
ar
X

iv
:1

10
5.

44
95

v1
  [

qu
an

t-
ph

] 
 2

3 
M

ay
 2

01
1

Effect of phase noise on useful quantum correlations in Bose Josephson junctions
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In a two-mode Bose Josephson junction the dynamics induced by a sudden quench of the tun-
nel amplitude leads to the periodic formation of entangled states. For instance, squeezed states
are formed at short times and macroscopic superpositions of phase states at later times. The two
modes of the junction can be viewed as the two arms of an interferometer; use of entangled states
allows to perform atom interferometry beyond the classical limit. Decoherence due to the presence
of noise degrades the quantum correlations between the atoms, thus reducing phase sensitivity of the
interferometer. We consider the noise induced by stochastic fluctuations of the energies of the two
modes of the junction. We analyze its effect on squeezed states and macroscopic superpositions and
study quantitatively the amount of quantum correlations which can be used to enhance the phase
sensitivity with respect to the classical limit. To this aim we compute the squeezing parameter
and the quantum Fisher information during the quenched dynamics. For moderate noise intensi-
ties we show that these useful quantum correlations increase on time scales beyond the squeezing
regime. This suggests multicomponent superpositions as interesting candidates for high-precision
atom interferometry.

PACS numbers: 03.75.-b,03.75.Mn

I. INTRODUCTION

Confined ultracold atomic gases are promising candi-
dates for implementing quantum simulators and for ap-
plications in quantum technology, due to the high con-
trollability of the experimental parameters such as the
atomic interactions [1] and the geometry of the trap [2, 3].
Among the applications we cite high-sensitivity atom in-
terferometry, which can be used for enhancing the pre-
cision in atomic clocks and in magnetic field sensors [4–
7]. Of particular interest are Bose Josephson junctions
formed by two modes of a Bose-Einstein condensate. The
modes may correspond either to two internal states of
the condensed atoms in a single potential well or to two
spatially separated wavefunctions in a double well. Dur-
ing the dynamics following a sudden quench of the tunnel
amplitude connecting the two modes, squeezed states are
formed at early times. It has been shown theoretically [8–
10] and experimentally [6, 7] that these states can be used
to estimate phase shifts with sensitivity below the shot
noise limit, the limit one obtains using classical states.
The highest possible phase sensitivity, limited by quan-
tum uncertainty only, can be achieved by using macro-
scopic superpositions of e.g. atomic phase states [11, 12].
Such superpositions are however formed at later times
during the quenched dynamics of the BJJ [13–15]. They
are expected to be very fragile with respect to decoher-
ence effects caused by particle losses [16], collisions with
thermal atoms [17, 18], interaction with the electromag-
netic field [19], and random fluctuations of the trapping
potential [20].

∗ giulia.ferrini@grenoble.cnrs.fr

In this work we consider the effects of phase noise on
the states formed during the quenched dynamics of the
BJJ. Phase noise is induced by stochastic fluctuations of
the energies of the two modes of the BJJ. Together with
atom losses, such a noise is one of the main sources of
decoherence in the experiments of Refs. [6, 7, 21]. In-
terestingly, macroscopic superpositions of phase states
in BJJs have been shown to be robust with respect to
phase noise, their decoherence rate being independent of
the total number of atoms in the condensate [22]. Be-
low we show that these long-lived states can be useful
in interferometry to improve phase sensitivity. In par-
ticular, we compare the best possible phase sensitivity
obtained with the state of the BJJ at the times of forma-
tion of macroscopic superpositions to the one obtained at
earlier times when squeezed states are produced. This al-
lows us to determine which are the most useful quantum
states for interferometric applications in the presence of
phase noise. In order to quantify the amount of quan-
tum correlations useful for interferometry, we calculate
the quantum Fisher information. In the theory of esti-
mation of an unknown parameter, this quantity is related
to the bound on the precision with which the unknown
parameter - in interferometry, the phase shift - can be
determined [12, 23]. We show that for moderate noise
intensities the quantum Fisher information at the time of
formation of the first superpositions of phase states ex-
ceeds the one found at the time at which squeezed states
appear. In other words, despite the action of phase noise,
a better phase sensitivity can be reached by using states
produced at times later than the time for optimal squeez-
ing.

The paper is organized as follows. In Sec.II we recall
the definition of the two parameters relevant in interfer-
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FIG. 1. (Color online) Rotations on the Bloch sphere in the
interferometric scheme: the input coherent state at the north
pole (green disk) is rotated around the y-axis by an angle π/2
(blue disk) and afterwards around the z-axis by the unkown
phase ϕ (black disk). The precision ∆ϕ on the estimation

of ϕ is larger than the size
√
N/2 of the disk, representing

the angular momentum fluctuations, divided by the radius
N/2 of the sphere. The last rotation around the y-axis is not
represented.

ometry, i.e. the coherent spin squeezing and the quan-
tum Fisher information, and link them to multiparticle
entanglement. In Sec.III we present the model which de-
scribes the quenched time evolution of a BJJ both in the
absence and in the presence of noise. A peculiarity of the
quenched time evolution is the formation of multicompo-
nent superpositions of phase states, and we illustrate the
effect of phase noise on those states in Sec.IV by calcu-
lating a suitable probability distribution. In Sec.V we
compute the coherent spin squeezing and the quantum
Fisher information during the quenched dynamics of the
BJJ, first in the absence and then in the presence of noise,
and study quantitatively the loss of useful correlations as
a function of time. Finally, Sec. VI contains some con-
cluding remarks.

II. PHASE ESTIMATION IN ATOM
INTERFEROMETRY

A. Phase estimation and the quantum Fisher
information

The goal in interferometry is to estimate an unknown
phase shift ϕ with the highest possible precision. In atom
interferometry, an input state is first transformed into a
superposition of two modes, analogous to the two arms of
an optical interferometer. These modes acquire distinct
phases ϕ1 and ϕ2 during the subsequent quantum evolu-
tion. They are are finally recombined to read out interfer-
ence fringes, from which the phase difference ϕ = ϕ1−ϕ2

is inferred. The interferometric sequence can be de-
scribed by means of rotation matrices acting on the two-
mode vector state, that is, by SU(2) rotation matrices in

the Schwinger representation [24, 25]. The generators of

the rotations are the angular-momentum operators Ĵx,
Ĵy, and Ĵz, related to the annihilation operator âj of an

atom in the mode j = 1, 2 by Ĵx = (â†1â2 + â†2â1)/2,

Ĵy = −i(â†1â2 − â†2â1)/2, and Ĵz ≡ n̂ = (â†1â1 − â†2â2)/2,
the latter being the number imbalance operator. Let us
consider the case where the two modes correspond to two
internal states of the atoms in an optically trapped Bose-
Einstein condensate. The total number N of atoms in the
condensate is assumed to be fixed and all atoms are ini-
tially in the lower energy state (mode j = 1). The input
state is then |nz = N/2〉, where |nz = n〉 ≡ |n1, n2〉 de-

notes the Fock state satisfying Ĵz |nz = n〉 = n|nz = n〉,
n1 = N/2 + n and n2 = N/2 − n being the number of
atoms in the lower and upper modes, respectively. The
application of a π/2 laser pulse with frequency in res-
onance with the two internal levels plays the role of a
beam splitter in optical interferometers. It brings the in-
put state onto the coherent state |θ = π/2, φ = 0〉, where
the SU(2) coherent states are defined as [26]

|θ, φ〉 =
N
∑

n1=0

(

N
n1

)1/2
αn1

(1 + |α|2)N/2
|n1, N − n1〉 (1)

with α = tan(θ/2) exp(−iφ). It is easy to show that

|θ, φ〉 ∝ (e−iφ sin(θ/2)a†1 + cos(θ/2)a†2)
N |0〉 (here |0〉 is

the vacuum state), meaning that all atoms occupy the
same one-atom state. A coherent state can be visualized
as a disc of diameter

√
N/2 on the Bloch sphere of radius

N/2, centered at N(sin θ cosφ, sin θ sinφ,− cos θ)/2. The
coordinates of the center are the expectation values of the
angular momentum operators Ĵx, Ĵy, and Ĵz in |θ, φ〉,
whereas the diameter of the disc gives the quantum fluc-

tuations of Ĵ~n = ~J ·~n in the directions ~n tangential to the
sphere. The coherent states with θ = π/2 on the equator
of the Bloch sphere are referred to as phase states. The
Fock state |nz = N/2〉 is a coherent state with θ = π, lo-
cated at the north pole of the Bloch sphere. The action
of the beam splitter is therefore a rotation of the atomic
state around the y-axis by an angle of π/2 radians, lead-
ing to the phase state |θ = π/2, φ = 0〉. Then the state
is rotated around the z-axis by the free evolution, the
phase accumulation being due to a different energy shift
between the two states. This rotation is the analog of
the different phase paths in the two arms of an optical
interferometer. The consecutive rotations of the input
state on the Bloch sphere are represented in Fig.1. Fi-
nally, by recombining the two paths, the state is rotated
again around the y-axis by an angle of −π/2 radians.
The interferometric sequence can thus be described by a
succession of three rotations, and the output state of the
linear interferometer is

|ψout〉 = e−iπ2 Ĵye−iϕĴzei
π
2 Ĵy |ψin〉 = e−iϕĴx |ψin〉, (2)

where |ψin〉 is the input state, assumed here to be pure.
More generally, the output state of the interferometer is

ρ̂out(ϕ) = e−iϕĴ~n ρ̂ine
iϕĴ~n . (3)
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where ρ̂in is the input density matrix and ~n the unit
vector representing the effective rotation axis associated
to a given interferometric sequence.
In a typical experiment one has access to the probabil-

ity distribution associated to the operator Ĵz measured
with respect to the output state. This quantum distri-
bution depends on the phase shift ϕ. The latter is then
determined by means of a statistical estimator depending
on the results of the measurements of Ĵz in the output
state. The precision ∆ϕ with which the phase shift ϕ
can be determined depends on the chosen estimator, on
the input state and on the measurement performed on the
output state. Optimizing over all possible measurements,
the best precision that can be achieved for a given input
state ρ̂in is, according to the Cramér-Rao bound [23],

∆ϕ ≥ (∆ϕ)best =
1

√
m

√

FQ

[

ρ̂in, Ĵ~n

]

, (4)

where m is the number of measurements and FQ[ρ̂in, Ĵ~n]
the quantum Fisher information given by [23]

FQ

[

ρ̂in, Ĵ~n

]

= 2
∑

l,m,pl+pm>0

(pl − pm)2

pl + pm
|〈l|Ĵ~n|m〉|2 , (5)

{|l〉} being an orthonormal basis diagonalizing ρ̂in =
∑

l pl|l〉〈l| (with pl ≥ 0 and
∑

l pl = 1). The Fisher
information (5) depends on the input state and on the
direction ~n of the interferometer. It has the meaning
of the square of a ”statistical speed” at which the state
evolves along the curve defined by Eq.(3) in the space of
density matrices when the parameter ϕ is varied [11, 23]:
if one increases ϕ starting from ϕ = 0 with a fixed ve-
locity ϕ̇, the faster the state (3) becomes distinguishable
from ρ̂in, the larger is its quantum Fisher information
FQ. Hence the bound (5) relates the problem of estimat-
ing a phase shift in an interferometer to the problem of
distinguishing neighbouring quantum states [23]. Indeed,
the quantum Fisher information is related to the Bures
riemannian distance on the space of density matrices [27].
For pure input states |ψin〉, the quantum Fisher infor-

mation is given by the quantum fluctuation (∆J~n)
2 =

〈ψin|Ĵ2
~n|ψin〉 − 〈ψin|Ĵ~n|ψin〉2 of Ĵ~n,

FQ

[

|ψin〉, Ĵ~n
]

= 4(∆J~n)
2 . (6)

This allows to reinterpret the Cramér-Rao lower bound
(4) as a generalized uncertainty principle

∆ϕ∆J~n ≥ 1

2
√
m
, (7)

in which the generator Ĵ~n of the transformation (3) and
the phase shift ϕ play the role of two conjugate vari-
ables - ϕ being here not an observable but a parameter
[23]. For instance, the Fisher information of a phase
state |ψin〉 = |θ = π/2, φ〉 in the directions ~n = ~ex,

~ey, and ~ez are equal to N sin2 φ, N cos2 φ, and N , re-
spectively. According to (7), for such a state the best
precision that can be achieved on the phase shift is
(∆ϕ)best = 1/

√
Nm ≡ (∆ϕ)SN , corresponding to the

shot-noise limit of independent atoms.

The saturation of the bound (4) requires both a suit-
able classical post-processing on the m outcomes of the
measurements (e.g. the maximum likelihood estimation
in the limit of large m [23]) and the knowledge of the
optimum observable to measure. This latter task can be
difficult as the optimum measurement may depend on
the phase shift itself [28].

It can be shown [11, 12] that for any separable input

state ρ̂in, FQ[ρ̂in, Ĵ~n] ≤ N , so that

FQ

[

ρ̂in, Ĵ~n

]

> N (8)

is a sufficient condition for ρ̂in to be entangled; in other
words, FQ − N is an entanglement witness. By Eq.(4),
the inequality (8) is a necessary and sufficient condition
for sub-shot noise sensitivity (∆ϕ)best < (∆ϕ)SN . In
what follows, the input states leading to such a condi-
tion are called useful states for interferometry (or, more
briefly, “useful states”). It is worthwhile to stress that
the inequality (8) is not a necessary condition for en-
tanglement: indeed, there exists entangled states which
are not useful for interferometry, that is, with a Fisher
information FQ ≤ N [11, 29].

The quantum Fisher information is bounded by N2.
This is easy to show for pure states by noticing that the
largest square fluctuation of Ĵ~n in Eq.(6) is smaller or
equal to N2/4 (see [12]); for mixed states this follows
from the convexity of FQ (see [11]). According to Eq.(4),
the best sensitivity that can be achieved in linear inter-
ferometers [30] is then (∆ϕ)best = (∆ϕ)HL ≡ 1/N . This
corresponds to the so-called Heisenberg limit. This limit
is reached using highly entangled atoms as input state,
e.g. the macroscopic superposition given by the so-called
NOON state |ψNOON〉 = (|N, 0〉+ eiα|0, N〉)/

√
2, with α

being a real phase. The quantum Fisher information of
a NOON state is equal to N2 in the direction ~n = ~ez. It
is instructive to compare this result with the value of the
quantum Fisher information for a statistical mixture of
the same states, ρ̂NONO = (|N, 0〉〈N, 0|+ |0, N〉〈0, N |)/2.
The latter is found with the help of Eq.(5) to be equal
to N in all directions ~n in the (xOy)-plane and to van-
ish in the direction ~ez. Therefore, the scaling of FQ

like N2 for ρ̂NOON = |ψNOON〉〈ψNOON| is due to the
presence of the off-diagonal terms ρ̂NOON − ρ̂NONO =
(e−iα|N, 0〉〈0, N |+ eiα|0, N〉〈N, 0|)/2.
To summarize, the study of the quantum Fisher infor-

mation and its scaling with the number of atoms allows
to quantify the amount of quantum correlations which
can be used to enhance the precision on the phase shift
in interferometry.
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Phase estimation Entanglement

FQ [ρ̂in] > N ⇔ (∆ϕ)best < (∆ϕ)SN FQ [ρ̂in] > N ⇒ ρ̂in 6= ρ̂sep

ξ2 [ρ̂in] < 1 ⇒ (∆ϕ)best < (∆ϕ)SN ξ2 [ρ̂in] < 1 ⇒ ρ̂in 6= ρ̂sep

TABLE I. Necessary and/or sufficient conditions for sub-shot
noise phase sensitivity in an atom interferometer and multi-
particle entanglement in terms of the quantum Fisher infor-
mation and spin-squeezing parameter.

B. Coherent spin squeezing

Atomic squeezed states are examples of nonclassical
states useful for interferometry, which have been recently
realized experimentally [4–7]. The coherent spin squeez-
ing parameter quantifies the angular-momentum fluctu-
ations along the direction ~n [9, 10] according to

ξ2~n

[

ρ̂in, Ĵ~n

]

=
N∆2Ĵ~n

〈Ĵ~p1
〉2 + 〈Ĵ~p2

〉2
, (9)

where

~p1 = cosφ~ex + sinφ~ey

~p2 = − cos θ sinφ~ex + cos θ cosφ~ey + sin θ ~ez (10)

are unit vectors perpendicular to

~n = sin θ sinφ~ex − sin θ cosφ~ey + cos θ ~ez, (11)

and 〈·〉 = tr(·ρ̂in) is the mean expectation in state ρ̂in. A
state ρ̂in is said to be squeezed in the direction ~n if the
squeezing parameter satisfies

ξ2~n

[

ρ̂in, Ĵ~n

]

< 1. (12)

It is known that Eq.(12) provides both a sufficient (but
not necessary) condition for sub-shot noise sensitivity [10]
and a sufficient (but not necessary) condition for entan-
glement of ρ̂in [9]. We remark that the squeezing criterion
(12) does not recognize all useful states in interferome-
try. For instance, the NOON state does not fulfill this
criterium even though it leads to the best achievable pre-
cision. The criteria for entanglement and sub-shot noise
sensitivity are summarized in Table I.

C. Optimum coherent spin squeezing and quantum
Fisher information

The quantum Fisher information FQ and the spin
squeezing parameter ξ introduced in the previous sub-
sections depend on the direction of the generator which
defines the interferometric sequence (3). For instance, as

shown in Sec.II A, FQ[|ψNOON〉, Ĵz] = N2, corresponding
to a maximally entangled state, whereas in the perpen-
dicular directions FQ[|ψNOON〉, Ĵx] = FQ[|ψNOON〉, Ĵy] =
N . Hence, in order to quantify the useful correlations of

a quantum state, one needs to optimize FQ and ξ over
all the possible directions by defining [29]

ξ2 [ρ̂in] ≡ min
~n

ξ2~n [ρ̂in] , FQ [ρ̂in] ≡ max
~n

FQ

[

ρ̂in, Ĵ~n

]

.

(13)
Let us consider the 3×3 real symmetric covariance matrix
γ[ρ̂in] with matrix elements

γij [ρ̂in] =
1

2

∑

l,m,pl+pm>0

(pl − pm)2

pl + pm
ℜe

[

〈l|Ĵi|m〉〈m|Ĵj |l〉
]

(14)
where {|l〉} is the orthonormal eigenbasis of ρ̂in as in
Eq.(5). According to standard linear algebra, the maxi-

mum of FQ[ρ̂in, Ĵ~n] = 4(~n, γ [ρ̂in]~n) over all unit vectors
~n is equal to

FQ [ρ̂in] = 4γmax , (15)

γmax being the largest eigenvalue of the matrix γ[ρ̂in]. In
the following it will be useful to define also the matrix

Gij [ρ̂] ≡
1

2
〈ĴiĴj + Ĵj Ĵi〉 − 〈Ĵi〉〈Ĵj〉, (16)

where 〈. . .〉 = tr(. . . ρ̂), with ρ̂ being the system density
matrix. Note that for pure input states |ψin〉 the matrix
γij [|ψin〉] reduces to the matrix Gij [|ψin〉〈ψin|], which is
easier to compute than the more general expression (14).
The optimum quantum Fisher information is then given
(up to a factor four) by the largest uncertainty of the an-

gular momentum operators Ĵ~n (see Eq.(6)). For the sake
of brevity, in the following we will omit both the adjec-
tive ”optimum” and the explicit dependence on the input
state, designating the optimum coherent spin squeezing
and the optimum quantum Fisher information respec-
tively by ξ2 and FQ, unless where source of confusion.

III. QUENCHED DYNAMICS OF A BJJ

A. Noiseless dynamics

We describe a Bose Josephson junction (BJJ) by a two-
mode Hamiltonian [31], which in terms of the angular-
momentum operators introduced in Sec.II reads

Ĥ(0) = χĴ2
z − λĴz − 2KĴx . (17)

This Hamiltonian models both a single-component Bose
gas trapped in a double-well potential [21] - external BJJ
- and a binary mixture of atoms in distinct hyperfine
states trapped in a single well [6, 32] - internal BJJ. In the
external BJJ the two modes i correspond to the lowest-
energy spatial modes in each well. For the internal BJJ,
the two relevant modes are the two hyperfine states. The
first term in the Hamiltonian (17) describes the repulsive
atom-atom interactions; for the external BJJ, χ is half
the sum of the interaction energies Ui in the two modes,
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whereas for the internal BJJ χ = (U1 +U2)/2−U12 also
depends on the inter-species interaction U12. In both
cases, λ = ∆E + (N − 1)(U2 − U1)/2 is related to the
difference ∆E = E2−E1 between the energies of the two
modes. The last term in (17) corresponds to tunnelling
between the two wells or, for the internal BJJ, to a reso-
nant laser field coupling the two hyperfine states, which
can serve to implement a 50% beam splitter as described
in Sec.II A. Both χ and K are experimentally tunable
parameters. In internal BJJs arbitrary rotations of the
form (3) can be performed with a suitable combination
of laser pulses. Such rotations are typically realized fast
enough to neglect the non-linear effects induced by the
interactions [6]. The residual effect of interactions on the
interferometric sequence has been recently addressed in
Refs. [33, 34].

We consider the dynamical evolution induced by a sud-
den quench of the tunnel amplitude K to zero, taking as
initial state the phase state |θ = π/2, φ = 0〉. This is
the ground state of the Hamiltonian (17) in the regime
KN ≫ χ where tunelling dominates interactions (in the
internal BJJ this state can be produced by using a laser
pulse as explained in Sec.II A). We assume a fixed total
number of atoms N , that is, we do not account for atom
losses. Going to the rotating frame [35], we may suppose
that λ = 0. In the absence of noise, the atomic state

|ψ(0)(t)〉 = e−iχĴ2
z t|θ = π/2, φ = 0〉 (18)

displays a periodic evolution with period T = 2π/χ if
N is even and T/2 if N is odd, corresponding to the
revival time. At intermediate times the dynamics drives
the system first into a squeezed state at short times, then
at times tq = π/(χq) to a macroscopic superposition of q
phase states given by [13–15]

|ψ(0)(tq)〉 = u0

q−1
∑

k=0

ck,q

∣

∣

∣

π

2
, φk,q

〉

(19)

where |u0| = q−1/2, φk,q = (2k − N)πq , ck,q = eiπk
2/q

if q is even, and φk,q = (2k + 1 − N)πq , ck,q =

eiπk(k+1)/q if q is odd. This follows from Eqs.(1) and

(18) and the use of the Fourier expansion e−iπn2
1/q =

u0
∑q−1

k=0 e
iπk2/qe−2iπn1k/q . As in the case of the NOON

state discussed in Sec.II A, the two-component superpo-
sition formed at t = t2 = T/4 leads to the best achiev-
able phase sensitivity if used as an input state of the
interferometer described by Eq.(3) [11]. We will show
in Sec.II that the multicomponent superpositions with
3 ≤ q <∼

√
N , which are formed at earlier times tq < t2,

lead to comparable phase sensitivities up to a factor of
two. The fact that squeezed states and macroscopic su-
perpositions of phase states are intrinsically produced
by interatomic interactions yields a major advantage of
atomic interferometers over optical ones.

B. Dynamics of a noisy BJJ

The presence of noise during the dynamical evolution
of the BJJ affects the preparation of the aforementioned
useful entangled states [37]. We focus here on phase
noise caused by a randomly fluctuating energy difference
∆E(t) between the two modes, assuming that the inter-
action energies U1 and U2 are not fluctuating. In the
single-well experiment [6] (internal BJJ), such a noise is
induced by fluctuations of the magnetic field, whereas in
the double-well experiment [21] (external BJJ) it is in-
duced by fluctuations in direction of the laser beam pro-
ducing the double-well potential with respect to the trap-
ping potential. The corresponding time evolution which
follows the sudden quench K → 0 is described by the
time-dependent Hamiltonian

Ĥ(t) = χĴz
2 − λ(t)Ĵz . (20)

Even in presence of noise, the time evolution following
the quench can be exactly integrated since the noise term

λ(t)Ĵz commutes with the noiseless Hamiltonian χĴz
2

[22]. For a given realization of the stochastic process
λ(t), the state of the atoms at time t is

|ψ(t)〉 = e−iφ(t)Ĵz |ψ(0)(t)〉 (21)

where φ(t) ≡ −
∫ t

0 dτλ(τ) and |ψ(0)(t)〉 is the time-
evolved state (18) in the absence of noise. The system

density matrix is then obtained by ρ̂(t) = |ψ(t)〉〈ψ(t)| =
∫

dP [λ] |ψ(t)〉〈ψ(t)|, where the overline denotes the av-
erage over the noise realizations. The introduction of the
distribution probability for the random angle φ(t),

f(φ, t) =

∫

dP [λ(t)] δ(φ− φ(t)) (22)

allows to write it as

ρ̂(t) =

∫ ∞

−∞

dφ f(φ, t) e−iφĴz ρ̂(0)(t)eiφĴz , (23)

where ρ̂(0)(t) = |ψ(0)(t)〉〈ψ(0)(t)| is the density matrix in
the absence of noise. Under the hypothesis of a gaussian
noise (see AppendixA) the probability distribution (22)
reads

f(φ, t) =
1√

2πa(t)
e
−

(φ+λt)2

2a2(t) , (24)

where λ = ∆E + (N − 1)(U2 − U1)/2 and the variance
a2(t) is given in terms of the noise correlation function

h(τ−τ ′) = λ(τ)λ(τ ′)−λ2 = ∆E(τ)∆E(τ ′)−∆E
2
(25)

by

a2(t) =

∫ t

0

dτ

∫ t

0

dτ ′h(τ − τ ′) . (26)
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We note that h depends only on the time difference τ−τ ′
by the stationarity of the stochastic process λ(t), which

also implies λ(t) = λ(0) ≡ λ; moreover, h decreases to
zero at sufficiently long times. By projecting Eq.(23) on
the Fock basis {|nz = n〉} we obtain

〈nz = n|ρ̂(t)|nz = n′〉 = e−
a2(t)(n−n′)2

2 eiλt(n−n′)

×〈nz = n|ρ̂(0)(t)|nz = n′〉. (27)

In order to discuss the effect of the phase noise on the
state of the atoms we briefly discuss the noise variance
a(t). We first notice that under our hypothesis, a(t) and
thus the decoherence factor (given by the first exponen-
tial in the right-hand side of Eq.(27)) is independent of
the number of atoms N in the BJJ. This is in contrast
with the usual scenario for decoherence which predicts
stronger decoherence as the number of particles in the
system is increased. As a consequence of this fact, macro-
scopic superpositions of the form (19) are robust against
phase noise, as was shown in [22] and will be detailed in
Sec.IV below.
Let us denote by tc the largest time such that h(τ) ≃

h(0) = δλ(0)2 ≡ δλ2 and by Tc the characteristic time
at which h(τ) vanishes. If the time evolution occurs on
a short scale such that t < tc then the colored nature of
the noise plays an important role and

a2(t) ≃ δλ2t2. (28)

If instead the time evolution occurs on a time scale much
larger than the noise correlation time Tc we obtain the
same result as for white noise,

a2(t) ≃ 2t

∫ ∞

0

h(y)dy, (29)

which corresponds to the Markov approximation.
The effect of phase noise can be partially suppressed

by using the so-called spin-echo protocol [36]. This strat-
egy was followed in a recent experiment [6]. The analysis
discussed in this section can be adapted to take into ac-
count the residual effect of phase noise when spin echo
pulses are applied, see Appendix B.

IV. EFFECT OF PHASE NOISE ON
MULTICOMPONENT MACROSCOPIC
SUPERPOSITIONS OF PHASE STATES

Before analyzing the Fisher information and the spin
squeezing during the quenched dynamics discussed above
in detail, we wish to study the nature of the state of the
atoms under phase noise at the specific times tq which in
the noiseless BJJ correspond to the formation of multi-
component superpositions of phase states. We first illus-
trate the effect of the noise on the structure of the density
matrix, then we study a suitable probability distribution
which is particularly sensible to decoherence.

A. Structure of the density matrix in the Fock
basis

In the absence of noise the quenched dynamics
of the Bose Josephson junction leads to the forma-
tion of coherent superpositions with q components as
given by Eq.(19). The corresponding density matrix
ρ̂(0)(tq) = |ψ(0)(tq)〉〈ψ(0)(tq)| has the form ρ̂(0)(tq) =
∑

k,k′ ρ̂
(0)
kk′ (tq), where the indices k and k′ label the var-

ious components of the superposition and ρ̂
(0)
kk′ (tq) =

q−1ck,qc
∗
k′,q|π/2, φk,q〉〈π/2, φk′,q|. For general decoher-

ence processes one expects that, by increasing the in-
tensity of the noise, ρ̂(0)(tq) will evolve into the statis-

tical mixture of phase states
∑

k ρ̂
(0)
kk (tq); moreover, the

larger the atom number N the weaker should be the noise
strength at which this occurs [39, 40]. It was found in
[22] that for the phase noise considered in Sec.III the ac-
tual scenario for decoherence is different from the usual
one. Indeed, the typical noise intensity at which the co-
herences between distinct phase states |π/2, φk,q〉 are lost
turns out to be independent of the atom number. This is
a consequence of the fact that the decoherence factor a(t)
is independent of N , as shown in Sec.III B. Furthermore,
for superpositions with a large number of components q,
this intensity is larger than the noise intensity at which
phase relaxation occurs. In what follows we discuss the
origin of this fact.

Since the noise is expected to destroy correlations be-
tween different components, we decompose the density
matrix in its diagonal (intra-component) and off-diagonal
(intercomponent) parts, focussing on the latter one to

quantify the decoherence. We have then ρ̂(0) = ρ̂
(0)
d + ρ̂

(0)
od

where

ρ̂
(0)
d (tq) =

q−1
∑

k=0

ρ̂
(0)
kk (tq) (30)

and

ρ̂
(0)
od (tq) =

q−1
∑

k,k′=0;k 6=k′

ρ̂
(0)
kk′ (tq). (31)

Using Eq.(1) and the identity
∑q−1

k=0 e
2ik(n′−n)π/q = q if

n = n′ modulo q and 0 otherwise, the matrix elements of

ρ̂
(0)
d (tq) in the Fock basis are

〈nz = n|ρ̂(0)d (tq)|nz = n′〉 (32)

=











(−1)2pI(
N
2 )

2N

(

N
N
2 + n

)
1
2
(

N
N
2 + n′

)
1
2

if n′ = n+ pq

0 if n′ 6= n mod q

where p is an integer and I denotes the integer part. By

using ρ̂
(0)
od (tq) = e−iπĴ2

z/q|θ = π/2, φ = 0〉〈θ = π/2, φ =
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0|eiπĴ2
z/q − ρ̂

(0)
d (tq), we also get

〈nz = n|ρ̂(0)od (tq)|nz = n′〉 (33)

=











0 if n′ = n+ pq

eiαnn′

2N

(

N
N
2 + n

)
1
2
(

N
N
2 + n′

)
1
2

if n′ 6= n mod q

with αnn′ = (n′+n−N)(n′−n)π/q. The use of Eq.(27)
allows to obtain the corresponding expressions in the
presence of noise,

〈n|ρ̂d,od(tq)|n′〉 = e−
a2
q(n−n′)2

2 〈n|ρ̂(0)d,od(tq)|n′〉 (34)

up to a phase factor irrelevant for decoherence, with aq ≡
a(tq). In the strong noise limit aq ≫ 1, the off-diagonal
part ρ̂od of the atom density matrix vanishes whereas the
diagonal part ρ̂d tends to a matrix which is diagonal in
the Fock basis,

ρ̂d(tq) → ρ̂∞ =

∫ 2π

0

dφ

2π
|θ = π/2, φ〉〈θ = π/2, φ| (35)

=

N/2
∑

n=−N/2

1

2N

(

N
N
2 + n

)

|nz = n〉〈nz = n| .

The fact that the diagonal part of the atom density ma-
trix decays faster than the off-diagonal part for increasing
noise strengths [22] is readily explained by examining the
structure of the noiseless density matrices in Eqs.(32) and
(33). The first off-diagonal elements of ρ̂d(tq) in the Fock
basis are those for which n′ = n ± q while the first off-
diagonal elements of ρ̂od(tq) satisfy n

′ = n± 1. Hence, it
results from Eq.(34) that the off-diagonal elements of ρ̂d
vanish at the noise scale a ≃ 1/q while the off-diagonal
elements of ρ̂od vanish at the larger noise scale a ≃ 1.
In other words, the noise is more effective in letting ρ̂d
converge to ρ̂∞ than in suppressing ρ̂od, and this effect is
more pronounced the higher is the number of components
in the superposition. An illustration of such anomalous
decoherence is given in Fig. 2. The middle panels show
that for intermediate noise strengths, ρ̂d has already ac-
quired its asymptotic diagonal form (35), while ρ̂od has
not yet vanished. As we will see in Sec.VB below, these
results imply that, for moderate strengths of phase noise,
macroscopic superpositions are formed and provide quan-
tum correlations useful for interferometry.

B. Angular momentum distributions

The anomalous decoherence of the atomic state can be
visualized by plotting the probability distribution Pφ(r)
of the eigenvalues of the angular momentum operators
Ĵφ = Ĵx sinφ − Ĵy cosφ in an arbitrary direction of the
equatorial plane of the Bloch sphere [41]. The presence of
correlations among the components of the superposition
formed at time tq is indicated by interference fringes in

FIG. 2. (Color online) Matrix elements of the diagonal (intra-
component) part ρ̂d(t3) (panels a),c),e)) and the off-diagonal
(inter-component) part ρ̂od(t3) (panels b),d),f)) of the den-
sity matrix in the Fock basis at time t = t3 as the noise is
increased from a3 = 0 (a),b)) to a3 = 0.9 (c),d)) and a3 = 2.9
(e),f)).

these distributions, which would be absent if the atoms
would be in a statistical mixture of phase states.

The probability distribution of Ĵφ in the state ρ̂ can
be calculated by a straightforward generalization of the
calculation in [41], as the Fourier coefficient of the char-

acteristic function hφ(η) = tr[e−iηĴφ ρ̂], namely,

Pφ(r; t) =
1

2π

∫ π

−π

dη hφ(η; t)e
iηr . (36)

For the quenched dynamics of the Bose Josephson junc-
tion in the presence of noise, the characteristic function
reads

hφ(η; t) =

N/2
∑

n,n′=−N/2

gnn′(t)〈nz = n|ρ̂(0)(t)|nz = n′〉

×Dn′n(−φ, η, φ) (37)

where gnn′(t) = e−a2(t)(n−n′)2/2eiλt(n−n′) and
Dn′n(−φ, η, φ) is the matrix element of the rota-
tion operator e−iηJφ in the Fock basis, which is given by
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FIG. 3. (Color online) Probability distribution Pπ/2(r, t3) of

the eigenvalues of Ĵx for the three-component coherent super-
position (solid lines) at increasing noise strength from a3 = 0
(a),b)), to a3 = 0.9 (c),d)) and a3 = 2.9 (e),f)) with N =
20 atoms. The blue dashed curves indicate the large-noise
intensity and large N limit given by Eq.(39).

(see e.g. [42], Eq. (D6))

Dn′n(−φ, η, φ) = 〈nz = n′|e−iηJφ |nz = n〉

=

min{N/2−n′,N/2+n}
∑

k=max{0,n−n′}

(−1)k
(

N
N
2 + n

)− 1
2
(

N
N
2 + n′

)− 1
2

× N !

(N2 − n′ − k)!(N2 + n− k)!k!(k + n′ − n)!
(38)

×
(

sin
η

2

)2k+n′−n (

cos
η

2

)N+n−n′−2k

e−iφ(n′−n) .

The probability distribution in the absence of noise de-
rived in [41] is recovered by setting gnn′(t) = 1 in Eq.(37).
The distribution Pπ/2(r, t3) = |〈nx = r|ψ(0)(t3)〉|2 of

the eigenvalues of Ĵx (satisfying Ĵx|nx = r〉 = r|nx = r〉)
is shown in Fig.3 for the three-component superposition
of phase states in the absence of noise (panel a)). Its pro-

file displays two peaks corresponding to the projections
on the x-axis of the phase states |θ = π/2, φ = φk,3〉,
φk,3 = 0, 2π/3, 4π/3 (the “phase content” of the state,
accounted for by ρ̂d(t3)) and interference fringes, due to
the coherences between these phase states (contained in
ρ̂od(t3)). In the presence of noise (b)-c)), the phase profile
of each component of the superposition spreads and the
characteristic peaks in the profile of the distribution are
smeared out (phase relaxation). At strong noise intensi-
ties, ρ̂d(tq) approaches the steady-state given by the den-
sity matrix (35), which is symmetric in the (xOy)-plane.
As a consequence, the corresponding probability distri-
bution Pφ(r,∞) ≡ P (r,∞) = tr[ρ̂∞|nx = r〉〈nx = r|]
is independent on φ. In the semi-classical limit N ≫ 1,
this distribution can be easily calculated since Ĵx takes
the values N cosφ/2 in the phase states |π/2, φ〉 apart

from small relative fluctuations of the order of 1/
√
N .

Hence, recalling that ρ̂∞ is a statistical mixture of the
states |π/2, φ〉 with equal probabilities (see Eq.(35)),

P (r,∞) = c

∫ 2π

0

dφ δ

(

N

2
cosφ− r

)

=
1

π

1
√

(

N
2

)2 − r2

(39)
where c is a normalization factor. The semi-circle law
(39) is indicated by the blue dashed curve in panel c) of
Fig.3. For finite N , one finds

P (r,∞) =

(

N
N
2 + r

)

1

π

Γ
[

N
2 + 1

2 − r
]

Γ
[

N
2 + 1

2 + r
]

Γ [N + 1]
.

On the other hand, the vanishing of ρ̂od(tq) tends to
diminish the contrast of the fringes in the distribution
Pφ(r, tq), until they are completely washed out in the
asymptotic distribution (panel c) of Fig.3). The fact that
phase relaxation occurs at a lower noise strength than
decoherence is evident in the panel b), where the profile
of Pφ(r, tq) is close to the asymptotic distribution P (r,∞)
while interference fringes due to ρ̂od(tq) are still visible.

V. QUANTUM FISHER INFORMATION AND
COHERENT SPIN SQUEEZING DURING THE

QUENCHED DYNAMICS OF A BJJ

We present in this section the estimate of the use-
ful quantum correlations which are formed during the
quenched dynamics of the Bose Josephson junction intro-
duced in Secs.III and IV. For this purpose, we evaluate
the quantum Fisher information and the coherent spin
squeezing parameter. We consider first the noiseless evo-
lution for which analytical expressions can be obtained,
then we present the numerical results for the dynamical
evolution in the presence of noise.

A. Dynamics in the absence of noise

In the absence of noise the atoms are in a pure state
|ψ(0)(t)〉 during all the dynamical evolution. The co-
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variance matrix γ(0)(t) associated to this state is thus
given by Eq.(16). For the quenched dynamics described
in Sec.III by using Eqs. (1), (18), one finds that

〈Ĵy〉(0)t = 〈Ĵz(t)〉(0)t = 0, (40)

〈Ĵx〉(0)t =
N

2
cosN−1

(2πt

T

)

≡ N

2
ν(0)(t), (41)

where 〈..〉(0)t = tr(...ρ̂(0)(t)) and ν(0)(t) corresponds to
the visibility of the Ramsey fringes [10]. The angular-
momenta covariance matrix (16) finally reads

γ(0)(τ) =



















γ
(0)
x (τ) 0 0

0 −N
8

[

(N − 1) cosN−2 (2τ)− (N + 1)
] N(N−1)

4 cosN−2 (τ) sin (τ)

0 N(N−1)
4 cosN−2 (τ) sin (τ) N

4



















(42)

where we have introduced the rescaled time τ = 2πt/T = χt and

γ(0)x (τ) ≡ 〈(∆Ĵx)2〉(0)τ =
N

8

[

(N − 1) cosN−2 (2τ) + (N + 1)− 2N cos2(N−1) (τ)
]

. (43)

The two other eigenvalues of the matrix (42) are

γ
(0)
± (τ) =

N

16

[

−(N − 1) cosN−2 (2τ) + (N + 3)± (N − 1)

√

(cosN−2 (2τ)− 1)2 + 16 cos2(N−2) (τ) sin2 (τ)

]

(44)

(see also Ref.[43]). We remark that the matrix (42) has
the property that its eigenvalues at times τ and π − τ
(and, similarly, at 2π − τ) coincide, hence it suffices to
discuss its behaviour at times t belonging to the interval
[0, T/4] (i.e., τ ∈ [0, π/2]).

According to Eq.(15), the quantum Fisher information
is given by the largest eigenvalue,

FQ(τ) = 4max
{

γ(0)x (τ) , γ
(0)
+ (τ)

}

. (45)

We demonstrate in Appendix C that the coherent spin
squeezing (9) is always optimum along a direction con-
tained in the (yOz)-plane. The optimal spin squeezing
parameter (13) is thus related to the lowest eigenvalue

γ
(0)
− (τ) of the submatrix γ(0)

′
(τ) obtained by removing

the first lign and column in the matrix (42). Using
Eqs.(40) and (41), one gets

ξ(0)
2
(τ) =

4γ
(0)
− (τ)

Nν(0)
2
(τ)

(46)

The direction of optimum squeezing is given by the eigen-
vector

~n
(0)
ξ (τ) = ~n

(0)
− (τ) = − sin θ

(0)
ξ (τ)~ey + cos θ

(0)
ξ (τ)~ez (47)

associated to the eigenvalue γ
(0)
− (τ) of the covariant ma-

trix. One easily finds

θ
(0)
ξ (τ) = arctan

(

γ
(0)
yz (τ)

γ
(0)
+ (τ) − γ

(0)
zz (τ)

)

=
1

2
arctan

(

〈

{Ĵy, Ĵz}〉(0)τ

〈Ĵ2
y 〉

(0)
τ − 〈Ĵ2

z 〉
(0)
τ

)

(48)

where {·, ·} denotes the anticommutator.

The direction of optimization ~n
(0)
F of the quantum

Fisher information is either given by ~ex (if γ
(0)
x > γ

(0)
+ ) or

by the eigenvector ~n
(0)
+ associated to the eigenvalue γ

(0)
+

(if γ
(0)
x < γ

(0)
+ ). The latter condition is satisfied at times

shorter than t∗, see Appendix D. As both these eigen-

vectors are orthogonal to ~n
(0)
− (since the matrix γ(0) is

symmetric), it follows that coherent spin squeezing and
quantum Fisher information are optimized in perpendic-
ular directions. At short times, when the state of the
system is a squeezed state, this has a clear physical inter-
pretation: the quantum Fisher information is maximum
in the direction of maximal angular momentum fluctu-
ations, which is perpendicular to the direction of lowest
fluctuations yielding the best squeezing.
The Fisher information (45) and the squeezing param-

eter (46) obtained from Eqs.(43) and (44) are shown as
a function of time in Fig. 4. At short times, the co-
herent spin squeezing (a)) is below one, indicating the
presence of a squeezed state. To compare spin squeez-
ing and Fisher information, we introduce the parameter
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FIG. 4. (Color online) a) Coherent spin squeezing and b)
quantum Fisher information during the quenched dynamics
of a BJJ with N = 100 atoms as a function of time (in units
of the revival time T ) in the absence of noise. The dashed
line in the second panel represents the parameter Fξ = N/ξ2.
Horizontal and vertical gridlines in panel a): minimum of
the coherent spin squeezing and corresponding time tmin (see
text). c) Non-optimized quantum Fisher information along
the x-axis (dashed line) and the y-axis (dotted line). For com-
parison, the optimum quantum Fisher information of panel b)
is also shown (gray solid line). The vertical gridlines corre-
spond from right to left to the time t = tfs of formation of
the first macroscopic superposition, see Eq.(49); to t = t∗,
see Appendix D; and to t = T/4 − tfs. The horizontal grid-

line shows the shot-noise level FQ = N . d) Angles θ
(0)
ξ in

Eq.(48) (dashed line) and θ
(0)
F (solid line) giving the optimiz-

ing direction for the spin squeezing and the quantum Fisher
information as a function of time.

Fξ = N/ξ2. This parameter was shown in [11] to coincide
at short times with the Fisher information, indicating
that FQ and ξ provide essentially the same information
for squeezed states at such times. This property is il-
lustrated in Fig.4-b), and is demonstrated in the large
N limit in Appendix E. At larger times, the squeezing
parameter first reaches a minimum and then grows to val-
ues larger than one (that is, Fξ decreases and becomes
smaller than N). This does not imply that the atomic
state is not useful for interferometry since, as described
in Sec.II, the squeezing criterion is only a sufficient con-
dition for useful entanglement [11]. Indeed, the quantum
Fisher information increases above the shot noise level
FQ = N until it reaches a plateau value FQ ≃ N(N+1)/2
(see Appendix E), at the time

tfs ∼ T/
√
N. (49)

This time corresponds to the time of formation of the
“first” (in chronological order) multicomponent superpo-
sition, as one can infer from the following argument. The
largest number of phase states of size

√
N/2 (see Sec.II A)

which can be put on the equator of the Bloch sphere of
radius N/2 is qmax ≃ 2πN/

√
N = 2π

√
N . The time of

formation of the multicomponent superposition with the
highest number of phase states is tfs = T/(2qmax), lead-
ing to Eq. (49). Note that tfs is also the time scale for
phase diffusion, that is, for the decay of the visibility (41).
It is seen in Fig.4 that FQ diplays a sharp maximum at
t = t2 = T/4, in correspondence to the two-component
macroscopic superposition which has the highest possible
Fisher information FQ = N2. This result is not surpris-
ing since this two-component superposition (19) is the
analog in the phase variable of a NOON state, from which
it can be obtained by a π/2 rotation around the y-axis.
Panel c) of Fig.4 shows the Fisher information in the di-
rections ~ex and ~ey. In the time regime corresponding
to the plateau, they are almost equal due to the sym-
metry of the multicomponent superpositions (this means

that the eigenvalues γ
(0)
x and γ

(0)
+ are almost degenerate).

As one approaches the two-component superposition, the
optimizing direction changes to the x-axis, which is the
direction of maximal angular momentum fluctuations.

In panel d) of Fig.4, the angle θ
(0)
ξ giving the direc-

tion of highest spin squeezing in the (yOz) plane is rep-
resented as a function of time together with the corre-

sponding angle θ
(0)
F for the Fisher information, which

gives the optimizing direction ~n
(0)
F of the Fisher infor-

mation according to Eq.(11). Table II summarizes the
aforementioned results. Some analytical results obtained
for short, intermediate and long times in the limit N ≫ 1
of a large number of atoms are given in AppendixE.
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Time Optimum quantum Fisher information FQ Optimizing direction

t = 0 N degenerate in (yOz) plane

0 ≤ t <∼ T/N ր , given by Eq.(E1) − cos θ
(0)
ξ (t)~ey − sin θ

(0)
ξ (t)~ez

T/N ≪ t ≤ tmin ր , given by Eq.(E1) ≃ ~ey

tmin < t <∼ tfs ր , 31/3N5/3 < FQ
<∼ 0.4323N2 ≃ ~ey

tfs ≪ t ≤ t∗ −→ , FQ ≃ N(N + 1)/2 ≃ ~ey

t∗ < t ≤ T/4 ր , N(N + 1)/2 <∼ FQ ≤ FQ(T/4) = N2 ~ex if N is even, ≃ ~ey if N is odd

Time Optimum coherent spin squeezing parameter Fξ ≡ N/ξ2 Optimizing direction

t = 0 N degenerate in (yOz) plane

0 ≤ t <∼ T/N ր , Fξ ≃ FQ − sin θ
(0)
ξ (t)~ey + cos θ

(0)
ξ (t)~ez

T/N ≪ t ≤ tmin ր , N < Fξ ≤ Fξ(tmin) = 2N5/33−2/3 ≃ ~ez

tmin < t <∼ tfs ց , Ne−1/2 <∼ Fξ < 2N5/33−2/3 ≃ ~ez

tfs ≪ t ≤ t∗ ց , N/3N/2−1 ≤ Fξ ≪ N ≃ ~ez

t∗ < t ≤ T/4 ց , 0 < Fξ < N/3N/2−1 ≃ ~ez

TABLE II. Optimum coherent spin squeezing parameter, op-
timum quantum Fisher information and corresponding opti-
mizing directions during the quenched dynamics of a Bose
Josephson junction in the absence of noise for N ≫ 1. The
arrows indicate whether the function is increasing or decreas-
ing with time in a given time interval.

B. Dynamics in the presence of noise

Let us now consider the effect of the phase noise intro-
duced in Sec.III B on the results obtained in the previous
subsection. For coherent spin squeezing the calculation
can be carried out analytically. We start with the obser-
vation that even in the presence of noise 〈Ĵy〉t = 〈Ĵz〉t =
0 and more generally the angular-momentum covariance
matrix G defined in Eq.(16) has the same structure as
the matrix (42) in the noiseless case. Therefore, the ar-
guments used in Appendix C can be taken over to the
noiseful case. We thus conclude that the squeezing pa-
rameter ξ2 is minimum in the (yOz)-plane, and is given
by Eq.(46), evaluated for the corresponding quantities in
the presence of noise. In particular, the bare visibility
ν(0), Eq.(41), should be replaced by the visibility ν in
the presence of noise [22],

ν(t) =
2

N
〈Ĵx〉t = e−a2(t)/2ν(0)(t) , (50)

and γ
(0)
− by the lowest eigenvalue G− of the restriction of

the covariance matrix G to the (yOz)-plane.
We are now going to compute G− and the spin squeez-

ing parameter explicitly. In order to do so, we need to
perform the averages in the presence of noise using the
full density matrix ρ̂(t): 〈. . .〉t = tr(. . . ρ̂(t)). They are
related to those in the absence of noise according to

〈Ĵi〉t =
∫ ∞

−∞

dφ f(φ, t)〈eiφĴz Ĵie
−iφĴz〉(0)t (51)

where the expectation value inside the integral is taken
for the pure state |ψ(0)(t)〉 in the absence of noise. The
rotated angular momentum operators in the above ex-
pectation value are equal to cosφĴx − sinφĴy, sinφĴx +

cosφĴy, and Ĵz for i = x, y, and z, respectively. A simi-

lar derivation holds for 〈{Ĵi, Ĵj}〉t = tr[ρ̂(t){Ĵi, Ĵj}], with
the result

〈Ĵ2
z 〉t = 〈Ĵ2

z 〉
(0)
t =

N

4

〈Ĵ2
y 〉t =

1− e−2a2(t)

2
〈Ĵ2

x〉
(0)
t +

1 + e−2a2(t)

2
〈Ĵ2

y 〉t

〈{Ĵy, Ĵz}〉t = e−a2(t)/2〈{Ĵy, Ĵz}〉(0)t

〈{Ĵx, Ĵy}〉t = 〈{Ĵx, Ĵz}〉t = 0 . (52)

Finally, the submatrix matrix G′(t) reads

G′(τ) =





N
8

[

−e−2a2(τ)(N − 1) cosN−2 (2τ) + (N + 1)
]

1
4e

− a2(τ)
2 N(N − 1) cosN−2 (τ) sin (τ)

1
4e

−a2(τ)
2 N(N − 1) cosN−2 (τ) sin (τ) N

4



 . (53)
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Thus, by Eqs.(46), (50) and (53), one has

ξ2(τ) =
1

4ν(0)
2
(τ)

[

−e−a2(τ)(N − 1) cosN−2 (2τ) + ea
2(τ)(N + 3)

−(N − 1)ea
2(τ)
√

(1− e−2a2(τ) cosN−2 (2τ))2 + 16e−a2(τ) cos2(N−2) (τ) sin2 (τ)

]

. (54)

The angle which identifies the optimal squeezing direc-
tion is given by Eq.(48), in which the matrix γ(0)

′

should
be replaced by G′.
We proceed by illustrating our results for the squeezing

parameter in the presence of phase noise. For the calcula-
tions we have chosen a noise range of direct experimental
relevance, as extracted from the fit of the visibility decay
data in Fig.4.15 of Ref. [35] with our prediction given by
Eq.(50). For the noise variance a2(τ) we take the short-
time behavior a2(τ) = (δλ/χ)2τ2 expressed by Eq.(28)
since the experimental visibility exhibits a gaussian de-
cay even for small interactions χ [35]. This indicates that
in the time regime 0 ≤ t <∼ tfs, the phase noise in the
experiments has strong time correlations (colored noise).
The squeezing parameter as a function of time is shown
in Fig.5-a). As seen in the figure, the presence of noise
degrades the squeezing, as its minimum value increases
at increasing noise strength. We also notice that the time
for optimal squeezing tmin is slighly shorter than in the
noiseless case. As is shown in Appendix E in the limit of
a large number of atoms we find that the minimum value
of ξ2(τ) is

ξ2min ≃ (ξ
(0)
min)

2 +N−1(δλ/χ)2 (55)

this minimum being reached to leading order at the same

time τmin = τ
(0)
min = 31/6N−2/3 as in the noiseless case.

This means that by increasing the number of atoms the
noise becomes less efficient in limiting the highest squeez-
ing which can be reached during the dynamical evolution.
This results from the fact that the time tmin at which
this highest squeezing is produced is shorter for larger
N , whereas the effect of the noise on the density ma-
trix (27) is independent of N , as stressed in Sec.III B.
The angle θξ(t) which identifies the optimizing squeezing
direction is represented in dashed lines at various noise
levels in Fig.5-d). As discussed in Appendix E, similar
to the noiseless case, θξ almost vanishes at intermediate
times N−1 ≪ τ ≪ π/2−N−1.
The evaluation of the optimum quantum Fisher infor-

mation (14) requires a numerical diagonalization of the
density matrix ρ̂(t) given by Eq.(27). For the time de-
pendence of a2(t) we take again the short-time approxi-
mation given in Eq.(28), even if there is no experimental
evidence which justifies such a choice at times t ∼ T .
This choice corresponds to the worst possible scenario for
decoherence, as in the markovian regime the dependence
of a2(t) is weaker (see Eq.(29)) [22]. The behaviour of FQ

as a function of time in the presence of noise results from
the competition of two phenomena: (i) in the absence

of noise, at short times the quantum Fisher information
grows from its initial value FQ = N to the plateau value

FQ = N(N + 1)/2 in a time interval tfs ∼ T/
√
N which

shrinks as N becomes larger, and (ii) the decoherence
exponent a2(t) is independent of N and also grows with
time. As a result, FQ reaches a local maximum at a time
tmax ∼ tsf , with a value which increases with N and
decreases with the noise fluctation δλ2.
The quantum Fisher information as a function of time

at various noise levels is shown in Fig. 5. The short-
time evolution is similar to the one found for the noise-
less case, the accumulation of noise correlations being
not yet effective. In particular, one observes that FQ

coincides with the squeezing parameter Fξ = N/ξ2 at
sufficiently small times (panel c). For not too large noise
intensities, FQ displays a plateau at those times which
in the noiseless BJJ correspond to the of formation of
macroscopic superpositions. The value on the plateau is
smaller than in the absence of noise but it is still much
above the shot noise level FQ = N . This indicates the
presence of useful correlations which remain in spite of
the decoherence effects induced by the noise. This effect
is due to the robustness of the multicomponent super-
positions [22] with respect to phase noise discussed in
Sec. IV above. For higher noise levels, the width of the
plateau is reduced and the peak at t2 ≡ T/4 correspond-
ing to the two-component superposition in the absence
of noise disappears completely, meaning that decoher-
ence has washed out the useful quantum correlations at
t2 (three bottom curves in the Fig.5-b)). In the limit
of very large noise intensities the Fisher information at
times tq of formation of q-component superpositions in
the noiseless BJJ is degenerate in the (xOy) plane and
tends to the asympototic value

FQ[ρ̂∞] =
N(N − 1)

2N + 2
, (56)

which can be readily obtained from Eqs.(15) and (35). As
illustrated in Fig.6, apart from short times and around
the peak at t2, the optimization direction is in the (xOy)-
plane and FQ is almost degenerate in all directions of this
plane, as in the noiseless case.
As a partial summary, the analysis of the time evo-

lution of the quantum Fisher information indicates the
build-up of useful quantum correlations at times beyond
the spin-squeezing regime. In the following we quantify
this effect by studying the dependence of FQ with the
noise strength and the particle number.
Figure 7 shows FQ(t) on a logarithmic scale, evalu-
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FIG. 5. (Color online) Coherent spin squeezing and quan-
tum Fisher information in the presence of noise as a func-
tion of time in units of T during the quenched dynamics of a
BJJ. The parameters used are N = 100, χ = πHz. a) Spin
squeezing ξ2 for (from top to bottom) δλ = 15, 10, 5, and
0Hz. Horizontal and vertical gridlines: minimum of ξ2 and
corresponding time tmin. b) Fisher information FQ for (from
top to bottom) δλ = 0, 0.4, 1, 2, 5, 10, and 15Hz; the horizon-
tal and vertical gridlines correspond to FQ = N(N + 1)/2

and t = tfs = T/
√
N . c) Zoom on the quantum Fisher

information (solid lines) and Fξ = N/ξ2 (dashed lines) for
δλ = 0, 2, 5, 10, and 15Hz (from top to bottom). d) Angles
θF and θξ giving the optimizing direction of FQ (solid lines)
and ξ2 (dashed lines) as a function t/T , for the same noise
levels.

FIG. 6. (Color online) Direction-dependent quantum Fisher
information in the presence of noise as a function of time
in units of T during the quenched dynamics of a BJJ with
N = 100 atoms and χ = πHz for: a) δλ = 2Hz, b)
5Hz, c) 10Hz and d) 15Hz, calculated along the (Ox) di-
rection (dashed lines), the (Oy) direction (dotted lines) and
the optimizing direction (light-gray solid line). After a time

t ∼ T/
√
N (left vertical gridlines) the three values are almost

the same, showing that the Fisher information is almost de-
generate in the (xOy) plane, except around t = T/4 if FQ has
a peak at this value (panel a)). The vertical and horizontal
gridlines represent the times t = tfs and t = T/4 − tfs and
the value of the Fisher information in the limit of large noise
intensities given by Eq.(56).
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FIG. 7. (Color online) Values of the Fisher information at
its local maximum at time tmax (solid line, circle markers), at
time t2 (dot-dashed line, star markers) and at the time tmin of
maximal squeezing (long-dashed line, blue cross markers) in
a logarithmic scale, as a function of the energy fluctuation δλ
(in Hz). For comparison we also plot the squeezing parameter
Fξ = N/ξ2 at the time tmin (dashed line, green cross mark-
ers) in a logarithmic scale. Gridlines, from top to bottom:

Heisenberg limit N2 (solid), approximate value (2/32/3)N5/3

of Fξ(tmin) in the absence of noise, see Sec.VA (dashed), shot
noise limit (solid), and limit of FQ for large noise intensities
(solid) given by Eq.(56). The parameters used are N = 400
and χ = πHz.
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ated at the time t = t2 ≡ T/4 of formation of the two-
component superposition in the noiseless BJJ, as well
as the maximum (FQ)max of FQ(t) in the time interval
0 < t < T/8. This maximum corresponds roughly to
the value at the plateau in Fig.5, that is, to the value
of FQ(t) at the times of formation of the first multicom-
ponent superpositions. It can be seen that in the range
of noise considered (FQ)max stays above the shot noise
level, and is also larger than the value FQ(tmin) at the
time tmin of highest squeezing. The two-component su-
perposition, formed much after the superpositions with
a large number of components, appears to be too much
degraded by noise to lead to any advantage in interfer-
ometry with respect to separable states. Hence, in this
regime multicomponent macroscopic superpositions pro-
vide a convenient alternative to both the squeezed states
and the two-component macroscopic superposition.
We next study the scaling of the quantum Fisher in-

formation with the particle number, taken at the time
tmax as before. As it is illustrated in Fig.8, at such a
time FQ displays a power-law behaviour FQ ∼ Nβ with
an exponent β depending on the noise strength. This
exponent is extracted from a log-linear fit of the numer-
ical data, varying N between 50 and 400 [44], the latter
value being realistic in the experiments [6]. We notice
that in the noise range considered β is larger or equal to
5/3, which is the exponent corresponding to the squeezed
state at t = tmin in the absence of noise (see Sec.VA) [45].
This confirms the potential improvement in interferome-
try given by the state at time tmax with respect to the use
of squeezeed states in the presence of phase noise. For
comparison, we also show the scaling of FQ at the time
t2. At that time, β decays faster with the noise strength,
reaching rapidly the shot noise limit β = 1. This is due
to the fact that the noise exponent a2(t) increases with
time.

VI. CONCLUSIONS

In this work we have studied the effect of phase noise
on the formation of nonclassical states useful for interfer-
ometry created during the quenched dynamics of a Bose
Josephson junction. The knowledge of an exact solution
for the dynamical evolution of the state in the presence
of phase noise has allowed us to calculate the quantum
Fisher information as a function of time and its scaling
with the particle number at various noise strengths. Due
to the anomalously slow decoherence induced by phase
noise on macroscopic superpositions of phase states, for
a realistic choice of noise strengths we have found that
multicomponent superpositions are more useful for inter-
ferometry than squeezed states. Such superpositions are
built during the dynamical evolution of a noiseless junc-
tion at larger times than squeezed states. The time of
formation of the superposition with ∼

√
N components

depends inversely on the square-root of the total number
of atoms N . When phase noise is affecting the unitary

FIG. 8. (Color online) a) Quantum Fisher information eval-
uated at the time of its local maximum tmax (blue solid line)
and at the time t2 (blue dashed line) as a function of the
number of particles N for δλ = 15Hz, as compared to the
shot noise limit (black solid line). Panels b),c),d),e): same as
in a) in a semi-logarithmic scale, for various noise strengths
δλ = 2, 5, 10, and 15Hz (from left to right and top to bot-
tom). f) Exponent β, extracted by a log-linear fit of the data
in a), as a function of the energy fluctuations δλ (in Hz) for
t = tmax (solid line, circle markers) and for t = t2 (dot-dashed
line, star markers). We used χ = πHz.

dynamics of the junction, these multicomponent super-
positions therefore provide an interesting alternative to
the use of the more popular two-component superposi-
tion, which would appear later in a noiseless junction.
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Appendix A: Derivation of the probability
distribution f(φ, t) for gaussian noise

The probability distribution f(φ, t) of the angle φ(t) =

−
∫ t

0 dτλ(τ) is defined as an average over the noise real-
izations induced by the functional P [λ(t)] as in Eq.(22),
or, by Fourier expansion,

f(φ, t) =
1

2π

∫

dP [λ(t)]

∫ ∞

−∞

du e−iuφ(t)eiφu . (A1)

We are left to evaluate the Fourier transform of the av-
erage e−iuφ(t) =

∫

dP [λ(t)] e−iuφ(t). This is readily done
under the hypotesis of a gaussian noise,

e−iuφ(t) = e−iu(φ(t)−φ(t))e−iuφ(t)

= e−
u2

2 (φ(t)−φ(t))2e−iuφ(t)

= e−
u2

2

∫
t

0
dτ

∫
t

0
dτ ′h(τ−τ ′)e−iuλt

= e−
u2

2 a2(t)e−iuλt (A2)

where h(τ − τ ′) = λ(τ)λ(τ ′) − λ(0)
2
is the noise corre-

lation function and we used that for gaussian variables

with ξ = 0 one has eiuξ = e−
u2

2 ξ2 . Using Eq.(A2) we
obtain the expression (24) in the main text, according to

f(φ, t) =
1

2π

∫ ∞

−∞

du e−i(φ+λt)ue−
u2

2 a2(t) . (A3)

Appendix B: Partial suppression of phase noise by
spin-echo pulses

In a recent experiment [6], phase noise was partially
suppressed by a spin-echo protocol [36]. Let us assume
that the state of interest (for instance, a squeezed state
in [6]) is produced after an evolution time t under the
Hamiltonian (20). In the spin-echo protocol, two short π-
pulses are send by a laser in resonance with the energies of
the two modes at times t/2 and t. The effect of these laser

pulses is to reverse the direction of Ĵz, mapped into −Ĵz,
in the evolution between t/2 and t. Since the noiseless

part of the Hamiltonian (20) is quadratic in Ĵz , it is not

affected by the pulses, while the noise part is linear in Ĵz
and is reversed after half of the evolution. This allows to
suppress the effect of the noise if it is strongly correlated
between the two time intervals [0, t/2] and [t/2, t], which
appears to be the case in the experiment of Ref.[6] (see
also [35]).

Our model in Sec.III B can be easily adapted to take
into account the residual effect of phase noise when the
spin-echo pulses are applied. The derivation follows the
same lines as in the main text. Eq.(27) still holds pro-

vided that we use φ(t) ≡
∫ t

0 dτ Sgn(τ−t/2)λ(τ), with the
sign function defined as Sgn(x) = ±1 for ±x > 0. This
leads to

a2echo(t) =

∫ t

0

dτ

∫ t

0

dτ ′ Sgn(τ − t

2
)Sgn(τ ′ − t

2
)h(τ − τ ′).

(B1)
We focus on the short time regime t < tc. The approx-
imation h(τ) ≃ h(0) yields no contribution to a2echo(t).
An expansion to second order is needed, h(τ) = h(0) +
τh′(0) + τ2h′′(0)/2 + O(τ3). Using the parity h(−τ) =
h(τ) of the correlation function (which implies h′(0) = 0),
we obtain [47]

a2echo(t) = −h
′′(0)

16
t4 . (B2)

Comparing Eqs. (B2) and (28), one sees that the effect
of the noise at times t < tc is considerably reduced with
respect to the case in absence of spin echo.

Appendix C: Demonstration of Eq.(46) for the spin
squeezing parameter

In the following we show that the spin squeezing pa-
rameter ξ2(t) in a Bose Josephson junction is always op-
timized along a direction contained in the (yOz)-plane.
Let us observe that the angular momentum covariance

matrix G(t) defined by Eq.(16) has vanishing matrix el-
ements Gxy(t) = Gxz(t) = 0. In fact, in the absence

of noise this matrix G(t) = γ(0)(t) is given by Eq.(42),
and we have seen in Sec. VB that it preserves the same
structure in the presence of a phase noise. Thanks to this
special structure of G(t), the fluctuations of the angular
momentum operator along an arbitrary direction ~n given
by Eq.(11) is

∆J~n(t) =
∑

i,j=x,y,z

niGij(t)nj (C1)

= sin2 θ sin2 φGxx(t) +
∑

i,j=y,z

niGij(t)nj .

The sum over i, j in the second line can be written as
(sin2 θ cos2 φ+cos2 θ)~n′TG′(t)~n′, where we introduced the
notation G′(t) for the two-by-two submatrix of G(t) in
the plane (yOz) and the normalized vector

~n′ =
ny~ey + nz ~ez

√

sin2 θ cos2 φ+ cos2 θ
(C2)

in this plane. Furthermore, we observe that during the
dynamics of the noisy junction one has 〈Ĵy〉t = 〈Ĵz〉t = 0
at all times. As a consequence, the expectation values
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of the angular momentum operators along the directions
defined by Eq.(10) are given by

〈Ĵ~p1
〉t = cosφ〈Ĵx〉t

〈Ĵ~p2
〉t = − cos θ sinφ〈Ĵx〉t . (C3)

Combining these results and using the fact that Gxx(t) ≥
0, we obtain from Eq.(9)

Nν(t)2

4
ξ2~n(t) =

sin2 θ sin2 φGxx(t)

1− sin2 φ sin2 θ
+ ~n′TG′(t)~n′

≥ G−(t) = min
~n′,‖~n′‖=1

{

~n′TG′(t)~n′
}

(C4)

= min
~n∈(yOz),‖~n‖=1

{

~nTG(t)~n
}

where ν(t) = 2〈Ĵx〉t/N is the visibility and G−(t) the
smallest eigenvalue of G′(t). Since it is clear that the in-
equality in Eq.(C4) is an equality for ~n equal to the corre-
sponding eigenvector ~n−(t) of G−(t), this demonstrates
that the squeezing is minimized along a direction ~n−(t)
contained in the (yOz)-plane. Combining Eqs.(13) and
(C4), we obtain that the optimum coherent spin squeez-
ing is given by Eq.(46).

Appendix D: Determination of the time t∗ when the
optimization direction of the Fisher information

changes in the absence of noise

If the number N of atoms is even, the direction of opti-

mization ~n
(0)
F of the Fisher information in a noiseless Bose

Josephson junction is along x-axis at the time t2 = T/4
of formation of the superposition of the two phase states
|θ = π/2, φ = 0〉 and |θ = π/2, φ = π〉. These phase
states are indeed diametrically opposite on the equator of

Bloch sphere along this axis. Since ~n
(0)
F (τ) = ~n

(0)
+ (τ) is in

the (yOz)-plane at times τ = 2πt/T ≪ 1 (see Sec.VA),
the optimizing direction thus changes abruptly from the
(yOz)-plane to the x-axis at some time τ∗ ∈]0, π/2[ sat-
isfying

γ(0)x (τ∗) = γ
(0)
+ (τ∗) . (D1)

In this appendix we determine τ∗ explicitely in the limit
of large total atom number N , supposed to be even. We
may infer from the previous discussion that τ∗ is nei-
ther close to 0 nor close to π/2. Consequently, we look
for a solution of the implicit equation (D1) in the in-
terval τ ∈ [N−α, π/2 − N−α], α being a positive ex-
ponent strictly smaller than 1/2. Introducing the vari-
ables u ≡ cos(τ) ∈ [0, cos(N−α)] and v ≡ cos(2τ) ∈
[− cos(2N−α), cos(2N−α)], we obtain with the help of
Eqs.(43) and (44)

4(γ
(0)
+ (τ) − γ

(0)
x (τ))

N
= −(N − 1)vN−2 +Nu2N−2 (D2)

+2(N − 1)u2N−4(1 − u2) +O(Nu4N−8) +O(Nv2N−4) .

Setting γ
(0)
+ (τ) = γ

(0)
x (τ) gives the equation

(

2− 1

u2

)N−2

= 2− u2
N − 2

N − 1
+O(e−N1−2α

) . (D3)

For large N , the right-hand side of Eq.(D3) is strictly
larger than one and is of the order of unity. Hence the
solution must satisfy |2 − u−2| > 1 and 2 − u−2 ≃ ±1.
We may exclude the positive sign as the values u = ±1
correspond to τ ≃ 0 or τ = π outside the studied time
interval. The relevant solution u of Eq.(D3) is thus close

to 1/
√
3 and smaller than this number. Let us note that

for odd N ’s, such a solution does not exist; indeed, in
this case Eq.(D1) has no solution (see Sec.VA). Let us

set u = 1/(
√
3(1 + δ)). Then from Eq.(D3) we obtain

e(N−2) ln(1+6δ+O(δ2)) =
5

3
+O(δ) +O

(

1

N

)

(D4)

from which we find

δ =
1

6N
ln

(

5

3

)(

1 +O

(

1

N

))

(D5)

In terms of the dimensionless time τ∗ we get

τ∗ = arccos

(

1√
3

)

+
ln(5/3)

6
√
2N

+O

(

1

N2

)

. (D6)

Appendix E: Analytical results for the
spin-squeezing parameter and the quantum Fisher

information in the large-N limit

Short time regime. At times shorter than the time
of formation of the first macroscopic superpositions, ie

0 ≤ t ≪ tfs (or τ ≪ 1/
√
N), one has γ

(0)
+ (t) > γ

(0)
x (t).

A short-time expansion in Eq.(44) followed by the large
N limit yields [46]

F
(0)
Q (τ) = 4γ

(0)
+ (τ) ≃ N

[

1+

(

N2τ2

2
+Nτ

√

1 +
N2τ2

4

)]

.

(E1)
In this time regime, the visibility (41) is almost equal
to one. In order to compare FQ with Fξ = N/ξ2, we
determine the ratio

F
(0)
Q (τ)

F
(0)
ξ (τ)

≃ N + 1

2
− N − 1

2
cosN−2(2τ)

−(N − 1)2 cos2N−4(τ) sin2(τ) (E2)

by employing Eq.(46) and identifying the product

γ
(0)
+ (τ)γ

(0)
− (τ) with the determinant of the 2× 2 subma-

trix γ(0)
′
(t) in Eq.(42). At short times τ ≪ N−2/3, which

a posteriori turns out to be the time of optimal squeez-
ing, the RHS of Eq.(E2) can be approximated by one,
yielding

F
(0)
ξ (τ) ≡ N

ξ(0)(τ)2
≃ F

(0)
Q (τ) (E3)
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as discussed in the main text. At later times τ <∼ N−2/3

the right-hand side of Eq.(E2) can be approximated by
1 +N4τ6/6. We obtain [46]

ξ(0)(τ)2 ≃ N
(

1 +N4τ6/6
)

F
(0)
Q (τ)

, (E4)

where F
(0)
Q (τ) is given by Eq.(E1) up to a relative correc-

tion O(N−1/3). The squeezing parameter (E4) reaches

a minimum (ξ
(0)
min)

2 ≃ (3/N)2/3/2 at the time τ
(0)
min =

31/6N−2/3 in the limit N ≫ 1, as assumed above (see
also Ref. [8] where a different definition of ξ is used, which
however almost coincides with ours at times t ≪ tsf be-

cause ν(0)(t) ≃ 1). The value of the Fisher informa-

tion at τ = τ
(0)
min is FQ(τ

(0)
min) ≃ 31/3N5/3. The direc-

tion of optimization of FQ is in the (yOz)-plane and is

given by the eigenvector n
(0)
+ (τ) orthogonal to n

(0)
− (τ),

that is, φ
(0)
F (τ) = 0 and θ

(0)
F (τ) = θ

(0)
ξ (τ) + π/2. One

finds by using the first equality in (48) that tan θ
(0)
ξ (τ) ≃

(Nτ/2 +
√

1 +N2τ2/4)−1. The angle θ
(0)
ξ starts from

π/4 at τ = 0 and quickly decreases to the value 0, to
which it is almost equal at times τ ≫ N−1. At such
times ξ and FQ are optimal along ~ez and ~ey, respectively
(see Eq.(47)). These results are summarized in Table II.

Intermediate times. In the time regime δt ≤ t ≤ T/4−
δt with δt ≫ tfs, the covariance matrix (42) takes the
simple following form in the limit N ≫ 1

γ(0)(τ) ≃







1
8N(N + 1) 0 0

0 1
8N(N + 1) 0

0 1
4N






. (E5)

Hence the Fisher information has a plateau at the value

F
(0)
Q (τ) =

N(N + 1)

2
(E6)

whereas the squeezing parameter

F
(0)
ξ (τ) ≃ Nν(0)

2
(τ) (E7)

decreases with time as ν(0)(t) decreases (second panel
of Fig.4). We have shown in Appendix C that if N is

even, the optimizing direction ~n
(0)
F (τ) of the Fisher in-

formation changes as τ increases from the (yOz)-plane

to the x-axis at the time τ∗ ≃ arccos(1/
√
3) defined by

γ
(0)
x (τ∗) = γ

(0)
+ (τ∗). Note, however, that any direction in

the (xOy)-plane gives a Fisher information almost equal
to the optimized value N(N + 1)/2, as mentioned above
and as it is clear from the structure of the matrix (E5).
For an odd number of atoms N , the optimal direction

~n
(0)
F (τ) remains in the (yOz)-plane all the way up to

τ = π/2 (i.e., γ
(0)
x (τ) < γ

(0)
+ (τ) for any τ ∈ [0, π/2]).

More precisely, it is almost along the y-axis (which is the
symmetry axis of the superposition (19) formed at t = t2)
at times N−1 ≪ τ ≤ π/2.
Times t close to t2 = T/4. At times t such that |t2 −

t| ≪ T , the Fisher information is given by

F
(0)
Q (τ) ≃ N

2

(

N + 1 + (N − 1)e−2N(π/2−τ)2
)

. (E8)

It increases monotonously from the plateau value (E6) at
times t ≃ T/4− tsf to the value N2 at the time t = t2 of
formation of the two-component macroscopic superposi-
tion, which has the highest Fisher information FQ = N2

allowed by the Heisenberg bound. The optimal direction
of FQ is along the x-axis if N is even and the y-axis if N
is odd, and that of ξ is along the z-axis in both cases.
Results in the presence of noise. The formula general-

izing Eq.(E4) for small nonzero noise intensities a(τ) <∼
N−1 reads

ξ2(τ) ≃ 1 +N4τ6/6 +N(δλ/χ)2τ2 +O(N−1/3)

1 +
(

N2τ2

2 +Nτ
√

1 + N2τ2

4

)

, (E9)

where we assumed τ <∼ N−2/3 and δλ/χ <∼ N1/6. The
minimum value of ξ(τ)2 is given by Eq.(55) of the main
text. The angle θξ which identifies the optimal squeezing

direction satisfies tan(θξ) = e−a2(t)/2 tan(θ
(0)
ξ ).
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