J = 0 (L = 10, PBC). (a) Den-
sity of states (DoS) as a histogram (arb. units) of the number
of eigenstates in 50 bins for the K=0 subspace, which is the
only one contributing to the diagonal ensemble for our par-
ticular quench initial state, and for all K-subspaces, since all
states contribute to the canonical ensemble. The histogram
for K=0 is multiplied by L to simplify the comparison with
the DoS of all K-subspaces. The DoS in the K=0 subspace is
very similar to the one for all K-subspaces. (b) Distribution
of weights in the diagonal (|cα|2) and in the canonical ensem-
ble (wα = e−βEα/Z). The canonical distribution is flat be-
cause Tcan =∞. (c) Energy distribution ρens(E) (arb. units),
which is the product of the eigenstate occupations and the
density of states. The δ-peaks at each Eα are broadened by

Lorentzians 1/

(
πγ

(
1 +

(
E−Eα
γ

)2
))

of width γ = 0.02NJ .

ρdiag(E) ≈ ρcan(E) since both the DoS and the eigenstate oc-
cupations are similar for both ensembles. The DoS in the 1D
BHM for various U/J was previously studied in Ref. [104].

is centered around E = 0 in the sense that it has its max-
imum in the vicinity of E = 0 and we observe a Gaussian
shape of ρdiag(E). We will complement this observation
by the discussion of the short-time dependence of the
fidelity in Appendix A.

We also include the canonical energy distribution in
Figs. 13 and 14, defined in Eq. (18). Curiously, we find
that

ρcan(E) ≈ ρdiag(E) . (29)

From this observation, we also expect

〈Â〉can = 〈Â〉diag (30)
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FIG. 14. (Color online) Comparison of the energy distribu-
tions in the diagonal and the canonical ensembles as in Fig.
13, but for the quench U/J = ∞ → U/J = 1. (a) The DoS
in the K=0 subspace is essentially equal to the one for all K-
subspaces. (b) The eigenstate occupations of the two ensem-
bles obviously differ, with the exponential decay in the canon-
ical ensemble being clearly visible. (c) ρdiag(E) ≈ ρcan(E) is
in this case due to the interplay of DoS and eigenstate occu-
pations.

for any observable Â and the special initial state consid-
ered here. A similar observation for quench dynamics
with 1D hard-core bosons starting from a product state
in real space was discussed in Ref. [97].

As the simplest case to understand this observation,
we first consider U/J = 0. Since Tcan =∞ for our initial
state, the canonical density matrix is equal to

ρ̂can =
1

Z

∑
α

e−βEα |α〉 〈α| = 1

D
∑
α

|α〉 〈α| (31)

where D denotes the dimension of the Hilbert space. The
width of the canonical distribution is therefore directly
given by the width of the density of states (DoS) g(E). In
Fig. 13, we show ρcan(E), which can faithfully be fitted
by a Gaussian function with σcan ≈ 0.63JN . This leads
to

σcan ≈ σdiag (32)

for our initial state and L = 10 and the remarkable agree-
ment of Eq. (29). Even though ρ̂can and ρ̂diag differ on the
level of weights of single eigenstates (see Fig. 13(b)), the
ensemble averages result in virtually indistinguishable ex-
pectation values. This is an example of the case, in which
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FIG. 15. (Color online) Energy distributions (arb. units) in
the diagonal and the canonical ensembles as in Fig. 13(c) and
14(c), but for the quenches to (a) U/J = 4 and (b) U/J = 10.
For U/J = 10, the system’s energy (vertical dashed lines) lies
in the gap between the ground and the first excited state,
rendering the micro-canonical ensemble inapplicable on such
small systems. Shaded area: Width of the initial state.

the coefficients cα fully sample the energy shell (reflected
in the Gaussian energy distribution) [30, 106], which also
leads to initial-state independence in Eq. (6). According
to Ref. [106], this is sufficient to ensure that steady-state
values of observables agree with thermal ones at infinite
temperature.

The corresponding temperatures Tcan decrease as a
function of U/J , as shown in Fig. 12 for L = 10 and
L = 20. Assuming that the density of states g(E) is a
Gaussian function centered at the energy EDoS, one can
show that the canonical distribution ρcan(E) is, for any
Tcan chosen to match a given E, also a Gaussian func-
tion (of the same width), yet centered at E. We there-
fore expect that the origin of the agreement between the
canonical and diagonal averages is the same as in the
U/J = 0 case described above, i.e., similar widths (and
similar higher moments) of ρcan(E) and ρdiag(E) result in
virtually indistinguishable ensemble averages. This can
be viewed as being related to the emergence of quantum
chaos in the one-dimensional Bose-Hubbard model in the
small U/J regime [104, 107].

In fact, one can expect similar properties for any initial
state that is a product state in real space: The energy at
U = 0 vanishes for all these states, hence the canonical
temperature is always infinite. Moreover, the eigenstates
at U = 0 are built from single-particle eigenstates of the
n̂k and it is therefore not suprising that these are sampled
practically randomly by initial states that are real-space
product states.
Large U/J. At large U/J > 4, Eq. (29) is not valid and

neither the DoS nor the energy distribution is Gaussian.
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Rather, the distribution ρdiag(E) has a two-peak struc-
ture with most of the weight sitting in the ground state
and in the states with Eα > E = 0, while there are vir-
tually no states in the vicinity of E = 0 (see Fig. 15(b)).
This is a consequence of E = 0 being in the gap deep
in the Mott-insulating regime on finite systems, where as
a consequence, the density of states at E = 0 vanishes.
The fact that νh is well described by the canonical en-
semble actually does not require the energy distributions
to be similar, only the overall weight in each band with
a fixed number of excitations above the ground state has
to be identical (see Fig. 15(b) and Sec. IV A). Since at
large U/J and on the accessible system sizes, ETH does
not apply, the apparent similarity of the diagonal and
canonical ensemble has a different origin, not covered by
ETH, namely the peculiar structure of ρ̂diag.

In order to get a quantitative handle on how the agree-
ment between ρdiag(E) and ρcan(E) evolves as U/J is
increased, we calculate the central moments

µn = 〈(E − 〈E〉ens)
n〉

ens
(33)

for both distributions (ens = diag, can). For a normal
distribution µ2 6= 0 and µ3 = 0, while for the diago-
nal distribution µ2/J

2 = 4L and µ3/J
3 = 4L(U/J) by

straightforward calculations. From Fig. 16, which shows
the variance µ2 and the skewness µ3 versus U/J , we infer
that (i) the larger U/J , the less the diagonal and canon-
ical energy distributions resemble a normal distribution,
(ii) the distributions become skewed, indicated by non-
zero odd moments, and (iii) the second moments of the
diagonal and canonical energy distributions are similar
at small and large U/J . The last point is consistent with
our observation that the relative difference between diag-
onal and canonical ensemble is the largest at intermediate
U/J (compare Fig. 6), namely of the order of 10%.

3. Comparison between diagonal and canonical expectation
values and finite-size scaling

The results for L = 10 and small U/J < 4 do not im-
ply a general equivalence of expectation values since σcan

and σdiag do not necessarily coincide for all values of L.
To further elucidate the significance of the similarity be-
tween the diagonal and the canonical ensemble, we study
the finite-size scaling in more detail.

First, we compare σcan and σdiag for larger L in Fig. 17
for U = 0 and U = J (for the latter up to L = 20).

For the diagonal ensemble, σdiag/(JL) = 2/
√
L is an ex-

act result. As expected, also the widths σcan/(JN) of
the canonical ensemble approach a power-law decay with
σcan/(JL) ∝ 1/

√
L for large L. At T =∞, as is the case

for the quench to U/J = 0, σcan can be computed exactly
by combinatorially averaging over the position basis Fock
states. For arbitrary N and L we obtain

σcan

NJ
=

√
1 +

N − 1

L+ 1

√
2

N
, (34)
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FIG. 16. (Color online) Central moments µ2 (variance) and
µ3 (skewness) (see Eq. (33)) of the energy distribution for
the diagonal and the canonical ensemble (ED data, L = 10,
PBC).
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FIG. 17. (Color online) Width σens of the energy distributions
(ens = diag, can) as a function of system size L. We plot

σdiag/(JL) = 2/
√
L, Eq. (10) and σcan at U/J = 0 from

Eq. (34). At U/J = 1, we use ED data, except for the L = 14
and 20 data points which were obtained from QMC.

which is plotted in Fig. 17. For N = L and L � 1, it
reduces to

σcan/(LJ) ≈ 2/
√
L = σdiag/(LJ) . (35)

Therefore, in the limit N → ∞, the prefactors of the
power-law decays of σcan and σdiag become the same.
This means that we expect our findings concerning the
agreement of the diagonal and the canonical ensembles
at small U/J to persist at large L.

We next compute the expectation values of ν̂h, n̂k=π/a

and n̂k=0 in the diagonal and the canonical ensemble for
various system sizes at U = J . These results are shown
in Fig. 18 and based on these data we conclude that the
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FIG. 18. (Color online) Finite-size scaling of νh, nk=0, and
nk=π/a in the diagonal and canonical ensemble at U = J using
PBC (ED data, except for L = 14, which is QMC data for
the canonical ensemble).

agreement between the canonical and diagonal ensemble
survives for L > 10. The scaling of σcan ∝

√
L can in

fact be understood from the L-dependence of the specific
heat.

Figure 19 shows tDMRG results for νh for L = 20 and
OBC, in comparison with the canonical expectation val-
ues computed with QMC. Obviously, for U/J = 4, the
time average agrees quite well with the QMC, whereas at
U/J = 8, the canonical ensemble provides a poor approx-
imation to the time average. For U/J = 4, we computed
time averages and canonical expectation values for sev-
eral larger systems shown in the inset of Fig. 19(a), with
a very good agreement. For U/J = 20, the canonical en-
semble is surprisingly close to the time average already
at L = 20, similar to our expectation from the L = 10
data (PBC) shown in Fig. 6.

F. Behavior for other initial states

Finally, we mention that the similarity between expec-
tation values in the canonical ensemble and the diago-
nal ensemble is not restricted to pure Fock states in real
space. We have verified that this behavior also emerges
for quenches from the ground state of the Bose-Hubbard
model in the MI phase at finite values of (U/J)crit <
U/J < ∞ (results not shown here). Other possible ini-
tial states that are product states in real space are those
that have periodic arrays of doublons and empty sites
with filling n = 1, as studied in [108], or the density-
wave state discussed in Refs. [4, 21, 74, 75] with filling
n = 0.5. Preliminary results for small systems show that
micro-canonical and canonical ensemble agree well with
the time averages at small U/J ≤ 2 for such initial states,
while deviations between the thermal ensembles and the
diagonal one become substantial for large U/J > 4. This
suggests that the initial state being the ground state of
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FIG. 19. (Color online) Time evolution of νh (tDMRG, solid
line) and canonical expectation value (QMC, dashed line) for
L = 20, OBC, at (a) U/J = 4, (b) U/J = 8, and (c) U/J =
20. (d) Comparison of DMRG time averages for t ∈ [2/J, tmax]
with QMC data for the expectation value computed in the
canonical ensemble as a function of inverse system size 1/L
for L = 16, 18, 20, 22, 24, 30. Statistical errors in the QMC
data are negligible and thus not shown.

the pre-quench Hamiltonian could be another relevant in-
gredient in understanding the properties of the diagonal
ensemble, besides the initial state being a product state
in real space.

IV. SUDDEN EXPANSION EXPERIMENT

We now take advantage of the discussion of the diag-
onal ensemble presented in the paper and address some
open questions emerging from recent experiments with
ultracold atoms. The purpose of this section is to pro-
vide an analytical interpretation of the numerical and
experimental results for the expansion velocity in the
sudden expansion of bosons in the one-dimensional Bose-
Hubbard model in the large U/J regime [12]. The expan-
sion velocity is large at U = 0 and at U/J � 4 and takes
a minimum in the vicinity of U = 3J (see Fig. 20). The
large expansion velocities at U = 0 and U/J = ∞ are
due to the ballistic expansion of free bosons and hard-
core bosons in one dimension, respectively [12], while the
reduction at intermediate U/J is a consequence of the
interaction quench [88] that was performed in [12] simul-
taneously with the trap removal. Due to the interaction
quench, doublons and higher occupancies are dynami-
cally generated, which was observed in the experimental
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data from [12].
We provide an analytical expression for the expansion

velocity based on a two-component picture of ballisti-
cally expanding single atoms and inert doublons, valid
for U/J > 10.

A. Fraction of doublons in the diagonal ensemble

At small L (small in terms of Eq. (28)), E sits in
the lowest gap of the spectrum, see Fig. 15(b). The
simplest possible approximation to the time-dependent
wave-function can be taken for an effective two-level sys-
tem,

|Φ(t)〉 = c0e
−iE(0)t |φ(0)〉+ c1e

−iE(1)t |φ(1)〉 , (36)

where |φ(0)〉 and |φ(1)〉 represent the ground state and
a typical excited state in the first continuum of excited
states, respectively. We assume that these states can
be expressed by the effective holon-doublon quadratic
model [6, 73]. In this case, ν̂h is a diagonal oper-
ator in the energy eigenbasis and therefore, the frac-
tion of doublons becomes a time-independent quantity,
ν̃h(t) = 〈Φ(t)| ν̂h |Φ(t)〉 = 〈ν̃h〉diag = 2

N |c1|
2. The coef-

ficient |c1|2 can be obtained from total energy conserva-
tion, which gives

|c1|2 =
−E0

U − 6J
=

4J2

U(U − 6J)
N , (37)

where E0 was obtained from second-order perturbation
theory. The fraction of doublons in such an effective
model is therefore equal to

〈ν̃h〉diag =
8

U
J

(
U
J − 6

) . (38)

The dashed line in Fig. 6(a) represents 〈ν̃h〉diag versus

U/J , which agree very well with 〈ν̂h〉diag in the large

U/J limit. Since all other excited states were neglected
in this calculation, we expect that Eq. (38) represents a
lower bound for the exact 〈ν̂h〉diag.

In addition, we also discuss the case where the number
of particles is large, i.e., the conditions in Eq. (27) and
Eq. (28) are fulfilled. We assume that the ETH works
in this regime, i.e., the diagonal and micro-canonical av-
erages yield the same value, and that ν̂h is a diagonal
operator in the energy eigenbasis. Then we equate the
quench energy with the excitation energy of a typical
excited state with m double occupancies (with respect
to the ground state), δE = m(U − 6Jη), where m is
an integer and η ∈ [−1, 1] takes into account the effec-
tive dispersion of holons and doublons. Since we do not
have any knowledge of η (it depends on N and U/J),
we rather equal the quench energy to an effective level,
δE = m̃(U − 6J), where m̃ represents a positive real
number. This induces some error into the calculation of
m, which is, however, smaller than one if U/J > 12 (the
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FIG. 20. (Color online) Radial expansion velocity vr/J vs
U/J . Symbols: tDMRG data from Ref. [12]. Dashed line:
result from Eq. (44).

full width of a single continuum of excitations, within the
same m, is 12J). The fraction of double occupancies is
then

νh ≈
2m̃

N
=

8
U
J

(
U
J − 6

) , (39)

which is the same result as for 〈ν̃h〉diag at small N ,

Eq. (38). This indicates that, as long as the fraction
of doublons is concerned, the diagonal average barely de-
pends on the number of particles.

B. Expansion velocity in the large U/J regime in a
two-component picture

We now apply our results of the previous section to
the sudden expansion of 1D bosons [12], where the initial
state was the same as in the present study. The typical
number of particles in a single tube in that experiment
is N . 80. Results in Eq. (38) and Eq. (39), however,
suggest that 〈ν̂h〉diag is not sensitive to the number of
particles in the system.

In the sudden expansion experiment, two quenches are
performed: (i) sudden removal of the trapping poten-
tial; (ii) quench from infinite to finite U/J . The time-
dependent radius of the density distribution is defined
as

R2(t) =
1

N

∑
i

〈n̂i(t)〉(i− i0)2, (40)

where i0 represents the center of mass. The correspond-
ing radial velocity vr(t) is defined through the reduced

radius R̃(t) =
√
R2(t)−R2(0) as

vr(t) =
∂R̃(t)

∂t
. (41)

We make the following assumptions, which are justified
by the numerical data from Refs. [12, 88]: (i) Doublons
form very fast, i.e., on timescales for which the particles
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have not yet considerably expanded into an empty lat-
tice. Accordingly, νh(t) approaches 〈ν̂h〉diag rapidly as

well. (ii) Since U/J is large, only a small fraction of dou-
blons is formed. We do not take into account any higher
occupancies, which are suppressed at large U/J . (iii)
Doublons, upon opening the trap, undergo the quantum
distillation process [109–111], which makes them accu-
mulate in the center of the lattice. (iv) The doublons
in the center of the lattice do not contribute to the ra-
dial expansion velocity. The latter is measured at large
enough times such that the contribution of R2(0) can be
neglected.

Following the last argument, we rewrite the radius such
that

R2(t) =
N − 2m

N

1

N − 2m

∑
i

〈n̂i(t)〉(i− i0)2. (42)

In this approach, there are N − 2m particles which yield
the expansion velocity equivalent to the one of hard-core
bosons, vHCB

r , and the portion of atoms that are repul-
sively bound in doublons gives vd

r = 0. According to
Eq. (42), the expansion velocity then reads as

vr = vHCB
r

√
N − 2m

N
= vHCB

r

√
1− νh. (43)

This is a very convenient form of the expansion velocity
since it requires only two input parameters: (a) The ex-

pansion velocity of hard-core bosons, vHCB
r =

√
2J [88];

(b) The fraction of doublons formed as a consequence of
the additional quench from U/J =∞ to a finite U/J . In-
troducing the value of νh from Eq. (39), we can express
vr versus U/J as

vr =
√

2J

√
1− 8J2

U(U − 6J)
. (44)

The latter expression is plotted in Fig. 20 as a dashed
line. It shows a very good agreement with tDMRG simu-
lations for U/J & 10, suggesting that the slow expansion
at large U/J can be understood in a two-component pic-
ture of fast atoms and slow repulsively bound doublons.
Note that the role of doublons on the expansion of Bose
and Fermi gases in 1D and 2D has also been discussed
in Refs. [109, 112, 113], and the scaling of vr(U/J) from
Eq. (44) has been recently applied to describe the expan-
sion of two bosons in Ref. [114].

V. SUMMARY AND DISCUSSION

In this work we studied the relaxation and thermal-
ization dynamics in the one-dimensional Bose-Hubbard
model, starting from a product state with exactly one
boson per site. This particular state was realized in re-
cent experiments [6, 12]. We focused our attention on the
observables relevant for Ref. [12], namely the fraction νh
of atoms on multiply occupied sites and the MDF.

Our main result is that both the micro-canonical and
the canonical ensemble describe well the time averages
of the fraction of atoms on multiply occupied sites and
the MDF in the regime 0 < U/J . 5, already on systems
of L & 10. This is consistent with the observation from
Refs. [104, 107] of chaotic properties in the spectrum of
the Bose-Hubbard model at these values of U/J . This
suggests that one can assume at least local equilibrium
with temperatures extracted from the canonical ensem-
ble to faithfully describe the state of the cloud after just
a short transient dynamics of the order of t ∼ 2/J . Po-
tentially longer time scales involved with global thermal-
ization of energy fluctuation patterns [71] or a possible
transition from prethermalization to thermalization (see
also [73, 115]) are not captured on the system sizes and
for the observables studied here, yet deserve future inves-
tigations.

In the small U/J regime, we nevertheless observe cases
in which the micro-canonical ensemble deviates from the
time averages for the MDF. These instances as well as the
overall good agreement between the micro-canonical and
the diagonal ensemble can be understood by inspecting
the criteria for the validity of the ETH, namely narrow
and smooth distributions of eigenstate expectation val-
ues of observables and a sufficient narrowness in energy
of the diagonal ensemble, defined by the initial state. In
order to analyze the numerical data with respect to the
ETH, we suggest that one should take into account both
criteria by studying the fluctuations of 〈α|Â|α〉 over a
window in energy around the system’s energy given by
the width defined by the initial state. This perspective
on the data analysis is complementary to other studies
[40, 43, 44], which emphasize the initial state indepen-
dence of the ETH concept, while here, we are interested
in elucidating at which L observables for a very specific
quench appear to be thermalized. Note that in the exam-
ple studied here, the issues with the micro-canonical en-
semble can be understood in terms of obvious finite-size
effects that do, however, not contradict ETH becoming
applicable for sufficiently large system sizes.

Very interestingly, the canonical ensemble describes
the time averages of all observables studied here at least
as well as the micro-canonical ensemble, but even works
where the micro-canonical ensemble fails on small sys-
tems. In the limit of small U/J , we trace this back to
two aspects: First, the canonical temperature is infinite
at U = 0 and therefore the canonical energy distribu-
tion is perfectly Gaussian and in fact very similar to the
diagonal energy distribution. Second, it appears that ini-
tial states that are product states in real space lead to a
particular form of the diagonal ensemble that eventually
implicates its similarity to the canonical ensemble. This
latter observation has also been stated in Ref. [97] for
initial product states and quenches to integrable models.
Properties of the diagonal ensemble can neatly be stud-
ied by computing the short-time dynamics of the fidelity,
without any need for a full diagonalization [30, 45, 98]
(see Appendix A).



16

Finally, we used our numerical results for the time-
average of νh as a function of U/J to back up an approx-
imate calculation of the expansion velocity in a sudden
expansion starting from the same initial state as in our
work. We assume that for large U/J , only doublons are
dynamically generated, which, due to quantum distilla-
tion processes [109–111] accumulate in the center of the
trap. Thus, in this regime the expansion velocity can
be understood as due to a ballistic component minus
the inert portion that is repulsively bound in the dou-
blons. This yields an estimate of the expansion velocity
for U/J & 10, which quantitatively agrees with numeri-
cal data from Ref. [12], and corroborates the qualitative
picture put forward in Ref. [12].
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Appendix A: Time evolution of the fidelity

The fidelity F (t) is defined [30, 68, 98, 116] as the
probability to find the initial state |ψin〉 = |ψ(t = 0)〉 =∑
α cα |α〉 at a given time t,

F (t) = | 〈ψin|ψ(t)〉 |2 = | 〈ψin| e−iHt |ψin〉 |2

=

∣∣∣∣∣∑
α

|cα|2e−iEαt
∣∣∣∣∣
2

. (A1)

Using our definition Eq. (11) of the energy distribution
of the diagonal ensemble, ρdiag(E) =

∑
α |cα|2δ(E−Eα),

which is nothing but the sum of the initial state’s eigen-
state occupations times the density of states, we can
rewrite this as

F (t) =

∣∣∣∣∫ ∞
−∞

ρdiag(E)e−iEtdE

∣∣∣∣2 , (A2)

the fidelity thus being given by the modulus squared of
the Fourier transform of ρdiag(E).

Here we are interested in the short-time dynamics of
F (t) (see also the discussion in Refs. [30, 98]) and the di-
rect relation to ρdiag(E) through Eq. (A2). For example,
if ρdiag(E) can sufficiently well be approximated by a nor-
mal distribution of width σ2

diag = 〈ψin| (H − E)2 |ψin〉 =

〈ψin|H2 |ψin〉− 〈ψin|H |ψin〉2 =
∑
α |cα|2(Eα−E)2, cen-

tered around the system’s energy E = 〈ψin|H |ψin〉, then
the time evolution of the fidelity will just be the abso-
lute square of the Fourier transform of a Gaussian, i.e.,
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FIG. 21. (a) Time evolution of the fidelity in the transient
regime after the quench from U/J =∞ to U/J = 1, 4, 10 for
a system with L = 14 and PBC. (b) Time evolution as in (a),
but with a logarithmic scale for the fidelity.

another Gaussian,

F (t) ≈

∣∣∣∣∣ 1

σdiag

√
2π

∫ ∞
−∞

e−(ε−E)2/(2σ2
diag)e−iεtdε

∣∣∣∣∣
2

=
∣∣∣e−σ2

diagt
2/2e−iEt

∣∣∣2 = e−σ
2
diagt

2

. (A3)

By the same reasoning, a Lorentzian distribution of en-
ergies ρdiag(E) corresponds to an exponential decay of
F (t).

For |ψin〉 =
∏L
i=1 a

†
i |0〉, we have E = 0 and σdiag =

2J
√
L, independent of U , since 〈ψin|H |ψin〉 = 0 and

〈ψin|H2 |ψin〉 = 〈Hψin|Hψin〉 = (−J
√

2)2 · 2L = 4J2L
— each of the 2L hopping terms uniquely creating one
double occupancy and one empty site, the diagonal terms
yielding zero.

Typical results for the short-time evolution of the fi-
delity are presented in Fig. 21. As expected, the time evo-
lution in the transient regime is properly reproduced by
the Gaussian given in Eq. (A3) (compare Ref. [98], where
the same behavior was observed for other examples) as
long as the energy distribution ρdiag(E) (see Figs. 14
and 15) can reasonably well be approximated by a nor-
mal distribution (U/J = 1 and 4). Deviations become
significant already at times clearly below the transient
time scale if this is not the case (U/J = 10).

The results for the specific initial state discussed in
Fig. 21 suggest that the time evolution of the fidelity in
the transient regime does indeed constitute an effective
measure for the energy distribution ρdiag(E) of the ini-
tial state, with the advantage that the time evolution is
accessible through Krylov methods or tDMRG, which al-
lows studying larger system sizes than what is accessible
to complete diagonalization.
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FIG. 22. Time evolution of the fraction νh of atoms on mul-
tiply occupied sites for OBC. (a) L = 14, U/J = 1 calculated
using ED and tDMRG (Ncut = 8, δρ = 10−7), with the time
average being taken over the tDMRG data for tJ ∈ [2, 3]. (b)
L = 20, U/J = 4 calculated using tDMRG with the maximal
number of bosons per site Ncut = 5, 8 and with maximal dis-
carded weights of δρ = 10−6 and δρ = 10−7. The time step is
in all cases chosen as 0.02/J .

Appendix B: Convergence of the time-dependent
DMRG data

We finally comment on the convergence of the tDMRG
method that we use to calculate the relaxation dynamics.
In Fig. 22(a) we compare the results of νh obtained by
tDMRG to the exact time evolution at U/J = 1, using
OBC. The data show perfect agreement. For all the re-
sults obtained by tDMRG, we ensure that the discarded
weight δρ is small enough and the local bosonic cut-off
Ncut large enough to get converged results. In Fig. 22(b)
we show examples for different choices of Ncut and δρ,
which all lead to virtually indistinguishable curves.
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and J. Eisert, Phys. Rev. A 78, 033608 (2008).
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