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LOCALIZATION IN QUIVER MODULI SPACES

THORSTEN WEIST

ABSTRACT. Torus fixed points of quiver moduli spaces are given by stable rep-
resentations of the universal (abelian) covering quiver. As far as the Kronecker
quiver is concerned they can be described by stable representations of certain
bipartite quivers coming along with a stable colouring. By use of the glueing
method it is possible to construct a huge class of such quivers implying a lower
bound for the Euler characteristic. For certain roots it is even possible to
construct all torus fixed points.

1. INTRODUCTION

A common method providing topological information of algebraic varieties is the
consideration of fixed points under a torus action. For instance, the Euler character-
istic is already given by the Euler characteristic of their fixed point components. If
we consider moduli spaces of stable quiver representations, we also often obtain in-
teresting objects as fixed point components like indecomposable tree modules in the
case of the Kronecker quiver; see [29]. In general, torus fixed points of quiver moduli
spaces are given by representations of the universal (abelian) covering quiver.

The main focus of this paper is on torus fixed points of Kronecker moduli spaces,
denoted by M j7e(m), which parametrize isomorphism classes of stable representa-
tions of dimension (d,e) of the generalized Kronecker quiver with m arrows; see
Sections 2 and [A] for a more detailed description. It is particularly interesting to
note that by using the localization method we are able to prove parts of a conjec-
ture concerning the Euler characteristic of these moduli spaces. The conjecture is
based on ideas suggested by Michael Douglas [7]. It has its origin in the relationship
between the Euler characteristic of moduli spaces of quiver representations and the
Witten index in superstring theory and the entropy of black holes respectively; see
for instance [6]. Douglas conjectures the existence of a formula expressing the en-
tropy of a black hole as a continuous function of its electric and magnetic charge, in
the limit of charge. In mathematical terms it says that for coprime dimension vec-
tors (d,e) the logarithm of the Euler characteristic Mj  (m) continuously depends
on the fraction §. More specifically, this means that there exists a continuous
function f such that for every coprime dimension vector (d, e) there exists another
dimension vector (ds, es) such that

f (E) — lim In X(Mjernd,eSJrne (m))
In particular, the right hand side converges. In [28] a candidate for this function
could be determined and it could be proved that under the assumption of continuity
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the function is already uniquely determined by f(1); see also Section for the
exact statements.

Even if continuity is still an open question, by use of the localization method we
are able to calculate the value at the point one. Actually, we are able to determine
a formula for the Euler characteristic of the Kronecker moduli spaces for the dimen-
sion vectors (d,d 4+ 1). Moreover, we show that the Euler characteristic grows at
least exponentially with the dimension vector which is an immediate consequence
of the conjecture.

The paper is organized as follows: In the second section the notion of quivers and
their representations is introduced. Moreover, we recall the definition of stability
and general results concerning the representation spaces which are needed in the
sequel.

In the third section we consider a torus action on quiver moduli spaces. We show
that the fixed points of moduli spaces of quivers without oriented cycles are exactly
the stable representations of the universal abelian covering quiver up to a certain
translation. This means localizing the moduli spaces to torus fixed points induces
new moduli spaces. Thus we can again consider a torus action on the resulting
moduli spaces. It turns out that after localizing to torus fixed points suitably many
times the remaining torus fixed points are representations of the universal covering
quiver.

In the fourth section we apply the localization method to the generalized Kro-
necker quiver. The universal covering quiver is a regular m-tree coming along with
a bipartite orientation. By the results of Section 3 every stable representation of a
bipartite quiver which can be embedded into this m-tree defines a torus fixed point.
Therefore, we investigate stable bipartite quivers in more detail, i.e., quivers with
a fixed dimension vector allowing at least one stable representation. We construct
stable bipartite quivers of dimension type (ds,es) + n(d, e) by glueing certain bi-
partite quivers of dimension types (ds, e5) and (d, e). Thereby the dimension vector
(ds, es) is uniquely determined by (d,e). The dimension type of a bipartite quiver
is given by the sum of the dimensions of the sources and sinks respectively. In
this way, for every coprime dimension type we can construct a huge class of such
quivers.

In the fifth section we briefly treat combinatorics of trees. With the stated meth-
ods it is possible to count the number of stable bipartite quivers constructed in the
preceding section.

In the last section several applications of the developed methods are treated.
After investigating Douglas’ conjecture in more detail, we study the function f at
the point one. Since all localization data of dimension type (d, (m — 1)d + 1) are
known, we can determine a formula for the Euler characteristic in this case. By
applying the reflection functor we can also determine f(1).

Afterwards, by use of the methods of the fourth section and combinatorics of
trees we can determine a lower bound for the Euler characteristic for every coprime
dimension vector. In particular, we prove that the Euler characteristic grows at
least exponentially with the dimension vector.

In the fourth subsection the case of the dimension vector (3,4) is considered as a
detailed example. The fifth subsection deals with the dimension vector (d,d). We
prove that there does not exist any stable representation of the universal covering
quiver if d > 2 because torus fixed points of this dimension type are always cyclic.
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Thus it follows that the Euler characteristic vanishes in this case. In the sixth
subsection we answer a question posed in [§]: When does there exist fixed point
components containing infinitely many fixed points? Actually, there exist only
finitely many torus fixed points for dimension vectors (d, ¢) such that d = 1,2 or in
the associated reflected cases.

2. RECOLLECTIONS AND NOTATION

Let k be an algebraically closed field. Let @ = (Qo, Q1) be a quiver with vertices
Qo and arrows (1 denoted by o : ¢ — ¢’. There exist two maps h, t : Q1 — Qq
which associate its tail t(a)) and its head h(a) to an arrow a € Q1. A vertex
q € Qo is called a sink (resp. a source) if t71(q) = 0 (vesp. h=1(q) = 0). In the
following we only consider quivers without oriented cycles. A quiver is bipartite if
Qo = I U J such that every vertex i € I is a source and every vertex j € J is a
sink. A subquiver Q' C @ is called full if for all ¢,¢" € Qf we have a € Q] for all
a € Q1 with h(a) = ¢’ and t(a) = ¢ (resp. h(a) = ¢q and t(a) = ¢').

Consider the free abelian group ZQ), generated by @y and the monoid of dimen-
sion vectors NQy C ZQo. On ZQo we define a (non-symmetric) bilinear form, called

the Euler form, by
<d, 6> = Z dqeq — Z dt(a)eh(a)
q€Qo a€Q

for d, e € ZQy. Moreover, let {d,e} := (d,e) + (e,d) be the symmetrized Euler
form.

A finite-dimensional k-representation X of () is given by finite-dimensional vector
spaces X, for every ¢ € Qo and linear maps X, : X, — Xy for every a: ¢ — ¢'.
By dimX € NQ@Q we denote the dimension vector of X. The support supp(d) of
a dimension vector d € N@q is the full subquiver of @ defined by the vertices
supp(d)o = {q € Qo | dq # 0}. In the following, we only consider dimension vectors
which support is finite, i.e., the number of vertices and arrows is finite.

Let d € NQo and consider the variety Rq(Q) = D, cq, Homy, (k%= | kdn@) of
k-representations of dimension d. The algebraic group Gq = [[ o, Gla, (k) acts
on R;(Q) via simultaneous base change. The orbits are in bijection with the iso-
morphism classes of k-representations of ) with dimension vector d.

In the space of Z-linear functions Homg(ZQo,Z) we consider the basis given by
the elements ¢* for g € Qo, i.e., ¢*(¢') = 4,4 for ¢’ € Q. Define dim := quQo q*.
After choosing © € Homy(ZQo,Z), we define the slope function p := ©/dim :
NQo\{0} — Q.

The slope pu(dimX) of a representation X # 0 of @ is abbreviated to p(X). A
representation X of @ is called semistable (resp. stable) if for all proper subrepre-
sentations 0 # U C X we have

u(U) < u(X) (resp. p(U) < p(X)).

This definition is equivalent to that of A. King [I6]: Let © € Hom(ZQy,Z) be
a linear form. A representation X is ©-semistable (resp. ©-stable) in the sense of
King if ©(dimX) = 0 and

O(dimU) > 0 (resp. O(diml) > 0)
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for all proper subrepresentations 0 # U C X. Now fixing a representation X define
O := pu(X)-dim —©. It is easy to check that the representation X is semistable
(resp. stable) in the former sense if and only if it is ©-semistable (resp. ©-stable).

We call a dimension vector ©-indivisible if p(d) # p(e) for all 0 # e < d. In this
case semistability and stability coincide.

Denote the set of semistable (resp. stable) points by R5*(Q) (resp. R5(Q)). In
this situation we have the following theorem going back to Mumford’s GIT and
which was proved by King; see [21], [16]:

Theorem 2.1. (1) The set of stable points R3(Q)) is an open subset of the set of
semistable points R (Q), which is an open subset of Rq(Q).
(2) There exists a categorical quotient M3°(Q) = R3(Q)//Gq. Moreover,
M3*(Q) is a projective variety.
(3) There exists a geometric quotient M3(Q) := R5(Q)/Ga, which is a smooth
open subvariety of M3°(Q).

Note that the set of semistable (resp. stable) points of R4(Q) can be empty.
For a detailed description of the theory of quotients see [20]. All statements about
algebraic groups applied in this paper can, for instance, be found in [27] or [14].

Recall that we have Mj3*(Q) = Proj(k[X]$), i.e., the moduli space is the projec-
tive spectrum of the ring of semi-invariants corresponding to the character x of G4
defined by

x((99)qeqo) == H det(gq)g(d)_dlmd'eqa
q€Qo
where O is the linear form obtained from the previous consideration.

Remark 2.2.

(1) Since Q@ is acyclic, there exists only one closed orbit and the affine quotient
is just a point. Therefore, we get k[R4(Q)]“ = k. Thus the Proj quotient
has no affine component and is a projective variety.

(2) Since R4(Q) is an affine space and thus smooth, we get that the open subset
of stable points is smooth. Thus, since the moduli space Mj(Q) is an orbit
space associated to the group action restricted to the stable points, it is
smooth as well. If semistability and stability coincide, Mj*(Q) is a smooth
projective variety. Obviously this is the case when d is ©-indivisible.

(3) The moduli space M3°(Q) does not parametrize the semistable representa-
tions, but the polystable ones. Polystable representations are such repre-
sentations which can be decomposed into a direct sum of stable ones of the
same slope.

(4) For a stable representation X we have that its orbit is of maximal possible
dimension. Since the scalar matrices act trivially on R4(Q), the isotropy
group is at least one-dimensional. Thus, if the moduli space M} (Q) is
not empty, for the dimension of the moduli space we have dim M$(Q) =
1—(d,d).

Finally, we point out definitions and results which will be very useful at different
points of this paper. For proofs of the next lemma see [12].

Lemma 2.3. For a quiver @ let 0 - M — X — N — 0 be a short exact sequence
of representations.

(1) u(M) < p(X) if and only if u(X) < p(N) if and only if (M) < ju(N).
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(2) The following holds: min(u(M), uw(N)) < p(X) < max(u(M), u(N)).
(3) If w(M) = u(X) = u(N), then X is semistable if and only if M and N are
semistable.

From the first property we immediately get that stable representations are inde-
composable. For a quiver representation X we define by scss(X) (strongly contra-
dicting semistability) the subrepresentation ¥ C X for which the following holds:

(1) p(Y) = max{u(U) | U € X}.

(2) dim(Y) = max{dim(U) | U € X, p(U) = pu(Y)}.
Thus Y is of maximal dimension among the subrepresentations with maximal slope.
It is straightforward to check that the subrepresentation scss(X) is uniquely deter-
mined; see e.g. [24].

Denote by F, the simple representation corresponding to the vertex ¢ defined by
(Eq)q =k and (Ey)y =0 for ¢’ € Qo with ¢’ # q.

Define e € ZQo by (eq)q = 94,y which is the dimension vector of E,. For
a quiver @ consider the matrix A = (a4,4)q.q7cQ, defined by a4, = {€4, ¢4} for
q, ¢ € Qo. Fixing some ¢ € Q define r; : ZQo — ZQy by

rqleq) = eq —aqq - €q-
Let Q4 be the quiver resulting from @ by reversing all arrows with head or tail g.
We have the following theorem; see [I]:

Theorem 2.4. Let Q be a quiver and q € Qo a fized vertex. Let q be a sink (resp.
a source). Then there exists a functor R} (resp. R;): mod kQ — mod kQ, with
the following properties (if q is a source, replace + by —):
(1) Ry(UaU') =R} (U)® RI(U").
(2) Let U be an indecomposable representation of Q.
(a) IfU = Eg, then R} (E,) = 0.
(b) IfU 2 Eq, then R} (U) is indecomposable with Ry R} (U) = U and we
have dimR} (U) = r4(dim(U)).
Moreover, we have: EndU = EndR} (U).

3. LOCALIZATION IN QUIVER MODULI SPACES

Analogously to [24], in this section we introduce the localization in moduli spaces
of stable representations. Some of the ideas are based on localization techniques
in moduli spaces of simple representation provided by [22]. An explicit method to
detect fixed points of these moduli spaces under a torus action is explained. These
fixed points are stable representations of the universal abelian covering quiver. Note
that, in contrast to [24], we do not restrict to the case of ©-indivisible dimension
vectors.

3.1. Torus fixed points. For the remaining part of the paper we fix k = C. Let
G be an algebraic group and xy : G — C* be a character of GG, i.e. a morphism
of algebraic groups. Denote by Z(G) the set of all characters of G with the group
structure given in the obvious way. In the following the composition is written
additively.

Let G C Gl,(C) be a linear algebraic group and V be a representation of G. For
all characters xy € Z(G) define the semi-invariants of weight x by

Vi={veV]g-v=x(gvVgeG}
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Note that if ¢ : G — Gl,(C) is a rational representation, the definition can be
transferred. If G is a torus, we obtain a decomposition into weight spaces V =
@er(G) VX'

Further, let T := (C*)I91l be the |Q;|-dimensional torus. It acts on Ry(Q) via

((ta)aeéh) ’ ((Xa)a€Q1) = (ta - Xa)aeq-
Since U is a subrepresentation of a representation X if and only if ¢ - U is a sub-
representation of ¢ - X for every ¢ € T and, moreover, the torus action preserves
dimension vectors, the action also preserves (semi)-stability. Since the torus action
commutes with the Gg4-action, it induces a T-action on Mj(Q).

Since the scalar matrices act trivially on R4(Q), the Gg-action factors through
the quotient PG4 := Gg/C*. Let X € Mj;(Q) be a fixed point under the torus
action and let Y € R5(Q) be a representative of X. Thus we have ¢t - Y = Y for
every t € T. We consider the algebraic group

G:= {((gq)qEQovt) EPGaxT|[t-Y = (gq)quo * Y}

Then we get projections p; : G — PGy and ps : G — T respectively with the
following property:

Lemma 3.1. Let X € M3(Q) be a torus fized point, Y € R3(Q) a representative of
X and let G be the corresponding algebraic group constructed above. The following
holds:

(1) The projection ps : G — T is an isomorphism.
(2) In particular, the projection p1 : G — PGy induces a homomorphism of
algebraic groups ¢ := p1opy ' : T — PGq such that o(t) Y =t-Y.

Proof. Since X € M3(Q) is a fixed point, ps is surjective. Moreover, since Y
is stable, its orbit is of maximal possible dimension. Thus the isotropy group of
Y under the action of PGy is trivial implying the injectivity. The second part
immediately follows from this. ]

The following lemma assures that we get a weight space decomposition of the
vector spaces corresponding to some fixed point:

Lemma 3.2. Let T = (C*)™ with m > 1 be a torus. Every homomorphism of
algebraic groups ¢ : T — PGl4(C) can be lifted, i.e., there exists a homomorphism
of algebraic groups ¢ : T — Gl4(C) such that ¢ = w o).

Proof. In general, if G is a reductive algebraic group, the image of a morphism
¢ : T — G is again a torus and, therefore, contained in a maximal torus Ty C G.
Since all maximal tori are conjugate, we can assume that Ty = (C*)™ for some
n € N. Thus, in order to prove the statement, it suffices to prove that every
morphism ¢ : C* — (C*)"~! can be lifted to a morphism v : C* — (C*)" where
7 (C*)® — (C*)"~! is the projection induced by the projection 7 : Gl4(C) —
PGl4(C). Note that, since 7 is surjective, every maximal torus is mapped to a
maximal torus. Now if o(t) = (¢"2,...,t™) and 7(ty,...,t,) = (2,..., i—l), then

17"

we may set (t) = (1,t72,...,t™). ]
Aldift ¥ : T — Gy for ¢ can be decomposed in |Qg| morphisms of algebraic
groups ¥, : T — Glg,. Thus, if X is a stable fixed point, Y a representative and

¢ : T — PGy the corresponding morphism, we can fix a lift in order to get a
weight space decomposition of each vector space, i.e., Y; = GBXEE(T) Y, . For a
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d-dimensional torus we have Z(T) ~ Z%. As far as the torus (C*)!?1l is concerned
we denote the canonical basis of Z(T") by (eq)acq, -

If we choose another lift 7', one easily verifies that there exists a character x €
Z(T) such that ¢ = xt’. If we have two representatives Y and Y’ of a fixed point,
i.e., there exists some g € G4 such that Y’ = ¢g * Y, we can assume that the weight
space decomposition does not change. Indeed, if ¢ is the morphism belonging to
Y, for the morphism ¢’ belonging to Y’ we have ¢’ = 7(g) - ¢ - (g~ ') where
m: Gy — PGy is the canonical projection. Thus, if 1 is a lift of ¢, we have that
W' = g-1p-g~'is a lift of ¢’. Thus we obtain that the dimensions of the weight spaces
for both morphism v and ¢’ coincide. Indeed, for z € Y, ,, we have x(t)x = ¢ (t),x
if and only if x(t)gqx = ¢'(t)q94x. This also shows that g is compatible with the
weight space decomposition. In abuse of notation, we also denote the lift by X in
what follows.

The next lemma shows that these weight space decompositions are compatible
with the linear maps corresponding to the fixed point:

Lemma 3.3. Let X = (Xo)acq, € M;(Q) be a fized point under the torus action.
Let ¢ : T — PGy be the corresponding morphism of algebraic groups and fix a lift
¥ : T — Gq. Then we have:

Xa(Xgx) € Xg xteq for all x € E(T), a1 q— ¢
Proof. Let t = (to)aco, € T and x € X, ,. Then we have

Yy () Xa(2) = Yy () Xathy(t) ' (1) (2) = taXax(t)(2) = (x + ea) () Xa ().
(]

We want to define a quiver such that the components of the fixed point set
Mj(Q)T correspond to moduli spaces of this quiver with compatible dimension
vectors. Therefore, define the quiver Q by the vertex set Qy = Qo X Z(T) and for
each arrow a : ¢ — ¢’ and each character x € Z(T) we have an arrow

(e, x) : (¢:x) = (¢, x + ea)

in Q1. This is the universal abelian covering quiver of Q.
Example 3.4.

(1) Let K(m) be the generalized Kronecker quiver having two vertices Qy =
{q1,92} and m arrows a; : 1 — @2, i = 1,...,m. Every connected com-
ponent of the universal abelian covering quiver of the Kronecker quiver
K (m) is an infinite bipartite (m — 1)-dimensional honeycomb lattice with
an orientation such that every vertex is either a source or a sink.

Let X be a fixed point of the moduli space. with respect to the torus action. Then
define the corresponding dimension vector de NQO by dq x = dim¢ X .

The stability condition for representations of this quiver is induced from O, i.e.,
we define a linear form © : ZQ, — Z such that ®q x = 094 for all ¢ € Qo and all
X € E(T). Therefore, by the preceding considerations it follows that stable fixed
points can be identified with stable representations of the just introduced quiver.

Next we show that such a representation corresponding to a fixed point X is
unique in a certain way. By the preceding considerations choosing another lift
1 just changes the weights of the weight space decomposition by translation by
some character p. This corresponds to a group action of Z@Q); on Qo defined by
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i+ (q,x) = (q,x + p). This induces a group action on the set of dimension vectors
NQO. Two dimension vectors contained in the same orbit are said to be equivalent
in the following. In the following, we consider the dimension vectors of Q up to
this equivalence. Thus we have in conclusion:

Theorem 3.5. For all fived points X € M35(Q)" there ezists (up to equivalence) a
unique dimension vector d for Q such that X corresponds to a stable representation
of Q with dimension vector d.

3.2. Description of fixed points. Converse to the last section we construct an
embedding of stable representations of the quiver Q into the fixed point set of
the related moduli space. Therefore, fixing a representation of Q we construct a
representation of () and show that the latter one is a stable fixed point.

Let d be a dimension vector of Q. Then we define d, for every q € Qo by

dg= Y dgy.

X€E(T)

We call a dimension vector d satisfying this property compatible with d := (dg)qeq,-
Let X = ((Xq,x)qeo.xez(T)> (Xa,x)ac@, xez(1)) be a representation of ). Define
a representation X of () by the vector spaces

Xq = ED Xq,x

X€EE(T)

and the linear maps

Xo = @ (Xa,x t Xgx — Xq’,xﬁ-ea)
X€E(T)

for all & : ¢ — ¢’. This defines a linear map P : R;(Q)) — R4(Q). Moreover, the
decomposition of the vector spaces X, for ¢ € ()y induces an embedding of G ; into
G4. Furthermore, define a morphism of algebraic groups ¢ = (¥g)qeq, : T — Gq
such that ¢, : T — GI(X,) is defined by ¢,(t)z = x(t)z for all ¢ € T and all
T € )A(%X. Note that this makes 1 well-defined. Moreover, it follows by an easy
calculation that
Vo () Xathy(t) to =t Xz

for all x € X, which also shows that X is a torus fixed point.

We now prove that (semi-)stable representations are mapped to (semi-)stable rep-
resentations. Therefore, we prove that it is enough to consider subspaces compatible
with the weight space decomposition in order to check (semi-)stability. We say that
a subrepresentation U of X is compatible with the weight space decomposition if
we have Uy = @, c=(r) Ug,x for all ¢ € Qo where Uy C X y.

Lemma 3.6. Let X be a representation on and let X = P(X) such that

is the weight space decomposition with respect to 1 as constructed above. If X
is semistable (resp. stable), i.e., for all proper subrepresentations U, which are

compatible with the weight space decomposition, we have p(U) < p(X) = u(X)
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(resp. p(U) < p(X)), then X is a semistable (resp. stable) representation of Q. In
particular, if X is stable, then X defines a stable torus fized point.

Proof. Let X be a semi-(stable) representation of Q. We first show that X is
semistable in both cases. Let U = scss(X) and consider

YU = (qu((ta)ate)(Uq))qEQo

for each (to)acq, € T. Hence for each arrow o : ¢ — ¢’ we obtain

1
Xawq(t)Uq = awq’(t)xawq(t)_lwq(t)(]q C wq’ (t)Uq’

because X,U, C Uy. Thus ¢(¢)U is a subrepresentation of X. Since 1,(t) is
invertible for every ¢ € Qg, the dimension vectors of U and 1 (¢)U coincide. Because
of the uniqueness of scss(X) it follows that (¢)U = U for all t € T. This is
equivalent to ¥q(t)U, = U, for all t € T and all ¢ € Qp. This implies that
U = scss(X) is compatible with the weight space decomposition. Since the slope of
scss(X) is maximal among the set of subrepresentations of X and by assumption
we get U = X. Hence X is semistable.

Thus it remains to show that X is stable if X is stable. Assume that X is
not stable. By the preceding considerations we know that X is semistable. Thus
we may assume that there exists a subrepresentation U of X such that u(U) =
#(X). Consider again ¢ : T — G4 from above. As above we obtain that {¢(t)U |
t € T} is a set of subrepresentations of X. Let e := dimU and consider the
quiver Grassmannian Gre(X ) of subrepresentations of dimension e of X which is
a projective variety because it is a closed subvariety of the product of the usual
Grassmannians Gr., (X,), ¢ € Qo. It is also not empty because U € Gre(X). From
the considerations above we obtain a torus action on Gr.(X) given by (t,U) ~—
¥(t) - U. But since Gr,(X) is projective it follows by Borel’s Fixed Point Theorem
that the fixed point set is not empty. Thus there exists a subrepresentation U’ C X
with p(U’) = p(X) such that ¢(¢) - U’ = U’. But this again means that U’ is
compatible with the weight space decomposition which is contradiction. It follows
from the discussion from above that X is a stable torus fixed point in this case. [

Since the linear map P is equivariant under the group action of G ; and sends
semistable points to semistable points by the preceding lemma, it induces a map

P: M3 (Q) — M (Q)
by use of the universal property of the quotient.

The action of Z@Q; on the dimension vectors NQO introduced in the last section
induces an action on the representations of Q by translating the representation. We
say that two representations X and X’ of @ are equivalent if there exists a uwE ZQy
such that p- X = X’. We also need the following lemma:

Lemma 3.7. Let X and X' be stable representations of Q such that P(X) and
P(X') are isomorphic. Then X and X' are already equivalent.

Proof. Let Y = P(X) and Y’ = P(X’), define d := dim(Y") and let g = (g4)qecq, €
G4 be an isomorphism between Y and Y’. We have Y/ g, = g4 Y, for all « : ¢ —
¢' € Q1. We choose the morphism of algebraic groups ¢ = (¢4)qecq, corresponding
to Y as above. Since Y’ is a fixed point isomorphic to Y, by the considerations of
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the last subsection we can choose the lift )’ corresponding to Y’ such that we have
’(/J; = ng/quq_l for all ¢ € QQp. But as before for these lifts we have

€Yy e, ¥(t)gy = x(t)y & &' (1)q(9qy) = x()(94v)-

Thus each g, induces an isomorphism between the weight spaces Y, , and Y,
Hence we may understand ¢ as an isomorphism between X and X’ because g is
compatible with the weight space decomposition. O

Every fixed point arises from such an embedding. Moreover, the images of these
embeddings are pairwise disjoint so that we obtain the following concluding theo-
rem:

Theorem 3.8. The set of fized points M3(Q)T is isomorphic to the disjoint union
of moduli spaces

UM;@),
i

where d ranges over all equivalence classes of dimension vectors being compatible
with d.

3.3. Euler characteristic of moduli spaces. In this section we point out some
basic properties of the Euler characteristic. For basics of algebraic topology see, for
instance, [17].

Let X be a variety over the complex numbers of dimension n and let H!(X),
1 € Ny, be the i-th cohomology group considering cohomology with compact support
with coefficients in C which are C-vector spaces satisfying H:(X) = 0 if i > 2n as
is known. Define h!(X) = dimc H!(X). The Euler characteristic x. of X is defined
by

2n
Ye(X) = S (—1)FRE(X).
k=0

If the variety X is a smooth quasi-projective complex variety, say of dimension n, we
have Hoy,—(X;C) =2 HI(X;C) where H,(X;C) denotes singular homology. Thus
we have dim Hom¢(H?(X,C),C) = dim H?"~9(X; C). Thus, in particular, we have
X(X) = xc(X) for the Euler characteristic. For more details see [I8, Chapter IX.3-
5]. Note that singular cohomology and cohomology with compact support clearly
coincide if X is projective and thus compact.

By the following theorem, which is a consequence of [d, Chapter 2.5] (see also
[2] for a treatment of etale cohomology with compact support), it follows that the
localization method is suitable to calculate the Fuler characteristic of varieties.

Theorem 3.9. Let X be a complex variety with a torus T acting on it. Let XT be
the fixed point set of X under this action. Then we have

Xe(X) = XC(XT)'

Since we are mostly interested in moduli spaces of stable representations which are
smooth quasi-projective varieties by Theorem [Z.1] we will not distinguish between
Xc and x in this case and denote it just by x.

By Theorem 3.8 and because of the additivity of the Euler characteristic we obtain
the following important result:
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Theorem 3.10. Let QQ be a quiver with dimension vector d. Then for the Euler
characteristic of the moduli space M3 (Q) we have

X(M5Q)) = D x(M3(Q)),
d

where Q 18 the universal abelian covering quiver and d ranges over all equivalence
classes being compatible with d.

Let QQ be a quiver and d be a ©-indivisible dimension vector. Consider the
moduli space of stable representations Mj(Q). From the formula for the Poincaré
polynomials stated in [23] we obtain that the coefficients corresponding to the
monomials in odd degree vanish so that the odd cohomology vanishes. Moreover,
from the Hard Lefschetz Theorem (see for instance [II, Chapter 0.7]), we can
conclude that

WM (M3(Q)) < W2 (M3(Q))
for k < n and
WF(M3(Q)) = hW*2(M3(Q))
for k > n where n is the dimension of M3(Q). Since we also have

h*(M(Q)) = K" (M(Q)) =1,
we get the following result:

Corollary 3.11. For moduli spaces of stable representations of a quiver @ with
O-indivisible dimension vector d we have:

x(M3(Q)) = dim M3(Q) + 1.

3.4. Maps between universal quivers. In this subsection we introduce the uni-
versal covering quiver of a connected quiver (). Moreover, we construct maps from
this quiver to the universal abelian covering quivers which are obtained by applying
the localization technique recursively. Since these maps become injective on finite
subquivers after finitely many steps, the remaining torus fixed points do not have
a cyclic support. The study of universal covering quivers in Representation Theory
goes back into the 80’s; see for instance [3,[5,10].

Let Q1 = {o,a™! | a € Q1} where a™! is the formal inverse of a. We will write
a t:q¢ = qfora:q— ¢ € Q. A pathpis asequence (¢ | cras...apn | gni1)
such that «; : ¢; — gi+1 € Q1. Thereby, we have the equivalence generated by

(qlaaq)~ (gl q)

In what follows, we always consider paths up to this equivalence. The set of words
in @ is generated by the arrows and their formal inverses, i.e., for a word w we have
w = ay...qa, where a; € Q7. Denote the set of words of @ by W(Q). Note the
difference between paths and words, i.e., a word may consist of any concatenation
of arrows and their formal inverse whence two paths can only be concatenated if
the head of one of the paths coincides with the tail of the other one. The universal
covering quiver Q of @ is given by the vertex set

Qo = {(q,w) | ¢ € Qo,w € W(Q)}

and the arrow set

Q1 = {aguw : (@w) = (¢ wa) [a:qg—q € Qi}.
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Note that the definition is slightly different from the usual definition for instance
given in [I0]. There a base point g € Q) is fixed. The quiver, which is obtained,
is the connected component which contains (g, 1) in our definition. But due to the
shape of the universal abelian covering quiver, which has infinitely many compo-
nents and naturally appears by localization, we modified the definition. With this
definition it is possible to obtain a surjective map between the two quivers.

For an a € 9, define
| 1ifae @y,
O(Q){ —1ifa ! €qQ.

The universal abelian covering quiver @) (see Section B.1)), is given by the vertex set

Qo= Qo xZQ1 = {(q,21) | ¢ € Qo, 21 € ZQ1}

and the arrow set

Ql ={(,z1) : (¢,21) = (¢, 21 +ea) |a:q—= ¢ €Q1, 21 € ZQu}.

The k-th universal abelian covering quiver is recursively defined by the vertex set

Qb = Qb xZQf " ={(¢.21,- ., 1) | ¢ € Qo2 € ZQT'}

and the arrow set

Q]f = {(a 21,00 ,2) 1 (g 21500, 20) = (ql>zl T eay--y 2k T e(Oé,Z1,--»7Zk—l))
la:qg—q €Q,z GZQlfl forl=1,...,k}.

where we define Q° = Q. Note that Q% = A]fl X ZQ’ffl.

Fixing a vertex ¢ € @y we consider those connected components of Q and Qk
such that the vertices (g, 1) and (g, 0, ...,0) are contained in these components. By
abuse of notation, we again denote these subquivers by Q and Qk. Fix some vertex
(¢,w) € Qo in this connected component. This means that w = (g | a1 -, | ¢')
is a path in Q7 and we may assume that a; # 041-111 foralli=1,...,n—1. We call
such a path reduced in what follows. By [(w) = n we denote the length of the path
w and, moreover, we define

hi) = 2i—1 2— o(a;)

and for 0 <[ <I(w) we define

(w) = Zo(ai)eoﬁ € ZQ,
i=1
where ¢(w) = 0. Furthermore, we recursively define
l
l o ‘ , v Ak—1
e (w) = 2O(O‘z)e(ai,d;“)(w>,...,...,c;;9;(w)) SN/
i—
where again ¢)(w) = 0. Roughly speaking, c}(w) is the k-th coordinate of the
vertex that we reach after [ steps in some universal abelian covering quiver, when
walking along the path w. We have the following lemma:

Lemma 3.12. (1) In every connected component of the universal abelian cov-

ering quiver Q of Q every vertez (q,z) € Ql is already uniquely determined
by z € ZQ) .
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(2) Let ((g,t1)|(a1, 21)°) . (@, 20)°) (¢, t2)) be a path such that

n
g o(a;)eq; = 0.

Then we have (q,t1) = (q tg)

Proof. We may assume that z = 0. Assume that there exist two vertices (¢, 0) and
(¢’,0) in one connected component. Thus there exists a reduced path

((Q> O)‘(O‘b Zl)O(al) s (O‘m zn)O(QN)|(q/7 0))7
where z; € ZQ)1. We have

n
E o(aj)eq, = 0.

Thus for every 1 < ¢ < n there exists an i’ # i such that a; = a;,l. But this means
that we walk along each arrow «; in both directions and, therefore, we have ¢ = ¢'.
In the second case, we obtain ¢ = ¢’ as before. Moreover, we have to = t; +

St ola)eq,. |
Now we can define a map f : Q — Qk (between connected components) by

fel(@.w)) = (¢, (W), ..., " (w))

and for every arrow a(q.. : (¢, w) = (¢, wa) we define

fel@) = (@, (" (@))imr,) (0 (@))im ) = (@ () (wa))ica ).
Roughly speaking a path w in Q starting in (g, 1) is mapped to the same path in
Qk. We get the image of such a path just by walking along “the same arrows” in
Qk. But since the second quiver has cycles, different vertices and arrows can be
mapped to the same vertices and arrows. But different paths are sent to different
paths even if they have the same starting and terminating point. Recall that every
arrow in both quivers corresponds to an arrow of the original quiver Q.

Note that we have

Cic(wa) (’U)Oé) = Cic(w) (’LU) + e(avcll(’W)(w)V__vcic(lﬂl) (w))

for an arrow « € 1 and

6 (wa) = 60 () = €y 04 () A0

for an arrow o' € Q;.
Proposition 3.13. (1) The maps fi, are surjective for all k € N.

(2) For every finite connected subquiver Q C Q there exists an k € N such that
frrlo is injective for all k' > k.

Proof. We first show that f, is surjective. As already mentioned we consider the
connected components such that (¢,1) € Qo and (g,0,...,0) € Q*. Thus let
(q',21,...,2k) € QF such that there exists a reduced path
((¢,0,...,0) | a1 ...an | (¢ 21, 2k))
in Q% which corresponds to a reduced path w = (glai...an|¢) inQ.
We have z; = ct( )( ) and thus fi(¢,w) = (¢, z1,- .., 2k)-
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Let ¢ € Qo and w = ;1...ap, # 1 be a reduced path such that w starts and
terminates at q. Moreover, assume that w and q are chosen such that ny is minimal
satisfying

fk((q7 1)) = fk((Qaw)) = (q507 < 50)

Then we claim that fiy11((¢,w)) # fr+1(¢,1) = (¢,0,...,0). Assume that this is
not the case. Then we have

frr1((qw)) = (g, (w), ..., ) (w) = (4,0,...,0)

and, therefore,

l(w)
l
" (w) = Z (i), 2O (1) ) (1)) = O

forall t = 1,...,k+ 1. Thus there exist i,7" € {1,...,n} with ¢ < ¢ such that
a; = ayr and c?(z)(w) = c?(z )(w) for all t =1,..., k. Since the path is reduced, we

also have i’ # i + 1 and, therefore, h(i’) > h(i). But since

h(i")
h(i")

h(i
et w) =)= D7 oayeq, b0, ) = 0
j=h(i)+1

applying Lemma[3.12] for the two vertices (¢’, w1 ) and (¢', wyws) we have fi((¢’,w1))
= fi((¢',wiws)) with I(w3) < ng. But this contradicts the minimality of ny. This
already proves the statement. O

Remark 3.14.

(1) We should note that the support of an indecomposable representation is
clearly connected so that this proposition suffices for our purposes. But it
is straightforward to check that the maps fi extend to surjective maps on
the whole quivers. In order to do so we can define k(i) and ¢}, for words
w € W(Q) similar to the definition for paths. This gives us a map fx
defined on the whole quiver.

Let Ty := (C*)I91 ', Define

M@ = (.. (M3(@)"™)..)™.

Note that for Q we also consider the stability condition induced by the one on Q.
We obtain an equivalence relation of dimension vectors on () analogously to the
one on Q. Using Theorem B.8 we get the following:

Theorem 3.15. For all dimension vectors d there exists an n € Ny such that we
have

M@ =M@
d
for all ' > n where d ranges over all equivalence classes that are compatible with
d.

Concerning the Euler characteristic of quiver moduli spaces we get the following
corollary:
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Corollary 3.16. Let Q be a quiver with dimension vector d. Then for the Euler
characteristic of the moduli space M3 (Q) we have

X(M5Q) =D x(M3(Q)),
d

where d ranges over all equivalence classes being compatible with d.

Thus, if we are interested in the Euler characteristic, we may always assume
that torus fixed points are given as representations of the universal covering quiver
which has no cycles. For this quiver its representation theory often simplifies in
comparison to the one of the universal abelian covering quiver.

Example 3.17.

(1) Every connected component of the universal covering quiver of the Kro-
necker quiver K (m) is an infinite bipartite regular m-tree. Note that in
comparison to Example [3.4] all cycles split up.

We end this section with the following definition:

Definition 3.18. Let @ be a quiver and © € Hom(ZQy,Z) a linear form. A tuple
consisting of a finite subquiver Q of Q (resp. Q) and a dimension vector d € NQj
such that M3(Q) # 0, where we consider the stability induced by ©, is called
localization data.

There exists an equivalence relation on the set of localization data obtained by
translating the vertices by x € ZQ;. In the following, we will always consider
localization data up to this equivalence.

A localization data always comes along with an embedding into some covering
quiver. This induces a colouring of the arrows ¢ : Q7 — Q1. If we forget about this
colouring we call such a data uncoloured localization data. Fixing an uncoloured
localization data there can exist many colourings that induce different localization
data.

4. LOCALIZATION IN KRONECKER MODULI SPACES

Since the main focus of the paper is on the generalized Kronecker quiver, in this
section we specialize the introduced machinery to this case. We first recall some
properties of Kronecker moduli spaces. Then we investigate stable bipartite quivers
whose representations are torus fixed points of these moduli spaces when colouring
the arrows appropriately. In particular, we construct a class of localization data
which grows exponentially with the dimension vector.

4.1. Kronecker moduli spaces. Let K(m) be the generalized Kronecker quiver
having two vertices Qo = {q1,¢2} and m arrows «; : ¢ — @2, 4 = 1,...,m.. A
representation of this quiver with dimension vector (d,e) is given by two C-vector
spaces V and W of dimensions d and e and an m-tuple of linear maps

(X1,..., Xm) € @ Hom(V,W) = Ry (K(m)).
i=1
The group (GI(V) x GI(W)) acts on Rg.(K(m)) via simultaneous base change.
Since the scalar matrices act trivially, the group action factors through the quotient
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(GL(V) x GL(W))/C*. For © = (1,0) the slope function u : N2\{0} — Q is given
by

d
d+e
Thus we obtain the following criterion for the (semi-)stability of Kronecker repre-
sentations:

u(d.e) ==

Lemma 4.1. A point (X1,...,X;) € Ry (K(m)) is semistable (resp. stable) if
and only if for all proper subspaces 0 # U C V' the following holds:

k=1

Thus a dimension vector is ©-indivisible if and only if d and e are coprime. Note
that the chosen stability is equivalent to the stability given by the linear form
Oa,e)((d',€")) == ((d',€),(d,e)) = ((d,e),(d',e)) for (d,e),(d',e') € NK(m)g in
King’s sense. Actually the consideration of this stability goes back to Schofield’s
theorem [25, Theorem 6.1] because it follows that the moduli spaces for Schur
roots are non-empty. In the following, we call the geometric quotient M §7B(m) =
Mj (K (m)) Kronecker moduli space. If (d, €) is a coprime root, by use of Theorem
2T we obtain that M d .(m) is a non-empty smooth projective variety parametrizing
the isomorphism classes of stable representations. In this case, M (m) is thus a
smooth complex manifold when considering the standard topology.

Remark 4.2.

~dim U (resp. dlmZXk
k=1

-dim U).

Q.lﬂl
&.lﬁ'b

(1) Note that for m = 1 there exist only indecomposable (resp. stable) rep-
resentations of dimensions (1,0), (0,1) and (1,1) and for m = 2 the only
cases of interest are the dimension vectors (d,d), (d,d + 1) and (d + 1,d)
for d € N. The roots (d, d) for d > 2 are no Schur roots which means that
the moduli spaces Mg ;(2) are empty.

Furthermore, (d,d+1) is a real Schur root which means that the moduli
space is a point. Thus we will assume that m > 3 if we do not explicitly
say anything else.

We state some helpful properties of Kronecker moduli spaces:

Proposition 4.3. (1) There exist isomorphisms of moduli spaces ije(m) ~
Mg 4(m) and Mg (m) ~ Mg, .4 (m).
(2) If M (m) # 0, we have dim Mj (m)=1—d* — e* + dem.
(3) We have My (m) # {pt} if and only if

m—+vm?2—4 <E< m++vm?2 —4
2 d 2
holds.

Proof. We obtain the first isomorphism by considering the map
(X1y ooy X)) = (XT, 0, XT)

m
using that subrepresentations become factor representations under this map. The

second one is obtained via the reflection functor mapping representations of dimen-
sion (d, e) to representations of dimension (e, me — d); see Theorem 241 Since we,



398 THORSTEN WEIST

moreover, have that
/ /

€ (&
=

o]

> — >
d’ me—d ~ me —d’

ISHN

the statement follows.
The second part is a special case of the fourth part of Remark
If M3 .(m) # {pt} holds, then

m—vm?2—4 e omt m2 —4
2 —d~ 2

follows from the second part of the proposition. But K(2) with dimension vector

(d,d) is the only case such that equality holds.

If the inequalities are satisfied properly, (d, ) is an imaginary Schur root; see [15].
In particular, we have ((d, e), (d,e)) = d?+e? —dem < 0. Following [25] there exists
an open subset of Ry . (K (m)) which contains those representations which are stable
in the sense of King with Oy ((d,€')) = ((d',¢'), (d,e)) — ((d,e), (d', ")) O

4.2. Localization data of the Kronecker quiver. In this subsection we investi-
gate the support of the dimension vectors which arise from the localization method
in detail. Moreover, we investigate stable bipartite quivers and the possibilities of
colouring their arrows so that stable representations of such quivers become torus
fixed points.

Let (d,e) € N? be a dimension vector of the Kronecker quiver and let

X = ((VY’ W)7 (Xla s 7Xm)) € Mé,e(m)T

be a fixed point. From the considerations of the third section we get a morphism
of algebraic groups ¢ : T — (GI(V) x GI(W))/C*, for which we can choose a lift
P : T — GI(V)xGLW). Tt can be decomposed into two morphisms ¢, : T — GI(V)
and g : T — GI(W). Let

V=P ViandW= H W,
x€E(T) E(T)
be the weight space decompositions with respect to 11 and o respectively. They
satisfy
Xk(vx) € Wyter

forall y e E(T) =2 Z™ and k=1,...,m.

The universal abelian covering quiver K (m) has vertices (1, x) and (2, x), where
X runs through all characters of Z(7T'), and arrows

(Lx) = (2, x +ex)
for every k € {1,...,m} and every x € Z™.
For every fixed point we obtain a dimension vector d defined by
dy, = dimV, and dy,, = dim W,

for (LX); (27X) € K(m)O R R R

The other way around consider K (m) and a dimension vector d € NK(m)g. A
stable representation of this quiver corresponds to a torus fixed point with dimen-
sion vector (d, e) where

d= Z CZLX and ¢ = Z CZ27><-
E(T) E(T)
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In what follows, we call (d, e) dimension type of the representation.

Definition 4.4. Let @ be a quiver with a fixed linear form © € Hom(ZQo,Z). A
tuple consisting of the quiver @ and a dimension vector d € NQ) is called stable if
M;(Q) # 0 where we consider the stability induced by ©.

If it is clear which dimension vector we consider, we will simply call such a tuple
stable quiver.

Remark 4.5.

(1) The stability condition for representations of K (m) is induced by the orig-
inal linear form © = (1,0). It is given by

ZXeE(T) dix
ZXeE(T) dix + d2,x

If we consider a general bipartite quiver with vertices I U J, in what
follows, we always fix this stability condition, i.e., the one induced by the
linear form ©; = 1 for all sources 7 € I and ©; = 0 for all sinks j € J.

Let (Q,d) with @ = (I U J, R) be a localization data. It comes along with an
embedding of Q into a connected component K (m). of K(m). Moreover, it defines
a colouring ¢ : R — {1,...,m}. We can assume that Q defines a full subquiver of
K(m).. Then we have that R and the colouring ¢ are already uniquely determined
by the vertex set I UJ. Nevertheless, R and ¢ play an important role because they
will describe different localization data for a fixed uncoloured localization data or
a fixed stable bipartite quiver.

This also means that a fixed point X determines a tuple (I, J, (i) which is unique
up to translation by a vector u € ZQ1 = Z™. In what follows we always consider
such tuples up to translation.

For a bipartite quiver @ with vertex set U J and fixed dimension vector d define

Al-::{j€J|E|a:z'—>j€Q1,djZl}andAj::{i€I|E|a:i—>j6Q1,di21}.
Furthermore, define Ay = J,.; 4; and R; = |4;] and R; = |4,

p(d) =

iel
Definition 4.6. A bipartite quiver is called m-bipartite if we have for all sources
i € I and all sinks j € J that R;, R; < m. A tree quiver is a quiver whose

underlying graph is a tree such that there exists at most one arrow between every
two vertices.

Remark 4.7.

(1) Consider a stable bipartite tree quiver (Q, CZ) of dimension type (d, e) with
Q = (I UJ,R). Choose a colouring of the arrows ¢ : R — {1,...,m}.
Then we get a localization data of K(m) if Q and c satisfy the following
conditions:

(a) The quiver Q is m-bipartite.

(b) For all (¢,7),(i,5’) € R such that j # j' we have ¢(i,j") # (4, j).

(¢) Analogously, for (i,7),(i’,j) € R such that ¢ # i’ we have ¢(i,j) #
c(i, 7).

We call a colouring satisfying these conditions stable. Fixing a vertex

g € Qp and setting ¢(q) = (g,1) every colouring of the arrows induces
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a colouring of the vertices ¢ : Qg — K (m)o and, thus, we get an embedding
of Q into K (m).

As far as K(m) is concerned we can also fix ¢ € Qp and set ¢(q) =
(¢,0) € K(m) This also induces a colouring of all vertices, but it does
not give an embedding of Q into K(m) in general. But it induces a map
by identifying vertices of the same colour. Thus it also identifies Q with a
subquiver of K (m) .

In both cases, every stable representations of Q defines a stable repre-
sentation of K (m) and K (m) respectively.

It is also easy to check that if ¢ € I is a source such that d; = 1, then we
have m > R; > £.

Remark 4.8.

(1)

In order to test an m-bipartite quiver with a fixed dimension vector for
stability, we do not need to consider an explicit representation. We can
rather restrict to representations X of this dimension satisfying for all j € J
and all subsets A} C A; with R} := |A’| the following property:

dim ﬂ X (X;) = max{0, Z dim X0 (X;) — (R} — 1) dim X}
ieA;. ieA;

Roughly speaking, subrepresentations of such representations have the
smallest possible slope. The existence of such representations (for general
bipartite quivers) is already obtained when considering bipartite quivers of

the form
ni n2
N
o
n
N\
N,
where (n,nq,...,n;) denotes the dimension vector. If n; < n for all 1 <
i < t, there always exists a representation X of this quiver such that for
all tuples of linear maps Xaisoor Xay, with 1 <k <tand 1l < i; <
iy < ... < i, < t the intersections of the images is of smallest possible

dimension. One verifies the existence and the above dimension formula by
induction on the number of arrows.

Remark 4.9.

(1)

Fixing a stable m-bipartite tree quiver it may happen that different colour-
ings of the arrows lead to different types of localization data. For instance,
if we consider a colouring ¢ such that this colouring induces a vertex with
the colour x € Z™ and one with x — e, we have an arrow o : x —ex — x
and also a linear map

Xaiy—er—x * Vi—er = V-

We call such an arrow induced. Obviously, the dimension of the corre-
sponding moduli space of the universal abelian cover increases at least by
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one in comparison to the dimension of the moduli space corresponding to
the bipartite quiver; see Proposition [£.3]

Moreover, it can happen that two different vertices are identified when
choosing a colouring. Thus a colouring of the arrows and vertices respec-
tively can induce two types of cycles; see also Section [6.4] for a detailed ex-
ample. Recall that we can apply Theorem to quivers with unoriented
cycles, and after suitably many localization steps the remaining torus fixed
points are representations of the universal covering quiver which has no
cycles.

Lemma 4.10. Let (Q,d) be a stable m-bipartite tree quiver and ¢,c’ stable colour-
ings of the arrows. Then we have:

(1) By colouring the arrows with ¢ we obtain a localization data.

(2) Fiz ¢ and ¢ such that ¢ induces no cycles and ¢ induces at least one cy-
cle. Moreover, let dim(Mg,c) and dim(Mg,c’) be the dimensions of the
resulting moduli spaces. We have

dim(Mg, ¢) < dim(Mg, ).

Proof. Fixing a stable m-bipartite quiver and a stable colouring of the arrows we
obtain a localization data. Every stable representation of Q induces a stable rep-
resentation of K (m), no matter if the colouring leads to cycles or not. Induced
arrows let the dimension of the moduli space increase. Thus it remains to prove
that the dimension of the moduli space increases if a colouring induces a cycle which
does not come from an induced cycle. Let (Q,¢) and (Q, ) be the two resulting
subquivers of K (m) and d(c) and d(c’) be the resulting dimension vectors respec-
tively. Assume ¢/(j1) = ¢/(j2) and let j1 2 be the corresponding vertex of (Q,c),
ie., d(c');,, = dj, +dj,. We have R; ,Rj, > 1in Q. Define dimA; =} d;.
Then we have for the colouring ¢’ producing this cycle

dim(Mg, c/) = dim(Mg,c) + d?l + d?z - (djl + dj2)2 — dim A4, dj,
—dim Ajzdjg + (dlm Ajl + dim Ajz)(djl + djz)
= dlm(MQ, C) — delde —|— dun Aj1dj2 —|- dlm Aj2dj1 2 dlm(MQ, C).

iGAJ‘

Indeed, we have dim A;, > d;, for k = 1,2 because of the stability of ). The case
' (i1) = c(i2) is proved in the same way. O

Definition 4.11. A localization data (Q, d) is called localization data of type one
if d, € {0,1} for all g € Q.

4.3. Stability of bipartite quivers. In this section we study how to construct
new stable bipartite quivers by glueing certain bipartite quivers of smaller dimension
types. In fact these smaller quivers are often obtained by modifying (semi)-stable
quivers at the vertex at which the two quivers are glued. Since each stable colouring
gives rise to some localization data, this gives a huge class of localization data for
every fixed dimension type. Note that this glueing method is also used to construct
stable tree modules of the Kronecker quiver; see [29].

Let Q = (IUJ,Qq) and Q' = (I'UJ’, Q) be two bipartite quivers and let 7 € J,
j' € J'. Define the bipartite quiver

Q;.(Q, Q") =T LVI'UI\{j} U J\{"} U {j"}, Q)
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such that « : 4 — j; € Qf ifand only if v : 4 — j; € Q1 or a : 4 — j; € Q) with
fi#jjanda:i—j"e@Qf ifandonlyifa:i—=jeQiora:i—j €Qf.

Thus the new quiver is generated by the former ones by identifying two vertices
of the set of sinks of these quivers.

Definition 4.12. The quiver @, ;/(Q, Q') is called the glueing quiver of ) and Q’
and the vertices 7,7’ = j” the glueing vertices.

Definition 4.13. Let (Q, d) be a tuple consisting of a bipartite quiver with sources
I and d € NQq a dimension vector. A subquiver of @ with sources I’ is called
boundary quiver if there exists exactly one ig € I’ such that |A;, N Ap\p| =1 and
|Ai M App| = 0 for all 4+ € I' with i@ # 4. A boundary quiver is called proper
boundary quiver if it does not contain any other boundary quiver.

Note that if d; > 1 for all ¢ € Qp, this means that boundary quivers are such
subquivers which only have one common sink j with the remainder of the quiver
and, moreover, such that this sink is a neighbour of exactly one source of that
subquiver.

Fixing a representation X of @), we abbreviate the dimension of the image of a
subspace U = @, ; U; with U; C X; to dy. Explicitly, we define

dy :=dim Y Xo(Up).
icl
ac{Blt(B)=i}

Fixing a coprime dimension vector (d, e) with d > 1 we now determine a dimension
vector (ds,es) such that we are able to construct new stable bipartite quivers of
dimension type (ds + (k +1)d, es + (k + l)e) by glueing quivers of the types (ds +
kd,es + ke) and I(d, e).

Fixing some coprime dimension vector (d,e), we first show that there exists a
coprime dimension vector (ds, e5) such that d; < d and es < e satisfy the conditions:

(1) “%d>eif d# 1.
(

2) et < Sifd#1and (e, — 1)d = ed, if d = 1.
(3) %Z:‘d’ <[gd'] V1<d <d.

(4) ged(d+ds, e +es) = 1.

These are conditions which should intuitively be satisfied in order to be able to
glue stable quivers of dimension types (ds,es) and (d,e) to get one of dimension
type (ds + d,es + €). Indeed, the second and third condition make sure that the
former representation of dimension (d, ¢) and its subrepresentations do not contra-
dict the stability condition; see also the inequality below implied by the second
condition. Moreover, the first inequality makes sure that the slope of such a rep-
resentation is not too small so that the representation of dimension (ds, es) and its
subrepresentations does not contradict the stability condition. The last condition
has clearly to be satisfied in order to avoid proper semistable representation. We
refer to these conditions as glueing conditions. We will see that these conditions

are also sufficient. If the second condition is satisfied, it is straightforward that we
also have

iel

es — 1 e+1 e+ eg
1 d 1.
(1) g, S a4 Tasqgtcct

Moreover, the first condition is equivalent to <= > .
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Lemma 4.14. Let (d,e) € N? such that d < e and d,e are coprime. There ezists
a coprime dimension vector (ds, es) satisfying the glueing conditions. It is uniquely
determined if we also assume that 0 < ds < d and 1 < ez < e.

Proof. We first consider the special case d = 1. It is easy to see that (0, 1) satisfies
these properties for (d,e) = (1,n) with n € N.

If d > 2, we already have e > 3. Moreover, from the first two conditions it
already follows that dgs,es # 0 has to be satisfied. Choose ds € N minimal such
that d | 1 + eds. This is possible because ged(d, e) = 1 and, therefore, there exist
A, p € Z such that Ad = 1 — pe. Define

Because of the choice of d, we have e, € N.
Moreover, we get

—e(d+ds)+dle+es) =—ed—eds +de+dse+1=1.

It follows that ged(d + ds, e + e5) = 1.
Now we get
es l+dse
A, dd,

Ul ®

and also
es—l_dse—d—l—l e

< -.
ds dds d
Thus it remains to prove the third property. By an easy calculation we get

etes e ed+eds +1 _e - 1
d+d, d ed + ed, T d ed+eds /)’

Moreover, since

and
d 1
<
dd+ds)  d+ds

for each d’ < d, the existence of such a vector follows.
If (d.,e.) is another dimension vector satisfying the desired properties, it is

LR}

straightforward that the glueing conditions imply

! d; /! U
dees — = —1 < dse, — 1 < dges.

d
But since % < 1 it follows that dLe; = dsel,. But since (ds,es) and (d,el) are
both coprime we already have (ds, e5) = (d., e). O

In what follows, we call a vector (ds, es) satisfying these properties starting vector
for (d,e). In the remainder of the section we assume that (d,e) is coprime and
(ds, es) is the corresponding starting vector as constructed in Lemma T4l Note
that in this case (ds + kd,es + kd) also satisfies the glueing conditions for every
k e N.
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Remark 4.15.

(1) If we want to decompose a coprime dimension vector (d,e) into (d,e) =
(ds, es)+k(d’,€’) such that (d’,€’) and (ds, es) satisfy the glueing conditions,
we can proceed as follows: Let ¢ € N minimal such that

1+c'd
e|1+de and d' = rtea

e

Now we compute ds and es from (d’,€’) as before. Checking that
e—es d—dg
e d
it follows that ¢’ | e—e; and d' | d—ds because ged(d’, €’) = 1 and, trivially,
e —es,d—ds € N hold. Now define k = d(_i,ds.
We need other properties of these natural numbers. By use of e;d —eds = 1 we get

(ke + es)(K'd+ ds) + k — k' = (kd + ds)(K'e + es),
where k, ¥ € N. For afixed ke Nand di = k'd+d e Nwith0<d <d, k¥ € N
and 0 < dy < kd + ds define a map f: NN (0,kd + ds] — N by
(ke +es)dy +n
kd+ds

Note that f is injective because ged(kd+ds, ke+es) = 1. Then we get the following
lemma:

f(d1) = min{n € N | € N}

Lemma 4.16. Let dg, e, d, e fulfill the glueing conditions. Then we have
(ke +es)(K'd+ds) + k — Kk =0 mod (kd + dy)

for all k' <k.
Let dy = K'd +d with 0 < d' < d. Then we have f(dy) =k —kK if d = ds and
thus f(dy) > k+1if d' #ds.

Now we show how to get a stable bipartite quiver of dimension type (ds + (k +
l)d,es + (k + 1)e) by glueing a stable bipartite quiver of type (ds + kd,es + ke)
and certain quivers of type (Id,le + 1). We again point out Remark .8 Thus we
do not always consider specific representations, but those satisfying the properties
mentioned in the remark.

In the following, if we fix a bipartite quiver Q, we always additionally fix a
dimension vector d € NQp. In abuse of notation we do not always mention it and,
moreover, if we glue two bipartite quivers the dimension vector of the glueing quiver
is denoted by d again. We just additionally specify the dimension corresponding to
the glueing vertex. The remaining vertices keep the dimension.

Let 877 ;.41 (k) be the set of tuples consisting of a connected m-bipartite quiver
Q of dimension type (Id,le + 1) and a sink j with Jj > 1 satisfying the following
properties:

(1) There exists a representation 7' (with the corresponding dimension vector)
of the quiver such that for every d’-dimensional subspace U with d’' < Id
which is concentrated on sources we have
(k+1De+es J

dy > et es
U2kt Dd+ds
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(2) After decreasing the dimension of the sink j by one, the resulting quiver
is connected and there exists a factor representation T'/E; of T' which is
semistable, i.e., the tuple consisting of the induced quiver and dimension
vector is semistable.

Let 7,7 be the set of all stable m-bipartite quivers of dimension type (d, e).

Theorem 4.17. Let d and e be coprime, d,ds, e, es fulfill the glueing conditions
and let k,1 € N where | > 1. Let T° € T;" hd,e.+he and (T, j1) € Sif i1 (k).

Moreover, let jo be a sink of T® of dimension d]O > 1 such that R;, + R;; < m.

Then Qj, 5, (T°, TY) with glueing vertex j» where d]2 = dJO + dJ1 —14s an element
of 7:15+(k+l)d7es+(k+l)e

Proof. Given a stable representation S of T° and a representation T of T satisfying
the conditions from above, we consider the following representation of Q;, j, (T°, T):
the corresponding semistable factor representation of T" induces a one-dimensional
subspace of T}, which we identify with an arbitrary one-dimensional subspace of
Sio -

For some subspace U which is concentrated on sources of one of the two subquivers
we denote by dy the dimension of its image corresponding to its original quiver and
by d; the dimension of its image corresponding to the glueing quiver.

First let U be a d’-dimensional subspace corresponding to T such that d’ < Id.
Then by definition we have

(k+1De+es

(k+1)d+ ds

If d’ = ld, the same inequality follows from dyy = le + 1 and the glueing conditions.
Since we also have

d < dy = dy.

@) es+ke> es + (k+1e
ds +kd = ds+ (k+1)d

(see the properties of the dimension vectors), the same follows for subspaces of S.

It remains to prove that subspaces composed of subspaces of both subquivers
fulfil the stability condition. Thus let U’ and U” be two subspaces of dimensions
1<d <ldand 1< d’ < kd+d,, respectively, such that we have proper inequality
at least once. Here U’ corresponds to T and U” to S. We assume that the image of
U’ contains the one-dimensional subspace which is factored out because otherwise
the considerations from above apply.

Thus it suffices to prove that

l kE+1 s
veur > dyr +dyn — 1> L + dyr > (k+lete (d +d"),

ld (k4 0)d+ ds
where the first inequality follows by construction and the second inequality follows
from the semistability of the quiver obtained from T after decreasing the dimension
of the vertex j; by one. The last inequality is equivalent to

(k+1e+es an d'

dyn >
U e+ Dd + d d((k+ D)d + dy)

using esd — dgse = 1.
By the preceding lemma together with the assumption we have
(ke + eg)d” + f(d")

d //>
vt = kd + d
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First, let d” < kd+d,. Assuming, without loss of generality, that d’ = ld, it remains
to prove that
1d" + ((k +1)d +ds) f(d") > U(kd + d).
But this is easily verified.
Finally, let d” = kd +d, and d’ = 1'd + dy < ld with 0 < d; < d. We have
(k+De+es l
———(kd+ds) =k -
&+Ud+%( Tds) = ke tes (k+1)d + d,

again using esd — eds = 1. Thus it remains to prove

€ _ |edi]  (B+Detes B !
g+ )] l”{ d W > e hd+d, TN T a4,

which follows from the third glueing condition and inequality (2]) together with
1>1. |

If TO and T satisfy the condition of the theorem we call T° the starting quiver for
T!. Now we apply the result to specific quivers. Therefore, let T € T4 Starting
with this quiver, we construct new quivers 7" of dimension type (d,e+1) in one of
the following ways:

(1) Choose an ¢ € I such that R; < m and define the new quiver by the vertex
set Ty = Ty U {5} and the arrow set Ty = T3 U {a : i — j}. Finally, let
dj =1.

(2) Choose a vertex j € J with 1 < R; < m and increase the dimension of the
vertex by one.

(3) Choose a vertex j € J such that ch <D e A, d; and increase the dimension
of the vertex j by one.

Denote the set of the resulting quivers by Adf’é and refer to j as modified vertex.
Given a representation X of T' € 7% we can modify it under consideration of
Remark .8 in order to get a representation of T. Thus we modify the linear maps

corresponding to the arrows with sink j in such a way that the condition of Remark
is satisfied for the sink j.

Corollary 4.18. Let d,ds,e,es be as before and k € N. Moreover, let T €
T kde.+re and T! e de with modified vertex ji. Furthermore, let jo with d;, > 1
be a sink of TY such that Rj, + R;, < m. Then Qj, ;,(T°,T") with glueing vertex
J, where dj := dj, +dj, — 1, is an element of Ty 1 (k41)d,e+(k+1)e-

Proof. We just have to check the two conditions stated before the preceding the-
orem. Thus let U be a d’-dimensional subspace of a modified representation X of
T'. Since T results from a stable quiver we have dy > £d’.

Moreover, by the third glueing condition it follows that

it <[] <
If d = fl7 the same inequality follows from inequality () together with le <
Siea, di and

dy—e+1> FtDetes, O

(k+1)d+dy
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Fixing a coprime dimension vector (d,e) we now deal with the question how to
construct a certain set of stable m-bipartite quivers which is countable. Therefore,
we assign a set of stable m-bipartite quivers to tuple of natural numbers which is
uniquely determined by the dimension vector; see also Example .20l These num-
bers correspond to the number of possible glueing vertices and poss1ble colourings
of the constructed quivers.

Fix a dimension vector (d, e) and the corresponding starting vector (ds,es). De-

note by T(d ) the set of stable bipartite quivers of dimension type (ds, e5) +n1(d, €)
with nqy > 1. As before let 7'n1 ) he the set which results by modifying a vertex
ji. Now we continue recursively: Let S & 7;1(;3,6 o and T € ’T(de ni- Now let
Tl(d " be the set consisting of all quivers Qj, ;, (S, T) such that R;, + R;, < m.

Mk yeeey M1

Moreover, let the dimension of the glueing vertex j be given by d}- = djo + cfjl — 1.
(de)
In general let T, 7.

S e T (d,e) and a quiver T € 7;1(578 ,n, as described.

Ng+1—1,Nk,...,n1

n, be the set of glueing quivers resulting from glueing a quiver

Corollary 4.19. The sets ’7},; )ml only contain stable quivers.

Proof. 1t suffices to prove that these quivers satisfy the conditions of Corollary [4.1§]
We assume that 7;&,’ )777‘1 only contains stable quivers. We have to prove that
771(35), .n, just consists of stable quivers for all ngyq1 > 1. Therefore we show that

the quivers in T(d’_e% are starting quivers for all quivers in 'T(d e

3Nl
Let (d*, ) be the dimension type corresponding to Tn,“ ' ny and (dk k) the one

51 Cs
de)

belonging to 7, n, - 1t suffices to prove that

(A5t eth) = (dg, ef) + (g — 1)(d", ")
is the starting vector for
(d“l,e’““) = (dg, ef) +ni(d*, ).
Indeed, the quivers in 7;1 ml are obtained by the modification described in Corol-
lary [ But this is equivalent to
1+ dlsc-i-lek—i-l

ekl —
s - dk+1

with the additional condition d¥*! < d**!; see Lemma 14l The second property
follows immediately, the first one is equivalent to

k 1 ‘i‘ dfek
.
which follows by a direct calculation. Therefore, the claim follows by the induction
hypothesis. O

Example 4.20. Let (ds,es) = (0,1) and (d,e) = (1,n — 1). Then we always
obtain a corresponding tuple of natural numbers (ng,...,n1) to a fixed coprime
dimension vector by proceeding as mentioned in Remark More detailed we
have (d¥, ) = (d¥=1, ef=1) +ny(d*~1, eF~1) and in this way we recursively obtain
the whole tuple. The recursion terminates if (ds,es) = (0, 1).
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For instance, consider (d’,¢’) = (5,8). The tuple of numbers is given by (ng,n1) =
(2,2) with n = 2. In more detail we get

(d',e') = (1,2) +2(2,3) = (0,1) + (1,1) + 2((0,1) + 2(1, 1)).

Initially, consider the localization data of the dimension types (1,2) and (2, 3), i.e.,

1/71 1/71 24:1
1/
\1

where the numbers at the vertices indicate the dimension vector. By use of Corollary
[AT8 we obtain the following localization data of dimension type (3,5) by glueing:

Ty Ty Ty g
=21 2= 1= |
Ty Ty Ty 1
1=
\1

Next, for instance, we obtain the following localization data of type (5, 8) by glueing:

/ 241
\2 \3<—1
21 221 |
\2 1 \1 1
/’ ¢

\ 1

5. ASYMPTOTICS AND COMBINATORICS OF TREES

The purpose of this section is to treat some aspects of combinatorics of trees. Fixing
certain properties we count the number of trees satisfying these properties. This
machinery will be used to count torus fixed points and fixed point components,
respectively. This gives rise to a lower bound for the number of fixed points and
thus for the Euler characteristic of moduli spaces of the Kronecker quiver.

Let a(xz) =), o anx™ be a power series. In the following denote by [z"]a(x) :=
a,, where n > 0 its n-th coefficient.

Definition 5.1. A tree is a connected acyclic graph. A rooted tree is a tree where
a point is specified to be the root. A graph without cycles is called a forest, in
particular, the components are trees.

When restricting to trees the points (resp. vertices) are often called knots. For
further details according to trees and their combinatorics see, for example, [13] or
[26].
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5.1. Simply generated trees. We discuss simply generated trees, which we relate
to localization data as constructed in the last section. Simply generated trees were
introduced by Meir and Moon (see [19]), and are constructed as follows: Fix a
formal power series
d(x) = pna”
n>0

such that ¢, > 0 for all n > 0, ¢9 > 0 and ¢; > 0 for at least one j > 2. Let T be
the family of finite rooted trees. Define the weight we(T) of a tree T € T by

wo(T) =] 677,

720

where D;(T') is the number of knots with j successors. Denote by |T'| the number
of knots of a tree T" and set
Yn = Z we(T).

|T|=n

Now the generating function y(z) = Y, -, yn,a" satisfies the functional equation
y(z) = x¢(y(z)). Define Ty := {T € T | wye(T) # 0}. We call a tree T € Ty
simply-generated by ¢.

For instance, if we define ¢(z) = 1+ 2x + 22, we obtain the family of binary trees.
Indeed, y(x) satisfying y(z) = x¢(y(x)) is its generating function, i.e., y, is the
number of binary trees with n knots. Here we take into account that we distinguish
between left and right successors.

5.2. Lagrange inversion theorem asymptotic behaviour. In this section we
briefly discuss the Lagrange inversion theorem, which will become an important
tool later.

Theorem 5.2. Let ¢(x) = 3_,,5o Pnz™ be a power series such that $(0) # 0 and let
y(x) be a power series satisfying the functional equation y(x) = xd(y(x)). Let g(x)
be another power series. Then y(x) is invertible and for the coefficients of g(y(x))
we have

[e"lg(y () =+ [u" g’ (w)o(o)"
for alln > 1. Moreover, we have
@)y (@)™ = ")

Note that this theorem is equivalent to the formulation of the Lagrange inversion
theorem as usually stated in literature. For proofs and further details see, for
instance, [26] or [9].

By an easy calculation using Theorem we obtain the following special case
which is important when counting localization data:

Corollary 5.3. Let ¢(x) = 1 + az® and y such that y(x) = z¢(y(x)). Then we

have
n 1 n n—1
a"lote) = 5 (2 )a"

if bjn — 1 and [2"]y(x) = 0 otherwise.
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Corollary 5.4. Let ¢(x) = 1+ az® and y such that y(x) = x¢(y(x)). Then we
have

lim ~ In([z"**]y(z)) = blnb — (b— 1) In(b— 1) + Ina.

n—oo N

Proof. Recall the Stirling formula, i.e., for every n € N we have
(3) 2mn (g) <n!<V2mn (g) eTow |
Using

n—oo N

for all fixed t € QF, we obtain

o1 1 (nb+1\ ., . 1 (nb+ 1)+ n
nlinéoﬁln(nwrl( n >a)_nlgléoﬁln(<n"(n(b—1)+1)”""”+1 “

1 (nb+ 1\ mb+1 \"OTOH
= lim — In( a™)
nb—1)+1

n—o0 N n

b
zlnb—l—(b—l)lnb 1 +Ina
=blnb— (b—1)In(b—1) +Ina. O

Corollary 5.5. Lety and ¢ as in Corollary B3l and let m > 1. We have
m n n—m
[‘rn]y(‘/ﬂ)m = (nm)a’ b

n b

if bin —m and n > m and [z"]y(z)™ = 0 otherwise.
Let a,b,m,n € NT. Define
Aa,bﬂn,n = [xn]y(x)m

if y(x) satisfies the functional equation y(x) = x¢(y(x)) where ¢(x) = 1+ax®. Also
define Aa,b,n = Aa,b,l,n

6. APPLICATIONS

In this section we discuss several consequences of the last sections and state several
applications. First we discuss the asymptotic behaviour of the Euler characteristic
of Kronecker moduli spaces. Then we consider some cases for which it is possible
to calculate the Euler characteristic exactly.

6.1. Conjecture concerning the asymptotic behaviour of the Euler char-
acteristic. In this subsection we discuss a conjecture, which is based on ideas of
Michael Douglas, concerning the Euler characteristic of Kronecker moduli spaces.
Several consequences are also discussed. Originally, in [7] Douglas suggested to fix
r € Ry and to consider (d,e) € N2 with ged(d,e) = 1 and < ~ r to obtain the
following:
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(1) There exists a C; € R such that for e,d > 0 we have

In(x (M. (m)))
d
(2) The function r — C is continuous.
In(x(Mg,.(m)))

~ C,.

This means that Douglas supposed that and therefore the Euler char-
acteristic is asymptotically already determined by the fraction £. Moreover, the

d
Euler characteristic depends continuously on it. Let

m—vm? —4 m+vm? —4
————— and mp = —.

2 2
Based on this, in [28] the following precise formulation was developed:

my =

Conjecture 6.1. There exists a continuous function f : [my1,me] C R — R such
that the following holds: for all v € [my,ms] and all € > 0 there exists an § > 0
and an n € N such that for all (d,e) € N? with ged(d,e) = 1, |r —e/d| < & and
|d + e| > n we have

In(x(M;,,(m)))

£r) - =

| <e.

Remark 6.2.

(1) We may also rephrase the conjecture as follows: there exists a continuous
function f such that for every coprime dimension vector (d,e) there exists
a dimension vector (ds, e5) such that
€ lnX(Mjernd,eSJrne (m))

f(E):nll—)H;o d. + nd

In particular, the right hand side converges.
We discuss some consequences of the conjecture which are proved in [28]. For the
remainder of this subsection we assume that the conjecture is true. Define
K :=(m—1)2In((m —1)?) — (m? — 2m) In(m? — 2m).

Theorem 6.3. If Conjecture holds, the function f is given by

K
fr)y= — r(m—-r)—1.
m—2
In particular, the constant K is its value at the point 7 = 1. Moreover, we have
that the Euler characteristic asymptotically only depends on the dimension of the
moduli space:

Corollary 6.4. If Conjecture [6.1] holds, we have that the logarithm of the Euler
characteristic In(x(Mj .(m))) is asymptotically proportional to

Vdem —d? —e?2 = \/dimMj)e(m) —1.

In this paper we prove that f(1) = K and that the Euler characteristic grows
at least exponentially. Note that, if a continuous function as conjectured exists, it
follows from Theorem that it is already uniquely determined by f(1).
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6.2. The case of the dimension vector (d-1,d). In this section we investigate
the value at 1 of the function treated in Section This means investigating the
dimension vector (d — 1,d). The Euler characteristic of the corresponding moduli
space is, by applying the reflection functor, the same as the one corresponding to the
dimension vector (d,(m — 1)d 4+ 1). The latter one is considered in the following.
In particular, we show that the value at the point one is the one conjectured in
Section

By Theorem it is enough to consider the universal covering quiver of the
Kronecker quiver K (m). As a consequence, for the remainder of this subsection we
only consider localization data such that the corresponding quiver is a subquiver
of the universal covering quiver. Under this assumption, we will see that each
localization data (Q, d) is of type one, i.e., Jq € {0,1} for all ¢ € Qy. This already
implies that every localization data consists of subdata of dimension type (1, m).

Lemma 6.5. Every localization data (Q,d) of dimension type (d, (m —1)d + 1) is
of type one. In particular, we have X(Mg(Q)) =1.

Proof. Let (Q,d) be a localization data of dimension type (d, (m — 1)d + 1) and let
X be a stable representation of this data. Consider a subrepresentation

X;
o
X; 5 :
Ko Jm
The stability condition implies
(m—-1)d+1

dx, >

i

dim X; > (m — 1) dim Xj.

In particular, this holds if dim X; = dimX;, = 1 for £ = 1,...,m. Moreover,
we have dim X;, > dim X; for all k. Indeed, if we had dim X;, = [ such that
I < dim X;, we could consider the (at least) (dim X; — [)-subspace ker(X}) which
would (at most) have a (dim X; — I)(m — 1)-dimensional image. This contradicts
the stability condition.

Therefore, the subrepresentation is of dimension type (dim X;,e’) with e/ >
mdim X;. Furthermore, because of the stability every k-dimensional subspace at
least has an ((m — 1)k + 1)-dimensional image.

If we fix a proper boundary quiver, which exists because the original quiver has
no cycles, this subquiver just has one common vertex with the remainder of the
quiver and the corresponding subdata is of dimension type (di,md;). But for the
dimension type (d — dj,b) of the remainder of the data we have

b> (m—1)(d—dy)+1.

Let h > 1 be the dimension of the intersection of (the vector spaces corresponding
to the common vertex of) the two subrepresentations of X corresponding to the
two subdata. Then we get

(m—1)d+1=b+dim—h>(m—-1)(d—d1)+14+dim—h=(m—1)d+d; —h+1.
Therefore, we have h > dy and thus h = d;.
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We now prove that after removing the subdata of dimension type (dq, (m —1)d,),
i.e., the subdata of dimension type (d;,md;) except the common vertex, we get a
localization data of dimension type (d —d;, (m—1)(d—d;)+1). It suffices to prove
stability because the original subdata has a d;-dimensional intersection with the
remainder.

For an arbitrary subspace U C @, X; with dimU < d — d; we have

(m—-1d+1

dy > d

dim U.

Since dim U < d — dy, we also have

(m—1)(d—dy)+1
(d_dl)l dim U

proving the claim in-between. Indeed, in this case we have

[% dim UW _ {(m - tzl(i;jl) 1 dim UW .

Thus we can proceed by induction on the number of sources in order to show that
all localization data are of type one.

Consider some data such that corresponding quiver has one source. Obviously, it
is a stable quiver of type 1.

Assume that the quiver has n + 1 sources. We may remove a proper boundary
quiver so that we again get a localization data, which is of the requested type by
induction hypothesis. But since the original quiver has no cycles, there exist at least
two proper boundary quivers. Thus the assertion follows by applying the induction
hypothesis to the respective subquivers after removing a proper boundary quiver.
The second statement, for instance, follows when considering the dimension formula
mentioned in Remark O

dy >

Theorem 6.6. We have

s B m (m—1)2d+ (m —1)m
X(Maa(m) = (d+1)((m— 1)d+m)< d >
Moreover, we also have
In(x (M3 m
f(1) = dli_)n;O (( dc’ld—’_l( ) =(m— 1)2 In(m — 1)2 — (m2 —2m) 1n(m2 —2m)

for [ defined in Section 6.1

Proof. As shown previously, we may assume that all subdata of a localization data
with one source have vertex set

TUJ="{ij1,.-,jm}
and arrow set
R={(,51);---,(i,0m)}
with d; = d~j,c = 1. In particular, the moduli spaces of the considered localization
data are zero-dimensional yielding that the Fuler characteristic is one.
Under consideration of Remark [£7] there exists exactly one possibility to choose
a stable colouring c taking into account the symmetries of the symmetric group

Sm. Again by Remark .7 and by Corollary .18 we can glue k subquivers on each
vertex ji, 1 <1 < m, with 0 <k < (m—1) in order to get a localization data. But
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we have to take into account the symmetries of Si. Assuming that there is only
one starting knot let y(x) the generating function of such quivers and consider

b@) =1+ =D mer (=DM =2) onoy)

T
|51 |52
[ (m — i) (m—1)(m—1)
+ — 7
|Sm—1|

m—1 ) m—1
_ E xz(ml)( . ) _ (1 _|_Im71)m71'
2
=0

By SectionB.lwe have that the generating function satisfies the functional equation
y(x) = x(é(y(z))). Now the generating function for all localization data is obtained
as follows: We start with the unique localization data of dimension type (1,m)
having m knots. The resulting generating function is y(z)™ and by applying the
Lagrange inversion theorem and Corollary [5.5] respectively, we obtain that

e y(2)™ = D g(u) = = (”(T; 1)>.

n n m—1

If we assign the weight 0 to the sink of the starting quiver, every such quiver
that has (m — 1)d + 1 knots corresponds to a localization data of dimension type
(d,(m —1)d + 1). The other way around, we may assume that every localization
data has some sink 7 with weight 0 what gives us d choices. This means for every
localization data we exactly get d trees. Hence we get

. B m (m—1)2d+(m—1)
X(MG —1)a41(m)) = m( d—1 )

m ((m —1)%(d—1)+ (m— 1)m)
d((m—1)(d—1) +m) d—1 '

Since x(Mg_y 4(m)) = X(M§ (,,,_1)a41(m)), the assertion is proved.
The second statement is obtained when applying the same arguments as used in
the proof of Corollary 5.4t then we get

L L (=12 n = DN (= 12 (= 1))
= (m - 1)2 ln(m - 1)2 - (m2 — Qm) ln(m2 —_ Qm) 0

6.3. A lower bound. The aim of this section is to determine a lower bound for
the Euler characteristic of Kronecker moduli spaces for coprime dimension vectors
which also proves that the Euler characteristic grows at least exponentially as con-
jectured by Douglas. Therefore, we consider such coprime dimension vectors (d, €)
of K(m) satisfying e > (m — 1)d. The remaining cases are obtained by the iso-
morphisms of the moduli spaces stated in Proposition 43l In the considered cases
the moduli spaces are zero-dimensional. Moreover, we will see that the recursive
construction of the localization data simplifies.

As a consequence of Theorem we again assume that all torus fixed points
are representations of the universal covering quiver.

Initially, consider the dimension vectors (1,n — 1) and (1,n) with 2<n <m—1
which correspond to the dimension vectors (n —1,m(n—1)—1) and (n, mn—1) by
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the mentioned isomorphisms. For the dimension type (1,n — 1) there exists only
one localization data
it

11— J2

jnfl

where ij = dil =1 for all 1 < k < n—1. Analogously, we obtain the unique
localization data of dimension type (1,n).

Consider the following localization data of dimension type (n — 1, m(n —1) — 1),
where Jj =n—2 and d} l

i = diy, = 1 otherwise:

i1 = J1,1 Ip—1 —> Jn—1,1
Jim—1 Jn—1,m—1

Again we analogously obtain the data of type (n,mn — 1).
Remark 6.7.

(1) For the dimension vector (n,mn—1), 1 < n < m, this is also the only local-
ization data because obviously each one-dimensional subspace is forced to
have an m-dimensional image. Moreover, because of the stability condition,
we have for each subspace U of dimension d’ < n which corresponds to a
stable representation of this data that

nm —1

dy > d.

n

Therefore, we have dyy > md' for all d’ < n. But, for any other data of this
dimension type this condition is not satisfied.

(2) We also get this localization data by applying the reflection functor; see
Theorem 241

By use of the procedure introduced in Section 3] we can glue these quivers. Fix
m € N and define Q! by

/,jl \
i1 = J11 e i —=J11

J1,m—1 Jim—1

Let T U J be the set of vertices and define J| := J\{j1}. Let dj, =1 —1 and let
d, = 1 for the remaining vertices. Define the glueing quiver Q"2 := Q; ;,(Q", Q"2)
with j € J{. For the resulting data define d;, = ly whereby the dimensions of the
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other vertices remain constant. For instance, we obtain:

/]1\
i1 == jis i

-1
) l1 Ji 1

j2 \ jlllvm_l
3] /‘2 .9

-2
11— Ji1 Y, 7 Jisn

.2 -2
J1,m—1 Jig.m—1

We again consider the construction of Corollary Let (d,e) = (ni(n — 1) +
L,ni(mn—1)—-1)+m)=(1,m)+n1(n—1,m(n—1)—1) with ny € N. Then we
obtain the cases

(4)

Note that for n = 2 we obtain (d,e) = (ds,es) + n1(d',e’) with (ds,es) = (1,m)
and (d',¢’) = (1,m — 1) and thus ds; > d’, e > ¢’. But, nevertheless, the glueing
conditions are satisfied because we have (1,m) = (0,1) +(1,m —1) and (0, 1) is the
starting vector for (1,m — 1) as constructed in Lemma

Now the quivers are glued as explained in Section 3l Fixing n; > 1 we denote
the resulting data by Qy . They obviously result if one successively glues n;-times
some data of dimension type (n —1,m(n—1) —1) to some data of type (1,m). Call
the glueing vertex corresponding to the first glueing initial glueing vertex. If j; is
the initial glueing vertex, denote by QAZI the set of quivers obtained by increasing
the dimension of j; by one.

We now recursively define

sz+1,...7n1 = {Qle (‘87 T) | S € sz+1—17nk,...7n17T € sz,...,nl}’

where j € Sy such that R; = 1 and where j; is the initial glueing vertex of T' €
Qﬁkm Furthermore, let Qg ,, . =Qn . By Corollary we know
that every data S € Q is a localization data and that each of them
satisfies the properties of the starting quiver for each T" € QAZk 11111 n,- Thus it follows
that every data which is obtained in such a way is a localization data.

m(n—l)—1d<e<mn—1
n—1 - T n

d.

n
Ngt1—1,...,n1

Remark 6.8.

(1) Let (d,e) be given such that (@) holds. Then we can determine the corre-
sponding tuple (ng,...,n;) as described in Remark Note that there
is an easier method to get this tuple by simply solving linear equations; see
[29)].

Next we determine the cardinality of these sets in order to obtain a lower bound
for the Euler characteristic. The moduli spaces of the considered localization data
are zero-dimensional, i.e., a point. Furthermore, by Proposition 3] we can assume
that n > mT'H This is another advantage simplifying combinatorics. Indeed,
because of this assumption it is just possible to glue one quiver on each vertex of
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dimension one. Otherwise, there is no suitable colouring to obtain a localization
data from the produced quiver because it is no subquiver of the regular m-tree.
Initially, consider the set Q1 consisting of the localization data of dimension type
(n,mn — 1). After modifying a sink, considering the properties of Remark [A7]
and taking into account all symmetries and the fact that all quivers are glued as

mentioned above, there exist
m—1
( > possibilities
n

to choose a colouring ¢ : R — {1,...,m} where R is the set of arrows. Note that
this is the case n; = 1.

Each of the quivers has n(m — 1) knots, i.e., vertices j € J such that R; = 1.
Denote by ay, the cardinality of QZ , in consideration of the different colourings.
Furthermore, let K} be the number of knots of these quivers which coincide for
all quivers in this set.

Using the notation of Section bl we have

_(m— 1 A
p, = n (1), (n=1)(m=1),n(m—1),n(m—-1)+(n1 —1)(n—1)(m—1)"
Moreover, we have

K" =n(m—1)+ (ny = 1)(n—1)(m—1) — (ny — 1).

Considering the construction we get the following lemma by an easy observation.

Lemma 6.9. Let (ngy1,...,n1) € N
(1) The number of knots of the quivers in sz+1,...,n1 is given by
Ksk+l7'-'7n1 = ’:;/Lk_lx-'wnl + n’f+1K:zlk7~-~7n1 — Mkt

(2) Moreover, we have

an = an n n
—_ . n n
Mg lseeesN1 nE—1,..,m ag o B B B

....................

Fixing a dimension vector, it suffices to determine the corresponding tuple of
natural numbers in order to get a lower bound for the Euler characteristic. Given

a tuple as above define K*, := K} and af’, = ay and consider the

Nhf1y---,M1 MNEt1ye-+5M1
function
Gdem(T) =1+ agfexKé'fe.

Then the generating function yq . m () satisfies the functional equation yg e m (z) =
2(Ya,e,m(z)). Since we are interested in some asymptotic value, which is inde-
pendent of the number of starting knots, we can assume that there exists just one
starting knot. Even the starting quiver only gives us a constant, which we may
ignore.

For every coloured tree constructed like this we obtain some localization data by
assigning the weight 0 to the source of the starting quiver. Thus it may happen
that different trees define the same localization data. But, if (d, e) is the considered
dimension vector, the number of possible starting quivers is bounded by d.

Theorem 6.10. Let e > (m — 1)d. We have

111(X(1\4dgg +nd,es+nd (m)))
1m
n—oo ds + nd

1
> E(lna:{fe —|—Kfi’fe In Kj', — (Kg?e -1 ln(Kg?e —1)).
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Proof. Using the arguments of this section, we have

s [‘/L.nKZ’LEJrl]yd,e,m(x)

X(MdSJrnd,eernd(m)) Z ds + Tld .

Thus by Corollary £.4] we get
In(y (M3 m nK7 +1
lim (X( ds+nd,es+nd( ))) > lim In [il? ]yd,e,m(‘r)
n—00 ds +nd n—oo dg + nd ds +nd
1
= E(lnagfe—i—K;’?eang;—(K;’?e—l)ln(Kgfe—1))

which proves the theorem. (|

By use of the isomorphisms of the moduli spaces we also get a lower bound for
arbitrary d and e.

Example 6.11. This example applies the introduced methods to the case (d, e) =
(5,8) and m = 3. For the starting dimension vector we get (ds,es) = (3,5), for the
localization data of this type see Example

The reflected dimension vector is

(8,19) = (2,5) +2(3,7) = (2,5) +2((1,3) + 2(1,2))

and we get n = ny; = ny = 2. We have K§’75 =4, K3, =5,a35=1and a}, =8
From this we obtain K§ 1o = K3 ¢ = 12 and a3 1§ = a2 3 = 1664. Thus in conclusion

we have
1 1212
3
L5,8 = g hl (1664 . HT) .

In order to get the discussed data of dimension (8,19) we glue quivers of dimension
(3,7) twice to a quiver of dimension (2,5):

1 1
1% Xl 15 X1
N e \ e
1 1 1 1
AN
1<—1
1/

Note that the vertices which are glued are one of the sinks of the data on the left
hand side having one neighbour and one of the sinks of the data on the right hand
side having two neighbours. Note that one of those two vertices of the quiver on
the right hand side is the initial glueing vertex which was defined for simplifying
the calculation of the lower bound. Moreover, the glueing vertex of the resulting
data has dimension two.

The resulting data can be glued successively to localization data of dimension
(5,12) in order obtain localization data of dimension (5,12) + k(8,19) for every
ke N.



LOCALIZATION IN QUIVER MODULI SPACES 419

6.4. The case of the dimension vector (3,4). In this section we consider the
case d = 3 and e = 4 with m > 3 in detail. Consider the stable bipartite quiver

given by
1 1 1
o N o N e N
1 13 15
1 1 1 1

Therefore, by colouring the arrows in the colours {1,...,m} satisfying the condi-
tions of Remark .7 we obtain a localization data. In this case, the conditions are
c(iy) # c(ij41) for 1 <1 < 5. Each colouring is unique up to the symmetry of the
symmetric group Se.

The colourings (4, j, k, 4, j, k) and (4, j, k, 1, j,1), such that 4,5,k € {1,...,m} are
pairwise different, give rise to two cases, which we now consider in greater detail.

In the first case we obtain
i 2
—
1J, X R .

E~
1\2;1/],

There is no new symmetry arising from this colouring. Furthermore, the moduli
space is a point for this dimension vector. Note that the cycle breaks down after a
second localization so that we get back the former quiver.

The second special case is

1 1 _1
/NN /N
i Yk 7
147 1 1 1

The colouring induces an extra arrow and therefore another symmetry. In partic-
ular, the localization data is already determined by the choice of the colour of the
free arrow, i.e., the one that does not appear in the cycle. But because of the extra
arrow the moduli space is P! so that the Euler characteristic is two.

Note that x(P') = 2 follows also from a second localization. Indeed, by con-
sidering the quiver without its colouring the fixed points are those representations
satisfying X;5 = 0 or X;7 = 0 where i7 is the extra arrow. Thus we again get back
the original localization data by a second localization. In conclusion we obtain that

m(‘";;ll)d possibilities to choose a colouring.
Further localization data are given by colourings of the following stable bipartite
quiver:

there are

with the conditions c¢(i1) # c(i2), c(i3) # c(ia), c(i5) # c(ig) and c(ig),( c(i;;)),( c(i5))
m(m—1)*(m—2

pairwise different. In consideration of the symmetries of S5 we obtain Ea
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possibilities. We also get

1 2
N N
. 14
o
1 1 1 1

with the conditions ¢(is), ¢(i4), c(is) pairwise different and c(i1) # c(iz) # c(is).
m(m—1)3(m—2)

Thus we get 5]

possibilities.

If m > 4, we finally get the localization data coming from

with the condition that the colours of all arrows are pairwise different, hence (T)
possibilities.

Since all fixed point components may be understood as points, for the FEuler
characteristic we have

m m{m — 3m— m(m — 4m— m(m — 5
iz ) = () 4 P2 Dt =2) o

One easily verifies that this is the same result one obtains by the algorithm from
[23], i.e.,

X(M54(m) = Som(m —1)(dm? — i+ 2)(4m? —Tm + 1),

6.5. The case of the dimension vector (d,d). The next application is to con-
sider the Euler characteristic of Kronecker moduli spaces corresponding to the di-
mension vectors (d,d), d € N. We will see that the Euler characteristic vanishes if
d > 2. In this section we consider the Kronecker quiver K (m) with m > 1.

Lemma 6.12. We have that every stable torus fixed point
X = ((Va W)v (Xla R Xm)) € M;,(mfl)d(m)

has a cycle. Thus there exists a subspace U CW and maps f1,..., far €{X1,..., Xm}
with f; # fix1 for 1 <i <2l —1 such that

flofzfl'--of%flofg}l(U)=U~
Remark 6.13.

(1) From the proof we even get the stronger result that the quiver of some
localization data with this dimension is forced to be cyclic. In particular,
there exists no subquiver having just one common vertex with the remainder
of the quiver.
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Proof. Let (Q, ci) be a localization data and let X be a stable representation of this
data. Consider a subdata of the form

le
X1
ij
%X |
X; 2
o
"X,
Because of the stability we have
(m—1)d

dx, > dim X; = (m — 1) dim Xj.

We also have dim X;, > dim X; for all k. Indeed, if we had dim X;, = [ such that
I < dim X;, we could consider the (dim X; — [)-subspace ker(X%). It would have a
(dim X; — I)(m — 1)-dimensional image, which obviously contradicts the stability
condition.

Therefore, the subdata is of dimension type (dim X;,e’) with ¢/ > mdim X;.
Moreover, the stability implies that each k-dimensional subspace corresponding to
X has at least an ((m — 1)k + 1)-dimensional image.

Assume that the localization data would not have a cycle. Thus, in particular, it
would have some proper boundary quiver which apparently would be of dimension
type (di, mdy). If we denote by b the sum of the dimensions corresponding to the
sinks of the remainder of the data, we get

b> (m—1)(d—di)+1.

Define h := (m —1)(d —dy) +b— (m — 1)d which is the minimal possible dimension
of the intersection of the two corresponding subrepresentations (at the common
vertex) of a stable representation of the considered data. It follows that

(m—1)d=b+dm—-h>(m-1)(d—d)+1+dm—-h=(m—-1)d+d —h+1.
It follows h > dy + 1 and thus d; = 0. [l

Corollary 6.14. The Euler characteristic of the Kronecker moduli spaces with
dimension vector (d,d) vanishes if d > 2.

Proof. By the previous lemma we know that each representation of a localization
data of dimension type (d, (m — 1)d) has a cycle. But because of Theorem
we can assume that fixed points of each Kronecker moduli space do not have cy-
cles. Hence there are no stable representations of the universal covering quiver of
dimension type (d, (m — 1)d).

Because of the isomorphism between M
we get

(m—l)d(m) and Mj’d(m), in conclusion

X(Mg (i —1ya(m)) = x(M 4(m)) = 0. m

Note that the vanishing of the Euler characteristic does not imply that the moduli
spaces are empty. There can even exist torus fixed point components after more
than one localization step. But after suitably many localization steps there do not
exist any torus fixed points.
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6.6. Finiteness of the fixed point set. In this section we investigate and answer
a question posed in [8]. Namely, for which coprime dimension vectors is the set of
fixed points finite and for which dimension vectors exists at least one n-dimensional
fixed point component with n > 1.

Theorem 6.15. Letd > 3, e > 4 and m > 3 . Then there exist infinitely many
torus fized points.

Proof. Since the torus action is compatible with the isomorphisms, we may assume
m

Furthermore, let m’ < % € N such that (m’—1)d < e < m/d. By [29] there exists a
stable bipartite quiver sg’, of type one which consists of subdata of dimension type
(1,m’) and (1, m’ + 1) respectively. Since d > 3, there exists a subdata of the form

NN N

Ji,s0 = J2,1 : J2,50 = J3,1 : J3,s3

with s1, 82,83 € {m/,m’ + 1}. Fix an arbitrary colouring ¢ of the arrows which
satisfies

c(in, ji1,1) =c(iz, Ja,s,) = (i3, J3,s5) = 1, c(i1, j1,6, ) = (i3, j3,1) =2 and c(iz, j2,1) =3

and c(i3,j3,5) # 3 for every k = 1,...,s3. This is possible because s3 < m.
This colouring induces an extra arrow (is,ji1) such that c(is, ji1,1) = 3. Hence
the associated moduli space is at least one-dimensional implying that there are
infinitely many torus fixed points. ]

6.7. Open questions. A fundamental question is how to determine all localization
data and if it is perhaps enough to know all localization data of type one. Also, one
could ask if it is possible to put all localization data down to the case of localization
data of type one. For instance, when considering the localization data

JNAN

we always assumed c(j) # c(k). But the localization data

1
2j—’f>1
\1

may, in a sense, be understood to correspond to “the missing case” ¢(j) = c(k).
But this raises another problem: we get additional conditions for ¢(i) and ¢(I)
and moreover different symmetries. For instance, in the first case we have the
symmetries of S;. But in the second one we have the symmetries of S3.
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Another question is how to count or get all localization data (at least all of type
one). Unfortunately, by use of the glueing method we do not get all localization
data of type one. If it were possible to get all data of this type and if it could
be shown that the other data come in a way from quivers of type one, one could
probably prove the continuity. This would suffice to prove the existence of the
conjectured function.

Finally, we give an example for a quiver of type one, which cannot be constructed
by use of the glueing method. Let (d,e) = (7,10) = (2,3)+ (5,7) = (2,3) + (2,3) +
(3,4). Then we have (ds,es) = (2,3). Consider

SVAVAN

and

SVAVI

where the dots represent vertices of dimension one. We get the data of dimension
type (3,4) in the same way. But we do not get the following localization data of
dimension type (9,13) = (2,3) + (7,10) by sticking together the ones above:

YN AU U N
N\
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