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EXTRAPOLATION OF PERIODICALLY CORRELATED
STOCHASTIC PROCESSES OBSERVED WITH NOISE
UDC 519.21

I. 1. DUBOVETS’KA AND M. P. MOKLYACHUK

ABSTRACT. We consider the problem of the optimal linear estimation of the func-
tional

AC = /OOO a(t)¢(t) dt

depending on unknown values of a periodically correlated stochastic process ((t).
An estimator is constructed from observations of the process ((t) + 0(¢t) for ¢ < 0,
where 6(¢) is a periodically correlated process being uncorrelated with ¢(t). Formulas
for calculating the spectral characteristic and the mean square error of the optimal
linear estimator of the functional are proposed in the case where spectral densities are
known. In the case where spectral densities are not known but a set of admissible
spectral densities is specified, formulas that determine the least favorable spectral
density and the minimax (robust) spectral characteristics of optimal estimators of
the above functional are proposed.

1. INTRODUCTION

The methods for the investigation of problems of estimation of unknown values of
stationary stochastic processes (extrapolation, interpolation, and filtration problems)
have been developed by Kolmogorov [§], Wiener [18], Yaglom [16] [I7], and Rozanov [15].
These methods are based on the assumption that the spectral densities are known. If the
corresponding spectral densities are not known but a set of admissible spectral densities
is specified, then one can follow the minimax method when solving estimation problems.
The minimax method reduces to the minimization of the error for all densities belonging
to a specified set simultaneously. Grenander [2] was the first to apply the minimax
approach to the extrapolation problem for stationary stochastic processes. A survey of
publications related to minimax (robust) methods is presented by Kassam and Poor [7].
Moklyachuk [I2] and Moklyachuk and Masyutka [I3] study the problems of extrapolation,
interpolation, and filtration for stationary stochastic processes and sequences (also see
the book by Kurkin, Korobochkin, and Shatalov [9]).

Studies of periodically correlated processes were initiated by Gladyshev [I], who inves-
tigated the properties of covariance functions and spectral representations of periodically
correlated processes. A relationship between periodically correlated and infinite dimen-
sional stationary processes is considered by Makagon [I0, [I1]. The minimax problems of
the optimal estimation of linear functionals are studied by Dubovets’ka, Masyutka, and
Moklyachuk [3]-[5].
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In the current paper, we study the problem of the mean square linear optimal estima-
tion of the functional

AC = /Ooo a(t)C(t) dt

constructed from the values of a mean square continuous periodically correlated sto-
chastic process ((t). The above functional is estimated from observations of the process
¢(t) 4+ 0(t) for t < 0, where 6(t) is a mean square continuous periodically correlated
process being uncorrelated with ¢(t). We find formulas for calculating the spectral char-
acteristic and mean square error of the optimal estimator of the functional A in the
case where the spectral densities of the stationary sequences {(;,j € Z} and {0;,j € Z}
are known. If the complete information about spectral densities is not available but a
set of admissible spectral densities is specified, then we follow the minimax approach
for solving the estimation problems. We find the least favorable spectral densities and
minimax spectral characteristic of the optimal estimator of the functional A( for some
classes of admissible spectral densities.

2. PERIODICALLY CORRELATED PROCESSES AND CORRESPONDING VECTOR VALUED
STATIONARY SEQUENCES
Definition 2.1 ([I]). A mean square continuous stochastic process
C:R— H=1L,Q,F,P), ECt)=0,

is called periodically correlated with period T if its correlation function K (¢t + u,u) =

EC(t + u)((u) is such that
K{t+uu) =E(t+u+T)(u+T)=K({t+u+T,u+T)
for all t,u € R.

Let ((t), t € R, and 0(t), t € R, be uncorrelated periodically correlated stochastic
processes. We construct two sequences of random functions:

(1) {¢G(w) = Cu+4T),ue(0,T),j € Z},

(2) {0;(v) =0(u+jT),uec(0,T),j€Z}.

Each of the sequences () or (@) generates an Ly ([0,7T); H) valued stationary sequence
{¢;,7 € Z} or {0;,j € Z}, respectively, whose correlation functions are given by

T -
Be(l, ) = (G G = / E[¢(u + IT)C(u + JT)] du
T
:/0 Ke(ut (- f)Tou)du=Be(l - ).
T
Bg(l,j):(61,9j>H:/O E[0(u + IT)0(u + 1)) du

T
= [ Kot = D70 du = a1 ),

where K¢(t,s) = E((t)((s) and Ky(t,s) = EO(t)0(s) are the correlation functions of the
periodically correlated processes ((t) and 6(t), respectively.

It
{gk _ %Texp{zm{(_mk {g]}u/T} k= 1,2,3,...}, (&1, = 6u;s
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is an orthonormal basis in L2([0,T);R), then the stationary sequences {(;,j € Z} and
{0;.j € Z} admit the representations

G = Z Chj€hs

(3)
G = (o) = /cg exp{ 2m{ H} /T}
and
@:io:ekjak,
(1)

Ou; = (0;,8) = \/_/ 0;( exp{ 2m{ H} /T}dv

The components (yj, ¥ = 1,2,..., and 6;, K = 1,2,..., of the stationary sequences
{(j,j € Z} and {0, j € Z} are such that

EGy =0, IGlIE =Y ElGyl* = Pc <00, EuGay = (Re(l = f)ers en),
k=1

EOkj =0,  [10l13% =D El6x;|* = P <00,  EOibn; = (Re(l — j)ex, en)
k=1

(see [6]), where {ex,k = 1,2,...} is a basis in the space ¢3. The correlation functions
R:(j) and Ry(j) of the stationary sequences {(;,j € Z} and {6;,j € Z} are operator
valued functions in ¢5. The correlation operators R:(0) = R¢ and Ry(0) = Ry are kernel

operators
(o)

Z(Rcek&/& = ¢l = P,
k=1
Z<R0€k¢7€k> = 6117 = Ps.
k=1

The stationary sequences {¢;,j € Z} and {6;,j € Z} have spectral densities f(\) =
{FrnN) }oney and g(N) = {grn(N)};,—, that are positive operator valued functions in £,
of the argument X € [—m, m) if their correlation functions R (j) and Rg(j) can be written

as follows:
1

27 /, e (f(Ner, en) dA,

(Reld)ensen) = o

™

(Ro(j)ex,en) = QL/ e g(Neg, en) dA, k,n > 1.
T

For almost all A € [—7,7), the spectral densities f(A) and g(X) are kernel operators
with integrable kernel norms

0 1 T )
Zﬁ/ (F(News ex) dr =3 (Reex, ex) = G117 = P,
k=1 k=1
e 1 T 0
5o [ loenenydr = Y- (Raewscn) = 1[5 = Po

k=1 k=1
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3. CLASSICAL METHOD OF LINEAR EXTRAPOLATION
OF PERIODICALLY CORRELATED PROCESSES

We study the problem of the mean square optimal linear estimation of the functional

(5) A@—Awa@«wm

constructed from the values of a mean square continuous periodically correlated stochas-
tic process (). The functional A is estimated from observations of the process ((t)+60(t)
for t < 0, where 6(t) is an uncorrelated with ((¢) mean square continuous periodically
correlated process. The function a(t), t € Ry, is such that

/OO la(t)| dt < cc.
0

We rewrite the functional AC as follows:
o) oo T
A¢ = / a(t)((t) dt = Z/ a;(u)¢;(u) du,
0 i—0’o

a(u+jT) = a;j(w),  ((u+iT) =((w),  wel0,T).

Recalling decomposition (B]) of the stationary sequence {(;,j € Z}, the functional A
can be rewritten as

0o T
M=;Aam&wm

_ gjo % /OT (g ar,j eXp{Zﬂ'i {(-1)’@ [g} } u/T}>
. (i oo {2 {0 [2] /T}> du

=0 k=1 n=1
oo o0 o0

_ _ T

= E ak;Crj = E a; Gy,
j=0Ek=1 7=0

with respect to the pair of unknowns (k,n) are (1,1), (20 4+ 1,2I), and (2[,2] + 1) for
1=2,3,..., where
@ = (C’f]ak: 1727"')T7

— T T
(lj = (ak;j,k = 1,2, .. ) = (alj,a3j,a2j, .. .,a2k+1,j,agk7j, .. ) s

any = (a;,8) = %/OT aj(v)exp{—%ri {(_M {g]}v/T} dv.

Assume that the coefficients {@;,j = 0,1, ...} are such that

oo

oo oo
(6) Sl <oo, D GH+DIEGI <00, NdI* =] lak,l*
=0 k=1

=0
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According to the first condition in (@), the second moment of the functional A( is finite.
The second condition in (@) implies the compactness of the operators to be defined below.

Let the spectral densities f(A) and g(\) of the sequences {(;,j € Z} and {6,,j € Z},
respectively, satisfy the following minimality condition:

(7) [ Tr [(F() + g(\) 7] dA < oo,

Note that condition (7)) is necessary and sufficient for the error free extrapolation of
unknown values of the sequence {(; + 6,,j € Z} to be impossible (see [15] [12]).
Denote by Lo(f) the Hilbert space of vector complex valued functions

b(A) = {br(\) 2y
that are square integrable with respect to the Lebesgue measure and that have the
density f(\):

/7r b\ F( /_ Z b (AN (N) fen(N) dX < 0.

- T kn=1
We denote by L; (f) the subspace of La(f) generated by the functions
eIy, k=1,2,..., j <0,

where
Ok = {0kn ey
and 0 = 1, 0g, =0 forAk; #n.
Any linear estimator A( of the functional A( constructed from the observations of the
sequence {(; +0;}, j <0, can be written as follows:

8)  Ac= [ BT (™) (25(dN) + Z2°(dN)) / (Z< (d\) + Zk(dA))
- T k=1

where Z¢(A) = {ZC }k and Z%(A) = {Z(A)}32, are orthogonal random measures

of the sequences {(;} and {9 }, respectively, and where h(e*) = {hj(e'*)}32, is the

spectral characteristic of the estimator A¢. Note also that h(e**) € Ly (f + g).

The mean square error A(h; f, g) of the estimator A( is calculated from the following
formula:

A(h; f,g) = E|AC — ACP?
® = L () - n @ s e

+h" (™) g(Mh (e“‘)) d\,

o0

_ = iGN
75 aje

Jj=0

The spectral characteristic h(f, g) of the optimal linear estimator /Al( minimizes the mean
square error

heLy (f+g)

The optimal linear error fl( is a solution of the optimization problem (I0J]).
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When using the classical Kolmogorov method of projections [8] we write the following
two conditions that determine A( as a projection onto the subspace H™ (¢ + ) of the
space H generated by the random variables (; 4 60, j < 0:

1) ACe H-(¢+0),
2) (AC—ACQ) LH-(¢C+9).
Condition 2) holds if

1 [T ) ) . g
(AC AC)(CJ + 6, ) 277 / |:(A (em) _h (ez)\))T f(/\) - hT (ez)\) g()\)} e*lj)\ d)\
1 , »
=5 [AT () F) =hT (™) (F(N) +9(N)] e ¥ dr = 0,
j=-1,-2,....
The latter equality implies that
AT (ei)\) f()\) _ hT (ei)\) (f ﬂ]Tew)\ 6 ) ,
7=0
where ¢;, j =0,1,..., are unknown coefficients. Thus the spectral characteristic h(f, g)

of the optimal estimator of the functional A{ can be written as follows:

R (f.9)= (AT (%) F) = CT (e™) [f(N) +g(N)]
= AT (&) — (AT (&) g\ +CT () [F(N) + gV

Condition 1) above is equivalent to the equalities

(1)

h(f,g)e"rdx=0, 1=0,1,...,

—T

that is,
> o [ IO+ g arg,

> / U0 g T g, =0,

Introducing the matrices B = {B(l, j)}{5_, and D = {D(l,j)}75_, constituted by the
entries

B(l,5) = % / ") + g1 e gy,
D(i,j) = %/_ﬂ LV +g(0) 1] T e0=D2 ax

and vectors a = {d, }j ~o and ¢ = {¢;} 7, the system of equations ([I2) can be written

in the matrix form

j=0’

Da = Bec,

whence we conclude that unknown coefficients ¢;, j = 0,1, ..., are determined from the
equation

c¢=B 'Da.
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In view of equality (@), the mean square error of the optimal estimator AC is given by

A(f,g) = A(h(f,9); f,9)
L7 AT (@) g0 + €T ()] [ + 9]

-
< FVFN) + g AT (€2) g(\) +CT (e™)] 7 dr
tor [ TATEN) 50 = €T (@] L) + 9]

X gOOIFA) + g7 [AT (6%) F0) = CT ()] da.
Using the following properties of spectral densities,
F) =7, g(A) =g"(N),
FOVF) 4+ g g(N) = gWIFN) + gV V),

the formula for calculating the mean square error A(f, g) can be rewritten as

A9 =S a Y o [ OO+ g9 et dra,
=0 -

j=0 =

(13 oo e T
| +Z@TZ%/ [(F(N) +g(A)" eilt=Drdrg
j=0  1=0 -

= (a,Ra) + (c,Bc),
where (a,b) means the scalar product in the space o and where the matrix R =
{R(4,1)}35~¢ is constructed from the entries

RG.1) = 2 / POV + 90 W] ey, =01,

_E,,r

Combining all the above results we get the following assertion.

Theorem 3.1. Let {((t),t € R} and {0(t),t € R} be mutually uncorrelated periodi-
cally correlated stochastic processes such that both stationary sequences {(;,j € Z} and
{0;,7 € Z} defined by equalities @) and (@), respectively, possess the spectral densi-
ties f(A) and g(\) that satisfy the minimality condition ().

Further assume that the coefficients {d;,j =0,1,...} defining the functional AC sat-
isfy conditions ([@)).

Then the spectral characteristic h(f,g) and mean square error A(f,g) of the optimal
linear estimator of the functional A( constructed from the observations of the process
C(t)+6(t), t <0, are calculated by equalities (L) and [@3), respectively. The optimal
estimator /Al( of the functional AC is calculated by formula (8.

Theorem [B.I] implies the following result for the extrapolation problem of the func-
tional A¢ without noise.

Corollary 3.1. Let {((t),t € R} be a periodically correlated stochastic process such
that the stationary sequence {(;,j € Z} defined by relations ([Il) possesses the spectral
density f(\) that satisfies the following minimality condition:

(14) /_7r Tr [(f(N) '] dA < .

Let the coefficients {d;,j = 0,1,...} defining the functional A( satisfy condition ().
Then the spectral characteristic h(f) and mean square error A(f) of the optimal linear
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estimator of the functional AC constructed from observations of the process ((t), t < 0,
are calculated as follows:

(15) RU(f) = AT (e7) =CT () [F

(16) A(f) = (¢, a),

where ¢ = {5]};10 = B~ 'a and where the matriz B = {B(l,j)}75=¢ is constructed from
the entries

B(l,j) = i/ﬁ [(F(N) 1] Teli=0A gy, 1,j=0,1,....

2 J_ .

The optimal estimator AC of the functional AC is given by

™ T

(17) A= [ KT (eP) Z%adN) = / > hi (€2) Zg (dN).

Remark 3.1. Kolmogorov [§] used another method for solving the problem of interpola-
tion of a stationary sequence (that is, for finding the spectral characteristic and mean
square error of the optimal linear estimator for a missing observation in the sequence).
Kolmogorov’s method is based on a treatment of the Fourier coefficients of the func-
tion 1/f. Theorem Bl shows that the Fourier coefficients of functions of spectral den-
sities can be used for finding the spectral characteristic and mean square error of the
optimal linear estimator for functionals of stationary sequences in the extrapolation and
interpolation problems for both cases of observations without and with a noise.

The expressions for the spectral characteristic and mean square error of the optimal
estimator written in this way are convenient for finding the least favorable spectral den-
sities and minimax spectral characteristics of estimators of the corresponding functionals
in the extrapolation and interpolation problems for both cases of observations without
and with a noise.

To solve the extrapolation problem for stationary sequences, Kolmogorov [§] (also
see [I8, [16], 17, 15]) used a method based on the factorization of the spectral density. This
method is convenient for solving the extrapolation problems for observations without a
noise, while the method of Theorem B.1] fits the case of observations with a noise, as well.

Below we use the method based on the factorization of spectral densities and apply it
to the estimation of a functional from observations without a noise.

Definition 3.1. Denote by H¢(n) the closed linear subspace of the Hilbert space H
generated by random variables (i;, kK > 1, j < n. A sequence {(;,j € Z} is called regular
if ﬂn Hc(n) = .
A regular stationary sequence {(;,j € Z} admits the canonical moving average repre-
sentation for its components
J M

(18) Crj = Z Z A (J — w)em(u)

u=—00 m=1
(see [6]), where e, (u), m = 1,..., M, u € Z, are mutually orthogonal sequences with
orthogonal values in H, that is

Eem(u)ep(v) = dmpduw,

where M is the multiplicity of the stationary sequence {(;}, and where the sequences
dgm(u), k=1,2,...,m=1,...,. M, u=0,1,..., are such that

co oo M

Y2 ldmw)l = Pe.

u=0 k=1m=1
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The optimal linear estimator of components of a regular stationary sequence {(;,j € Z}
constructed from observations of this sequence for j7 < 0 can be written as follows:

— M
(19) Gi= D > drm(j — wem(u).

u=—oo m=1

Since unknown values of components of a singular stationary sequence are estimated to
be error free, one can restrict the consideration to the case of regular stationary sequences
in the problem of optimal linear estimation.

The spectral density f(A) of a regular stationary sequence {(;,j € Z} admits the
canonical representation

(20) F)=PWPN), PO = du)e ™,
u=0
where the matrix d(u) = {dgm(u) Zflloi\f is defined via the coefficients of canonical

representation (IS]).
Using representations (I8) and ([I9) for components of a regular stationary sequence
{¢;,7 € Z}, one can write the mean square error of the optimal estimator A( as follows:

2

A(h(f); f)=E Zzakj Z Z dm (J — w)em(u)

k=175=0 u=0m=1
2

co M oo 00 (e’
=SONTDE SN a1 = S ll(Ad))? = |Ad)?,
=0 m=1 |k=1 j=I =0

where (Ad); = Y772, @, d(j —1), 1 > 0. If the second condition in (@) holds, then A is a
compact operator.

Recall that the spectral characteristic h(f) minimizes the mean square error

(21) A(f) = Ah(f); f)= min Ak f) = ||[Ad|.

heLy (f)

On the other hand, we derive from (@) that

A ) = 5 /Tr [A () = h(e™)] " FA () = h(eN)] A

2 J_,
Thus it is natural to assume that
h(f) = A(e?) = X(N),
where X () is a vector column defined by

ill(Ad)zH2 = % ' (i(Ad);é”) (i(Ad)pei”’\> d\

1=0 —™ \i=0 p=0

1 " (i(Ad)leil’\> Q()\) P(A)P*(}\) Q*()\) ( - (Ad)peip)\> d\
N —

F) P
1 [ —

XTO)FO)X (N dA.
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Then X(A\) = S(e")Q()), where

= i(Ad)le A

1=0
and
Q( )— {ka( )}k :11, M

is a matrix valued function satisfying the equation Q(A)P(A) = Ips. The spectral char-
acteristic h(f) is calculated according to

(22) RU(f)=AT (e?) =S (e™) Q(N).
The above results are combined in the following assertion.

Theorem 3.2. Let {((t),t € R} be a periodically correlated stochastic process such
that the stationary sequence {C;,j € Z} defined by relation (Il) possesses the spectral
density f(\) that satisfies the minimality condition (4.

Let the coefficients {d;,j = 0,1,...} determining the functional AC in (B)) satisfy
conditions (6l).

Then the spectral characteristic h(f) and mean square error A(f) of the optimal linear
estimator of the functional AC constructed from observations of the process ((t), t < 0,
are calculated by relations [22) and @1I). The optimal estimator AC of the functional AC
is calculated by (7).

Similarly to the reasoning above, one can prove the following assertion (that also
follows from Theorem [B:2]) for the functional:

(N+1)T N .
AnC = / a(t)C(tydt =3 "alC,.

Jj=0

Corollary 3.2. Let {¢(t),t € R} be a periodically correlated stochastic process such that
the stationary sequence {C;,j € Z} constructed according to equality (1)) possesses the
spectral density f(X\) that satisfies the minimality condition (I4).

Then the spectral characteristic hy(f) and mean square error An(f) of the optimal
estimator of the functional AnC constructed from observations of the process ((t), t < 0,
are calculated by

(23) h(f) = AR () = Sw (€7) QWN),
N
(24) An(f) = (And)i|* = |And]?,
=0
N N N
Ay (e?) =) dze?, => (And)e (And); Z d(j —1).
j=0 1=0 j=l

4. MINIMAX (ROBUST) EXTRAPOLATION

One can use relations ([Il), (@3), (&), ([@6), and @ZI)-@4) for evaluating the spec-

tral characteristic and mean square error of the optimal estimator of the functional A(
only if the spectral densities f(A) and g(A) of the stationary sequences {(;,j € Z} and
{0,.j € Z} constructed according to relations (Il) and (), respectively, are known. Oth-
erwise, if the spectral densities are not known but a set D = Dy x Dy of admissible
spectral densities is specified, then one can use the minimax approach to the problems of
estimation of the functional depending on unknown values of the underlying process. We
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search for an estimator that minimizes the error simultaneously for all spectral densities
belonging to a given class D.

Definition 4.1. Given a set of pairs of spectral densities D = Dy x Dy, the spectral
densities fO(\) € Dy and ¢g°(\) € D, are called the least favorable in D for the optimal
estimator of the functional A if
Af%9%) = A (h(f°,9%); 1°,6°) = max A(h(f,9); f9)-
(f.9)€D
Definition 4.2. Given a set of pairs of spectral densities D = Dy x Dy, the spectral

characteristic h°(\) of the optimal estimator of the functional A( is called minimax
(robust) if

h°(\) € Hp = Ly (f+9), min max A(h; f,g) = max A(h% f,g).
( ) ’ (f;QGD 2(f g) heHp (f,g)ED ( f g) (f,g)ED ( f g)

Taking into account relations ([II)), (I3), [IH), [@6), and @ZI)-24), we prove the fol-

lowing auxiliary results.

Lemma 4.1. Spectral densities f°(X) € Dy and g°(\) € Dy satisfying condition ([T) are
the least favorable in the class D for the optimal estimator of the functional A if the
Fourier coefficients of the functions

-1 -1 -1

(P +N) 0 P +HN) L PPN 6" )) 8N
being the entries of the matrices B?, D°, and R? determine a solution of the following
optimization problem:
(25) (fm)axD ((a,Ra) + ((B) 'Da,Da)) = (a,R%a) + ((B°)"'D"a, D).
9)€

The minimax spectral characteristic h® = h(f°, ¢°) of the optimal estimator of the func-
tional AC is calculated by equality () under the condition that h(f°,¢°) € Hp.

Lemma 4.2. A spectral density f°(\) € Dy satisfying condition ([4) is the least fa-
vorable in the class Dy for the optimal estimator of the functional AC constructed from
observations of the process ((t), t < 0, if the Fourier coefficients of the function (f°(\))~*
constitute the matriz BY that determine a solution of the following optimization problem.:

(26) }g%}i ((B)'a,a) = ((B°) 'a,a).

The minimax spectral characteristic h® = h(f°) of the optimal estimator of the func-

tional AC is calculated by equality ([I5) under the condition that h(f°) € Hp.

Lemma 4.3. A spectral density f°(\) € Dy satisfying condition ([[4) is the least fa-
vorable in the class Dy for the optimal estimator of the functional AC constructed from
observations of the process ((t), t < 0, if it admits the canonical factorization

(27) o) = (Z d°<u>e—i“> (Z d°<u>e—i“> ,
u=0 u=0

where d° = {d°(u),u = 0,1,...} is a solution of the following conditional extremum
problem:

(28) IAd|* = max,  f(A) = <Z d(u)e_im> (Z d(u)e‘i“> eD.
u=0 u=0

The minimax spectral characteristic h® = h(f°) of the optimal estimator of the func-
tional AC is calculated according to equality [22) under the condition that h(f°) € Hp.
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Lemma 4.4. A spectral density f°(\) € Dy satisfying condition (I4) is the least favor-
able in the class Dy for the optimal estimator of the functional AnC constructed from
observations of the process ((t), t <0, if it admits the canonical factorization

*

(29) ) = (Z d°<u>ew*> (Z d°<u>eM) ,
u=0 u=0

where d® = {d°(u),u = 0,1,..., N} is a solution of the following conditional extremum
problem:

*

N N
(30) ||ANdH2 — max, f\) = (Z d(u)e‘iw‘> (Z d(u)e_i“/\) cD.
u=0 u=0

The minimaz spectral characteristic h = hn(f°) of the optimal estimator of the func-
tional AC is calculated according to equality 23) under the condition that hx(f°) € Hp.

The proof of Lemmas B IHA4 is straightforward; they follow directly from Theo-
rems B3] and and their corollaries in view of the definition of the least favorable
densities and minimax spectral characteristic.

The least favorable spectral densities fO(\) € Dy, ¢°(\) € D, and minimax spectral
characteristic h® = h(f°,¢") form a saddle point of the function A(h; f,g) in the set
Hp x D. The saddle point inequalities

A (R f,9) <A (K% 1%, ¢°) <A (h; f%,9°),  VheHp, Vf € Dy, Vg € Dy,

hold if R® = h(f°,¢%), h(f° ¢°) € Hp, and if (f°, ¢°) is a solution of the following
conditional extremum problem:

(31) A (h(f°,9%); f.g) = sup,  (f.9) €D,

A (h(f%,¢°); f.9)
1 [" Ay T -1

[AT (%) 20 + (C%e™) ] (1200 +6°)

-1

:% -

X FO) (£20) +6°(V)
ta [ [ATEN R0 = (@) (W + o)
X g (20 +g°) " [P A(R) = ()] da.

The conditional extremum problem (BI)) is equivalent to the following unconditional
extremum problem:

Ap(f,g) ==A(h(f°,4°); f.g) +8((f.9)|D) — inf,

where §((f, g)|D) denotes the indicator function of the set D. A solution (f°, %) of the
latter problem is determined by the condition 0 € dAp(f°,¢°) (see [14]), which is a
necessary and sufficient condition for the point (f°, g°) to belong to the set of minimums
of a convex function. Here dAp(f°,¢°) is a subdifferential of the convex functional
Ap(f,g) at the point (f,g) = (f°, g°).

Now we apply the conditions just obtained and find the least favorable spectral den-
sities in some classes of admissible densities.

[QO(A)A (&) + C0 (eiA)} X
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5. LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS Dy X D,

Consider the problem of the minimax estimation of the functional A( from observa-
tions of the process ((t)40(t), t < 0, under the condition that the spectral densities f(\)
and g(A) of the stationary sequences {¢;,j € Z} and {6;,j € Z}, respectively, constructed
according to relations (), (@), belong to the sets

Do={10] 5. [ =P,

—T

T

D. = {g()\) | Trg() = (1= e)w(h) +euld), %/ Trg(A) dA = Pg} ,
where w()) is a known nonnegative function and w(A) is an unknown nonnegative func-
tion. The set Dg is described by restrictions imposed on the moment of the spectral
density f(\). The set D. describes the model of a “c-contamination” of a stochastic
sequence {0;,j € Z}.

To determine the pair of the least favorable densities (f°()\),g°()\)) one can use the
method of indefinite Lagrange multipliers. The Lagrange function for the conditional
extremum problem (BI]) is given by

L(f,9) = — AR, 6"); f.9) + o (L / " ) — p<>

2 J_,
5 (o [ g da = Py) 447 (Trgn) - (1 ) - cul).

where a?, 82, and 72 are Lagrange multipliers. According to the Lagrange method, a
solution (f9(\), g%(\)) of the problem (BII) satisfies the equation

(82) (9" VA () +C7 (™)) (AT (%) ) + (€ (™)) = a® (20 +9° (V)
(FPNA(ER) = CT(em)) (AT (%) £200) = (¢ (™))
= (B2 +2) (PN +9°W),

where ¢(\) > 0 and p(A\) = 0 if Trg%(A) > (1 — &)w(N).

The latter equations ([32)—(B3) define the least favorable spectral densities in the class
DO X DE.

The results above are combined in the following assertion.

(33)

Theorem 5.1. Let spectral densities f(\) € Do, g(\) € D, satisfy condition ([{). Then
the matrices of spectral densities fO(\), g°(\) are the least favorable in the class Dy x D,
for the optimal estimator of the functional AC if they satisfy relations B2), B3) and
determine a solution of the extremum problem [28). The minimazx spectral characteristic
h(f9, g°) of the optimal estimator of the functional A is calculated by formula ([II).

In the case of the estimation problem for the functional A by observations without
noise, Theorem [5.1l implies the following corollaries for the sets Dy and D, of admissible
densities.

Corollary 5.1. Let a spectral density fO(\) € Dy satisfy condition ([[4). Then the
matrixz of spectral density fO()\) is the least favorable in the class Dy for the optimal
estimator of the functional AC constructed from observations of the process ((t), t < 0,
if it satisfies the relation

CO(e™) (€ (¢™)) " = a2 (£°())°
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and determines a solution of the extremum problem ([28). The minimaz spectral charac-
teristic h(f°) of the optimal estimator of the functional AC is determined by relation (I5)).

Corollary 5.2. Let a spectral density f°(\) € D, satisfy condition (Id). Then the matriz
of the spectral density fO()\) is the least favorable in the class D, for the optimal estimator
of the functional AC constructed from the observations of the process ((t), t < 0, if it
satisfies the relation

CO(e™) (CO (™)) = (B + o) (F° V)

and determines a solution of the extremum problem (26). The minimaxz spectral charac-
teristic h(f°) of the optimal estimator of the functional A( is determined by formula (I5)).

6. LEAST FAVORABLE DENSITIES IN THE CLASS Dy

Consider the minimax estimation problem for the functionals A and An( by using
the observations of the process ((t), t < 0, for the set Dy of spectral densities f(A) of
stationary sequences {(;,j € Z} constructed according to relation () and that admit
the canonical factorization (20).

To determine the least favorable density f°(\) we use the method of indefinite La-
grange multipliers. The Lagrange function for the conditional extremum function (28 is
given by

L) =5 (;Md)leﬂ*) QNN M) <;<Ad)le“> d\

+a? (i ! Trf()\)d)\—PC),

2 J_

where o2 is the Lagrange multiplier. Following the Lagrange method, we find that a
solution f%(\) of problem (28] satisfies the relation

o0 T o0
QTN (Z(Ad)le”’\> (Z(Ad)leiu> Q) = o?I.,

=0 =0

which is equivalent to

(34) (i(Ad)le’“> (i(Ad)M“) =a’PT(V\)P(N).

1=0 =0

Removing the parentheses on the left hand side of ([34]) and then equating the coeffi-
cients of e?*, [ > 0, on both sides of ([34]) we get

9]
Z dT Z Z at+l+pag+p— = CYQ Z dT t + l
t=0 p=0 s=0

Given a fixed t = 0,1,..., we change the index of summation ¢t 4+ [ = r and apply the
transposition in the left hand side of the latter equality. Then we obtain

(35) Z Z 6r+pd;r+p d(s) = a2d(r), r=0,1,... .

p=0 s=0

If equalities ([BH]) hold for all r = 0,1, ..., then equality ([B4) holds, as well.
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The condition f(\) € Dy yields the following restriction:
[e'S) co oo M
7’L’LL)\ —iuX
% Tr ( E d(u ) (ug_o d(u)e ) d\ = E E E | diern (u

u=0 k=1m=1
= Z ld(w)[* = [|a]|* = P,
u=0

The results above allow one to state the following assertion.

(36)

Theorem 6.1. The spectral density (Z0) of the moving average sequence ([I8)) is the least
favorable in the class Dy for the optimal estimator of the functional AC. The sequence
of matrices

O ={du),u=0,1,...}

is defined by equality [B5) and condition B8). The function h(f°) calculated according
to formula 22)) is the minimaz spectral characteristic of the functional AC.

Applying the Lagrange method of indefinite multipliers to the conditional optimiza-
tion problem (B0) and reasoning as above, one can prove for the functional An( that
relation (B4)) in the case under consideration is given by

(i(ANd)leilA> (i(ANd)leil)\>

=0 1=0
37
(37) N —
2 <Z do(u)ei“)‘> <Z dO(u)eiuA>_
u=0 u=0
Equality (37) follows from the equalities
N—r N—p
(38) Z Z ﬁr+pﬁj+pd(s) = Oé2d(’f‘)7 r = O’ 1, RN N
p=0 s=0

Restriction (B@) is rewritten as follows:

N N oo M
(39) lanl2 = 3 @) = 3250 S [din () =
u=0 u=0k=1m=1

The above results allow one to state the following assertion.
Theorem 6.2. The spectral density (29) of the moving average sequence
j M
Ci= Y. Y Gkm(j — wem(u)
u=j—N m=1

is the least favorable in the class Dy for the optimal estimator of the functional AnC.
The sequence of matrices

d% = {d°(u),u=0,1,...,N}

is determined by equalities [BY) and condition [B9). The function hy(f°) calculated by
formula 23) is the minimax spectral characteristic of the functional AnC.
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7. CONCLUDING REMARKS

A method is proposed for solving the optimal linear estimation problem for functionals
depending on unknown values of periodically correlated stochastic processes. The method
is based on reducing the problem to a corresponding problem for stationary (infinite
dimensional) sequences. We also use the property that the mean square error can be
written as a linear functional in the space L; x L; with respect to (f,g), which allows
one to solve the conditional extremum problem and find a minimax estimator.

There are a number of papers devoted to periodically correlated sequences, and only
a few of them deal with periodically correlated processes (see, for example, the papers
by Makagon [10] and [11]).

In the current paper, we establish a formula for the mean square error and for the
spectral characteristic in the optimal estimation problem for the functional

AC = /OOO a(t)C(t) dt

that depends on unknown values of a periodically correlated stochastic process ((t). The
estimator is constructed from observations of the process

C(t) +0(t), t <0,

where 6(t) is a periodically correlated stochastic process being uncorrelated with ¢(%).
The problem is considered for both cases of observations with and without a noise. We
show that the periodically correlated stochastic process generating the stationary (infinite
dimensional) one-sided moving average sequences is the least favorable for the optimal
linear estimation of the functional A( in the class of admissible spectral densities with
restrictions imposed on the moments.
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