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LACUNARITY OF SELF-SIMILAR AND
STOCHASTICALLY SELF-SIMILAR SETS

DIMITRIS GATZOURAS

ABSTRACT. Let K be a self-similar set in R?, of Hausdorff dimension D, and
denote by |K ()| the d-dimensional Lebesgue measure of its e-neighborhood.
We study the limiting behavior of the quantity e~ (#=P)|K(e)| as € — 0. It
turns out that this quantity does not have a limit in many interesting cases,
including the usual ternary Cantor set and the Sierpinski carpet. We also study
the above asymptotics for stochastically self-similar sets. The latter results
then apply to zero-sets of stable bridges, which are stochastically self-similar
(in the sense of the present paper), and then, more generally, to level-sets of
stable processes. Specifically, it follows that, if K} is the zero-set of a real-
valued stable process of index « € (1,2], run up to time ¢, then e~/ | Ky(e)|
converges to a constant multiple of the local time at 0, simultaneously for all
t > 0, on a set of probability one.

The asymptotics for deterministic sets are obtained via the renewal theo-
rem. The renewal theorem also yields asymptotics for the mean E[|K(¢)|] in
the random case, while the almost sure asymptotics in this case are obtained
via an analogue of the renewal theorem for branching random walks.

1. INTRODUCTION

Consider the following construction of a Cantor set on the real line. Start with
the unit interval I = [0, 1] and divide it into n > 3 equal subintervals, each of
length » = n~!. Let N be an integer with 1 < N < n and keep any N of the
n subintervals I; = [in™%, (i + 1)n~1], say IL,...,I;y, and discard the remaining
ones. Next divide each of the intervals I;, kept in the first step into n equal
sub-subintervals, of length 2 = n~2 now, and keep only N of these within each
I;,, always according to the same pattern as in the first step of the construction.
Continuing ad infinitum, this construction leads to a Cantor set K on the line,
of Hausdorff and Minkowski (or box) dimension equal to log, N. Alternatively,
K= {ZTO xjn_j 1T € {’il, .. ,iN}}.

Now consider two particular cases, both with r = 1/16 and N = 4, but different
patterns. For the first construction keep the two leftmost and two rightmost of the
subintervals in each step. For the second construction use the pattern in which the

four subintervals kept are uniformly spread out; i.e., we keep the 1St, 6th, 11th

and 161, In both constructions the limit set has dimension D = % but according
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FIGURE 1. Two Cantor sets with D = %

to Mandelbrot ([T9], page 313) these two limit sets look quite different (see Figure
M): the outcome of the first construction looks like a ‘few points’, hence ‘mimics
the dimension D = (’, while the outcome of the second construction looks like a
‘full interval’ and hence ‘mimics the dimension D = 1’. He calls the set of the first
construction a set of ‘high lacunarity’ and the set of the second construction a set
of ‘low lacunarity’.

In an attempt to give a numerical measure for lacunarity Mandelbrot considers
the length of the e-neighborhood, |K(¢)|, of the limit set K. It is well known that
|K(€)| = €'~ in the sense that

log|K (o)

=1-D
e—0 loge

giving the Minkowski or box dimension D of K. Mandelbrot observes that in ‘many’
cases one has the stronger relation |K(€)| ~ Le! =P in the sense that the ratio of
the two sides tends to 1 as € — 0; he calls L the ‘prefactor’ and proposes L~! as a
numerical measure of lacunarity, provided of course it exists.

To put it in a different way: the asymptotic ratio of the logarithms of |K ()|
and € gives some crude information about K, relating only to its dimension; by
considering the more delicate direct ratio |K(€)|/e!~P one hopes to capture more
refined information about K, also relating to its finer topological structure.

In this paper we give sufficient conditions for L to exist, i.e., for e~ (@=P)| K (¢)|
to converge to a limit as ¢ — 0, for self-similar sets K C R% by self-similar
here we mean both strictly self-similar and stochastically self-similar sets, i.e.,
random sets which are only self-similar at the level of distributions. As a mat-
ter of fact, for such K, we obtain exact asymptotics for |K(e)| as ¢ — 0. It
turns out that lim. e~ (“=P)|K (€)| does not exist in many interesting cases, like
for example the usual ternary Cantor set (see section 4.1). However, the limit
limy oo 771 fOT eld=DI K (et)|dt always exists for self-similar sets and one may
use this quantity instead as a measure of lacunarity, if one is to summarize this
information into a single number (compare with Bedford and Fisher [1]). We stress
that our aim is to prove results on existence; the question of whether the proposed
quantities are ‘good measures of lacunarity’ is a different issue, requiring separate
investigation.

We remark in passing that the asymptotics of | K (e€)| are also directly related to
the concept of ‘Minkowski measurability’. A compact set K C R?, of Minkowski
dimension D, is Minkowski measurable precisely when e~ (¢~P)|K(¢)| has a limit
L € (0,00), as € — 0; L is then the Minkowski content of K in this context. (Thus
Mandelbrot defines lacunarity as the reciprocal of Minkowski content, when this is
defined.) Minkowski measurability and Minkowski content have attracted interest
in recent years, because of the central role they play in a conjecture of Lapidus
([14]), and related work of Lapidus and Pomerance ([15], [I6]), pertaining to the
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Weyl-Berry conjecture on the distribution of the eigenvalues of the Laplacian, on
domains with ‘“fractal’ boundaries[]

Our main tool for studying the aforementioned asymptotics for |K(€)| is the
renewal theorem from probability theory and one of the objectives of this paper
(besides obtaining the results themselves) is to emphasize the suitability of renewal
theory as a tool in the study of self-similar sets. The first application of the (stan-
dard) renewal theorem to (strictly) self-similar sets is due to Lalley, who applied
it in [12] to obtain the exact asymptotics for the packing and covering functions of
such sets. Later, in [13], he used similar methods for fractals with some approz-
imate self-similarity, such as limit sets of Kleinian groups; for the results of the
latter paper he actually had to develop suitable analogues of the standard renewal
theorem. We stress the fact that in both papers of Lalley mentioned above and also
in section 2 of the present paper, pertaining to strictly self-similar sets, the renewal
theorem is applied to study deterministic sets. One can use similar methods for
stochastically self-similar sets and this is done in section 3 below. Results which
hold in mean, for such random sets, are obtained by use of the ordinary renewal
theorem, while almost sure results are obtained via an analogue of the renewal
theorem for branching random walks, due to Nerman ([22]).

The rest of the paper is organized as follows. In section 2 we deal with strictly
self-similar sets; the main results there are Theorem 23] and its companion, Theo-
rem 4. In section 3 we deal with stochastically self-similar sets. In particular, in
subsection 3.1 we describe the kind of random sets we are considering and state the
main results concerning them, Theorems [B.1] and In subsection 3.2 we state
Nerman’s theorem in the language of branching random walks and in 3.3 we give
the proof of Theorem Bl Subsection 3.4 deals with ‘mean convergence’ and in
subsection 3.5 we prove Theorem Finally, in section 4 we discuss some ex-
amples and applications. One of them pertains to level-sets of stable bridges and
stable processes, for which e~ (?=P)| K, (¢)| converges and the limit is local time at
0; here K, is the zero-set of the process, run up to time ¢, and the convergence
holds simultaneously for all ¢ > 0, on a set of probability one (Theorem E1). We
thus reprove a result which follows directly from results of Fristedt and Taylor ([9]).
(Our proof, however, does not assume a priori existence of local time and we thus
obtain local time as originally envisaged by P. Levy.)

After proving Theorem 23] (deterministic sets), we learned of Falconer’s paper
[7, which also contains versions of Theorem 23 (i), but with the additional as-
sumption that K is totally disconnected. He also uses renewal theorems, but his
approach is, to a certain extent, different than ours. We decided to include Theo-
rem[2:3 here because: 1) it covers basic examples, like e.g. the von Koch snowflake
or the Sierpinski carpet, which Falconer’s result does not; 2) its proof conveys the
basic idea of the approach better, as it lacks certain technicalities which are present
in the random case.

Acknowledgments. The author wishes to thank B. Mandelbrot, Y. Peres, who drew
his attention to the problem, by pointing out that ¢~ (*=)|K(¢)| does not have a

INote added in proof: After submitting the final version of this paper we also learned of
[26]; conjectures 3 and 3r there relate directly to the results in this paper and the conjecture in
section 5.
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limit, as € — 0, for the usual ternary Cantor set, and S. Lalley, who had indepen-
dently obtained a renewal theorem for branching random walks, and from whom
the author first heard about such a theorem.

2. STRICTLY SELF-SIMILAR SETS

2.1. Background and statement of results. Let {¢1,...,¢n} be a finite set
of similarities of RY; i.e., each ¢; satisfies

|6i(2) = ¢i()| =rile —y| YV ax,yeR?,

for some constant r;. Assume 0 < r; < 1, for each i € {1,...,N}, i.e., each ¢; is a
contraction, and let D be the unique real number for which
N

(2.1) dorP =1

A well known result of Hutchinson ([10]) asserts that there exists a unique nonempty

compact subset K of R? which is invariant with respect to {¢1,...,én}, i.e.,
N

(2.2) K =] ¢i(K).
i=1

The set K is then a (strictly) self-similar set and is in many cases a ‘fractal’.
The examples in the introduction, which include the usual ternary Cantor set,
the von Koch snowflake and the Sierpinski carpet, all arise in this manner (see
[10]). We may, for example, obtain the ternary Cantor set by taking ¢1,¢2 : R —
R, ¢1(z) = x/3, ¢2(x) = ©/3 +2/3. For the von Koch snowflake we may take
&1, .., ¢4 : RZ — R?, where ¢; is the unique similarity, with positive determinant,
mapping the interval A;As to A;A;+1 in Figure 2. In both cases, K may then be
visualized as (formally, the limit is in the Hausdorff metric)

K=1lim [J ¢io0...00:([0,1]).

n—oo
L15..- 50

Given a set of contracting similarities {¢1,...,dn}, one says that {¢1,... ,én}
(or the corresponding invariant set K) satisfies the open set condition, if there exists
a bounded open set G in R? with the properties

¢:(G) C G foreach i€ {1,...,N};
¢i(G) N ¢;(G) = 0 whenever i # j.

It is well known (see [10], [12], [21]) that if {¢1,...,dn} are contracting simi-
larities, with contraction ratios r1, ... ,rn respectively, satisfying the open set con-
dition, then the corresponding invariant set K has both Hausdorff and Minkowski
dimensions equal to the unique solution D of equation (21)); this D is also referred

AB (%aﬁ)
Al AQ A4 A5
(0,0) (3,0) (3,0) (1,0)

FIGURE 2. One step in the construction of the von Koch snowflake.



LACUNARITY OF SELF-SIMILAR SETS 1957

to as the similarity dimension of K. Furthermore, 0 < Hp(K) < oo, where Hp
denotes D-dimensional Hausdorff measure.

Notation 2.1. Given an arbitrary compact set F' C R? we will denote by F(e) its
e-neighborhood,

F(e) :={z e R? : dist(z, F) < €}.

Lebesgue measure—always d-dimensional in this paper, as the dimension of the
underlying space—will be denoted by | |. With these notations |K (¢)| is the length,
area, volume, etc. of the e-neighborhood of K.

Notation 2.2. Given A > 0 we write \Z :={... , =2\, =X, 0,A,2\,... }.
It is well known that
log | K
G
e—0 IOgE

here D should be regarded as the Minkowski dimension of K. The following theorem
is a refinement of this.

Theorem 2.3. Let ¢1,...,6n : R? — R be contracting similarities, with sim-
ilarity ratios ri,...,ry € (0,1), and let K be the corresponding invariant set
©2). Assume that {¢1,... , 0N} satisfies the open set condition and let D sat-

) N
isfy > g riD =1.

(i) If the numbers logry,... ,logry do not concentrate on an additive subgroup
of R of the form MZ for some A > 0, then the following limit exists and is
finite:

— g (O]
L= lg% D

(ii) The following limit always exists and is finite:

T —t
L:= lim i/ Mdt.
0

Tooo T e—t(d=D)

Observe that the ternary Cantor set, the von Koch snowflake and the Sierpinski
carpet are all excluded from (i).

Note. The number L is always defined, by (ii); when the limit in (i) exists it nec-
essarily equals L.

Theorem 2.4. L > 0.
We defer the proof of Theorem 2.4 to section 2.4.

2.2. Proof of Theorem [2.3l Let K; = ¢;(K), for i € {1,..., N}, and observe
that

i (K(e)) = K;(er;);
here K;(er;) is the er;-neighborhood of K; = ¢;(K). Since each ¢; is a similarity,
ri|K(e)] = [¢i (K (e))| = [Ki(er,)]

K ()] =il

or equivalently,

d
Ty




1958 DIMITRIS GATZOURAS

for any € > 0 and any i € {1,...,N}. Let

N
(2:3) R(e) = [K ()| = Z [ Ki(e)

we then have that

(2.4) [ K (e)]

ZIK (€] + R(e)

Zrd|K Y+ R(e).

Notice here that in the totally disconnected case, i.e., when K; N K; = () whenever
i # j, there exists a ¢ > 0 such that dist(K;, K;) > § for i # j, and so R(e) = 0 for
all sufficiently small €. This is not true in the general case however, when distinct
K; may intersect.
Set
[ elDPE|K(e7t)| fort >0,
w(t)—{ 0 for t <0,

and notice that (2-4) becomes
(2.5) w(t) = Z rPw(t +logr;) + 2(t),
t+logr; >0
where for t > 0
(2.6) 2t) = eTPIRE) £ 3 el TN
t+logr; <0

and z(t ) = 0 for t < 0. Let F' be the probability distribution function that puts
mass r” at the point —logr;. Then (2.5) is equivalent to the renewal equation

2.7) w(t) = =(t) +/O = E().

Observe that the function R(e™!) is continuous (see (2.3)) and hence z has only
finitely many discontinuities at the points ¢ = —logr;, coming from the second
term in (2.6). We also claim the following:

Lemma 2.5. There exist constants 0 < C < 0o and § > 0 such that
|2(t)] < Ce .

The proof of the lemma is deferred to the next section.

By the lemma and the paragraph preceding it, the function z is directly Riemann-
integrable and we may therefore apply the renewal theorem (see [§]). There are
two cases to consider.

NON-LATTICE CASE: If the numbers log r; are not all multiples of some A > 0, then
F is non-lattice and

*° 2(t)dt
(2.8) lim w(f) = fo# .
t—o0 —Zz 175 Dlog r;

This shows Theorem 23] (i).
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To show (ii) in the non-lattice case observe that, since K is compact, the function
w is, by definition, bounded on any finite interval and hence by (ZJ)

1 (7 -
lim — / w(t)dt = fo— .
T—oo T /g —Zz (P logr;
LATTICE CASE: If there exists some number A > 0 such that
{logry,...,logry} C AZ

and A is the largest such number, then F' is lattice with span A and so the renewal
theorem asserts that for each s € [0, \)

A
(2.9) lim w(nA+ s) = A w
We next turn to the proof of Theorem 23] (11) in the lattice case. We begin
by observing that w is bounded. This is because w is nonnegative, {w(nA)}n>0

converges to a finite number, by ([23) and Lemma [2ZH and, for any ¢ > 0 and
s €1[0,A),

w(t—l—s) — 6(d7D)(t+S)|K(€7t78)| < e(de)(tJrs)'K(eft)l < e(de))\w(t).

Next let L(s) denote the limit on the right side of ([2.9), for s € [0,). By the
bounded convergence theorem and (2:9)

(2.10) lim w(nA + s)ds = / L(s)ds.
o0 J0,) [0,))
Let | | denote integer-part and write
1 /T 1 A 1 /T
Jim T/o w(t)dt = lim_ T Z / w(nA + s)ds + lim — /T//\j)\ w(t)dt.
The first term on the right here converges to A~ f L(s)ds, by ([ZI0) and Cesaro

averaging, while the second term tends to 0 by the boundedness of w. Hence again

R 1 fooo
lim — w(t)dt = — L(s)ds = ————.
T—oo T 0 A (0,A] — Zz 17 1Og7«z

This proves (ii) in the lattice case and concludes the proof of the theorem. O

2.3. Proof of Lemma Recall equation (ZH) defining z. The second term
on the right is nonnegative, bounded on any neighborhood of 0 and vanishes for
t > max{—logry,...,—logry}. Consequently, it suffices to show that there exist
0 < C < oo and § > 0 such that

|R(€)| < CEd7D+6
for all 0 < € < 1. Now recall ([2.3):

I—ZIK )| = 1K (e < Y 1Ki(e) N K;(e)]

i#]
and it is therefore enough to show that for some 0 < C' < oo and § > 0
(2.11) |Ki(e) N Kj(e)] < Ced=D+o

foralli# j and 0 < e < 1.
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Towards this end fix ¢ # j and let € > 0. Call a subset F' of K; e-separated if
z,y € F = dist(z,y) > e. Define Q);;(¢) to be the maximum cardinality of an e-
separated subset F' of K;, such that x € F = dist(z, K;) < e. Then, by Proposition
3 of reference [12], there exist constants 0 < v < oo and ¢ > 0, independent of €, i
and 7, such that

(2.12) Qij(e) <ye’P.

The results of reference [I2] require that {¢1,...,¢n} satisfies the strong open
set condition, i.e., that K NG # () for the set G of the open set condition. It is
now known however that the strong open set condition is equivalent to the open
set condition (Schief [23]).

Now fix 0 < € < 1 and let F' be a maximal 2e-separated subset of K;, such that
for each z € F' we have dist(z, K;) < 2e. Then, using the maximality of F,

(2.13) Ki(e)NKj(e) € | Bae(y),
yeF

where B,(y) denotes the ball with center y and radius p. Since card F' = Q;;(2¢),

we have then by (ZI2) and (2I3)

|Ki(e) N K;(e)] < card Fcq(3¢)?
< yeq3128-D (d=D+s
— Qe DHs
where cq = 1[“F($-/§}]2d) is the Lebesgue measure of the unit ball in R?. This shows
(211)) and completes the proof of Lemma O

2.4. Proof of Theorem [Z4l We will actually show that ¢(4=P)|K (¢)| is bounded
away from 0, for 0 < e < 1.

Since {¢1,...,¢n} satisfies the open set condition, it also satisfies the strong
open set condition (cf. [23]); i.e., one can choose the open set G of the open set
condition so that KNG # (). Fixanz € KNG # () and § > 0 such that Bs(z) C G.

For 0 < € <1, define

N(E):{(len) 6{1,... ,N}* 1Ty Ty, <6§7'i1~'~7"in,1}~

First note that since Ef\il rP =1 we also have
Z (Til ...T’in)D =1
(i1..in)EN(€)

and as each term in the sum is < ¢, by the definition of N (e),
(2.14) card N(e) > e P,

We claim that
(2.15) |K ()] > cqe card N (e/67min)

where rmin ;= minr;. To see this write x;, ., = ¢, 0...0¢;, (), where x is fixed
above, and notice that, since Bs(x) C G,

By, i, 8(Tiy i) C @iy 000, (G).
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If 41 ...4y and j1 ... jm are two distinct sequences in N (€/d7min), then i, # j, for
some p < min{m,n}. This implies then that

$iy 0.0, (G)N¢j 0...0¢;,(G) =0

and therefore
BTil Ty 6(1.11 ..A’LA” ) m BTJ'I o Thim ) (xil ...i,L) - @ .

But for any sequence (i1 ...4,) € N (€¢/07min) we have

ril...rinéz 7"7;,”(526,

Tmin
so the balls Be(z4,..i, ), (i1--.in) € N (€/87min), are disjoint. Inequality (2.15) now
follows.

Combining (2.14) and (215) we have that
e(d_D)|K(e)| > cg6PrP. >0,

min

forall 0 <e<1. O

3. STOCHASTICALLY SELF-SIMILAR SETS

3.1. Background and statement of main result. In this section we describe
the kind of random sets we are considering and state our main result concerning
them. The construction below follows Mauldin and Williams ([20]) and can also be
found in Falconer ([6]).

Let J be a nonempty compact set in R% and write G :=int(J). We assume that
G = J. Let S denote the set of all contracting similarities of R?. We assume as
given a probability space, on which we have defined a random element ®, taking
either the value e (for empty) or ® = {¢1,...,¢,}, where v is an integer-valued
random variable (v = 0 if ® = e) and each ¢; is in S, and furthermore

¢i(J) C J foreachi=1,... v;

¢i(G) N ¢;(G) = 0 whenever ¢ # j, 1 <1i,j < v.
(See the Appendix for matters of measurability.) We further write r for the constant
ratio |¢(z) — ¢(y)|/|z — y|, = # y, for a similarity ¢; r and ¢ will always be in this
relation in the sequel. Note that ¢ € S = r € (0,1).

The random set of interest is defined by means of the family tree of a Galton-
Watson branching process. Let N* = {o} U|J,;~; N" (o0 for ‘ancestor’) and for each
x € N* let (Q,,F,,P.) be a copy of the above probability space. Set (2, F,P) =
[Lien- (2, Fz,Pz). On (2, F,P) we then have defined independent and identically
distributed random elements @, = {¢z1,... , ¢z, }, * € N* (&, = e if v, =0).

Write Go = {0} and inductively define G,,11 = 0, if G,, = 0, and

G ={(2,1) : 2 €Gy, vu #0, 1 <i<w,},

if G, # 0; observe that G,.1 = 0 if v, = 0 for all z € G,. For each n > 0, G,
represents the individuals in the n-th generation of a Galton-Watson branching
process with mean family size E[v] = E[card G;]. Write

P = U Gn
n=0
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¢1(J)

D éo() | m=0

i T4 e 51 = T4+ T41
i l 4

FIGURE 3. Two steps in the construction of a random set.

for the entire population. Writing = x; ...z, for x € G,, the set

K= ﬂ U d)zl Od)mmz O"'Od)rlmwn(‘])

n=1z€G,

defines then a random compact set in R?; K is a stochastically self-similar set.
It is well known (see for example [20]) that P(K # 0) > 0 iff E[v] > 1; we will
therefore assume throughout that

(3.1) 1<E[Y] <oo.

We now identify a branching random walk naturally associated with the con-
struction, which will be key in the sequel. Set Sy = 0 and for n > 1 inductively
define

Sml...z

where, recall, r, stands for the constant factor of contraction of the similarity
¢x. Note that S, is well defined whenever & € P; for notational convenience set
Sy = oo for z € N* N P. {S, : x € N*} is then a branching random walk with
positive step-sizes (since each ¢, is a contraction).

— -1
- SIl~~~In—1 + 1Ogrx1...xn )

n

For 6 € R, set
m(0) :=E Z eesx] =E Z rﬁ] ,
z€G1 z€G1
m'(0) :=E [— Z Sme_‘gsﬂ”] :
€01

By our assumption BI) we have m(f) < oo for all # > 0 and —m/(6) < oo for
all @ > 0. The function m is a decreasing convex C* function on (0, 00), which
is continuous on [0,00), with m(0) = E[v] > 1 and m(co) = 0. Consequently,
there exists a unique number D > 0 such that m(D) = 1. By a well known result,
obtained independently by Mauldin and Williams ([20]) and Falconer ([6]), the
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number D is then the Hausdorff dimension of the random set K, almost surely on
the event {K # (}. That it is also the Minkowski dimension of K (on {K # (})
follows easily from the results of the present paper and is a well known fact.

We now state the main result of this paper for stochastically self-similar sets.
Observe that the random set K is, probabilistically, uniquely determined by the
compact set J and the random set of similarities ® = {¢1,... ,¢,}. Also recall that
G = int(J), that F(e) denotes the e-neighborhood of a compact set F' (Notation
B.1) and that | | denotes d-dimensional Lebesgue measure.

Theorem 3.1. Assume of ® and J that 1 < E[v] < co and that
(3.2) P(KNG#0)>0.
(i) Assume that the measure A — E [ergl 14(Ss)] is non-lattice; i.e., it does

not concentrate on an additive subgroup of R of the form M\Z for some A > 0.
Then the following limit exists and is finite a.s.:

.l
L.:lg% D

(ii) The following limit always exists and is finite a.s.:

1 (T

L= lim _/ e@=D| K (e=)|dt
T—oo T 0

Note. As in the deterministic case, the random variable L is always defined by part

(ii) of the above theorem. When the limit in (i) exists, it necessarily equals the

limit in (ii); hence there is no ambiguity in using the same letter for both limits.

Theorem 3.2. Set My =3 g 2.

(i) If E[Mylog™ M| = oo, then L = 0 with probability 1.
(ii) If E[M;log* Mi] < oo, then P(L > 0|K # ) = 1.

Remark. Note that E[vlog™ v] < oo implies E[M; log™ M;] < oo.

We defer the proof of Theorem B.1] to section 3.3 and that of Theorem to
section 3.5.

3.2. Renewal theorem for branching random walks. Let {S; : # € N*} be
the branching random walk associated with the construction of K and recall that
this walk has positive steps. Denote by ¢ the random measure (point process)
E(A) = ergl 14(S,), for Borel sets A in R. Since the walk has positive steps, £
is concentrated on (0, 00).

Recall that D is the unique solution to the equation E [ergl e’DSw] =1 and
set

Mn::Ze_DS”, n>0.
€6y

A straightforward computation shows that the sequence (M,,),>0 is a non-negative
martingale (relative to the natural filtration associated with the successive steps of
the construction of K). Denote

(3.3) My, = lim M, .

n—oo

The following theorem is due to Biggins ([3]); see Lyons [I7] for a conceptual proof,
following work by Lyons, Pemantle and Peres [I§].
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Theorem 3.3 (Biggins). The following are equivalent:
(i) E [Ml log™ Mﬂ < o0

(ii) P(Moo = 0) < 1;

(iil) P (Mo > 0 | non-extinction) = 1;
(iv) E[M] = 1

(v) M, — My, in L.

Recall that our underlying probability space (2, F,P) = [[,cn- (22, Fz, P) is a
product-space. For each x € N* let o, : Q2 — € be the shift, defined by
(0ow)y = way
where, f z =21 ... 2, and y = y1...Ym, then zy = z1 ... Tpy1 ... Ym.
Let Z = {Z; : t € R} be a stochastic process on ({2, F,P), which is jointly
measurable in (w,t) and is separable and takes values in the space of functions

which possess both left- and right-hand limits and vanish on (—o0,0). Given such
a process Z, write Z% = {Z} : t € R} for the process

Zi (W) = Zi(oaw),

for x € N*. So if Z is some process associated with the branching random walk
{Sz : © € N*} (or the construction leading to K'), then Z® is the corresponding
process associated with that part of the population which emanates from individual
2. The following theorem is due to Nerman [22] and is an analogue of the renewal
theorem for ordinary random walks.

Theorem 3.4. Suppose that there exists a non-increasing and integrable function
h:[0,00) — (0,00), such that

e Pz,
(3.4) E [ilzlg #} < 00.
(i) [Nerman] If the measure A — E[¢(A)] is non-lattice, then a.s., as t — o0,
e Pt Z zZy g — & /OO e PUE[Z,]ds .
zeP ‘ —m'(D) Jo

(i) If the measure A — E[£(A)] is lattice, with span X > 0, then for every s €
[0, ), we have that a.s., as n — 0,

DY/ A
e—Dnx Z Z§+n/\—5x — T& Z 67Dn)‘IE[Zn)\+s] .
zeP n=0

Remark. Recall our standing assumption 1 < E[v] < co. Nerman’s theorem actu-
ally requires less than E[v] < oo; see [22] for the precise conditions needed. Fur-
thermore, the lattice case does not require Z to have sample paths which possess
right- and left-hand limits.

Proof. Assertion (i) is Theorem 5.4 of Nerman [22].

(ii) A close examination of Nerman’s proof reveals that the non-lattice assump-
tion is only used in two places: on page 384, Proof of Theorem 5.4 from Corollary
5.11 and in the second part of the Proof of Lemma 5.10 (establishing (5.53)). Of
these the first is irrelevant for the lattice case and his proof of Lemma 5.10 (with
obvious modifications) yields the following statement for the lattice case: Ifp € N is
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such that E[g(O,pAH > 1 and (BA) is satisfied (and given our standing assumption
1 < E[v] < o0), then, for any t > 0,

(3.5) e~ e Z Frkpr—s,
zeP
as k — oo, on a set B, with P(B;) = 1.

Fix s € [0,A) and set A; = BsNB,yaN...N By (p—1)x- Then ]P’(AS) =1. On A4,
and given € > 0, choose k. so that, for k > k., e~ DkpA erp t+kp)\75w is within
+e from its limit for all t € {s,s+ A,...,s+ (p — 1)A}. For an arbitrary n € N
write n = k(n)p+¢q, 0 < ¢ <p. Then, if n > kep+p—1,

—Dn/\ § : —DgX —DEk(n)pA x
Zern)\ S — € Zerq)\Jrk(n)p)\fSw
z€P z€P

AM

— ( Z efDn)\E[ZtJrn)\]

n=-—oo

is within e from its limit

AMoo AM, N
7Dq)\ efDm E[Zer )\er)\] Moo efDm)\E[ZSerA].
2 el = Sty 2
This proves the convergence asserted in (ii). O

We close this section with a simple but useful fact. The sequence

M(e) = Ze ““, n>0,
z€G,

is a nonnegative martingale, for each § > 0, as then m(f) < oo. Hence M,(LG)

converges to a finite limit Még). For 6 > D we have 0 < m(#) < 1 and therefore
Zmeg” e~ 95 — 0, as n — co. Consequently, with probability equal to one,

(3.6) min S, — o0, asn — 00.
z€Gn

3.3. Proof of Theorem [3.1l Recall that |K(e)| denotes the e-neighborhood of
the random set K. Then
@ = D [[K 0 da(N]e)] —

z€G1

Let K, = K N ¢y(J) and K* = ¢ (K N ¢,(J)); observe that the set K has
the same distribution as K and that the K*, x € Gy, are independent (given the
o-algebra o(®)). Since each ¢, is a similarity,

|K.(e)| = e~ 45 ‘K“’ (ees":)‘
and so, with
(3.7) Ry = Qe ")1p,00) (1)
and
Wi = e P K (e 10,000 (1) ,
we have that

(3.8) Wy= Y e P5Wrg +e Pz,
z€G1
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where, for ¢t > 0,

(3.9) Zy= Y TS| KT (e755)| 1y 00y (Sa) — e Ry
z€G1
and Z; := 0 for ¢ < 0. Then, upon iterating (3.8)), we obtain
(3.10) Wy=e Py 77 5.
zeP

Observe that the process Z = {Z; : t € R} satisfies Z; = 0 for ¢ < 0 and has
paths which are left-continuous with right-hand limits; as a matter of fact Z is
continuous except possibly at the points S, x € G;. We shall apply Theorem B4l
and to do so we need to verify that condition (34) holds. We will do this in two
separate lemmata whose proofs we postpone to the end of this section.

Lemma 3.5. There exists a non-increasing and integrable function g : [0,00) —
(0, 00), for which
E e P dt=5:) | (e—t+52)| 1 S
Sup Z € | (e )| (t,00)(Sz) | < 00.
t>0 g(t) el

Lemma 3.6. There exists a non-increasing and integrable function h : [0,00) —
(0,00), for which

(de)tR 7

€ t

E [sup ———=—| < 00.

L>lg h(t) ]

It follows from (B.9)) and the two lemmata that

e_Dt|Zt| 1

3.11 E |sup — 2 | < o0,

1) Roeol

with h + g non-increasing and integrable.
In view of (B11]) and the paragraph preceding Lemma 3.5l we may now apply

Theorem B4 to (B.10).
(i) Assume that the measure A — E[£(A)] is non-lattice. Then by Theorem B.4
we have that with probability equal to one, as t — oo,

M o0
12 — DR Z,)ds .
(3.12) m_twmée 1Z,)ds
This shows Theorem B (i).

(ii) Observe that, because T ~ T~1 fOT Wi(w)dt is continuous, for each w, the
functions

1" 17
w — limsup —/ Wi (w)dt and w — liminf —/ Wi(w)dt
T—oo00 T 0 T—oo T 0

are measurable and therefore the set of w for which limy_,oo 77! fOT Wi (w)dt exists
is measurable. It therefore suffices to show that this set of convergence contains a
set of probability one.

Assume first A — E[{(A)] is non-lattice. From (i) we have that

Wy = e P K(e ) — L, as.,
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as t — 00. As Wi(w) is bounded on finite intervals (actually uniformly in w, by
compactness of J), it follows that, as T — oo,

1 T
= W dt L
T/O t I )

on the event {w: Wi(w) — L(w)}, i.e., on a set of probability one.

We next turn to the lattice case. Assume that the measure A — E[{(A)] is
concentrated on a lattice A\Z and that A is the largest such number.

By Theorem [34] (ii), for each s € [0, \), there exists a set A, of probability one,
such that, on Ay, as n — oo,

oo

M.
7% e Ps_——= —DEARIZ .
o ATy 2 Bz

Call the limit on the right-hand side L and set A := [, A,, the intersection being
over all rational r in [0, ). Then P(A) =1 and
(3.13) lim Wiina(w) = Ly (w), forallw e Aand r € QN [0, \).
For given s € [0, A) have sequences {r,} and {g,} in QN [0, A) such that r,, T s
and g, | s. Since for ¢, s > 0 one has K(e *%) C K(e™ "), it follows that
Wt+5 S e(d_D)SWt (t,S Z 0)
Using this and (3I3)) we obtain that, for all w € A and all k > 1,

e"@=D)a=o) (1) < linniigf Wetna(w)

(3.14) < limsup Wy (w) < eld=DIE=mop (w).

n—oo
Next observe that the function ¢ — E[Z;] has left- and right-hand limits. This is
so because the sample-paths of Z have this property and we can use the dominated
convergence theorem by (B:II). Consequently, the set C' where this function is
continuous has full Lebesgue measure; as a matter of fact C is countable. Using
(BI) again, we conclude that the function

t Y e PREZyn],  te0,N),
k=0

is continuous outside |J;—,(C° — kX), a countable set. Thus for Lebesgue-a.a.
s € [0,\) we have that L, (w) — Lg(w) and L, (w) — Ls(w), as k — oo (recall
the definition of L), and so by (B14),

Wepna(w) — Ls(w) (n — o0)
for all w € A. Just as in the deterministic case now, we can conclude that

Ly(w)ds = % /OOO e PSE[Z,)ds,

as T — oo, for all w € A, i.e., on a set of probability one. This proves Theorem
B (ii) in the lattice case and completes the proof of the theorem. O

1 (T 1
(3.15) — Wy (w)dt — —
T Jo [0,))

Proof of LemmalZ3A Recall that cq denotes the Lebesgue measure of the unit ball
in R? and observe that, for any = € N*,

(3.16) |K®(e)| < |J(e)| < cq[diam(J) 4 €]¢.
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Hence, if S, > t,

ed(t—Sm) |K:c (e—t+Sm)

< ¢qsup
e>1

It follows that, for g(t) = e’Dtl[Om)(t),

(diam(J) +e

€

) = ¢g[diam(J) 4 1]¢.

&
E d(tfsx) Ka: —t+S, 1 o S
G 5 )

< cqldiam(J) + 19E[v] < 0. O

Proof of LemmalZ0l The proof is a probabilistic analogue of the proof of the key
estimate of reference [12]. It is rather long and we break it up into several steps.
Assume (3.2)), that is,

P(KNG #0)>0.
For a > 0 and p € N let
Gp(a)={z€Gy:3VE ¢y, 0...00¢4,. 4, (J) with dist(v,G) < a}.
Claim 1. There exist p € N and o > 0 such that P(G, \ Gp(a) # 0) > 0.

Proof. Let OP consist of all infinite sequences ¢ = z12o... € NN for which
T1...Tn € Gy forallm>1.

By (B.6) and nestedness, we have that (), >, ¢z, 0...0 @z, 4, (J) is a singleton for
each x € 9P, whose unique element we denote by v,; so K = {v, : x € 9P}.

Suppose now that ]P(g,, = g,,(a)) =1, forall p € Nand o > 0. Then Q' =
Naeg+ Np>1{9p = Gp(a)} has probability one. Now either K = ) or if v € K, then
v = v, for some = € OP; then vy € ¢y, 0... 004, . 4, (J) for alln > 1. On Q' we
have x1 ...x, € Gn(a) for all n > 1 and all « € Q" and so

dist(v,, G¢) < e S=1-2n diam(J) + «,

which, together with ([B:6) again, implies that v, € G¢. This shows that KNG = {)
on ', creating a contradiction. O

From now on we fix a p and an « as in Claim 1. Let
g~0 = g07 ce 7g~p71 = gpfla g~p = gp(a)
and for n > p let G, consist of those = x1 ...x, € G, which have the following
property: for each 1 <i < n —p+1 there exists v € ¢z,..2,0...0 buyzy, 1 (J)
with dist(v, G¢) < a. Set also P = J, > Gn-
For t > 0 let P; consist of those x = 1 ...z, € P for which

Serozmy << Seyem;

for t < 0 let P, = {0} and define P, accordingly.
For e > 0, let Q(¢) be the maximum cardinality of an e-separated subset F' of K,
such that dist(v, G¢) < € for all v € F. Finally, set s := loga~! + log (diam(J)).

Claim 2. With t = loge™! + log (diam(.J)), we have that for all 0 < € < a
Qe) < Z cardPy g .

TEPy_s
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Proof. Let F be an e-separated subset of K, such that dist(v, G¢) < e for allv € F.
By the representation K = {v, : * € 0P} (see the proof of Claim 1), to each
point v € F corresponds an element x = xy ...z, € P, and different elements
of F' have different representatives in P;, because F is e-separated. Now given
T=2x1...Tm € Pt let ¢ = g, be the unique integer in {1,... ,m} for which

«
le...xq_l S log (z) < S;cl...xq .

We claim t}}at ifx = x1...2,y € P corresponds to an element v, € F, then
Z1...24 € G4. For if not, then for some 1 < i < ¢ —p+ 1 we would have that
dist(u, G) > a, for all w € ¢uy..0; © .. 0 uyzy 1 (J), SO

dist G2y © -0 buymiyy 1 (W) 5 Pay 00 by 1 (GF))
= exp(—Su,..a;_y) dist (a0, 0. 0 by, (u), G°)
> exp(—Say.z; )
> exp(—Sz,..eq_,) X > €,
for all u € J; equivalently,
(3.17) dist (u, ¢z, ©...0 bgy.0,_, (G%)) > €,

forallu € ¢z, 0...0¢4,. 2, , ,(J) and so in particular (Z17) would be true for u =
Vg But as G¢ C ¢y, 0... 004, . 2., (G) we then would have that dist(v,, G%) > e,
contradicting the fact that v, € F.

It now follows from the above that for 0 < e <

Qle)< X 15 (x1...xq)= > cardPig . O

xEP: Ie’ﬁtfs

Now let D be the unique solution to

(3.18) E|S e P8 =1;
:CEG;D

because P(gp ~ Gp #+ @) > 0, by our choice of p and «, we must have D < D.

Claim 3. For any § > 0 we have

E[ sup ED+6Q(E):| < 00.
0<e<La

Proof. Assume first that p = 1. Then {G,, : n > 0} corresponds to a Galton-Watson
branching process, just like {G, : n > 0}, and {S, : € P} is a branching random
walk, just like {S, : € P}, with different parameters however.

Recall the random measure {(A) = > g, 1a(Sz); then, for any 6 > 0 and t > 0,

(319) cardPr = D 1po(S:) €°(t = Spoo0) < Y e

n=0x€g, z€P
Set Vo =Y cp € =1, and recall that P, = {0} for ¢ < 0. By (319) then

Z card Py g < Z [ee(t_S”)Vexl[o,t] (Sz) + l(tm)(Sm)} .
TE€P—s TEPy_s
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Since 7 € Py_s = Sy >t — s, we then have that

(3.20) Z card Py_g < e’ Z Vi 10,4 (Sz) + card Pr s
z€P;—s zE€P: s

Now assume t > s and decompose P,_s as in (BI9) to obtain

(321) > Vilpg(Se) = D> Liou-g(Sa) D Limsg(Say) Vi

zE€P:_, n=0z¢eg, yegr
< eC(t=s) Z e~ ¢S Z Val’y
z€P yeGT
and
(3.22) card P,_, < e$(t=%) Z e g,
zEP

for any ¢ > 0. Combining (8:20), (3:21) and (3:22) we finally have that

3.23 su {e_ct card P} } < 0708 7 =05 VY +1

R D D LTS FPUED SIS et
TEPL_s zEP yeGy

for all #,¢ > 0. We will now show that the right-hand side of (3:23]) has finite
expectation for the choice ¢ = D +§ and # = D + §. This, in conjunction with
Claim 2, will prove Claim 3 in the case p = 1.

Let F, = 0(®, : |z| < n), for n > 1, where here |z| denotes the length of the
finite sequence x. Write

oo

E Z e ¢5e Z (V" +1) Z Z e Z (VY +1)

z€P yEGY = z€Gn yeGY

and condition first on F,,4+; to obtain

B[ e % > (VY +1) v;)+1§: > e S, |

zeP yeGY z€Gn

since the ny are independent of F, 11 and all have the distribution of V. Now
condition on F,, to obtain

eSS (V)| = (B[Ve] + 1)E ZE D e

zeP yeGy z€G,
_ (B[] + DE[7]
[1-m(Q)],
Similarly, E[Vs] = E[v][1 — m(@)];l. Since (D + 6) < 1 and m(D + 6)
Ze—CS Z Vil +1)| <o
zeP y€eGY

for ¢ = D+ 6 and & = D + 4. This, in conjunction with (32Z3) and Claim 2,
completes the proof in the case p = 1.
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If p > 1, then {Gn :n > 0} is not a Galton-Watson process anymore. However,
{g,‘f” :n > 0} is, where g(g”) = {o} and, for n > 1, gS}” consists of those sequences
in Gp, for which, for all 1 < k < n, there exists a v € ¢z, .z _y,,,°- 0Pz .any (),
with dist(v, G°) < «. Furthermore, an - g,({’), for all n.

Inequality [323) is still valid and it only remains to show that the expectation
of the right-hand side of ([B23)) is finite. Conditioning again first on F,,4+1 and then
on F,, we have successively

> e SN (V) E[Vy] + 1) ZIE ey

zeP yegy z€Gn yegy

( [Ve] +1 Z Ze%sx

- xegn

IN

Next observe that

o p—1
z€G, n=0  |zeG,, ¥=0yecdy
oo p—1
< DD mOFE| Y e
n=0 k=0 xegg’)
n
Q) —1 - —¢s
= 7 - E e Sz
-1 5| 2
reY,
Now take ¢ = D + ¢ and @ = D + § again, observe that
zeg” z€Gp
for ( = D + 6, by (BI8), and conclude the proof as in the case p = 1. O

We now conclude the proof of Lemma B.6. Recall (3.71).
Ri=) |Ko(e =K< > [Kele™)NE, (e,
z€G1 z€G1 yeGi~{z}

where recall K, = K N ¢,(J). Let Q.(2¢) denote the maximum cardinality of a
2e-separated subset F}, of K, such that dist (v, d)x(Gc)) < 2¢ for all v € F,,. Then,

U EKile)nEy(e™") S | Bset(v)

yeGi~{z} vEF,

<) Qu(2e7)(Be) ey

r€G1

Now, given that = € Gi, Q.(2¢) = Q(2ee), where for B > 0, Q%(8) is the
maximum cardinality of a (B-separated subset F® of K® = ¢, (K,), such that

so that
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dist(v, G¢) < B for all v € F*. Furthermore, Q*(3) has the same distribution as
Q(p), for each 8 > 0. Hence

Ry < cg3%e % Z Q¥ (245
r€eGy

and therefore, for any 0 < § < (D — D)/2,

(3.24) sup eld=PHItp, < cq3l2~(D+9) Z e (D+6)Ss sup GDJF&QI(G).
t>0 z€Gy 0<e<2e5z

We will show that the expectation of the right-hand side of (B.24) is finite for any
such & and this will prove Lemma B8 with h(t) = e =1 o) (t).

Since J is compact and K* C J, for all x € Gy, there exists a finite deterministic
constant C, such that Q%(e) < C for all ¢ > « and all z € G;. Thus

Z e—(D+6)S$ sup ED-HSQ;E(E) < Z 6_(D+5)Sm sup 6D—i—6CQQC(E)_’_VQD-HSCV7
z€G, 0<e<2e5z 2€Gy 0<e<a

and since E[v] is finite, it suffices to show that

Z e~ (D+9)S: sup eDHQ”(e)] < 00.

z€Gy 0<e<a

E

But, by conditioning on F7,

2| X e sy Prigrig] = [ wp Prio]B |5 s
2€G 0<e<fa 0<e<a z€Gy
= E [ sup 6D+6Q(6):| m(D + 6)
0<e<La
and this is finite by Claim 3. |

3.4. Convergence in mean. Theorem Bl deals with the almost sure limiting
behavior of the quantities ¢~ (?=P)|K ()| and T—! fOT eld=DI K (e~t)|dt. One can
obtain results concerning the limiting behavior of the means of these quantities via
the ordinary renewal theorem, as in the deterministic case.

Recall B7), B) and (BJ). The function w(t) = E[W;] satisfies the ordinary
renewal equation

w=f+wxF,

where * denotes convolution, F' is the probability distribution function

(3.25) Fit)=E | > e %1 _y(S)
r€G1
and f(t) = e P'E[Z,].
Now assume the hypotheses of Theorem Bl hold. By (BI1]) we have that
(o]

sup | f(s)] < oo.
o sE€lk—1,k]

Furthermore, f is continuous except at a countable number of points. This is
because the sample paths of Z have left- and right-hand limits and hence, by the
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dominated convergence theorem (use (BII) to dominate), f has left- and right-
hand limits. It now follows that f is directly Riemann integrable over [0,00). In
particular f is also bounded.

By (310), w is bounded on finite intervals and therefore w = f % U, where
U =75, F*. By the ordinary renewal theorem then

1 > —Ds
T@/O (& E[Zs]ds,

as t — oo, if A — E[¢(A)] is non-lattice, while in the lattice case

EW;] —

)\e—Ds >

Y e PPEZoml,

E[Wstna] — (D)
k=0

as n — oo, for each s € [0,A). As in the proof of Theorem [Z3] then, one always
has that, as T — oo,

l/TJE[W]chs #/Oo ~PsR[Z,)d
T Jo ! -m/(D) Jo ‘ s

We summarize the above in the following theorem. Recall that My =~ rD.

Theorem 3.7. (i) Under the hypotheses of Theorem [3.1]

1 > —Ds
T@/O e E[Zs]ds,

as T — oo; if in addition A — E[£(A)] is non-lattice, then also, as € — 0,

T
% / PR K (e7")||dt —
0

CUPEIRO] — e [ PBLZ1ds,

(ii) If in addition E[Ml log™ Ml] < 00, then both, the convergence in Theo-
rem[31)i) (in the non-lattice case) and the convergence in Theorem Bl (ii),
hold also in L*.

Proof. Assertion (i) has already been established above. Under the additional as-
sumption E[M; log™ M;] < oo, we also have, by Theorem B3, that E[M,,] = 1 and
so E[W;] — E[lim W], in the non-lattice case, where lim W, denotes the almost
sure limit in (i) of Theorem [3J] This, in the presence of the almost sure conver-
gence of Theorem [B.1] (i) and non-negativity of W;, implies the L'-convergence in
the non-lattice case (see Billingsley [4], Corollary following Theorem 16.14).

Similarly, to establish the L'-convergence of 7! fOT Wedt to its a.s.-limit, ob-
serve that by (i) of the present theorem, Theorem B (ii) and the fact that E[M.] =
1, we have

e e e

Again this, in the presence of the corresponding a.s.-convergence and non-negativity,
implies convergence in L'. O
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3.5. Proof of Theorem (i) When E[M; logt M;] = oo, we have that M., = 0
with probability equal to 1, by Theorem B3] so L = 0 with probability equal to 1,
by the representation L = My, Xconstant (see (B12) and (BIH)).

(ii) Assume now E[M;log"™ M;] < co. By our assumption (B3), namely that
P(K NG # 0) > 0, there exist a § > 0, and an event (i.e., a measurable set) Ag,
such that P(As) > 0 and

for w e As Jv(w) € K(w) s.t. Bs(v(w)) C G,

where, recall, Bs(v) denotes the ball with center v and radius 6. Fix this ¢ for the
rest of the proof.
Next fix a > 0, to be specified later in the proof. We claim that, on As,

(3.26) K@) 2 ea (577" 37 Lgaral(Se)
z€P:
where, recall,
P = {x =21...2, €P  Spya,, St le___xn} .
This is because, for distinct x = x1...2, and y = y1...Ym in P, we must have
Zp # Yp for some p < min{n, m}; then however,
Gz, 0.0 2 (G)Ny,0...00 4 (G)=0.
On As, we may choose a point v € K such that Bs(v) C G, and then
Bse-s: (V3) N Bgo—s, (vy) =0,
where vy = @z, ©...0 Pz, 5, (v) and vy = @y, ©...0 Py, 4, (v). But if z € Py,

with S, <t + a, then §e7*= < §e~5=, and so the balls Bs,— ¢« (vy), © € P; with
t < S, <t+ a, are disjoint. This proves (B.26]).

Now write
Z 1(t,t+a] (Sz) = Z Ztm—Sm )
TzEPL zEP
with Z; = &(t,t + a], if t > 0, and Z; = 0 otherwise, where recall {(4) =
> weg, 14(Sz). We may apply Theorem [3.4] since obviously sup,>o Z: < v, and
condition (B) holds with A(t) = e "1}y .)(t). We conclude that, in the non-
lattice case, with probability equal to 1,

M >
2 PN . — ~Dug du.
(3.27) e 2 (t,t+a](Sz) — — (D) /0 e [€(u, u + a]]du
Write the limit above as M., C, and notice that

S
1
C=——=—E Z / e Pudu
z€G max{0,5;—a}

Z {(eDa - 1)67Dsw1(a,oo)(‘sx) + (1 - eiDsw)l(O,a](Sx)} )
z€G1

1
— —__E
—Dm/(D)
SO
(3.28) C>0

for whatever choice of a > 0 we make; so fix some a > 0 for definiteness.
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Now note that the convergence in (3Z7) also holds in L. To see this let x(t)
denote the expected value of e~D? > wep, Lit,t+a)(Sz), for t > 0, and note that it
satisfies the ordinary renewal equation x = f + x * F, where F is the distribution
function defined in (32Z5), and f(t) = E[¢(t,t + a]], for ¢ > 0. It follows, by the
(ordinary) renewal theorem that

(3.29) e PR [Z 1(t,t+a](5x)] —C.

TrEP

It now follows by B27), (3:29) and non-negativity, that the convergence in ([8:27)
also holds in L! (see Billingsley [4], Corollary following Theorem 16.14) and there-
fore we also have

(330) EiDtE [lAS Z 1(t,t+a](5x)] — C]E [MOO]-Ag] .
z€Py

Note that, since A5 C {K # 0} and P(My > 0|K # 0) = 1, we have that M, > 0
almost surely on As. Thus

(3.31) E[Ms1a,] >0,

since we chose ¢ so that P(A4s) > 0. Combining this with (3.26), (3:28) and (B.30)
we then have that

lim e @ PE[|K(e)]] > liminf el P05 EDIE[1, [K (67|

t—o0

Y

cg6Pe P lim e *PE
t—o0

1y Z Lit41q) (Sz)]

TEP:
= ¢cq0Pe PICE [ Mo14,] > 0.

However, by Theorem B and ([3.12), and since we are assuming E[M; log M;] <
oo, we have that

L = lim e D) K(e)| = My lim e DE[|IK ()]

and we conclude that L > 0 iff M., > 0 in the non-lattice case. The result follows
from Theorem [3.9]

For the lattice case choose a = kA, where A > 0 is the span and k is such that
P(S; = kA some x € G1) > 0, but P(S; = jAsome z € G;) =0 for all 0 < j < k.
Theorem B4 implies that, for any fixed s € [0, A), as n — o0,

(3.32)

_Dn Moo = _px; . .
e~ PnA Z 1(s+n/\,s+n)\+a](sx)—>mze PNE[E(s + i), s +iX+a]],

TEPsn i=0
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with probability equal to 1. Write again the limit as M.,C(s); by our choice of a

B A —DnA
C(S) = T@ E Z Z e
_x€g1 max{0,5;—a—s}<nA<S;—s

A —Dn
Dy B | 2 Lo (S) > e

ESIS max{0,5;—a—s}<nA<S;—s

by _ e—kD)\
5 T Bl

for s € [0,\). Let C denote the last expression above; then
(3.33) C(s)>C >0,

for all s € [0,\). As in the non-lattice case, the convergence in (3.32)) also holds in
L' and therefore, as n — oo,

Y

(3.34) e PE (14, D Letnrstnrta) (S2) | — C()E[Moola,],
IEPs+n>\

for each s € [0, \). Now

inf lim e(s"'"/\)(d_D)E[|K(e_3_”>‘)|]
s€[0,\) n—00

inf lim 6~ (=Dt ta)d-DIR[| K (55 mA—a)]]

s€[0,\) n—00

> inf lim §~ (4= DPlelstnAta)d-D)R (14, |K(56_3_M_a)|]
s€[0,\) n—00

and we then have successively by (326), (334), (333)) and (33T

inf lim e(s"'"/\)(d_D)E[|K(e_3_”>‘)|]
s€[0,\) n—o0

Y

R [P D TR

IE'PS_H,,,\
= 0P " PE[My1,4,] inf e P5C(s)
s€0,N)
> ¢g6Pe @ VPE[M 14,]C > 0.
But by Theorem [377 again, and (BI5),
1 T
L = lim — [ e DYEK(e™)|dt
THOOT 0
1 (" oy ¢
_ nggr;ﬁ/o @-PIE[|K (¢~)]]de
1 A
= Mo~ lim e(s+”)‘)(d_D)E[|K(e_s_"k)|}ds
)\ 0 n—oo

Y

My, inf lim e(””)‘)(d*D)E[|K(6757n)‘)”
s€[0,\) n—o0

and we conclude that L > 0 iff M., > 0 for the lattice case as well. By Theorem
this concludes the proof of the theorem. O
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4. EXAMPLES

4.1. Cantor set. As already mentioned after Theorem [2Z3] one cannot apply part
(i) of this theorem to the usual ternary Cantor set. For this set r; = ry = 1/3 and
so {—logri, —logre} C AZ, with X\ = log 3; here D = log; 2. Using (2.9), one can
actually compute the limits

L(s) = lim e(l_D)(s+”)‘)|K(6_3_”)‘)|

n—oo

along sequences s + n\, s € [0,log3); one finds

L(s) = e(1—D)s (g + e*S) for 0 < s < log2,
- 6(1*D)5(1 +2e7%) forlog2 <s<log3.

Thus e~ (@=P)| K (¢)| does not have a limit in this case.

(For the usual ternary Cantor set this fact is well known and can be obtained by
direct computation, without the aid of Theorem 2.3} see for example [15]; see also
the Acknowledgments at the end of section 1.)

4.2. Fractal percolation (Mandelbrot’s canonical curdling). Let d > 1 and
fix an integer N > 2 and p € (0,1), with N9 > 1. We consider the random set
K obtained as follows. Divide the unit (hyper)cube [0,1]¢ into the N¢ congruent
subcubes szl[ikN_l,(ik +1)N71,0 <ir < N, 1 <k < d, and keep each of
them with probability p (discard it with probability 1 — p), independently of all
other subcubes. Next divide each of the subcubes kept in the first step into the
N? congruent subcubes of side-length N2 it contains and keep each of these with
probability p, independently of all else. The set K is then obtained by continuing
this process ad-infinitum.

The set K is a stochastically self-similar set as described in subsection 3.1, with
J =1[0,1% G = (0,1)% and ® = {¢1,...,¢,} such that each ¢; is one of the
similarities

Viy..iy (V) = %[v—i—(il,... via)'],  veR?, 0<ip<N, 1<k<d,

where T' denotes transpose. In this case E[v] = N%p and this explains our assump-
tion N9p > 1. The dimension of K, almost surely on the event {K # 0}, is the
solution in D of the equation

1=E lz eDS"’] = N~ PE[y];

z€Gy

so D = d + logy p. Furthermore, the measure A — E[{(A)] is lattice, with span
A =log N, and Theorem BT (ii) applies, as clearly

(4.1) P(KNG #0)>0.

Note that the assumption that we keep subcubes independently of one-another
is irrelevant to this discussion and we could have any other distribution for ®,
provided (A1) is satisfied (independence between successive steps is still required
however); the value of E[v], and hence also of D, would then be different of course.

Note also that, because v is bounded here, Theorem B7] (ii) also applies.
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4.3. Level-sets of stable processes. Let {X; : ¢ > 0} be a real-valued stable
process of index a € (0,2], started at 0. This is a process with stationary and
independent increments (Levy process), which has the following scaling property:
for every s > 0, the process {s~%/*X : t > 0} has the same law (distribution) as
X itself. For a = 2, the process X is a constant multiple of standard Brownian
motion.

Let K = {s > 0: Xy = 0}, the zero-set of X, and K; = K N [0,¢t], t > 0, the
zero-set of X up to time ¢t. It is well known that, when 1 < o < 2, K and each
K, are nonempty closed perfect sets (because 0 is regular for itself, by the scaling
property), of Hausdorff dimension D =1 — 1/« ([5], [24]). When 0 < o < 1 on the
other hand, K = {0}, as singletons are polar in this case (see [2]). We therefore
restrict attention to the case 1 < a < 2 henceforth. We will explain how to apply
Theorems [3.1] and to obtain the following statement: for each fixed t > 0, the
limat
(4.2) L= gir%e*l/a|Kt(e)|

exists a.s. and this convergence also holds in L'.

Fix t > 0 and let {Y; : 0 < s < t} be the corresponding stable bridge; this,
intuitively, is the process X [jo4 conditioned to be 0 at time ¢. Denote by Ky the
zero set of YV: Ky = {s € [0,t] : Y; = 0}. The set Ky is then a stochastically
self-similar set in the sense of subsection 3.1, with J = [0,¢] and ® = {¢1, ¢=},
where ¢ and ¢ are the similarities of R given by

T T
¢1(’U):71’U, ¢2(U):?2’U+t—727

and 71 = sup{s € [0,t/2] : Yy = 0} and t — 7» = inf{s € [t/2,t] : Y; = 0}. Clearly,
condition (B2) is satisfied, as, for example, 7 € K N G. Also, the measure A —
E[¢(A)] is non-lattice, as 71 and 72 have (actually identical) absolutely continuous
distributions. Finally, Ky also has dimension 1 — 1/a. One way to see this is to
observe that

(4.3) Ky £1K,,

T
where £ means ‘equal in law’ and 7 = sup{s € [0,¢] : X5 = 0}. This is because the
processes Y and {(7/t)"Y/*X,, ; : 0 < s < t} have the same laws (i.e., the latter is
a bridge), by the scaling property (see [2], Theorem VIII.12). It now follows from
Theorem B.1] that, with probability equal to one, the limit

(4.4) Ly = lim eV Ky (e)|

exists and this convergence also holds in L', by Theorem[3.7] Statement (4:2]) then
follows from this convergence, using the representation (4.3]) and observing that

(5) (5)
- (07 e (E) G (5]

As a matter of fact, taking Y, = (T/t)_l/aXST/t, 0 < s < t, as we may, we
obtain that L; = (7/t)*~'/® Ly; furthermore 7 is independent of Ly ([2], Theorem
VIIL12).

lim ¢/, (e) —1/al

lim e
e—0
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Clearly, one can then deal similarly with the case where the starting point Xy is
an arbitrary point « € R, by considering the first time the process hits 0 and using
the strong Markov property, and also with arbitrary level-sets K¥ = {s > 0: X, =
y}and KY = KYN[0,t], ¢t > 0, y € R, by considering the first time the process hits
Y.

Remark. Statement (2] is not new. In the case of Brownian motion, which is
stable with o = 2, it was already known to P. Levy, as can be deduced from section
2.2 of Ito and McKean ([II]); in particular, it follows directly from 5) and 6) on
page 43, reference [11]. The general case 1 < a < 2, follows similarly from the
results in section 7 of Fristedt and Taylor ([9]). Furthermore, the results in [9]
imply that the limit L; is a constant multiple of the local time at 0.

One can actually deduce a stronger statement than the a.s. convergence in (E.2)
from Theorem [3.11

Theorem 4.1. Let {X; :t > 0} be a real-valued stable process, of index o € (1,2].
Then, there exists a set of probability one, on which € '/*|K(€)| converges, as
€ — 0, simultaneously for all t > 0. Furthermore, the limit Ly, t > 0, is continuous
m t.

Remark. Tt is plain that, given its existence, the limit {L; : ¢ > 0} is adapted
and constitutes an additive functional. As such, and being continuous, it must be
a constant multiple of the local time of X at 0, by Proposition IV.5 of reference
[2]. Reversing the point of view, one can define the local time process by L, =
lime g e | K (€)|, t > 0, without a priori knowledge of its existence.

Proof of Theorem [f-1] Fix ¢t > 0 and consider the bridge Y; = (T/t)*l/aXST/t,
0 < s <t,its zero-set Ky and set Ky s = Ky N[0, s]. In the notation of subsection
3.1, we have that G, = {1,2}", for all n > 0, and P = J;—_ {1, 2}". Furthermore,
since P is countable, the limit

(4.5) g = lim e /K ()]

exists for all z € P simultaneously on a set §2} of probability one, and one has the
following equality, for each x € P and all n > 0:

(4.6) e PSepz — Z e DS IY

yegy
with D =1 — 1/a. Define random functions {Lgﬁli 10 < s <t}, by letting Lgf) be
the distribution function of the measure that spreads mass e~?%+ L% uniformly on

the interval ¢, ([0,1]), for = € G,. By (&B) then L) = Ly, for all n > 0.
It is plain that (see Figure[d)

(4.7) HL%,”?H) - Lgf) < maxe PSe L%

00 T€EGn

for all n > 0. We next note the following lemma, whose proof we postpone to the
end of this section.

Lemma 4.2.
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Ly

LQ?

T t—T1 t

FIGURE 4. The functions ng) Lg/l’) and Lg)

)
5o

It now follows from the lemma that on a set Q; C 2}, of probability one, the
functions Lg,n ) converge uniformly to a limit Ly, , which must be continuous. Be-

cause |Ky,«(€)| < |Ky,s(€)|, for 0 < r < s <t, because the limit Ly is continuous
and because, by (L1,

(4.8) lim e/ Ky s(e)] = Ly.s

for those s € [0, ¢] which are endpoints of the intervals ¢, ([O7 t]), x € P, and because
such s are dense in Ky, it follows that the convergence (8] holds simultaneously
for all s € Ky. Finally, because both sides of (£8) are constant functions of s on
each of the intervals in [0,¢] \ Ky, 38) holds for all s € [0,¢] simultaneously on
Qt-

Using the representation (3) (which now holds pointwise and not just in law,
by our choice of Y), we then have that, on Q,

T\ 1-1/«a . -1/«
Ly := (E) Ly srt = 215%6 Y [Ks(e)]

for all 0 < s < 7; defining Ly, = L, for 7 < s < t, one has that
(4.9) e VK ()] — Ly

for all s € [0,] on . Finally, the set Qo :=[,,5, 2, has probability one and on
it (E9) holds for all ¢ > 0 and the function ¢ — L; is continuous. O

Proof of Lemma[{-2 First note that e=P% < 27711/ for x € G,,. Hence

(4.10) E [max eDS":L%}} <o -V p,,
z€Gy
where F, denotes the expectation of the maximum of n independent copies of Ly.
We will show that, for any e > 0, there exists a constant 0 < C¢ < oo, such that
E, <Cn, n >0, and this, in conjunction with (EI0), will prove the lemma.
Recall the martingale M,, = ergn e~ P%= and note that, since M; < 2, its limit
Mo has finite moments of all orders, by Theorem 2.1 of reference [20)]. Recall also,
from (BIZ), that Ly = M x const.; therefore Ly has finite moments of all orders.
It follows from Markov’s inequality that, for any 8 > 0 and u > 0,

P(Ly >u) <u PE[LY].
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Fix 8> 1 and let ¢ = E[L2]'/7. Since E, = {1 =1 =P(Ly > u)]"}du,

(4.11) Engc+/:o[1—(1—c )]du—c[1+ﬁ /Wﬁwd]

Using the beta-function,

! 1—u"
/0 A= ayrimdt Z/ Uﬁdu_zzﬁ—lnjﬁ—l

where, by convention, H?:1 = 1. Now, use the well known relation between sums
and products, to obtain

P 1o ~ 08 . 3 /
|| et <03 g L= a1 55y <o,

for some finite constant C”, which, together with (ZITl), prove the lemma. O

5. CONCLUDING REMARKS

1. As should be clear from Example 4.1 (Cantor set), formulae (Z3) and ( )
can be used for explicit computations, at least in low dimensions (d = 1,2
say).

2. We conjecture that the non-lattice condition of Theorem[2.3] (i) is also neces-
sary for ¢ (¢=P)| K (€)| to converge to a limit as ¢ — 0, at least in non-trivial
cases. To be more precise, let I denote the convex hull of K.

Conjecture. If
N
(5.1) INYETGET)
i=1

then e~ (4=P)| K (€)| converges to a limit, as e — 0, iff
{logr1,...,logrn} € N\Z for any A > 0.

Notice that (5.1) is not satisfied for the set of similarities ¢1 (z) = z/3, ¢2(x) =
(x +1)/3, ¢3(x) = (x +2)/3. The invariant set K for these similarities is
K =[0,1], D = 1, and obviously e"~P)|K (¢)] — 1, as € — 0. For specific
cases of ‘lattice self-similar sets’, one can verify the conjecture as in Example
4.1, but it would be nice to have a general argument. (Note added in proof:
See also the recent article [26] by van Frankenhuysen and Lapidus; Remark
5.2 there verifies the conjecture for a certain class of self-similar subsets of R.)
3. The methods of this paper rely heavily on the self-similarity of K, i.e., the fact
that each of the maps ¢; is a similarity transformation. One can consider the
same problem for fractals with some approzimate self-similarity, like limit sets
of Fuchsian groups and Schottky groups, or hyperbolic Julia sets of rational
maps. The problem is considerably harder for such sets, but similar methods

apply.
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APPENDIX

In subsection 3.1 we considered random elements ® = {¢1,...,¢,}, defined on
some probability space (2, F,P). Here we consider matters of measurability.

Recall that S stands for the set of all contracting similarities of R? and J is a
fixed compact set, with G = int(J) and G = J. Set Sy := {s € S : 5(J) C J} and,
forn > 1

SS") = {{s1,...,sn} :5;(J) C Jforall i and s;(G) N's;(G) =0 fori#j}.

Then ® takes values in 8% :=J2, SSn), where Sgl) =S8y and SSO) = {e}.
Each element of S is of the form s(v) = rAv +b, with r € (0,1), A € O(R?) and
b € RY. We may therefore endow S with a metric:

dist(s,s") :=|r —7'| +||[A = A'|| + |b-V|.

The resulting metric space is separable and complete and Sy is closed in it. We
may also endow each S| the set of all subsets of S with n elements, with a metric,
namely

dist(S, ") = min max dist (s, 7(s)) ,

™  sES
where the minimum is taken over all bijections 7 : S — S’. Then, for each n > 1,
Sgn) is closed in S™ and hence in B(™, the Borel o-algebra of S . Therefore
BS") = {Sgn) NB: B € B™}is a g-algebra and we take

B;:={BeS": BﬂSSn) € BS") for all n > 0}

as our o-algebra on S, where BSO) = {@,SSO)} is the trivial o-algebra. We then
require of ® that it be a map ® : } — &7, measurable with respect to F and B7.

ADDED AFTER POSTING

In the Conjecture in section 5, [26] should read [25].
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