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A CLASS OF SECOND ORDER DIFFERENCE
APPROXIMATIONS FOR SOLVING SPACE
FRACTIONAL DIFFUSION EQUATIONS

WENYI TIAN, HAN ZHOU, AND WEIHUA DENG

ABSTRACT. A class of second order approximations, called the weighted and
shifted Griinwald difference (WSGD) operators, are proposed for Riemann-
Liouville fractional derivatives, with their effective applications to numerically
solving space fractional diffusion equations in one and two dimensions. The
stability and convergence of our difference schemes for space fractional diffusion
equations with constant coefficients in one and two dimensions are theoretically
established. Several numerical examples are implemented to test the efficiency
of the numerical schemes and confirm the convergence order, and the numerical
results for variable coefficients problem are also presented.

1. INTRODUCTION

Fractional calculus is a fundamental mathematical tool for describing some spe-
cial phenomenons arising from engineering and science [I5L[19,23]. One of its most
important applications is to describe the subdiffusion and superdiffusion process
[BIIOLI6]. The suitable mathematical models are the diffusion equations with time
and/or space fractional derivatives, where the classical first order derivative in time
is replaced by the Caputo fractional derivative of order o € (0, 1), and the second
order derivative in space is essentially replaced by the Riemann-Liouville fractional
derivative of order « € (1,2]. The physical interpretation and practical applications
of fractional diffusion equations have been discussed often with some common ideas
[119,[14]. Based on these, our main purpose of this paper is to study the higher
accurate numerical solution of the space fractional diffusion equation by a novel
finite difference approximation.

From the perspective of the numerical analysis, there are some fundamental diffi-
culties in numerically approximating the fractional derivatives, because some good
properties of classical approximating operators are lost. Over the last decades, the
finite difference method has some developments in solving the fractional partial dif-
ferential equations, e.g., [2l12L[I3L28]. The Riemann-Liouville fractional derivative
can be discretized by the standard Griinwald-Letnikov formula [19] with only first
order accuracy, but the difference scheme based on the Griinwald-Letnikov formula
for time dependent problems is unstable [I2]. To overcome this problem, Meer-
schaert and Tadjeran in [12] first proposed the shifted Griinwald-Letnikov formula
to approximate fractional advection-dispersion flow equations. Recently, second
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order approximations to fractional derivatives have been studied, Sousaa and Li
presented a second order discretization for the Riemann-Liouville fractional deriv-
ative and established an unconditionally stable weighted average finite difference
method for the one-dimensional fractional diffusion equation in [24], and the results
in two-dimensional two-sided space fractional convection diffusion equation in finite
domain can be seen in [6]; Ortigueira [I7] gave the “fractional centerd derivative”
to approximate the Riesz fractional derivative with second order accuracy, and this
method was used by Celik and Duman in [2] to approximate the fractional diffu-
sion equation with the Riesz fractional derivative in a finite domain. In this paper,
we propose a new approach to approximate the Riemann-Liouville fractional de-
rivative via combining the distinct shifted Griinwald-Letnikov formulae with their
corresponding weights, which looks more general and flexible, and the weighted
and shifted Griinwald-Letnikov formulae achieve second and higher order accuracy.
A detailed algorithm shows that the weights are related to not only the shifted
numbers but also the order of the fractional derivative, which implies the numerical
algorithm is more related to the equation itself.

The paper is briefly summarized as follows. In Section 2] we propose a class
of discrete operators to approximate the Riemann-Liouville fractional derivatives
with high order truncating errors. In Sections Bl and [ one-dimensional and two-
dimensional fractional diffusion equations are numerically solved by using the finite
difference method based on the weighted and shifted Griinwald-Letnikov formulae,
and the stability analysis of each case is presented. We prove that the finite differ-
ence solutions approximate the exact ones with O(72 +h?) in the discrete L? norm.
Some numerical experiments are performed in Section [ to verify the efficiency and
accuracy of the methods. The concluding remarks are given in Section

2. HIGH ORDER APPROXIMATIONS FOR RIEMANN-LIOUVILLE
FRACTIONAL DERIVATIVES

We begin with the definitions of the Riemann-Liouville fractional derivatives and
the properties of their Fourier transform.

Definition 2.1 ([19]). The o (n—1 < a < n) order left and right Riemann-Liouville
fractional derivatives of the function u(x) on [a,b] are defined as
(1) left Riemann-Liouville fractional derivative:
L (e
Dou(z)= —— o S g
zul@) I'(n—a)dz” /a (z — &)a—ntl ¢
(2) right Riemann-Liouville fractional derivative:

ey A
D) = Ry |, e

If « = n, then ,DSu(x) = dd;;u(x) and , Dfu(z) = (—1)" L u(z).

dz™
Property 2.2 ([]). Let « > 0, u € C3°(Q2), @ C R. The Fourier transforms of
the left and right Riemann-Liouville fractional derivatives satisfy
F (—ooD3u(z)) = (iw)*a(w),
7 (o Du(z)) = (—iw)*a(w),
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where G(w) denotes the Fourier transform of u,

i(w) = /Re*i‘*””u(x)dx.

In [12], the shifted Griinwald difference operator

(21) g,p (E ha ng u T — k _p)h)a

approximates the left Riemann—Llouvﬂle fractional derivative uniformly with first
order accuracy, i.e.,

(2.2) ﬁ)pu(m) = _soDJu(z)+ O(h),

where p is an integer and g,(ca) = (—1)’“( ) In fact, the coefficients gk ) in 1) are
the coefficients of the power series of the function (1 — z)?,

23) o= 3 () = 3l
k=0

k=0
for all |z| < 1, and they can be evaluated recursively:

(2.4) g =1, g,§>:(1—T)g,§>l,k:1,2,....

Lemma 2.3 ([12[I3l[19]). The coefficients in 21)) satisfy the following properties
forl<a<2:

9" =1, g%

1> g > g5 > >0,

Zg(a) =0, zm:g,(ca) <0, m>1.
k=0

2.1. Second order approximations. Inspired by the shifted Griinwald differ-
ence operator (2.J) and multi-step method, we derive the following second order
approximation for the Riemann-Liouville fractional derivatives.

= —a <0,

(2.5)

Theorem 2.4. Let u € LY(R), _DY" ?u and its Fourier transform belong to
LY(R), and define the weighted and shifted Griinwald difference (WSGD) operator

by

a 2p T
(26) LDh,p,qu(x) = U(IE),

a—2q
you(r) + ———
(=) 2(p_Q) fu

2p—q) "7
then we have

(2.7) LDy () = o Dgu(z) + O(h?)

uniformly for x € R, where p,q are integers and p # q.

Note. The role of p and g is symmetric, i.e., Dy u(x) =D u(x).

Proof. By the definition of Aj , in 1)), we assume the WSGD operator with the
following form:

A= (a a
(28) 1D} pqule) = 22> g ule — (k= p)h Zg,i u(x — (k= q)h).
k=0
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Taking Fourier transform on (2.8), we obtain

1 S « —iw(k— —tw(k— ~
FLDy, qul(w) = h_azg’g )(Ale (h=p)h 4 ), =ik q)h>u(w)
k=0
(2.9) 1
==
= (iw)® ()qu(iwh) + )\QWq(iwh))ﬁ(w),

(}\1(1 _ efiwh)oceiwhp + )\2(1 o efiwh)aeiwhq>ﬁ(w)

where

1—e"%

z

(07
r——

(2.10) W (z) = ( )ae” =1+ 2)2 +0(2%), r=p,q.

In order to have second order accuracy, coefficients A\; and Ao satisfy
{ A1+ Ay = 1,
e @
- —)A —=)A2=0
(p 2) 1+ (g 2) 2 )

which indicates that \; = 20(‘;32) and \g = ﬁ.

Denoting ¢(w, h) = F1LDy , qul(w) = F [ oo Dgul(w), then from (Z.9) and (Z.I0)
there exists

(2.11) |$(w, h)| < Ch®Jiw|**2[a(w)].

Using the condition .Z[_ ., D¢+ 2u](w) € LY (R), yields

1 N
212)  |uDiygu - —DSul =10l < 5 [ (30
T JRr
< CIF [ DI 2u](W) | 2k = O(R?). O
Remark 2.5. For the right Riemann-Liouville fractional derivative, similar to The-
orem [2.4] we can check that

2p — «
2(p - q)

o a—2q .,
(213) R’Dhmﬂu(x) = mmau(x) +

B} u(x) = - Diu(a) + O,
uniformly for € R under the conditions that u € L'(R), D% u and its Fourier
transform belong to L!(R), where p, ¢ are integers and

a _ 1 - (a)
(2.14) By ,u(z) = e ,;)gk u(z + (k—r)h).

Remark 2.6. Considering a well-defined function u(x) on the bounded interval [a, b],
if u(a) =0 or u(b) = 0, the function u(z) can be zero extended for x < a or z > b.
Then the o« order left and right Riemann-Liouville fractional derivatives of u(x)
at each point = can be approximated by the WSGD operators with second order
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accuracy
(2 1+
D2u Z g u(z — (k- p)h)
(252 g
Z g u(@ = (k= q)h) + O(h?),
(2.15) " “]+p
«Dfu(z Z 9z + (k — p)h)
A

Z 9\ u(z + (k= q)h) + O(h?),

where A\; = 20(‘1732), A2 = ﬁ.

Remark 2.7. The integers p, ¢ are the numbers of the points located on the right /left
sides of the point = used for evaluating the « order left/right Riemann-Liouville
fractional derivatives at x, thus, when employing the difference method with (Z.15)
for approximating non-periodic fractional differential equations on bounded inter-
val, p,q should be chosen satisfying |p| < 1,|q| < 1 to ensure that the nodes at
which the values of u needed in (2.I5]) are within the bounded interval; otherwise,
we need to use another way to discretize the fractional derivative when x is close to
the right/left boundary. When (p,q) = (0,—1), the approximation method turns
out to be unstable for time dependent problems. So two sets of (p,q) can be se-
lected to establish the difference scheme for fractional diffusion equations, that is,
(1,0), (1,—1), and the corresponding weights in (2.6 and ZI3) are (%, %5%) and

2

(242, 240‘). For o = 2, the WSGD operator (Z0]) is the centered difference ap-
proximation of second order derivative when (p, q) is equal to (1,0) or (1, —1); for
a =1, (p,q) = (1,0), the centered difference scheme for first order derivative is

recovered.

The simplified forms of the discrete approximations ([Z.13]) for Riemann-Liouville
fractional derivatives on grid points {x; = a +ih,h = (b—a)/n,i =1,...,n — 1}
with (p,q) = (1,0), (1,—1) are

1+1
1
oDou(z;) = e Zwk w(zi_py1) + O(h?),
(2.16) =0
1 N—i+1 (@)
+Dyu(x;) = ha Z w, " u(wis k1) + O(R?),
k=0
where
o 2—«
(pa C]) = (170)a w(()a) 29(()@), w[E;a) = 59](;1) + Tg](;i)p k Z 1a
24« 24«
(217) (pv Q) = (1, _1)a w(()a) = Tg(()(y)a wga) = nga)a
« 2 + o « «
w2 THag 2o sy
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With Lemma 23] and some calculations, we obtain the properties of the coefficients
wl(ca) in [2I6) corresponding to (p,q) = (1,0), (1, —1) as follows.

Lemma 2.8. The coefficients in [216]) satisfy the following properties for 1 <a <2,
(1) if (p,q) = (1,0),

o (e} o 2—a—a? a 04(0424—04—4)
(2.18) 1> wl™ > w® >w® > .. >0,

Zw](:‘) =0, Zw,(:‘) <0, m>2;
k=0 k=0

a) _ 2 a 2 ?
() _ 2F& () _ _Zota

wy 1 1= T<O7
3 2 _ — 2 -
wéa) _« + - da+4 -0, ’wéa) _ a2 Oé)(06é +a—238) <0,

(2.19)
1>w® > wl® >w® >wl®>... >0,

Zw,(f) =0, Zw,(f) <0, m=1orm>3.
k=0 =0

Next, we will explore the properties of the eigenvalues of the difference matrix
of [2I6) on grid points {zx = a + kh,h = (b —a)/n,k = 1,2,...,n — 1}. In the
following, we denote by H the symmetric (respectively, hermitian) part of A if A
is real (respectively, complex) matrix.

Lemma 2.9 ([2I]). A real matriz A of order n is positive definite if and only if its
symmetric part H = A+2AT 18 positive definite; H is positive definite if and only if

the eigenvalues of H are positive.

Lemma 2.10 ([21]). If A € C™*™, let H = A"‘TA* be the hermitian part of A, A*
the conjugate transpose of A, then for any eigenvalue X of A, there exists
)\min(H) S RG(A) S )\max(H)a

where Re(\) represents the real part of A, and Amin(H), Amax(H) are the minimum
and maximum of the eigenvalues of H.

Definition 2.11 ([4]). Let Toeplitz matrix T;, be of the following form:

to t-1 T to—n ti-n
ty to t-1 o tap

T,=1| : t1 i :
tn72 t,1

th1 th—2 -+ 11 to

If the diagonals {tk}z;inﬂ are the Fourier coefficients of a function f, i.e.,

1 " —ikx
ty = o f(z)e *odz,

then the function f is called the generating function of T,.

—T
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Lemma 2.12 (Grenander-Szegt theorem [3[4]). For the above Toeplitz matriz T,
if f is a 2w-periodic continuous real-valued function, denote Amin(Ty) and Amax(Th)
as the smallest and largest eigenvalues of T,,, respectively. Then we have

fmln < >\m1n( ) < /\max( ) < fmaX7

where fmin, fmax denote the minimum and maximum values of f(x). Moreover, if
Sfmin < fmax, then all eigenvalues of T, satisfy

fmln < )\( ) < fmaxa
for all n > 0; furthermore if fiin > 0, then T, is positive definite.

Theorem 2.13. Let matriz A be of the form

wga) w(()a)
w;a) wga) w(()a)
(2.20) A= W ,
wfloi)z w(()a)
o, o
where the diagonals {w,ia)}z:é are the coefficients given in (210) corresponding to

(p,q) = (1,0) or (1,-1). Then we have that any eigenvalue \ of A satisfies

(1) Re(A) =0, for (p,q) = (1,0), a =1,

(2) Re(A\) <0, for (p,g) =(1,0), 1 < a <2,

(3) Re(\) < 0, for (p,q) = (1,—1), 1 < a < 2.
Moreover, when 1 < a < 2, matriz A is negative definite, and the real parts of the
eigenvalues of matriz c; A + co AT are less than 0, where c1,co > 0,¢3 + c% 7$ 0.

Proof. We consider the symmetric part of matrix A, denoted as H = . The
generating functions of A and A7 are

w, z(k 1)x w, 7zk 1)1
Z Z

respectively. Then f(a;x) = M is the generating function of H, and
f(lasx) is a periodic continuous real-valued function on [—m, 7] since fa(x) and
far(x) are mutually conjugated.

Case (p,q) = (1,0): with the corresponding coefficients w,(ca) given by (ZTI7),
then

LIS, (@) ih—1)r o N~ (@) (k1)
f(a;x)—i(kz_%wk etk=1) +kz_:0wk e 1))

71 7’LI (@) ’Lk?:L’ 2—« - (o) ik
=3 (5 Zg 5D e
k=0
(@) 2-0 ¢ ()
i e 71kz — a) —ikz
3¢ Zg 7 o)
k=0

:% (e‘”(l — ) (1 - eT)? ) 4 : T (@ a—em)),




1710 WENYI TIAN, HAN ZHOU, AND WEIHUA DENG

Next we check f(a;z) <0 for 1 < o < 2. Since f(a;x) is a real-valued and even
function, we just consider its principal value on [0, 7]. By the formula

e — ' = 2isin (9 — ¢)6M7
we obtain
. Tna (O Q 22—« o}
(2.21)  f(a;z) = (2 51n(§)) (5 cos (5(:10 —-m) —z)+ cos (5(37 - w)))
Denoting

2 cos (%(z —)),

it is easy to prove that g(a;x) decreases with respect to a, then f(a;z) < 0. By
Lemma ZT0] and 12, Re(\) = 0 for @ = 1 as f(1;2) = 0, and f(o;2) is not
identically zero for 1 < a < 2, then we get Re(\) < 0.

Case (p,q) = (1,—1): the corresponding generating function f(«;x)

can be calculated in the following form with coefficients w,(ca) given by (Z.I7),

1 oo o ) oo o )
Flos ) =2 ( sz(c Jgilk=Dz | Z wl(c )e—z(k—l)x)
k=0 k=0

2+Of —ix «) ikx i — @) —ikx
= 3 (e Zg,g)ek +e Zg,(e)e ’“)
k=0 k=0

2-a izoo (o) Jikx 71':1:00 (o) —ikx
I G SR Oy

2+«

8

2 — . . . .
+ 2 @ (ezx(l _ ezx)a + e—m(l _ e—zx)a).

glosx) = %cos (%(IE—TF) —)+

T
of A4

(e_”(l — ) + e (1 - e—iw)a)

Next we check f(a;z) <0 for 1 < o < 2. Since f(a;x) is a real-valued and even
function, we just consider its principal value on [0, 7]. By simple calculation, we
obtain

«a

(222) flasz) = (2 sin(g))a (5 sin (%(3: — 1)) sin(x) + cos (%(z — ) cos(:z:)).

Denoting

glasx) = % sin (%(a: — 7)) sin(z) + cos (%(w — 7)) cos(z),

we can also check that g(«;x) decreases with respect to «, then

flazz) < (ZSin(g))Qg(l;x) =—(2 sin(g))asing(g) <0.
Therefore, by Lemma 210l and 2.12] we get Re(A) < 0 for 1 < a < 2.

From the above discussions and Lemma 212] we know, for 1 < a < 2, the
matrix %(A + A7) is negative definite, which implies matrix A is negative definite
by Lemma 2.9, and the symmetric part of matrix c¢; A + c2 AT is %(A + AT);
thus we obtain Re(A(c1 A + coAT)) < 0 for 1 < a < 2. O
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Remark 2.14. For the case (p,q) = (1,0) and 1 < a < 2, we can check that the
symmetric part H of matrix A in (Z20) is strictly diagonally dominant by using
Lemma 2.8 and the elements of the main diagonal of H are negative, then the
eigenvalues of H are less than zero by the Gershgorin circle theorem ([21], p. 188),
therefore, with Lemmas and 2Z7T0] we can also get Re(A(A)) < 0, and A is
negative definite.

Remark 2.15. By the same approach described in Theorem 2I3] we can verify
that the generating function of the symmetric part of difference matrix for (p, q) =
(0, —1) is not identically negative when 1 < o < 2, which leads to the instability of
the difference method to fractional diffusion equations for the same reason in the
stability analysis in Sections [3] and [4

2.2. Third order approximations. Similar to the second order approximations
for Riemann-Liouville fractional derivatives, we give a combination of three shifted
Griinwald difference operators

(2.23) Lg§7p7q7ru(x) =\ ;lwu(a:) + Ao ?L‘ﬂu(aj) + /\3A;1L7Tu(:1:),
where p, ¢, r are integers and mutually non-equal, and

_ 12gr — (6g + 6r + 1)a + 302

)\1 — )
12(qr — pq — pr + p?)
12pr — 1 2
(2.24) Ny — pr — (6p + 61 + )a—;—?)a,
12(pr — pq — qr + ¢?)
N 12pq — (6p + 6q + 1)a + 302
3 f—

12(pq — pr — qr +12)

Assuming u € L'(R), and taking Fourier transform on (Z.23)), we get

F 1005 g t)(@) = (1) (MW (icwh) + AaWo(icwh) + AWy (icwh) ) ()
(2.25)

= (iw)® (1 + O(iwh)S)ﬁ(w),

where W;(2) is defined in I0). If _ oo D2 3u and its Fourier transform belong to
L'(R), then we have

1
18 gt = D3] < o [ |F1G7 = D0l
T JR

< O Z DY ul (W) 2 h® = O(R?).

The above results can be stated in the following theorem.

(2.26)

Theorem 2.16. Let u € LY(R), _ooD23u and its Fourier transform belong to
LY(R), and the following 3-WSGD operator [Z.23)) satisfies

(2.27) LGE art(®) = o DZu(z) + O(h),
uniformly for x € R.

If u € L}(R), D% 3w and its Fourier transform belong to L' (R), we also have
(2.28) ROy, ru(@) = M By ju(z) + A By ju(x) + A3 Bj! ,u(z) = s DL u+ O(R?),

uniformly for z € R, where the operator By, is given by 2.14), and \;,i =1,2,3
are the same as (2Z24)).



1712 WENYI TIAN, HAN ZHOU, AND WEIHUA DENG

As stated in Remark 2.7 the 3-WSGD operator can be utilized for approxi-
mating Riemann-Liouville fractional differential equations on bounded domain by
the finite difference method when choosing (p,q,r) = (1,0,—1), then the corre-

sponding weight coefficients in (Z24) are A\; = %a + %aQ, Ao =1+ %a - %aQ,
A3 = —g5a + ga?. For function u(z) satisfying u(a) = u(b) = 0 on grid points

{zr =a+kh,h=(b—a)/n,k=1,...,n— 1}, the approximation matrix of ([223)
with (p,q,7) = (1,0,—1) is

(2.29)
g g a5
g g g g g
G=n| 1 g g% Sl R
T T 0 GO
a0 gl g g 9 o\ g g
0
% 0
+ A3 ; g(()a) 0
GO
9 g\ gf o

Example 2.17. We utilize the approximation (2.23)) for simulating the steady state
fractional diffusion problem

'B+a) ,

(2.30) —oDju(z) = — 5 &

z € (0,1),

with u(0) =0, u(1) =1, and 1 < a < 2. The exact solution is u(z) = 2+,

The 3-WSGD operator with (p,q,r) = (1,0,—1) is utilized for computing the
solution of Example 217 the numerical results are given in Table [l from which
the order and accuracy of the 3-WSGD operator is verified.

TABLE 1. The maximum and L? errors and their convergence rates
to Example 2.I7 approximated by the 3-WSGD operator for a =

1.1,1.9.
a=1.1 a=19
N Jju" —U"|| rate |lu™ —U"|| rate [[u"—U"|| rate |u™—U"| rate
8 9.48629E-04 - 5.92003E-04 - 3.20333E-04 - 1.59788E-04

16 1.19530E-04 2.99 7.51799E-05 2.98 2.29262E-05 3.80 1.04858E-05 3.93
32 1.50130E-05 2.99 9.47995E-06 2.99 1.58500E-06 3.85 6.71546E-07 3.96
64 1.88094E-06 3.00 1.18999E-06 2.99 1.07818E-07 3.88 4.24776E-08 3.98
128  2.35382E-07 3.00 1.49052E-07 3.00 7.27733E-09 3.89 2.67067E-09 3.99
256 2.94392E-08 3.00 1.86501E-08 3.00 4.89318E-10 3.89 1.67325E-10 4.00
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As in the above, the generating function of the symmetric part GJFQGT of the
Toeplitz matrix G is

Flasr) =(gea+ 1c0?) (€7 (1= o) 4o (1 - 7))
1 1 1 ) )
+ (5 + ﬂa _ §a2) ((1 _ ezx)a + (1 _ e—m)a)
1 ) . . )
+ ( _ %0& T EO‘Q) (em(l _ ew)a + 6711(1 _ efwc)oz>7
G+GT

r € [-m,m]. As matrix 15— is symmetric, thus f(o;z) is a real-valued and even
function, so we consider it on [0, 7] and get

flazz) = (2sm(§))a ((45—8a + Eoﬁ) cos (%(w — ) —x)
(3 + g0 got) cos (e =)
+(- 4—78a+ 1—16a2) cos (%(m — ) —I—:c))

We can check that f(«;2) is identically negative only for HT@ < a < 2, then the
real parts of the eigenvalues of matrix G are not always negative when 1 < o < 2,
so the finite difference scheme using ([2:23)) or (Z28)) for time dependent fractional

problems will not be unconditionally stable for 1 < a < HT@.

3. ONE-DIMENSIONAL SPACE FRACTIONAL DIFFUSION EQUATION

In this section, we consider the following two-sided one-dimensional space frac-
tional diffusion equation

(3.1)
Oun _ Ky D3ula,t) + Kz »Dule,t) + fa,t), (2,8) € (a,b) x (0,7],
u(z,0) = up(x), r € [a,b)],
u(a,t) = ¢q(t), u(b,t) = ¢p(t), t € 10,7,

where both , D and , Djp' are Riemann-Liouville fractional operators with 1 <a <2.
The diffusion coefficients K; and K5 are non-negative constants with K7 + K2 # 0;
if K1 # 0, then ¢,(t) = 0; if Ky # 0, then ¢p(t) = 0. Next we will discretize
the problem (BI) by the second order accurate WSGD formulae (2I6). In the
analysis of the numerical method that follows, we assume that ([BI]) has a unique
and sufficiently smooth solution.

3.1. CN-WSGD scheme. We partition the interval [a,b] into a uniform mesh
with the space step h = (b — a)/N and the time step 7 = T/M, where N, M are
two positive integers, and the set of grid points is denoted by z; = ih and ¢, = n1
for0<i<Nand0<n<M. Let t,p1/0 = (tn +tny1)/2 for 0 <n < M —1, and
we use the following notations:

1/2
ult = u(i,tn), [P = (@i tegge), Sl = (uitt —ul) /T

Using the Crank-Nicolson technique for the time discretization of (Bl leads to

n 1 o n @ n o n «@ n n
bl = 5 (Kn(wDEw)} + Ka (D5)! ! + Koo DS + Ko D§w) ™ ) = f7712 4+ 0(7%).
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In space discretization, we choose the WSGD operators LDﬁ’pﬂu(x,t) and
RDg7p7qu(:E7t) to approximate the Riemann-Liouville fractional derivatives

oDou(x,t) and ,Dgu(x,t) with second order accuracy, respectively, and (p,q) =
(1,0) or (1,—1). This implies that

(3.2)
Sult — 2(K1 LD} pqui + Ky 1D} qui ™+ Ko gD}, quf + Ko gDf , gu n+1)
_fn+1/2+€n
- Ji

70

where
(3.3) lel| < &(r% + h?).
Multiplying (B2) by 7 and separating the time layers, we have
Kyt Kot
n+1 1 n+1 2 n+1
ui+ T T LD p,qUi - 9 RDY p,qi i
(34) I K
1T o n 2T n+1/2

=i + TLDh,p,qui T ——RD} pqui +7f; + e}

Substituting Dy, ,u, rDj,, ,u by ([2.16), we obtain that

ez, . Ko Vit .
+1 1 a +1 2 a +1
U > wi e - 2he > W,
k=0 k=0
(3.5) Ko7 i+1 Kor N—i+1
1 2 +1/2
= g O+ g 2 w4 A el

Denoting U* as the numerlcal approximation of uy’, we derive the CN-WSGD
scheme for (Bj]):

i+1 N—i+1

KT Kot
n+1 1 () prn+1 2 (@) n+1
Ui - 2ha Z Uz k+1 2h Z Uz—i—k 1
k=0 k=0
(3.6) , .
i+1 N—i+1
B Kyt = ( )Un Kot y (a)U n+1/2
= i+2haz 1T e Z itk—1 T T
k=0 k=0

For the convenience of implementation, using the matrix form of the grid functions

T T
n+1/2 n+1/2 n+1/2
Un:(U]TL7U2n7"'7UJY\?—1) ) Fn:(fl /7 2 /a"'a N_1/) 9

makes the finite difference scheme ([B.6]) be described as
(3.7) (1_ %%(K1A+K2AT))U"“ - (1+ W(K1A+K2AT))U”+TF”+H",
where A is given by (2:20)) and

(3.8)
Klwéa) + ngéa) szg\?)
Klwga) Kz’wg\(,lll
T T
Hn e n n+1 o : n+1 )
e Uy + Uy )+2ha : (Ux + U
Klwg\?ll K w(a)
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3.2. Stability and convergence. Now we consider the stability and convergence
analysis for the CN-WSGD scheme (3.71)). Define

Vi = {v:v = {v;} is a grid function in {z; = ik}, and vy = vy = 0}.

For any v = {v;} € V},, we define its pointwise maximum norm

(3.9) ol = | max  fos

and the following discrete L?-norm

[[oll =

Theorem 3.1. The finite difference scheme [B.8) is unconditionally stable.

Proof. Denoting B = 57+ (K1 A+ K2 A1), the matrix form of the difference approx-

2he
imation for problem (BI) can be rewritten as
(3.10) (I-BU"™ =T+ B)U" +7F"+ H",

and the relationship between the error ¢”*! in U"*! and the error " in U" is given
by

(3.11) "t = (I - B) (I + B)e™.
If we denote A as an eigenvalue of matrix B, then % is the eigenvalue of matrix

(I — B)~Y(I + B). The result of Theorem 213 shows that the eigenvalues of matrix
BJFQBT = T(IifhtK2) (A + AT) are negative, thus Re(\) < 0, which implies that
1£2| < 1. Therefore, the spectral radius of matrix (I — B)~*(I + B) is less than
one, which yields that ((I — B)~'(I + B))" converges to zero matrix (see Theorem

1.5 in [21]). Then the difference scheme (B.6) is unconditionally stable. O

Remark 3.2. Considering the 6 weighted scheme for the time discretization of (B1]),
then the iterative matrix of the full discrete scheme is

(3.12) (I-6B) '(I+(1-0)B).
. . . . . 1H(1=0)A
If A is an eigenvalue of matrix B, then the eigenvalue of (BI2) is 1(_—9)\). As
Re(A) < 0, it is easy to check that
‘ 1+ (1-0)A
1—6X

for £ < 6 < 1. Then the 6 weighted WSGD scheme for (3 is unconditionally
stable when % <f<I1.

(3.13) ‘ <1

The following theorem shows the unconditional convergence of the scheme (3.0)).

Theorem 3.3. Let ul be the exact solution of problem BI), and U] the solution
of the finite difference scheme [B8), then for all1 < n < M, we have

(3.14) |u™ — U™ < (7% + h?),

where ¢ denotes a positive constant and || - || stands for the discrete L*-norm.
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Proof. Let el = ul! — U, and from (B.5]) and ([B.6]) we have

K K.
(3.15) (et —em) — —17-14(6"+1 +em) — —27—/1T(e”le +e") = 1e™,
2ho 2he
where
e = (ul Ul uy Uy, sun_y — UN71> &= (517527"' 75N71>

Multiplying B.I5) by h, and acting (¢! + e™)T on both sides, we obtain that

KlT
2ho¢71

(en+1 4 en)TAT(en—i-l 4 en) _ Th(6n+1 4 en)Té_n.

h(enJrl 4 en)TI(enJrl _ en) _

KQT
- 2pa-1

(en+1 +en)TA(en+1 +en)
(3.16)

By Theorem 213, A and its transpose AT both being negative definite matrices,
we get

(3.17) (et 4 emTA(e™ ™ +em) <0, (et 4+em)TAT (e +e) <0,
and from BI6) and BI7) it yields that
(3.18) le" 1P = fle™|* < rh(e™* +em)Te™ < w(lle™ ] + [l ) - [le -

Then we have

(3.19) le"* | = lle™| < rlle"]l, n>0.
Consequently,
(3.20) le" < 7Yl < e(r* +h%), n>1,
k=1
which is the result that we need. O

4. TWO-DIMENSIONAL SPACE FRACTIONAL DIFFUSION EQUATION

We next consider the following two-sided space fractional diffusion equation in
two dimensions
(4.1)
8u(g%y7t) = (KfaDg‘u(ac, Y, t) + K . Du(x, y, t))
+ (K7 eDjule,y,t) + K5 yDiu(,y,0) + f@,5,0), (2,9,8) € 2 x [0,7),

U(l’,y,O) = uO(xay)’ (1'7:'/) €Q,

u(z,y,t) = o(z,y,1), (z,y,t) € 00 x [0,T],
where Q = (a,b) x (¢,d), « DY, D§’ and D, yDg are Riemann-Liouville fractional
operators with 1 < «, 8 < 2. The diffusion coefficients satisfy KZ-‘", K, >0, 1=
1,2, (K2 + (K5)? # 0 and (K{)? + (K5 )? # 0, and the boundary function ¢
satisfies, if K™ # 0, then ¢(a,y,t) = 0; if K # 0, then (b, y,t) = 0; if K # 0,
then ¢(x,c,t) = 0; if K5 # 0, then ¢(z,d,t) = 0. We assume that (LI} has a
unique and sufficiently smooth solution.
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4.1. CN-WSGD scheme. Now we establish the Crank-Nicolson difference scheme
by using WSGD formulae (2.16]) for problem (£.1]). We partition the domain € into
a uniform mesh with the space steps hy, = (b — a)/Ng, hy = (d — ¢)/N, and the
time step 7 = T'/M, where N,, N,, M being positive integers, and the set of grid
points is denoted by x; = iths;,y; = jhy and t, = n71 for 0 <7 < N,,0 < j < N,
and 0 <n < M. Let t, 11/ = (tp +tny1)/2 for 0 <n < M — 1, and we use the
following notations:

1/2
ui; = u(rs, Yj, tn), fff 2= F@i i tngry), Owuly = (ufft —ul;)/7.

Discretizing ([4.1]) in time direction leads to

(4.2)
1

ety =5 (K D3 + K D) 4+ Ky (Dju)lft + Ky (Du)it!

+ K (oD3w)}; + K3 (Dju)i, + Ky (Dju)t; + K (,Diu)?; )
+ 200,

(e} «
ha,p,q ha,p,q

Lny g Rny pqt tO respectively approximate the fractional diffusion terms

oD2u, Dfu and Cleu, yDgu, and multiplying ([@2) by 7 and separating the
time layers, we have that

In space discretization, we choose the WSGD operators ;D u, rD u and

(4.3)
K1+T KQJFT Kt g Kyt _3 il
(1 — 5 tPhipg ~ 5 RBPhpa = 5 LD, 5 R hy,m)“m
K1+T K;T Kt s Kyt 3
= (1 + 9 Lpgmp,q + 9 RD}O{m,pyq + 9 L%hypa + 92 RDhyvpvq)uﬁj
Hrfif el
where |€';] < &(7% + h + h?) denotes the truncation error. We denote
0y = KTLD%MMJ + K;Rpgz,p,q’ 55 = Kl—LDgyw,q + K;Rpgy,p,q'
Using the Taylor expansion, we have
(4.4)
7_2 a B, n+1 n TS + a + « - B - B n+1/2
T — i) =T ((KY wDg + Ko DY)(KT oD + K3 yDiyue)

+730(1? + hi + h;)

Adding formula ([@4) to the right-hand side of ([@3) and making the factorization
leads to

T T ,6 n+1 _ T T B n+1/2
(4.5) (1 - 55;) (1 - 5511)% = (1 + 55;;) (1 + §5y)u;§j i e,

where €7, = &', + O(7?). Denoting by U"; the numerical approximation to u;;,
we obtain the finite difference approximation for problem (@I)):

(4.6) (1 - gag)(1 _ %65)@};1 _ (1+ 555) (1+ %5@% Y

2}
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For efficiently solving (@8], the following techniques can be used.
Peaceman-Rachford ADI scheme [I8]25]:

_ Iy = Ts8\un. 4 T pri1/2
(4.72) (1 251)% (1 + 26y)Um + S f
T B n+1l _ T ca n T n+1/2
(4.7b) (1- 5o ot = (14 Joe) vy + 2o 2.
Douglas ADI scheme [7]:
T @ n T @ n n 2
(4.8a) (1 - 5@)1@ = (1 + 507 + 765)Ui7j T2
T B8 +1 _ ymn T Brrn
(4.8b) (1- 5o urt = vy = 20
D’Yakonov ADI scheme [25]:
T (o4 n T (o4 T n n+1/2
(4.92) (1 - 5595)% - (1 + 5595) (1 + 555)112”. +rf?
T B n+1 _ n
(4.9D) (1-Zo0 ot = vin.
A simple calculation shows that
(4.10)
T3 « n T3 o o — — n
ORI = (K aDE 4 K DY) (KT DY+ K5 Do) 1 4700+ 1),

Then from ([@3) and @I0), it yields that

(1- %53) (1- %55)“3? = (1+ %agg) (1+ %55)%

(4.11) 3
n+1/2 T ca B pn+1/2 ~n
+Tfiy T Z‘Sx‘syfi,j + T
where
~n ___n 212 212
(4.12) & =¢i; +O(T°hy +7°hy).

Eliminating the truncating error and denoting U;"; as the numerical approximation
of ul., we have

0,57
(- 5o) 0o = (4 G 0o G

3
.
+rfi 15355 PR

(4.13)

Introducing the intermediate variable V,*

i, we obtain the locally one-dimensional
(LOD) scheme mentioned in [221[29],

(4.142) (1-Fos vy = (14300 )ury + 5 (1+ 500 ) £%
b (e - (o g 5 )

4.2. Stability and convergence. Now we consider the stability and convergence
analysis for the CN-WSGD scheme ({.0]). Define the sets of the index of the interior
and boundary mesh grid points in domain [a, b] X [, d], respectively, as
Ap={(,5):1<i<N,—-1,1<j<N,—1},
0Ny ={(4,5) 11 =0,Ny50 < j < Ny pU{(4,5) : 1 <i < N, — 1;5 =0, N, }.
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For any v = {v;} € V}, we define its pointwise maximum norm and discrete L?
norm, respectively, as

_1N —1
(4.15) lolloo = max foigl, ol = | By Sy
. =1 j=1

where
Vi ={v:v=1{v;;}is a grid function in A, UOA}, and v; ; =0 on OA,}.
In the following, we list some properties of Kronecker products of matrices.

Lemma 4.1 ([I1]). Let A € R™*™ have eigenvalues {\;}1_,, and B € R™*™ have

eigenvalues {ﬂj};n:r Then the mn eigenvalues of A ® B, which represents the

Kronecker product of matriz A and B, are

ALy v ey A my A2MT 5+ - o s A2fbimy s Apfbls - « - 5 Ay fhym -
Lemma 4.2 ([I1]). Let A€ R™*™", B € R™** C € R"*?, D € R***. Then
(4.16) (A® B)(C ® D) = AC ® BD (€ R™*Pt),

Moreover, if A,B € R"*™ I is a unit matriz of order n, then matrices I ® A and
B ® I commute.

Lemma 4.3 ([I1]). For all A and B, (A® B)T = AT @ B™.

The theoretical stability and convergence analysis of the designed numerical
scheme for two-dimensional problem are given by the following theorems.

Theorem 4.4. The difference scheme ([L0) and (EI3) are unconditionally stable
forl<a,p <2.

Proof. We represent the discrete functions U;"; and f"+1/ ? into vector forms with

ur :(u?,h ug,h e au?\fz—l,la u?,Za 113727 e auNz—l,Za T
T
urll,Nyfla ug,Nyflv T ’u%wfl,Nyfl) )
/2 7(f7l+1/2 n+1/2  endl/2 ent+1/2 endl/2 0 entl/20
—\J1,1 »J2,1 ’ )/ Ny—1,10J1,2 1 J2,2 ’ Ny —1,2) )
n+1/2 n+1/2 n+1/2 T
1,Ny,—1J2,N,—1>"" "> N,,—l,Ny—l) )
and denote
(4.17) D _ KT I, ® A, +K+ I,® AL, D, —K1 Ag® I, + ;TAT®I
e = oha 2ho B P onf 0T
where the symbol ® denotes the Kronecker product, I, and I, are unit matrices of
(N, — 1) and (N, — 1) squares, respectively, and matrices A, and Ag are defined

in (Z20) correspondmg to a, 3, respectively.
From the difference scheme ([@6]) and ([£I3]), we have the relationship between
the error e"*! in U"*! and the error e” in U™ as

(4.18) et = (1=D,) (I =D,) " (I+D,)(I+D,)e"

where I is the unit matrix of (N, — 1) x (N, — 1) squares. Using Lemma [£.2] we
can check that D, and D, commute7 ie.,

7_2

(4.19) D,D, =D,D, = W(K LA+ Ky AR) @ (KT Aq + K5 AY).
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Thus ([@I8) can be rewritten as
(4.20) "= ((1-p,) ' (1+D,)) (1-D) (14 D)) .
We can also calculate the symmetric parts of D, and D, by Lemma 3] as

D, +DF (K} +K2+)TI (Aa +A3)
) )

2 2he 2
Dy, +Dy (K +Ky)r (AB +Ag>
2 B 2h] 2 o

. Ay +AT Ag+A} .
From Theorem ZT3] the eigenvalues of =25—== and ——— are all negative when

1 < a,8 < 2. Defining A, and Mg as an eigenvalue of matrices D, and D,,
respectively, then it yields from the consequences of Lemma 210l and E.] that the
real parts of A\, and Ag are both less than zero. Since (1 + A,)/(1 — Ay) and (1 +
Ag)/(1—M\g) are eigenvalues of matrices (I —D,)~}(I+D,) and (I —D,) 1 (I+D,),
respectively, thus the spectral radius of each matrix is less than 1, which follows
that (I — D,)"'(I +D,))" and ((I — Dy)~*(I + D))" converge to zero matrix
(see Theorem 1.5 in [21]). Therefore the difference scheme (6] is unconditionally
stable. O

Remark 4.5. For the similar reason described in Remark and the proof of The-
orem [£.4] we conclude that the WSGD scheme with 6 weighted scheme for the time
discretization for (@) is unconditionally stable when £ < 6 < 1.

Lemma 4.6. Let D, and D, be defined in [EIT), then

I = Do)~ (I =Dy) Iz <1,

(1 - Dw)_l(I+Dv)H2 <1 y=uy,
where || - ||2 denotes the 2-norm (spectral norm,).

Proof. From Theorem ZT3land Lemma[.T] we know that D, +D; and D, +D, are
negative semi-definite and symmetric matrices. Then for any v € R(N=—1)x(Ny=1)

we obtain that

v <oT(I - 'D,?)(I —Dy)v, y=2x,v.
Substituting v and v* by (I — D,)"'v and v (I — ’D,?)_l7 respectively, for any
v e RWNe=Dx(Ny=1) " e get

v (1 — D3)71(I -D,)) v <oy, vy =2,y
Thus, it leads to

I(I = Dy)~ |2 = sup
v#0

oT(I —=DIY-1(I -D,)" v
\/ FYUT,U . §177:xay
Consequently,

I(I = D)™ H (I = Dy) Hl2 < I = Do)l = Dy) 2 < 1

holds.
Since D, + D} and D, + D;/F are negative semi-definite and symmetric, for any
v e RWe—Dx(Ny=1) e have

v (I +D))I +Dy)v<v'(I-DJ)I—Dy)v, vy =1,y.
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By choosing vector (I — D.)~ v, we have that for any v € R(N=—1)x(Ny—1)
(I -D)) I+ D))+ D)) —Dy) v < vy, y=m,y.
As (I -D,)"'(I+D,)=I+D,)(I—D,) ", then it yields that
(I =D) YT +D.)|l2 = |(I+D)(I —Dy) 2

\/vT(I—D;f)1(I+D$)(I+D7)(I—D7)1v - -

T’U -

)

= sup

v#0 v

Theorem 4.7. Let uj'; be the exact solution of @I with 1 < «,8 <2, and U},
the solution of the difference scheme ([8), then for all 1 <n < M, we have

(4.21) [u™ = U™|| < (7 + b3 + h),
where ¢ denotes a positive constant and || - | stands for the discrete L?-norm.
Proof. Let e}, = uj'; — UJ';, subtracting ([3) from (£0) leads to
(4.22) (I=D,)(I-Dy)e"*" = (I +D,)(I+Dy)e" +7E",
where D,, and D, are given in (@I7) and
e=(e1,1,€21," "+ ,EN,—1,1,€1,2,€22, " ,EN,—1,2, "
€1,N,—1,€2,N, —1," " ;eNm—l,Ny—l)Ta
& :(61,1,52,1, 5 EN,—-1,1,€1,2,€22,° " EN,—1,2,"""
€1,Ny,—1,€2,N,—1," " ;5Nw—1,Ny—1)T~

Since D, commutes with Dy, denoting P = (I —D,) -1 (I-Dy) -1 (I+D,)(I+Dy),
it yields that

(4.23) et = Pe 4 7(I-D,)  (I-D,) &

Replacing n by k and iterating for all 0 < k < n—1 and taking the discrete L?-norm
on both sides, we have that
(4.24)

n—1 n—1
e < 7= D) (T =Dy) o 3 IPH - e K < 7 S 1Pl
k=0 k=0
where Lemma L6 shows that ||(I — D,)~'(I — D,) 1|2 < 1.
Since D, and D, commute, matrix P can be rewritten as

(4.25) P=(I-D,) "(I+D;)I-Dy) "(I+D,).

We then obtain from Lemma that

(4.26) IPll2 < [I( = Do) ™I + Da)ll2ll(1 = Dy)~H(I + Dy)ll2 < 1.

Then for any 1 < k < M, ||P*|ly < ||P||5 <1 holds. Now we can get that
n—1

(4.27) le™| < 7Y IEX < e(® + h2 + hY). O
k=0

The convergence result for scheme ([@I3]) can also be obtained by the similar way
as above.
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5. NUMERICAL EXAMPLES
5.1. One-dimensional case.

Example 5.1. Consider the following problem
ou(zx,t)
ot
with the boundary conditions

w(0,t) =0, u(l,t)=e"" t€]0,1],

(5.1) =oD%u(z,t) —e (2" + (24 a)z), (z,t) €(0,1) x (0,1],

and initial value
u(z,0) =2, 2 €[0,1].
Then the exact solution of (G.1)) is u(z,t) = e tolTe.

In Table[ we present the maximum and L? errors at ¢t = 1 and the corresponding
convergence rates to Example 5.1] approximated by the CN-WSGD scheme (3.6)
with different space step sizes. The second order accuracy in space is verified for
the problem (B with only left Riemann-Liouville fractional derivative, and the
numerical results show that the scheme ([3.6]) also performs efficiently for a near 1.

TABLE 2. The maximum and L? errors and their convergence rates
to Example B approximated by the CN-WSGD scheme at ¢t = 1
for different o with 7 = h.

(p,q) = (1,0) (p,g) = (1, -1)
a N |u™ — UM rate [u™M —UM| rate |[uM —UM|o rate |u™M —UM|| rate
1.1 16 6.65881E-05 - 3.61993E-05 - 9.07705E-04 - 9.88412E-05 -

32 1.54190E-05 2.11  8.91288E-06  2.02 2.28231E-04 1.99 1.69497E-05 2.54
64 3.59204E-06 2.10 2.20864E-06 2.01 5.54453E-05 2.04 3.18905E-06 2.41
128 8.38779E-07 2.10 5.50064E-07 2.01 1.32272E-05 2.07 6.62381E-07 2.27
256 2.07953E-07 2.01 1.37309E-07 2.00 3.12360E-06 2.08 1.49541E-07 2.15
512 5.19919E-08 2.00 3.43071E-08 2.00 7.33195E-07 2.09 3.55944E-08 2.07
1.5 16 6.17157E-05 - 8.80121E-06 - 3.88221E-04 - 3.91200E-05 -
32 1.25568E-05 2.30 2.30799E-06 1.93 7.85T48E-05 2.30 5.04830E-06 2.95
64 2.47412E-06 2.34 6.07043E-07 1.93 1.54572E-05 2.35 7.43659E-07 2.76
128 4.76404E-07 2.38 1.56527E-07 1.96 2.97507E-06 2.38 1.49956E-07 2.31
256 9.01282E-08 2.40  3.97926E-08 1.98 5.62846E-07 2.40 3.72282E-08 2.01
512 1.93161E-08 2.22 1.00351E-08 1.99 1.05033E-07 2.42  9.60334E-09 1.95
1.9 16 1.63058E-05 - 2.27814E-06 - 6.02603E-05 - 7.78084E-06 -
32 2.49190E-06 2.71  6.49029E-07 1.81 9.23273E-06 2.71  9.04790E-07 3.10
64 4.93027E-07 2.34 1.81207E-07 1.84 1.35841E-06 2.76  1.49823E-07 2.59
128 1.27340E-07 1.95 4.81095E-08 1.91 1.94436E-07 2.80 4.02142E-08 1.90
256 3.23580E-08 1.98 1.24022E-08 1.96 3.06615E-08 2.66 1.12278E-08 1.84
512 8.15631E-09 1.99 3.14892E-09 1.98 7.93775E-09 1.95 2.99226E-09 1.91

Example 5.2. Consider the problem

gégiz=0D3Mw¢)+zD?uuaw+aﬂx¢L (z,t) € (0,1) x (0,1],

(5:2)  w0,t) =u(1,t) =0, telo,1],
u(z,0) =231 —2)3%, =x€(0,1],
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with the source term

flz,t) = —e*t<x3(1 —z)3 +

By simple evaluation, the exact solution of (5.2 is u(x,t)

s (7 4 (1= 2))
—3%(:&—“ +(1—2)"?)
+3%(z5°‘ +(1—2)>)
_%(xw )]

=e 'z3(1 — )3
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Table [ shows the maximum and L? errors at ¢ = 1 and the corresponding
convergence rates to Example (2] obtained by the CN-WSGD scheme (3.6]) with
different space step sizes. We can observe that CN-WSGD scheme ([B6) with the
two cases (p,q) = (1,0) and (1, —1) is also very efficient for the problem with two
sided Riemann-Liouville fractional derivatives, and second order accuracy in space

is achieved.

TABLE 3. The maximum and L? errors and their convergence rates
to Example approximated by the CN-WSGD scheme at ¢ = 1
for different a with 7 = h.

(p,9) =(1,0)

(p,@) =(1,-1)

«a N |uM —UM| o rate |JuM —UM|| rate |[uM —UM|o rate [[u™ —UM| rate
1.1 16 1.21351E-04 - 6.87244E-05 - 1.04202E-04 - 5.49761E-05 -
32 3.10400E-05 1.97 1.75798E-05 1.97 4.32767E-05 1.27  2.00595E-05 1.45
64 7.93983E-06 1.97 4.47207E-06 1.97 1.48399E-05 1.54 7.42486E-06 1.43
128 2.01674E-06 1.98 1.12995E-06  1.98 4.19788E-06 1.82 2.23601E-06 1.73
256 5.08051E-07 1.99 2.84150E-07 1.99 1.10967E-06 1.92 6.11319E-07 1.87
512 1.27511E-07 1.99 7.12580E-08 2.00 2.84899E-07 1.96 1.59692E-07 1.94
1.5 16 2.03009E-04 - 5.46438E-05 - 2.99388E-04 - 8.57787E-05 -
32 4.52559E-05 2.17 1.37190E-05 1.99 7.90624E-05 1.92 2.31127E-05 1.89
64 1.13225E-05 2.00 3.45401E-06 1.99 2.01483E-05 1.97 6.01008E-06 1.94
128 2.83579E-06 2.00 8.67756E-07 1.99 5.08147E-06 1.99 1.53528E-06 1.97
256 7.09655E-07 2.00 2.17555E-07  2.00 1.27542E-06 1.99 3.88274E-07 1.98
512 1.77509E-07 2.00 5.44715E-08 2.00 3.19447E-07 2.00 9.76542E-08 1.99
1.9 16 2.02959E-04 - 3.60448E-05 - 2.35899E-04 - 4.37067E-05 -
32 4.57927E-05 2.15 8.97441E-06 2.01 5.44882E-05 2.11  1.10506E-05 1.98
64 9.36312E-06 2.29  2.23928E-06 2.00 1.13848E-05 2.26 2.77301E-06 1.99
128 2.03859E-06 2.20 5.59714E-07  2.00 2.55286E-06 2.16  6.94607E-07  2.00
256 5.08948E-07 2.00 1.39944E-07 2.00 6.35234E-07 2.01 1.73827E-07 2.00
512 1.27160E-07 2.00 3.49898E-08 2.00 1.58420E-07 2.00 4.34792E-08 2.00

Example 5.3. Consider the
du(z,t)
ot

(5.3)

following variable coefficients problem:

= z%Diu(z,t) + (1 — 2)*, Dfu(z,t)

+ fz,t),  (x,t) € (0,1) x (0, 1],
u(l,t) =0, te]l0,1],
(1 —2)% x€l0,1],
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with the source term

flz,t) = —e*t(xB(l —z)3 + %(CE?’ +(1- 3:)3) - 3%(1:4 +(1- x)4)
I'(6) I'(7)

+3m(x5 +(1-2)%) — m(m6 +(1— x)6)).

By simple evaluation, the exact solution of (53)) is u(z,t) = e fa?(1 — z)3.

The numerical results for the variable coefficients problem in Example B3] are
listed in Table[d] including the maximum and L? errors at ¢ = 1 and the correspond-
ing convergence rates. From Table [ second order accuracy in space is observed,
which indicates the discretization formulae (ZTI6) with (p,¢) = (1,0) and (1,-1)
for the Riemann-Liouville fractional derivatives can also be efficient for designing
finite difference scheme for some variable coefficients fractional problems.

TABLE 4. The maximum and L? errors and their convergence rates
to Example (23] approximated by the CN-WSGD scheme at ¢t = 1
for different o with 7 = h.

(p,a) = (1,0) (p,g) =1, -1
N |uM —UM| o rate |Ju™M —UM|| rate |[uM —UM|o rate [[u™ —UM| rate
1.1 16 1.77123E-04 - 7.32001E-05 - 3.95613E-04 - 1.92219E-04 -

32 4.47870E-05 1.98 1.76184E-05 2.05 9.75763E-05 2.02  4.11452E-05 2.22
64 1.08962E-05 2.04 4.36356E-06 2.01 2.43654E-05 2.00 1.00363E-05 2.04
128 2.66784E-06 2.03 1.08906E-06 2.00 6.10991E-06 2.00 2.51523E-06 2.00
256 6.67126E-07 2.00 2.72235E-07 2.00 1.53026E-06 2.00 6.31764E-07 1.99
1.5 16 1.88510E-04 - 6.18902E-05 - 3.56874E-04 - 1.30433E-04 -
32 4.48741E-05 2.07 1.46628E-05 2.08 8.32954E-05 2.10 2.80619E-05 2.22
64 1.10524E-05 2.02 3.61334E-06  2.02 2.02076E-05 2.04 6.65178E-06 2.08
128 2.74933E-06 2.01  8.99424E-07 2.01 4.98975E-06 2.02  1.63398E-06 2.03
256 6.86120E-07 2.00 2.24518E-07  2.00 1.24092E-06 2.01 4.05976E-07 2.01
1.9 16 1.61881E-04 - 4.02897E-05 - 1.79407E-04 - 5.75044E-05 -
32 3.43080E-05 2.24 9.58213E-06 2.07 4.06728E-05 2.14 1.27751E-05 2.17
64 7.72475E-06 2.15 2.35289E-06 2.03 9.30708E-06 2.13  3.02268E-06 2.08
128 1.91676E-06 2.01 5.83977E-07 2.01 2.34573E-06 1.99 7.37420E-07 2.04
256 4.80573E-07 2.00 1.45527E-07 2.00 5.92611E-07 1.98 1.82315E-07 2.02

5.2. Two-dimensional case.

Example 5.4. The following fractional diffusion problem

ou(z,y,t . . . .
% = 0Dz %u(@,y,1) + o Dy u(@, y, t) + oDy “ul@, y, 1) + D *ul, y,1) + f(@,y,1)
is considered in the domain Q = (0,1)? and ¢t > 0 with boundary conditions

u(x,y,t)|ag = 0 and the initial condition u(z,y,0) = 23(1 — 2)3y3(1 — y)3, where
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the source term

ey, t) == | (+* (1 - 2)’y* (1))

+ (Fa @+ =2 = ZO 24 (- )
+ %(68) (a® + (1 - 2)*) - %78)) (@ + (1= 2)"%))y’ (1 - )’
+ (% (" +1-y'?) - %(52)) (v + 1 -9

Then the exact solution of the fractional partial differential equation is u(z,y,t) =
e 'z’ (1 — )’y (1 —y)°.

We use four numerical schemes: LOD (£14), PR-ADI ({@.7)), Douglas-ADI (4.8)
and D’yakonov-ADI (Z3), to simulate Example 4] the maximum and L? errors
and their convergence rates to Example [5.4] approximated at ¢ = 1 are listed in
Table Bl where N = N, = N,, and p, ¢ are the shifted numbers of the WSGD
operators. From the numerical results, three ADI schemes obtain more accurate
solution than the LOD scheme, and it also reflects that the three ADI schemes are
equivalent in two dimensional case.

TABLE 5. The maximum and L? errors and their convergence rates
to Example 5.4l approximated at t = 1 with 7 = hy = hy,.

(p,a) = (1,0) ®a) =1, -1)

Scheme N |uM —UM| o rate [[uM —UM| rate |uM —UM| o rate |uM —UM| rate

8 4.49810E-05 - 1.36781E-05 - 4.81859E-05 - 1.50257E-05 -
16 1.16951E-05 1.94 3.68935E-06 1.89 1.21720E-05 1.99 3.77002E-06 1.99
LOD 32 2.94559E-06 1.99 9.40245E-07 1.97 3.11386E-06 1.97 9.74178E-07 1.95
64 7.36186E-07 2.00 2.36472E-07 1.99 7.84850E-07 1.99 2.47973E-07 1.97
128 1.83637E-07 2.00 5.92494E-08 2.00 1.96486E-07 2.00 6.25130E-08 1.99

8 6.43195E-06 - 1.95007E-06 - 6.44770E-06 - 2.05016E-06 -
16 1.54712E-06 2.06 4.84833E-07 2.01 2.04790E-06 1.65 6.06100E-07 1.76
PR-ADI 32 3.83522E-07 2.01 1.21460E-07  2.00 5.56723E-07 1.88 1.69028E-07 1.84
64 9.57751E-08 2.00 3.04854E-08 1.99 1.44070E-07 1.95 4.50482E-08 1.91
128 2.39462E-08 2.00 7.64237E-09 2.00 3.65748E-08 1.98 1.16567E-08 1.95

8 6.43195E-06 - 1.95007E-06 - 6.44770E-06 - 2.05016E-06 -
Douglas- 16 1.54712E-06 2.06 4.84833E-07 2.01 2.04790E-06 1.65 6.06100E-07 1.76
ADI 32 3.83522E-07 2.01 1.21460E-07  2.00 5.56723E-07 1.88 1.69028E-07 1.84
64 9.57751E-08 2.00 3.04854E-08 1.99 1.44070E-07 1.95 4.50482E-08 1.91
128 2.39462E-08 2.00 7.64237E-09 2.00 3.65748E-08 1.98 1.16567E-08 1.95

8 6.43195E-06 - 1.95007E-06 - 6.44770E-06 - 2.05016E-06 -
D’yakonov- 16 1.54712E-06 2.06 4.84833E-07 2.01 2.04790E-06 1.65 6.06100E-07 1.76
ADI 32 3.83522E-07 2.01 1.21460E-07  2.00 5.56723E-07 1.88 1.69028E-07 1.84

64 9.57751E-08 2.00 3.04854E-08 1.99 1.44070E-07 1.95 4.50482E-08 1.91
128 2.39462E-08 2.00 7.64237E-09 2.00 3.65748E-08 1.98 1.16567E-08 1.95

6. CONCLUSION

The paper provides the novel second order approximations for fractional deriva-
tives, called the weighted and shifted Griinwald difference operator; it also suggests
a direction to gain higher order discretization and compact schemes of fractional
derivatives, e.g., [3I]. The discretizations are used to solve one- and two-dimensional
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space fractional diffusion equations; several numerical schemes are designed, their
effectiveness are theoretically proved and numerically verified.
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