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We study the properties of gravitational system in finite regions bounded by gravitational
screens. We present the detail construction of the total energy of such regions and of the en-
ergy and momentum balance equations due to the flow of matter and gravitational radiation
through the screen. We establish that the gravitational screen possesses analogs of surface
tension, internal energy and viscous stress tensor, while the conservations are analogs of
non-equilibrium balance equations for a viscous system. This gives a precise correspondence
between gravity in finite regions and non-equilibrium thermodynamics.

I. INTRODUCTION

Unlike any other interactions, gravity is fundamentally holographic. This fundamental prop-
erty of Einstein gravity manifests itself more clearly when one tries to define a notion of energy
for a gravitational system. It is well known that no local covariant notion of energy can be given
in general relativity. The physical reason can be tracked to the equivalence principle. Illustrated
in a heuristic manner, a free falling point-like particle does not feel any gravitational field, so
no gravitational energy density can be identified at spacetime points. A more radical way to
witness the holographic nature of gravity, comes from the fact that the Hamiltonian of general
relativity coupled to any matter fields, exactly vanishes for any physical configuration of the
fields. If one asks what is the total energy of a closed gravitational system with no boundary,
the answer is that it is zero for any physical configurations. This is a mathematical consequence
of diffeomorphism invariance. It naively implies that the gravitational energy density vanish.

A proper way to accommodate this, is to recognize that a notion of energy can only be given
once we introduce a bounded region of space together with a time evolution for the boundary
of this region. The time evolution of this boundary span a timelike world tube equipped with
a time foliation. We will call such boundaries equipped with a timelike foliation, gravitational
screens. They will be the subject of our study which focuses on what happen to a gravitational
system in a finite bounded region. In the presence of gravity, the total energy of the region
inside the screen comes purely from a boundary screen contribution and the bulk contribution
vanishes. In that sense, energy cannot be localized but it can be quasi-localized, i-e expressed
as a local surface integral on the screen.

The goal of this paper is two-fold. First, we revisit the definition and key properties of the
energy and momenta associated with regions bounded by screens. We focus first on the canonical
energy associated with the Einstein-Hilbert Lagrangian. The key point we want to stress, is that
the screen energy density is given by a notion of surface acceleration. The other key point is that
this energy is the sum of a translational energy and a boost energy. The boost energy is entirely
due to the presence of boundary degrees of freedom associated with the presence of the screen.
The translational energy on the other hand is due to the usual gravitational degrees of freedom.
It is proportional to the screen radial acceleration and it is the gravitational analog of Gibbs
energy. The boost energy density is on the other hand proportional to the difference between
the acceleration of screen observers with the Newtonian acceleration of Eulerian observers.



This allows to show that the gravitational screen possesses a surface tension o proportional
to its inward radial acceleration [1]. It also shows that the screen possesses a Newtonian potential
¢, whose gradient defines the acceleration of Newtonian (i-e Eulerian) observers. We also study
the dependence of the energy on the change of boundary Lagrangian and show that the Legendre
transform of the canonical energy defines a notion of gravitational internal energy. The density
of internal energy is found to be proportional to the radial expansion (i-e the screen’s extrinsic
curvature). In order to understand in a thermodynamical fashion all the elements entering the
definition of energy and its variation we develop in the core of the paper a description of a 2+
2 decomposition of the gravitational field.

The second purpose of this paper is to establish the law of time evolution of the screen energy,
together with the computation of the anomaly appearing in the Poisson constraint algebra. This
anomaly being due to the presence of the screen. These constitute our main results.

For a general screen the energy is not conserved in time. Gravitational and matter energy
can flow in and out of the region bounded by the screen and in the second part of the paper
we focus on deriving the equation that governs this dissipative process. What is remarkable is
the fact that the gravity equation of motion projects themselves onto the screen as the equation
of non-equilibrium thermodynamic for a continuous isotropic and non elastic media, with one
component, i-e a general fluid. We will show that, under this analogy, the screen possesses a
viscous stress tensor T proportional to the radial deformation tensor.

This implies that the gravitational screen is exactly described as a thermodynamical system
out of equilibrium. Lets denote by U the total internal energy of the screen, defined as the
integral of the radial expansion. The gravity equations holographically project themselves onto
the screen as the first law of non-equilibrium thermodynamics which reads

AU = 0dA + 5 Ey + 6 Ex +6Q (1)

where A is the area of the screen. The first term is a work term due to the presence of surface
tension ¢ and give the energy cost of expanding the screen area. § Fyp is the work due to matter
entering or leaving the region inside the screen, § Ey is the Newtonian work. The Newtonian
energy comes from the coupling of the Newtonian potential ¢ to the screen’s inertial mass which
appears to be given by the internal energy. So U acts as the inertial mass for the non relativistic
system described by the screen. At last 6Q) represent the internal heat production of the screen
due to viscous forces. It is proportional to the contraction of the viscous stress tensor with
the velocity gradient, i-e the time derivative of the screen’s metric. This term represents the
dissipation of energy due to the gravitational wave production. It shows that gravitational wave
energy is account for as heat dissipation. We have seen already that the total energy of a closed
isolated gravitational system is always zero. From the thermodynamical point of view we can
understand this cancellation as a balance between work which represents usable energy and heat.
The workable energy comprises of matter energy, Coulombic energy and tension energy while
the heat comprises of gravitational radiation. This equation is presented in section V A.

Our formalism is valid for an arbitrary timelike screen. The usual situations studied in the
literature are often limiting situations obtained by specializing the screen to be either at infinity
or along a black hole horizon. Black Hole event horizons are surfaces that can be represented
as a null limit of timelike screens. In this particular limit and under conditions of equilibrium,
the first law presented here reduces to first laws established for black holes. However, the
first law presented here is in many way more general. First it includes a Newtonian term and
more importantly it shows that general screens possess an internal energy. The variation of



this quantity is usually set up to vanish in equilibrium situation, but it will not in a general
non-equilibrium situation.

Also, it shows clearly that the surface gravity do not appear naturally in the first law as a
temperature of the screen but as its pressure or negative surface tension. Wether the identifica-
tion of surface tension and temperature, valid for the very particular case of a killing bifurcated
horizon surface [2, 3], extends or not for a more general screen, is an open question beyond the
scope of this paper. In 4d gravity, the screen is 2-dimensional, therefore the usual pressure work
term —p3qdV reads —pogdA = odA. This term is often misinterpreted for an entropy production
term but it is not in this general context, it is the usual work term due to change of the size of
the system.

The viscous entropy production term in non-equilibrium thermodynamics [4] is due to the
presence of a viscous stress tensor and related to the production of heat and internal dissipation.
In our case we can clearly identify it with the production and transport of gravitational waves. So
entropy production for the screen viewed as a thermodynamical system is the left-over signature
of dynamical gravity.

We also consider in this work the equation governing the conservation of the screen momenta.
We establish that the momenta density is proportional to the so-called normal connection and we
write explicitly the equation governing the non conservation of screen momenta. This equation
confirms the thermodynamical interpretation given for the energy conservation. In particular it
confirms that the screen possesses a surface tension proportional to its radial acceleration and
an internal energy that acts as an inertial mass for the Newtonian potential. One finds that the
screen acceleration is due to several term. Schematically,

0P =do+d-7+ Fy + FN. (2)

The first term is the “Marangoni” force [5] due to the presence of surface tension gradients,
the second one is the viscous force due to the presence of the viscous stress tensor 7 (here
proportional to the radial deformation tensor), we also have a Newtonian force Fy = -Ud¢ due
to the Newtonian potential and finally a force Fy; due to the transfer of momenta from the
matter to the screen.

The goal of this paper is to give a self contained presentation of the construction of the
symplectic potential, gravitational energy, dependence on the boundary term, and the 242
formalism which is a key technique used here. These subjects have been all touched on and
developed on many instances in the literature, but in a scattered manner that we try to reunite
here. We also want to give a unified presentation of the thermodynamical interpretation of the
different form of energy that appears in the gravitational context.

The variational principle for gravity and construction of the symplectic potential has been
developed in several instance by Regge, Teitelboim and more recently Wald, Iyer and Brown and
York [6-8]. The notion of quasi local energy has also been developed by many additional authors
[11-17]. The two definitions which have attracted most of the attention are the definition of
Brown and York [11] which correspond as we will see to what we call the internal energy and
the definition of Iyer and Wald [7] which corresponds to our gravitational Gibbs energy. Both
are canonical energies. These definitions have been extended to non orthogonal boundaries in
[18-21]. The presence of boundary degrees of freedom has been introduced in the Lagrangian
context as boundary terms needed to extend the Gibbons-Hawking prescription [18, 22] and then
appreciated first by Carlip and Teitelboim [23] in the Hamiltonian context, as introducing a new
canonical pair. The notion of boost energy appears in recent works related to quantum gravity



[24-26] even if its relevance to the total energy has not been described precisely previously. In
our presentation we develop in great detail the 242 formulation of gravity, emphasizing the
importance of the foliations scalars and detailing the accelerations. Some elements but not all
of this decomposition appears in [27-30].

Our work is deeply inspired by the membrane paradigm as developed by Price, Thorne
[31, 32] and Damour [33] and can be viewed as a full extension of this program for a general
timelike screen. The main idea of this program and of our work being that one can replace the
gravitational degrees of freedom inside a screen by boundary degrees of freedom on the screen.

Our work is also inspired by the beautiful developments associated with trapping, isolated,
dynamical and slowly evolving horizons [34-39]. One key difference being that a dynamical
horizon is a space like surface and cannot therefore be understood as a physical membrane. The
first law and momenta conservation law that we write are nevertheless related to laws satisfied
by these objects.

II. HAMILTONIAN ANALYSIS AND ENERGY
In this section we present the construction of the symplectic potential for gravity, the presence

of bulk and boundary degrees of freedom, the canonical Hamiltonian and its thermodynamical
interpretations.

A. Boundary variations and conventions
Our conventions are that the metric g,3 possesses a signature (—+++), its covariant derivative

is denoted by V,, and the curvature tensor is defined to be [V, Vg]v“ = R!,,gv". In units where
871G =1, the gravity Lagrangian is given by

1 (07
Lg = 5@9 P Rug. (3)

The convention for matter fields are as follows: The scalar field matter Lagrangian is given by

L =~V (567020050 + V(6)). (@)

and its energy momentum tensor by 7}, = —\/% gj’],j, where Sy, = [ Ly,.
g

In the following we will use notations, often used in the relativity literature e.g [40], that
allows to limit the number of indices contractions. IN these notations a vector with components
nt is denoted by bold face letter n = n*d,, the corresponding one form obtained by lowered
the indices with the spacetime metric is denoted n = n,dz". Single contraction of vectors are
denoted with a dot n*t, = n-t double contraction with a double dot 0,,0"" = o:0. The Lie
derivative along a vector m is denoted L,, the interior product of a vector with a one form is
denoted 1, 1t =m -t.

Finally let us recall that the Gauss law is given by

i [



where the surface element is given by ¢, = anux/ﬁd% for space like or timelike boundary. Here
n, is the outgoing unit normal to the boundary, o = n#n, is negative for a space like hyper
surface and positive for a timelike hyper surface, and h,, = g — onyn, is the induced metric
on the boundary. In the following we will also use the notation € = \/Hd‘lm for the top form.
More details on these is given in the appendix B.

B. The setting: Observers, screens and foliation

The setting we are interested in is the study of a connected region of space-time denoted A
which possesses a global foliation and which also possesses timelike boundaries called screens.
The screens are assumed to have the topology S? x R. We also assume that there is one screen
3, which can be identified with the outer screen, while there a (possibly empty) set of interior
screens ;. This situation is pictured in figure 1. Our analysis is valid for a general set up of
screens but it will be convenient at times to restrict to the case where there are only one outer
and one interior screen.

The leaves of the foliation are denoted by X, they are the level set of a given spacetime time
function T'(z),with value ¢. The unit normal to ¥; is denoted by n and satisfies n-n = -1. We
denote by (huw, Dy) the metric and covariant derivative on 3;. They are related to the metric
and connection on the slices to the spacetime ones by the use of the orthonormal projector

h,” = g,” +n,n”, hu,*V vy, = Doy, (5)

for a vector v tangent to ¥;. The time evolution is characterized by a time flow vector ¢ = t#0,
which can be decomposed in terms of a lapse and a shift

t=Nn+M. (6)

This time flow vector is assumed to be parallel to the boundary screens. The characteristic
property of this vector, that is t*0,7T = 1, implies that the Lie derivative along t of any vector
tangent to X; is still tangent to ;. This means that

hauﬁtn# =0. (7)

An Eulerien observer [41], is a fiducial observer static with respect to the foliation, whose 4-
velocity is given by n#. The previous identity implies that the acceleration of an Eulerien
observer, is a vector tangent to X; given by the space derivative of the lapse function:

D,N

Vnnu= N (8)

The foliation leaves ¥; intersect the screens along 2-spheres denoted S; = ¥ n'%;. The bulk
foliation induces a foliation of the screens. We will call a screen with a specific time foliation a
gravitational observer. The space-time metric can be decomposed in term of the 2d metric q on
S; as

Gap = Gap T SasSg — NaNg



FIG. 1: Foliation and screens

where s, is a unit spacelike vector tangent to 3; but normal to S;. We will always chose this
vector to be directed outwardly, from the inner regions to the outer region. The time flow vector
is then decomposed as

t=Nn+DMs+¢p (9)

where ¢ is a 2d lapse vector tangent to S;. It will be convenient for us to introduce the normal
time flow £ = Nn+Ms. This normal time flow is tangent to the screen and orthogonal to S; and
therefore proportional to a unit timelike vector tangent to the screen and denoted 7. It will also
be useful for us to introduce the normal vector t* = Ns + Mmn. This vector is proportional to 3
the unit normal to the screen going outwardly. That is if we define N = pcosh 8, M = psinh 3,

FIG. 2: Screen and foliation normals

with 3 is the boost angle that relates the screen frame (7@, §) to the time foliation frame (n, s).
We have

7. = cosh fn + sinh Bs, S = cosh 8s + sinh An.



In the case where there is only one outer and one interior screen, we assume that there are an
additional foliation by timelike surfaces X,, which are the level surfaces R(z) = r of a radial
field, which interpolates between the interior and outer screens.

C. Gravity symplectic potential

Given a Lagrangian L its symplectic potential is defined to be given by the boundary variation
of the action. We know that the bulk variation of the action defines the equation of motion and
therefore the on-shell the variation of the Lagrangian is a pure derivative. It is given by

5SM:f 6L£f a, (10)
M oM

where § denotes variation on the space of fields and = denotes the on-shell evaluation. The sym-
plectic potential o can be itself decomposed into a bulk variation ag and a boundary variation
ap. These boundary terms of the symplectic potential arises when the boundary of M possesses
corners, i-e co-dimension two manifolds S which separates two regions with different boundary
conditions. If we decompose the boundary of M into co-dimension 1 components 3J; and corners
Si; we can write the general on-shell variation of a Lagrangian on a manifold with corners as

fM(SLEZi:fziO‘BJF%:fSU% (11)

The Lagrangian uniquely determines then the symplectic potential. Once the symplectic poten-
tial has been identify, we can uniquely construct given a Lagrangian density L, the corresponding
canonical Hamiltonian which is the canonical generator of time translation along t. It is given
by

Hy = fz (T L) (12)

where Iy = Iiate, is the symplectic potential evaluated for time variations I4d¢ = Li¢. 1
denotes the interior product of the vector ¢ with the Lagrangian form 2ze = t¥¢,.

The goal is now to evaluate explicitly the canonical Hamiltonian for gravity. We start by the
computation of the gravity symplectic potential using a fundamental identity for its evaluation.
This calculation appears in some form in many references, see e.g [7, 8, 18] we present here
for completeness and clarity the calculation as this will set our notations and clarify what
assumptions are made in its construction.

D. A fundamental variational identity

From the definition of the Ricci tensor, and using the expression of the variation of the
connection 6F26 = %g‘“’(vaégﬁy +V30gar — V0gap), we obtain that the Ricci tensor variation
is given by

0Rap = V0T 5 = Vadl', 5. (13)

Therefore we conclude that

1 (87
0L = /19l Gapdg™ +lgl Vo, (14)



where G5 denote the Einstein tensor and the symplectic potential vector is

1
ot = 3 (5I’Zﬁga’8 - 5F§59“a) =v, o, with o = (g“o‘g”ﬁ —g“”gaﬁ)5ga5, (15)

[N

while the symplectic potential is o = a''e,.

In order to give an explicit expression for the symplectic potential, for a slice normal to the
one form ng, let us introduce the induced metric tensor h,g = gog — onang , where o = non®
is the signature. It is negative for a spacelike slice and positive for a timelike one!. We also
introduce the extrinsic curvature tensor K3 = %ﬁnhag = haa/hgﬂ’(varngf), and denotes its
trace by K, = Knagh‘”ﬂ. We finally introduce the acceleration vector ak, = —oV,n*. From the
definition, it is easy to check that Vong = Kyqg—naang. From now on we also denote o, = af'ny,
so the symplectic potential reads « = oV han.

We now establish, using the definition (15), that

0(Van® +Vengy) = Vodn® + V¥n, + 5gaﬁvan5 - 20, (16)

Using the identity v, (h*,0n") = D, (h*,6n") + anu,on*, where D, is the derivative on the slice
compatible with the induced metric h, we can expand the first two terms of the RHS as

Vadn® + V¥ng = Dgoy, + apadn® + ay,dng.

Where we have introduced 6% = (h*,0n” + h*dn, ). Finally, using the definition of K,, and the
variational identity 5ga5n’3 =0ng — gagénﬁ we establish that

5go‘5van5 = Sh K, + Ag ONg = Ay dn. (17)

This allow us to establish after rearrangements, the fundamental identity:

4(1(;;” - WK )6 hay — Vhal ong — gpaag. (18)

—~Vhay, = 5(\/EKH) +

where 0% = (h*,0n” + h*dn, ). This is the expression we were looking for.

E. Bulk and boundary contributions

The first term in (18) is a total variation, therefore it does not contribute to the symplectic
structure even if it does affect the symplectic potential. This term is the variation of the
celebrated Gibbons-Hawking boundary term [42].

The second term and third terms determine the bulk symplectic structure. First it shows the
well known fact that

I = Vh(KL - Knh*)[2

! We are initially interested in the case of a timelike slice but our formalism also works for a space like one. This
will be needed in a later section.



is the momentum conjugated to h,. Since II""h, = —\/EKn we have that
S(VhEKy) + 11" hy, = 611" R, (19)

The third term given by —\/Eaﬁén“ depends on the parameters labelling the foliation. Since
ny =-N0O,T and an, = D,,N/N, this component of the symplectic potential can be written as

—~Vhat'n, = VhD*N DT = —Vh(DaDN)ST + VhDo( D*NOT).

This shows that the momentum conjugate to the foliation time 7" is given by

Il = —/h(D,DN). (20)

The lapse depends on T and the metric via N(T') = (-9,T g“”(?VT)_%. We can ignore this
contribution to the symplectic potential when we consider hypersurface orthogonal deformations
that modify the fields without changing the foliation, that is deformation such that h,*dn, = 0.
On the other hand, for a arbitrary spacetime diffeomorphism &, ho"Le¢n, doesn’t necessarily
vanish. This means that not all diffeomorphisms can be represented as a hypersurface orthogonal
deformations and therefore can be implemented canonically in terms of a symplectic structure
that depends only on (h, K). The condition ho"Len, =0 is equivalent to {#ny, = ¢(T)N where
c is a function that depends only on T'. Indeed

hot'Leny, = Da(€m) —aq(§m) = NDgc. (21)

In summary, for a general variation, the bulk symplectic potential is given by

Oy = fz o= fz B OTT + fE T170T. (22)

The second term vanish for surface orthogonal variations. In this case the Bulk canonical
variables are therefore the usual pairs (IT*, g,,,), with " = /(K" — h*K), if one restrict
to foliation preserving variations. They and also include (Il7,T') for a general variation, with
Iy = —VhAN.

F. Boundary symplectic potential

What appears from this computation is that we also have boundary degrees of freedom that
contributes to the symplectic potential. These arises since we are considering finite boundaries.
We restrict to variations that do not change T" on the screen. In this case the boundary symplectic
potential takes the form

1
Og :—5[9\/55, with 6 = (s"0n, + s,0n") (23)

In order to understand the nature of this term, let us introduce a time coordinates T that
label the slices ¥ and a radial coordinate R that label the position of the screen. Since n, is
a one-form normal to the slice it is proportional to dT’, its normal radial unit vector s, will be
proportional to dR only if the slicing is orthogonal to the screen. But in general it is given by
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a linear combination of d7" and dR. We therefore need 3 foliations scalars to characterize the
position of the screen and slicing, these are given by a time lapse p, a space lapse 7 and a boost
angle 3, they are defined by:

n = —pcosh fdT, 8 =7dR + psinh SdT. (24)

where n = nq,dx®. The boost angle 5 is the angle needed in order to rotate the slicing frame
into the screen frame, since 5 = cosh #s + sinh fn o« dR. The meaning of p, 7 comes from the
fact that pdT measure the proper time as it flows on the screen while 7d R measure the proper
radial distance on the slices T = cste. The screen velocity is the velocity of the screen as seen
by an Eulerian (static) observer. Such an observer is characterized by the fact that it doesn’t
move on the slicing hence s,2% = 0 which implies that it posses a radial velocity —vr where

VR = P sinh B. (25)
T
vg is the velocity of the screen relative to static observers. The explicitly calculation of & is
given in the appendix and also in section III. The result is that

_(5,B+tanh,8((%p—577)) hﬁévR (26)

So we see that for particular variations where the rate of change of the time lapse is equal to
the rate of change of the space lapse i-e dp/p = d7/7, this is simply equal to the variation of the
boost angle. In this case the boundary symplectic structure is simply

:% | vass. (27)

This shows that the surface area element /g and the boost angle 3 are in this context conjugated
variables. This was first recognised by Carlip and Teitelboim [23]. This statement is however
not generally true as we just saw since 8 # 0 in general. For a general variation we get instead
that the symplectic structure is of the form

Os = 2[(pcosh,6’) (28)

i

so that vgr and the rescaled area element ——/- 5 are the boundary conjugate variables.

Even if § cannot be written as the Varlatlon of a boost angle, it is still of interest to introduce
the notion of boost angle associated with one particular variation. We naturally choose I16 = L
so that 7 is defined by

Ln = (s“ﬁtnu + Suﬁtnu) =1;6. (29)

As we will see this angle naturally enters the definition of the total energy.

G. Canonical gravitational Energy

The gravitational Hamiltonian which is the canonical generator of time translation is given

by
1 (t- n)
HGz—f Late, —1,L) = f Ly, -
t "8G Et( LT ) el \/_( ta 2 )’ (30)
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where I is the symplectic potential vector evaluated for variations I3d¢ = Li¢. Note that
N = -t-n is the lapse function given by \/g=N Vh. From the previous section we know that

1
Vh
where we have used that hhLin, = 0, since the time flow t preserves the foliation. Thus the
bulk term depending on the foliation do not enter the definition of Hy.

From the definition of IT and the Ricci-Codazzi identity (D9) we have that

1

Vh
1

1 ab ab 1 a
= Li(VhE) = Z(Daty + Dyta) (K = h®K) + Do L
i +(VhE) 5 (Daty + Dyta)( )+ 5 Dalen

1
= —(Le(K) + K™Dty + §Da£tna

1
Tyauy, = —=hog LeT1°° + 5 Dalen®, (31)

1
Lian (L(hapTI™) = (Lehgp)TI?) + 5 Dalen’

1
Rtn - Da (tha - §£tna) . (32)
Integrating by part and using that

JoViDat = [, Vi) = [ Vito-s)= [ Vitw-s) )

where S, denotes the outer sphere boundary and .S; the inner spheres, while s is a space like
directed towards the outer boundary. This shows, that the canonical gravity Hamiltonian is
given by

1 1
G = = f h 4
t T 8rG ) \/aﬁt &G Jx, \/_th (3 )

We see that this energy contains a surface contribution and the value of the surface energy
density is k¢/8mG where Ky is defined to be

1
Kt =8 -Vin — §sa£tn“. (35)

Note that due to hyper surface orthogonality of the flow generated bt t we have that n®L;s, =0
and using the definition of the dihedral angle (29), we can write the surface energy density as

1
Kt=8-V¢n — §5t with 04 = (Sa[,tn“ - naﬁtsa) =Lyn. (36)

As we will see in more detail later, the first term is the radial acceleration of the screen while
the second is a boost acceleration. The canonical energy of matter is given by?

1
HM - fz t Ty, = — fz t Nt (38)

2 The matter momentum vector associated with a slice is given by

pu:fTuufu:_/ ﬂTpny (37)
p =

while the energy of a slice is given by e = —p - ¢, the minus signs due to the choice of signature cancel.
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Tin represent the matter energy density 3 as measured by an observer following the world line
ot =t#. This shows that the total energy is simply given by a boundary term:

1
Hy = HY + HY = 39
t t t T ea o5, Vakt. (39)
If we decompose 0%; = Si, U; Sy in term of its outer boundary and inner boundaries,we can
express this energy can be written in terms of contribution for each boundaries

f V™ (40)

He = 871G
The outer boundary contributes positively and the inner ones negatively. k¢ is defined in (36)
with s being pointing in the outer direction.

Let us emphasize here that this energy formula, presents two key features. First, it is quasi-
local: it is non vanishing only on the boundary of the region of observation. This is a consequence
of diffeomorphism invariance which implies that the bulk Hamiltonian vanish. In this sense
gravity is naturally holographic.

Second, the energy depends on the choice of observer, that is not only the choice of screens,
but also the choice of foliation of the screens. This second feature is not that unusual, for
instance in special relativity different boosted observers possess different energies, however it is
a feature that has led to a lot of resistance since energy is usually associated with the study of
stability and the usual point of view is that stability should be a property of a system, not a
system and an observer. There has always been attempts to define a unique notion of energy,
The ADM energy is one example or the energy associated with black hole horizons. In each
case it always amounts to choose a special type of observer, infinity with the flat slicing or the
killing observer or the observer attached to a bifurcated surface. These are beautiful and in the
case of ADM lead to a result of positivity but they do not apply for a general space-time and
if we want observer independence we are left in a unsettling situation where special observers
can be find only in special situations, while in others no notion of energy is available. Our point
of view is that in the general case we have to give up such attempts and embrace the fact that
the notion of energy and momenta is observer dependent. In this case the canonical energy is
uniquely defined and given by (40).

H. Decomposition of canonical energy

What is remarkable about the formula for the total energy is that is can naturally have a
thermodynamical interpretation. In order to see this, it is convenient to introduce a decompo-
sition of the time flow vector into a boundary “normal-time” vector £, tangent to the screen X,
but normal to S and a “rotation” vector ¢ which is tangential to S. That is we define

t=—(t-n)n+(t-s)s, and t=t+o. (41)
This decomposition is mirrored in the decomposition of the energy density x¢ = k; + k. Using

this decomposition we can introduce the quasi-local mass and angular momenta® S, they are

3 Strictly speaking it is truly an angular moment when the orbits of ¢ are closed circles of length 27 foliating
the two sphere. In general it should be understood as a momenta as we will see.
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given by
Mﬂzzf\/ai J z—/ﬂ“—‘f’ (42)
t S 8rG’ ® S 8rG’

As we will see in the next section, the normalisation is chosen in order to reproduce, Komar mass
and angular momenta formula [43] for space-times where ¢ is a Killing field. It also reproduces
the Newtonian expression for the Newtonian mass as a Gauss law. Finally, the formula for
the mass also reproduce ADM mass formula if the screen is located at timelike infinity. It also
reproduces Bondi energy [44] for a screen that asymptote null infinity. We therefore see that
for different choice of screen and time the canonical mass formula reproduces, Komar, ADM or
Bondi.

One of the key feature of having finite boundary is the appearance of boundary degrees
of freedom* associated with the boundary symplectic potential —% /. $/q%. These degrees of
freedom are new degrees of freedom (,/g,n) not part of the usual gravitational degree of freedom
(hap, Kap), they are entirely due to the presence of the boundary. This dependence of the energy
on the boundary degree of freedom shows up in the decomposition of the surface energy density
as a sum of two terms: kg = Y — %&, where

V¢ = SV, 0t = (spLlynt +s"Lgny,) . (43)

This expression is written in terms of the foliation frame (n,s). Since the energy is associated
to the screen and the time evolution is parallel to the screen it is natural to look at this decom-
position in the screen frame (,3) = cosh 3(n, s) + sinh 3(s,n). where 7 is such that £ = pn, p
being a screen lapse. It is direct to check that k¢ is invariant under such change of frame and
we can therefore write it as k¢ = ¢ — %St, where

F¢ = VM, S5¢ = (8, Len* + 3" Lyny,) - (44)

Here 4 = v+ + L6 is the radial acceleration of the screen, while d; is a boost acceleration
measuring the relative radial acceleration of screen observers with respect to fiducial static
observers.

Accordingly, the total energy Hy decomposes in a screen contribution G and a boundary
contribution h¢. These are given by

Ve ot
= = =— . 4
Gt fs Vigg M fs Vg (4)

As we are about to see the screen energy Gy, is the gravitational analog of the Gibbs energy®.
The decomposition of t = £ + ¢ implies a natural decomposition of Gibbs energy in terms of the
screen surface tension oy and the screen momenta density p,. Explicitly Gy = — |, s(ot+Dpy),
with

5V;n _ 3V,n

T 8rG p"a__87rG'

ot =

(46)

4 Let us emphasize that tho is a special feature of gravity that possesses a boundary symplectic structure. This
will not be the case for the matter fields theory with the notable exception of the theta term in Yang-mills
theory.

® The justification for this denomination is given in the next section comes from the fact that its variation involves
only variation of the connection which are “intensive” variables.
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The understanding that oy is really the surface tension of the gravitational screen will be revealed
when we establish the general first law. The surface tension can be positive, generally for inner
screens, or negative, generally for outer screens. When negative it is better understood as a
2dimensional pressure for the screen, as in usual fluid systems where negative tension is pressure.

The fact that the total energy is the sum of two different types of energy is unsettling at
first. There is however a beautiful geometrical interpretation of this fact. The Gibbs energy Gy
appears to be the canonical generator of translation along the screen, it corresponds therefore
to the usual translational energy. The second contribution hy = [¢./qLs7] appears to be the
canonical generator of boost transformation at the screen. It doesn’t generates translation and
correspond to a boost energy. This can be understood by the fact that a general motion of a
foliation along a screen is characterized by translation and boost. We illustrate this in fig 3.
It is usual to associate a notion of energy for the generator of translation. It is less common

FIG. 3: Translation and boost slices

3] Tht

|

however to think of the generator of boost as an energy. There is one context where this appears
naturally, this is in the context where one computes entanglement energy [45-47]. In this case
given a space region R with boundary S and a vaccua state |0) we associate to this data a density
matrix pr = Trp|0)(0] where the trace is over all states that have support on the exterior of
R. This density matrix can be written in terms of an operator pg = exp(-2mKpr) where Kp is
the entanglement energy associated with the region R. This energy appears to be given by the
boost energy as is exemplified for instance in the context of the Unruh effect.

I. Thermodynamical interpretation

Let us now discuss the thermodynamical interpretation of the canonical energy and its re-
lation to mass and angular momenta Since the 2-d metric g4p is conformally equivalent to the
round sphere metric we denote by ¢ a conformal killing vector whose close orbits have length
27, and we chose ¢ to be equal to (2¢, where the angular velocity €2 is chose to be constant on
S2. » = J is the angular momenta of the screen and therefore the canonical energy is given by

1
Hy = - M; = Q. (47)

This decomposition is puzzling at first because of the factor 1/2 and the minus sign. The factor
1/2 seems anomalous and there has been attempts in the literature to fix this by adding a term
that depends on a background structure [48]. Let us now explain that this factor is instead
welcome.
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Lets suppose for a moment that both x; and €2 are constant on the horizon. In this case the
previous relation can be written as

1
§M£ = TtS +QJ (48)

where S = A/AG, J = Jp and Ty = Ky /27. Here and in order to ease the reader, I use the standard
notations, valid in the Black hole case, which refer to the surface density energy as temperature
and area as entropy even if it is not valid in the general context. This is now naturally interpreted
as a Gibbs-Duhem relation [49]. Indeed lets suppose we send a particle of momenta p,, inside
the screen, its energy is given by e = —p-£ and its angular momenta by j-¢ = p-¢. A momenta
is flowing out of the bulk region if 0 < —p-t = e —j- . In this case, and as we will see in full
generality later, under some equilibrium conditions®, we have that the energy-momenta flow can
be registered on the screen by an increase in area:

0<e-j- =TS (49)
Thus the change in area is given by a first law,

SM =T3S +Q6J, (50)

where M =e §J = j,.. Both M, S and J are extensive variables homogeneous under rescaling
of length. However M is homogeneous of order 1 while A and J are homogeneous of order 2.
Using this we can easily integrate out (50), assuming there is no residual contribution at zero
size, into the generalized Gibbs-Duhem relation (48). In other word the factor 1/2 entering the
relationship between the mass and the canonical energy, is not an anomaly but the reflexion of
the thermodynamical nature of the relationship.

J. Canonical energy: Gibbs energy versus internal energy

In the previous sections we have constructed the canonical energy associated with the Einstein
Lagrangian and decomposed this energy in terms of a screen and pure boundary terms. This
energy is uniquely defined once we chose which Lagrangian we work with. We can, however,
add a boundary term to the gravity Lagrangian, which will define a new type of energy. This
should not be surprising since it is also the case in thermodynamic that the energy depends on
what is kept fixed, and different energies are related by canonical transformations. For instance,
we can talk about the internal energy or the free energy or Gibbs energy. They are all related
by Legendre transforms which change which quantities are kept fixed. The internal energy for
a closed system U(S,V) is characterized by the fact that it depends on extensive quantities,
dU =TdS - pdV. That is quantities like V' and S that scale with the size of the system. While
on the other end of the spectra the Gibbs energy G(T,p) = U —T'S + pV depends on intensive
quantities, dG = Vdp — SdT, that do not scale with the size of the system.

We have seen that the on-shell variation of the Einstein Lagrangian leads to a boundary term
Vua! where o' is defined in terms of the variation of the connection 6I'y 5 on the boundary.

5 We will precisely identify these conditions as the preservation of the internal energy of the screen together with
the condition that the process do not generate any gravitational waves.
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The connection coefficient are invariant under space-time independent rescaling” of the metric
0gaB = ®gas- So we can think of the component of the connection on the boundary as the
intensive variables. This means that the canonical energy and its screen component Gy that we
have just defined is the gravitational analog of the Gibbs energy.

On the other hand the metric components on the boundary are analogous to extensive vari-
ables, since they rescale homogeneously. It is well-known that the addition of the Gibbons-
Hawking boundary term [42] leads to an on-shell variation which is proportional to variation of
the boundary metric. The canonical energy derived from the Hawking-Gibbons modification of
Finstein Lagrangian is therefore the analog of the internal energy. We are going to see that this
internal energy coincides with the Brown-and York energy [8].

Lets now investigate what happens when we modify the Einstein Lagrangian by a boundary
term

L'=L+v, V" (51)

which corresponds to a modification of the action by boundary contribution
by Lo o
s’:s-[Z Wﬁvmfi ViV, (52)

where ¥ (reps. ¥;) denotes the final (veps. initial) slices, ¥, (reps. ¥;) denotes the outer
(reps. innner) boundaries, and 7 is directed forward in time while s is directed outward. The
symplectic potential becomes a'* = ot + SV + V“%go‘ﬂ dgap, thus the variation of the canonical
energy is therefore given by

H. - H, + [E (LeVi + WPV ot 3V = NV VOR

where we have used that hy” Ling =0 and we denote V,, = V¥n,. Given the decomposition of
the time vector as t = Nn + Ms + ¢ we can show that the additional term is a total derivative®:
Da(Nhaﬁvﬂ +(Ms*+p*)Vy). Integrating by part and making use of NVg+ MV, = pVz where p
is the boundary lapse and 5 the space like vector normal to 3 directed towards the outer region.
We get the canonical energy associated with the new Lagrangian to be:

So
1=y~ [ /apVs. (53)

If the canonical energy of the Einstein Lagrangian is the Gibbs energy, the analog of the grav-
itational internal energy is the energy obtained by Legendre transform of the canonical energy
H. 1t is obtained by adding to the Einstein Lagrangian the Gibbons Hawking boundary term:
1
VH, = ————— ("(Van®) + s"(Va3Y)).
GH Sﬂ_GCOShB( ( « ) ( (o} ))
This term is characterize by the property that (87G)V,SH = —(v,n®) and (87G)VEH = (v,4,5%)
where n is the timelike normal to the slice > and 5 is the space like normal to the screen,

7 Since the Einstein tensor is invariant under such rescaling we can consider that this variation is an on-shell
variation, once we rescale the matter field appropriately.
¥ we use that LnnVa + h*’ Vo (Nng)Vn = NV, (n"V™) and that NV, (h*, V") = D,(Nh*,V*).
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while K = (Von®) and H = (V,3%) represent the trace of the extrinsic curvature of ¥ and X
respectively. The internal energy denoted U, is therefore given by
(Vas®)
Up=Gi- |, . 54

t t Vap e (54)
where p = N/ cosh 3 is the boundary lapse introduced earlier. In order to evaluate this we expand
in terms of the 2d variables both the addition term V,8* = 5-V#n + 05 and the Gibbs energy
term ¢ = p5-Van — (87G)j,. Here 05 = (L£5./q)/./q is the 2-dimensional extrinsic curvature of

the screen. Thus
o= [va(ss i) (55)

where t* = —(t-n)s + (t-s)n is the radial vector normal to the screen and ¢. This shows that we
can associate to the screen an internal energy density given by

011
=— . 56
¢ rG (56)

This accounts for the modification of the screen energy.

We can also perform a canonical transformation that affects the boundary Gibbs energy hy.
In order to do so we need to modify the actions at the corners S = ¥ nY of the boundary: Lets
suppose that the addition to the Lagrangian is of the form V,V# where V is itself a boundary
contribution:

v CO:h S Duu5) + 5 Duli2)). (57)

This corresponds to a modification of the Lagrangian at the two sphere S = ¥ nX of the form

5 = f VEDq n)+f " VhDa(52) = / Vi(Vsn — Tr3)- (58)

where vgn, = 5405. On the other hand for a closed surface S it modifies the Hamiltonian by a
total time derivative®

o = [ L£¢(./avns). (60)

II1. 242 DECOMPOSITION

The system we are interested in is a two sphere S which lies at the intersection of a timelike
screen Y and a spacelike surface 3. We denote by n the unit timelike vector normal to ¥ and
by s the unit spacelike vector tangent to > and normal to S. Similarly we denote by § the

9 We use that
pDy(82) = ~pDy(7"055) + pDc(q°602) = —p(La + 07)drs + d-(pg-05) (59)

together with ¢t = p7 + ¢ and dsa = —Jas.
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unit spacelike normal to ¥ and by 7 the unit timelike vector tangent to ¥ and normal to S.
We are interested in a region of space-time that extend to the future of S and outside of the
screen ¥. We assume that in the region of space-time that we are interested in there is a double
foliation, where ¥; are the spacelike leaves of a foliation given by T = t, while the screens ¥, are
the timelike leaves of a foliation given by R =r; and such that Sy, = ¥; u X, is a 2-sphere. We
assume that 7" increase in the future and that R increase when we go away from the screen.

As we have seen this double foliation is characterized by 3 scalars p, 7, 5. The first scalar that
characterizes the double foliation is the boost angle 8. This corresponds to the boost velocity
that a screen observer following the tangent 7 possesses compare to an Eulerian observer n at
rest with respect to the foliation X:

71 = cosh Sn + sinh (s, S = cosh 3s + sinh Bn. (61)

For the other scalars, it is clear that d7' is proportional to the one form n,dz* and that dR is
proportional to the one form 5,dxz*. p and 7 characterizes the proportionality coefficients

n = —pcosh VT, 5 =71cosh BVR. (62)

The signs are chosen such that the vector n* is future directed and " outwardly. The factors
of cosh B are chosen such that if one defines

~

t = pn, 7 =Ts. (63)

Then £ is an evolution vector tangent to the screen ¥, which is Lie dragging ¥ (i-e L;T =1).
Similarly, the displacement vector # is tangent to the initial data surface ¥; which is Lie dragging
Y., (i-e LzR =1). These vectors also preserve the double foliation since

L;R=0, LT =0. (64)
We cannot in general represent these vectors as velocity vectors £ = %LT” and ¥ = %%, unless the
two vector ﬁechls commutes. The properties of hyper surface orthogonality, i-e £;T' = LzR =1,
of the vectors t, 7 means that

Saﬁfna =0, L35, = 0.

This implies that their commutators is proportional to the the twist vector that measure the
anholonomicity (non integrability) of the two planes T'S*,

[£,7#] = (pTcoshB)w, with wa =[n,s]aa. (65)

By Frobenius theorem, the vanishing of w implies that the normal two planes T'S* are integrable,
i-e they can be understood as the tangent vectors to a submanifold. In general the vectors &, #
do not commute, this means that we need to define time flow vectors t = dr and r = Ji that
Lie-commute:

t=t+p, r=f+ap, (66)

where ¢ and 1 are vectors tangent to S and ¢ is the angular velocity. This vectors Lie-commute
if @ is chosen in order to satisfy

Orp = O + [p, ] = (p7 cosh fw.
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Note that if we interpret (¢, %) to be a 2d gauge field valued into the algebra of 2d diffeomor-
phisms. The LHS of the previous equation is simply the curvature of this gauge field since the
commutator is given by the Lie bracket. The previous equality expresses that this curvature is
proportional to the twist.

We can now express the space-time metric and its inverse, in terms of the normal coordinates
(T, R) the sphere coordinates 2, the foliation scalars (p, 8, 7) and the velocity vectors (¢, )
as follows

ds? = (=p*dT? + 2(prsinh 8) ATAR + 72dR?) + (dx + dT + dR)-q-(dx + dT +dR) . (67)
This metric can be inverted and we can read the normal components of the inverse metric to be

T _ 1 TR _ Sinhf RR _ 1 (68)

g _p2 cosh? 8’ g prcosh? 8’ g 72cosh? 8’

This is in agreement with (62), since we can check that g(n,n) = -1, ¢(5,5) =1 and ¢(8,n) =
sinh 8. The off diagonal components are

AT T s Bt iy put s sinh prot

’ == ) 69
p27 cosh? 8 g pr2cosh? 8 (69)

while the tangential components are g4% = ¢4 + ¢TT AP + QgTRgo(A¢B) + gTtRyp Ay B If one
restricts the space-time metric to a spacelike or timelike slice, one sees that (p, ) are the lapse
and shift of the induced metric on the timelike screen ¥,; while (7,1) is the corresponding
“spatial” lapse and shift on the slice ¥;:

ds% = —p*dT? + (dx + pdT)-q-(dzx + dT), (70)
ds? = 72dR% + (dx + ¥dR)-g-(dz + $dR) (71)

Once we know the metrics on the timelike slices ¥, and the spacelike slices ¥;, and assuming
that their pullback agree on .S, we can reconstruct the space-time metric provided we know the
value of f.

A. Intrinsic and extrinsic geometry

The geometry of the embedding of the 2d sphere S in the space-time is characterized by two
types of geometry: intrinsic, extrinsic and by the accelerations.

The intrinsic geometry is determined by the 2d metric qup = gap + NaNp — SaSp- By con-
struction we have that gun® = gus” = 0. In the following we will denote by an uppercase
indices the projection of space-time vectors onto vectors tangent to S: v = qAbvb. The
Levi-Civita connection associated with ¢ is denoted by d,; it acts on vectors tangent to S as
dav® = quqA“Vavb = quVAvb. The extrinsic geometry of S is characterized by a deformation

tensor @ﬁ g for any vector £ normal to S:
Oran = Valp = ¢33 Vals- (72)

From this definition it follows that @, is a symmetric tensor and that it it linear in its argument:
Ounsbs = 6O, +bO4. We denote its trace 0y and in the following we will also used the notation

«9@ = qAB@gAB, @?B = @?B - qAng. (73)
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Since we have two normal directions, the deformation tensor do not fully characterize the
extrinsic geometry, we also have the normal connection 7 which is the projection along S of
qa”“s-Vam:

Ty = qAastanb =8-Van. (74)

This form depends on the choice of a basis (n,s) of the normal direction space. If one chose
the basis adapted to the screen instead we have the relationship

TA=8Van=my+dap. (75)

To summarize, the data (@, ®4,7) characterizes the extrinsic geometry.
The final data is associated with the accelerations. First, we have the normal accelerations

Yn =8'Vnn, Vs = —M-VsS. (76)

The first one is the radial acceleration of Eulerian observers, static with respect to the foliation
3t; together with their screens analog. The change of frame amounts to the gauge transforma-
tion: g = ve + VeB.

We also have the tangential accelerations which are of different types: First the timelike and
space like accelerations:

aﬁ = qAavnna7 CL? = _qAavssa-
aﬁ is the acceleration of the Eulerian observers at rest with respect to the foliation, while af is
the acceleration observers following a radial evolution normal to the screens. We also introduce
the screens analog denoted @z, as. These four accelerations are not independent since the total
acceleration is independent of the frame a,, + as = ap + az. The three independent components
can be written in a frame as the frame independent total acceleration a,, + as and the two frame
dependent components a, —as and 2b=q- (Vsn + V,s).
The last data is the twist vector that we already have introduced it is given by

w=Vps—Vsn. (77)

It is independent of the frame.

All the accelerations can be expressed in terms of the foliation scalars p,3,7. The detail
derivation of these relationships is given in appendix E, we just sketch this derivation here. One
first expresses that the time flow vector £ = pf preserves the foliation 3; and the space translation
vector # = 7s preserves the foliations ¥, which implies that sbﬁfna =0 and 7°L£;5, = 0. These
conditions entirely determine the normal accelerations in terms of the foliation scalars. One
finds

Vs(pcosh _ Va(rcosh
" = s(P 5)’ s = Tl( ﬂ) (78)
pcosh 3 Tcosh 3
Now using that n = ﬁ +tanh 85, and s = ﬁ —tanh Sn and that 4, = v+ V¢ we can obtain
the other components, for instance that
v = V§P+vﬁ5+tanh5(m_w)_ (79)
T P
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A detail derivation is provided in the appendix.
We can also express the tangential accelerations in terms of the foliation scalars using that
the double foliation flow vectors £, # preserves the double foliation, that is qabﬁfﬁa =0= qab££§a,
while ¢,°L#8a = 0 = ¢, Ling. This implies that
dr d(pcosh B) dp dT)
=, a = .

=—F" 2b:dﬂ+tanhﬂ<———

a
o " pcosh 3 p T

(80)
where b = %(Vsn + Vsn). The last object we need to determine is the twist vector w = (Vs —
Vsn) which depends on the normal form and the foliation scalars as
dp d
2w:—27r+dﬂ+tanhﬁ(—p——T). (81)
p T
In summary, we have shown that the double foliation is characterized by three scalars : The
timelike lapse p, the space like lapse 7, the boost parameters 8, which determine the choice of
foliation. While the geometry of this foliation is given by the intrinsic 2d metric g, the extrinsic
deformation tensors (@, ), and the normal connection 7. The hyper surface orthogonality
allow to express, according to (78, 79, 80), all the accelerations in terms of the foliation scalars.
These data are independent of the choice of frame (n,s) except the normal connection since
7 = +df. Finally the twist one form w which determines to what extent the normal 2-planes
are integrable is characterized by the normal connection and the foliation scalars.

B. The many faces of acceleration

According to section II G the surface energy density is given by a sum of two terms: k¢ =
Y — %c& where

V¢ = 8V, O = (s Lynt' +s"Lyny,) . (82)

In order to understand the nature of the two terms appearing in the definition of the surface
energy density, let us remark that each term +; and k; are antisymmetric in the exchange of n
and s. They are not, however, individually invariant under boost transformations (or change of
frame) defined by dgn = s, d3s = fn. Indeed, under such transformations we have dgy¢ = V03,
and 630t = 2V 3. This implies however that x; is invariant under boosts hence under change of
frames.

This frame independence can be rendered manifest by expanding the Lie derivatives in the
definition of d¢. Using that s¥Lin, =s-Vin+n- Vst and that s,Lint =0=5-Vin-s-V,t we
easily get

1
Kt =g (8- Vnpt-n-Vst) = nusyv[“t”]. (83)

This expression makes it manifest that it is boost invariant, it doesn’t depend on the foliation
but only on the normal subspace to S; spanned by the bivector n A s. It is also clear from this
expression that it coincides with the Komar expression, in the case t is a killing field [43].

Let us now use the decomposition of the time flow in terms of its normal and tangential
components. That is we define

~ ~

t=pn, = =coshpfn+sinhfs, and t=t+¢. (84)
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¢ is the tangential component of ¢, also p? = —t - is the time lapse of the double foliation
introduced earlier and 3 is the boost angle between the screen and the foliation, i-e psinh 5 = t-s.
We also introduce

tt = ps, 5 = cosh 3s + sinh Bn, (85)

where 5 is a unit spacelike vector perpendicular to £ and to S;.
From the definition (83) and the fact that ¢ is tangent to S we can establish that

1 1
/{tzm—cp-i[n,s]:/i{—gcp-w. (86)
where w is the twist one form. In other words we have that the total mass density and angular

momenta density are given by p; = k3/47G and j, = —k, [87G:
(8 Vpt-n-Vsi) . p-w
Pt = 3 .](p = .
81G 167G

As we have seen these quantities can be decomposed in terms of a screen surface tension o and
momenta 7, given by

(87)

= 7T

= 88
8rG’ Pe 871G’ (88)

and a boundary contribution proportional to —d0;/(87G) = L7, which is interpreted as the boost
energy. Indeed we have that

0z . 5,
87T_t7 Jcp:pcp"‘—q’- (89)

= —2 —
pr =40t 167G

These contributions depends not only on the screen but also on the way the slicing is boosted
relatively to the screen. The expression for the boost energy can be given in terms of the foliation

scalars as (see (26) and appendix E)
0t = L4 + tanh B (ﬁ - @) = L. (90)

T p

In order to understand the meaning of the formula for the mass density p¢ and the surface
tension oy let us start to evaluate it for a particular bulk foliation orthogonal to the screen,
that is where where £ = pn. This expresses that the boundary observers on the screen are static
with respect to the foliation. In other words the boundary observers coincide with the fiducial
observers. In this case we have that d; = 0 the boost energy vanish and p, = —20;. This express
the fact that the observer is purely sliding along the screen. The energy surface density is then
just equal to p; = s a;/4wG which is the projection of the acceleration a; = V;n of the fiducial

observers along the radial direction. So in this case p¢ is simply the radial acceleration in planck
unit:

_ag-s VtJ.(ZS

4G 4nG’
where we have introduced the Newtonian potential ¢ = 1In p associated with the foliation ¥ and
Vit = Vgp corresponds to the acceleration of screen observers with respect to static fiducial

Dt (91)
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observers!?. The equality (91) follows from the hyper surface orthogonality condition (78) or

(79) when 3 = 0.

Far away from the sources of gravitation, ¢ is the Newtonian potential, therefore p; is the
acceleration needed for an observer to stay static. This is positive when the acceleration is
directed toward the inside of the screen. That is it is positive for an outer screen. Similarly the
surface tension o3 = —p¢/2 is generally positive for an inner screen.

It is illuminating to notice that the formula for the mass that we have given is similar to the
one we obtain in the Newtonian regime. Indeed in newtonian gravity the Poisson equation gives
us Ay = 47Gp where p is the matter energy density and ¢ is the Newtonian potential. The total
newtonian mass in a volume V can then be evaluated by a Gauss law formula as

V¢ _ (078
ArG  4AnG’

Myewt = ﬁﬂpNewtv PNewt =

where OV = S and the last equality expresses that the radial inward acceleration a, is equal to
Vr¢ by Newton’s law. The formula for the mass we have is therefore a covariant generalization
of the Newtonian Gauss law.

Let us now deal with the general case. The surface tension is always proportional to the
inward radial acceleration. We need then to understand the meaning of the difference 55. From
(83) we have that r; = %("yf + V1), since it is also equal to J; — %55 by definition, we then get
that

0p = (5-a; ~ Vup) = L, (92)

is the difference between the the screen and the Newtonian acceleration. This difference measure
to what extent the foliation and the screen are boosted with respect to each other, it therefore
represent the boost acceleration. Its expression in term of the foliation scalars is given in (84).

When the foliation is not orthogonal, we can express the mass density and surface tension'!
in terms of the Newtonian potential p and the boost angle 7 as

_th¢ B L
8rG  87G’

o
_ Vuo et il oy =

CAnG  8nG’ (93)

Pt

This shows that by choosing appropriately the time dependence of the boost parameter 7

we can always insure that the energy surface density or the surface tension are constant on the

screen. The choice of 7 essentially amount to choosing appropriately the boost parameter .

The choice of this parameter amounts to a particular choice of foliation, it can be reabsorb into
a diffeomorphism that do not move the screen.

9 In the case of a static Schwarzchild black Hole we have that ¢(r) = %ln (1 - @) =~ —% which is indeed the
Newtonian potential. Moreover we have that tt= (1 - ﬁTM) O, therefore one gets that for a screen at a distance
R in a Schwarzchild space time the energy density is

2GM GM
po= (125 )omet) = T
The mass is then expressed as M = %.

L

1 By definition they are related by pt+ 201 = —gtx
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IV. DISSIPATION

We now want to study the evolution property of the canonical energy (39) that we have
constructed. This energy describes a priori the energy of a open system, there is no reason
therefore that this energy should be conserved in time and in general we will experience energy
gain or energy loss. In order to calculate this energy gains or losses that we call dissipation as
a shorthand'?, we proceed to express the main conservation equation (32) in a covariant form.

Let us first denote by ;o the symplectic current o evaluated on a variation 6g,, = Lig,u -
From the definition (15) of the symplectic current we get

Lok = [V, VMt +V, (V[”t“])
Re! + Vit (94)

where we have introduced the acceleration 2-form ;" = viven | Tt is interesting to write this
equation in a more suggestive manner. Given a time flow vector ¢ we can define the matter
momentum current to be'? Ty = —Gy,/8mG and the gravitational momentum current to be:

tH
Dt'u = —Ita“ + ER (95)

The canonical gravitational energy associated with a slice X is simply HtG = ﬁ Is; VhDyy,. The
conservation equation then simply reads

Dy - Gy = v, (V). (96)

This expresses in particular that the total momentum form is closed, and it gives an explicit
expression for its potential, in term of an acceleration tensor ;" = v[¥##]. This conservation
equation simplifies when ¢ is a Killing field. In this case a¢* = 0 and the gravitational momentum
one-form is simply D¢ = %R.

It will be convenient to write this identity in the form language using the volume forms
€, €4, €4 described in the appendix. We denote

_ _ 14 _ —
o =ale,, Kt = Ky €, T; = TiVe,, Dy = Dit'e,,. (97)

with this notation the total canonical energy energy is given by HtG = ﬁ /. s, ®t and the main
conservation equation can be written

’dh',t = —Dt - Gt. ‘ (98)

The dissipation of the total canonical energy associated with a region 3 is given by

/ Liky = f Lodrky = — f L (Dy+Gy) (99)
[ b b
- f d (ZtDt + Zth) = - f (ZtDt + Zth)

b )

(SWG),Cth

12 As we will see the changes in energy are due to dissipation and fluxes through the screen. So here we use
dissipation as a shorthand for “energy gain or loss due to dissipation and fluxes”. We hope the reader will not
get confused by this simplifying terminology.

13 the minus sign in the matter momentum is due to the signature, the energy associated with a slice ¥ is given
by ng = _fZ Ttuéu = fa ﬁTnt
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where we have used that 0 = dDy +dGy which follows from (98). This shows that the dissipation
is purely a boundary term as expected. Since gravity is an Hamiltonian system we do not expect
any loss of energy coming from the bulk. All the energy losses or gains comes from energy flux
at the boundary two spheres. We can evaluate the interior product when pulled back on the
surface S, given a one form « we have:

wa = e, = 't e =5 /qat Y (suny — syny) = =gttt = —\/q o (100)
where t! is a spatial vector normal to S and t and given by
try=nu(s-t)—su(n-t),  t'tt,=0. (101)

Thus the dissipation is a sum associated with the presence of each boundary spheres 0% = S,US;

Eth_—— f il + f NG (102)

We have used the orthogonality of ¢ and t* to show that R¢#t*, = Gy = 8nG Ty, 1), is the
energy momentum tensor. Similarly the orthogonality implies that D = —igge.

In order to understand further this conservation equation, lets suppose that the observers are
at rest with respect to the foliation, i-e t = Nn, then we see that t* = Ns = r is going of ¥ at the
outer boundary. p, = T3, is the matter momentum density in the direction r as measured by
eulerian observers. We see that if py. is positive at the outer boundary, the momentum is directed
outside the region ¥ therefore the total energy decrease. The term |, g/ @ = - /. 5/qpe+ then
describes the amount of energy dissipation due to matter crossing the surface S;. Therefore
—ayy [87G describes the gravitational energy dissipation, it is negative when there is energy
loss due to gravitational energy leaving the system.

Note that in the derivation given here, we could also evaluate the variation of Hy with respect
to another time flow vector & on the screen. This is given by

LeHi= — / V@ (Lete + Ot = f Va(Teags - (£ €YY RJ2) + f VaTwer.  (103)

It is convenient to introduce a modified energy momentum tensor

Tie = Tye — ~——2T (104)

(105)

It is interesting to note that for a non gravitational system, the previous flux equation would
involve only Ti¢:. The contribution coming from gravity is therefore due to a “gravitational
Dissipation tensor 7 Dge1 where

Lo ~ (t- E)T
8rG 2 '
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plays the role of a gravitational energy-momentum tensor in the conservation equation:

E&Ht = /L;\/a(Dth. +Tt€i). (106)

The symmetric part of this tensor is related to the dissipation of energy, since it is determined
by Dy for a general t. Remarkably, its antisymmetric part is related to the Poisson bracket of
two Hamiltonians.

A. Poisson bracket

We now want to show that the antisymmetric part of the Dissipation tensor is the Poisson
bracket of the Gravity Hamiltonians. We denote by I; the operation of replacing a variation ¢
by L¢, for instance Iy = g, where o = a¢,. As a consequence we can check that (01 + I3d)a =
Lia+ Ispa for any expression « which is a n-form on space time and a form on field space. This
expression simplifies if ¢ = 0. We also denote by €2 the gravitational symplectic structure, this
is a 2-form on the space of fields given by Q = [, ﬂéa/SﬁG. Lets us finally recall that a = o',

and t = tle, = \/|gle. Equipped with these definition we can now compute
1
(87G)SHE = f Slyor -~ f SRt

-1 [da+ [Inas [ L~ [(Taa O‘)t—ifz(Gagégaﬁ)g—%széi

-1 e+ | (L;ta-—@)- [ VRD(NR %) + (87G) [ udL
by ) 2 by )
So
(87G) (LS + HS) - fs Vo + (87G) fz wSL™ (107)

where Qg denotes the gravitational part of the symplectic form, AS = S, — 5; and we have
used that 0L™ = —%\/gTagégo‘B. In the second line we have used that §(\/gR) = \/ﬁGabég“b +
2,/gVaa®. We also used in the third line that \/gV,a* = Lyna+VhDy(Nh%ab). This implies
that given a form w = w%¢, and denoting w, = w*n, we have that

f (Vaw®) f Low + fa /i (108)

Let us assume for simplicity that we are in the context of pure gravity, so that L™ = 0 and
HE = Hy. This shows in this context that the total Hamiltonian variation is

1
(Hgt—éHt) ItQE + — G \/_atJ. (109)

Contracting this with I¢ and using the definition I¢dH = L¢H, and the definition of the Poisson
bracket I¢l;Qs; = {Hy, He}, we get

Hiyg) = LeHy = {Hy, He} + g Valean. (110)

Taking the difference between this and (103) gives

{Hi,He} = Hpg g +

% AS\/a(ItOéﬁl —IgOétJ.). (111)
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Thus we see that Poisson bracket algebra, is now anomalous due to the presence of the boundary
and that the combination (Izogr — Ig¢r)/8mG = —Dygr + Degqr gives the anomaly, in the context
of pure gravity.

V. THE THERMODYNAMICAL BALANCE EQUATION

From the dissipation equation (102) and the on shell evaluation H; = | 5 /qrt we have that:

Et (\/(_]/{t) + ItatLZSWG\/aTttl (112)

The LHS is evaluated in the appendix for a vector field t = £ + ¢ which is foliation preserving.
Here £ = piz and ¢ is tangent to S. By separating the contribution that comes from £ from the
one that comes from ¢ we get two equations (A10), (A11). The first one is an energy balance
equation, the second one is a momentum balance equation. As we will see they have a natural
thermodynamical interpretation and leads to what is a generalized first law and a generalized
Cauchy momentum equation. We first look at the energy balance.

A. The energy balance

The energy balance equation is a consequence of (A10) derived in the appendix. This equation
reads:

o~ 1 ~
(ﬁf + Hf)gtx - 7}’59{ + @tl : @f + (SWG)Tftl - thﬁ,@ - §d-(q[t, tl]) =0. (113)

Here (©;,0;1) are the extrinsic deformation tensors, (0, 6:) denotes their trace, ¢ = Inp is
the newtonian potential, while 7; is the radial acceleration. The hat on ©, means @fB =
@?B - ¢4B0,. We can write this balance equation in terms of the thermodynamical quantities
that we have introduced First let us recall that the density of internal energy and the surface
tension are given by

n o

_ _ i
=——— = ——r 114
‘ 87G’ ot IrG (114)

The previous equation can therefore be written as an energy conservation:

—_

Ou 1 q- |:£7 tl]
(Ef‘i‘ef)é:a'tef-i-% 3®£+Tt“tl+6££¢—§d'(m ZO. (115)

Each terms appearing in this equation have a natural thermodynamical interpretation. In order
to see this lets integrate the previous equation over S and let us introduce several quantities:
First we define

EME[S\/antl. (116)

This is the rate of matter energy flowing through the screen. It is positive if matter is leaving the
external region and entering the screen. This corresponds to a work term due to the transport
of matter.
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Lets also define the rate of gravitational dissipation due to gravitational radiation. It is given
by

.1
z%[Sﬁ(efzetl—efeﬁ):fs\/ame)f. (117)

This correspond to an internal heat production term due to gravitational dissipation. It is
analogous the the entropy production term 7'S in a fluid where ©; plays the role of the rate of
strain tensor and

plays the role of the viscous stress tensor [4, 50].
The internal energy is defined, as we have seen, to be proportional to the radial expansion:

n
U= f with = -2t 118
s Ve, wi ‘ 81G (118)
We also denote element of area and its rate of change by
dA = /gd%z, (LpdA)=0;dA (119)

The term o¢(L¢dA) is a work term due to the presence of surface tension.
The final term we want to analyze corresponds to the rate of change of the Newtonian energy
of the screen. We define the newtonian gravitational energy of the screen to be

ENE/S\/aegb. (120)

This means that €, which is the internal energy density, also represents the inertial mass density.
Therefore we see that the change of the newtonian energy due to the time variation of the
potential is given by

Ex= [ Vaec (121)

which is the term entering the balance equation.
We can therefore write the integrated balance equation as

EfU = Q+ [ggtﬁfdA+EM +EN (122)

This is the generalized first law of thermodynamics for a general screen. By integrating it out
over a small amount of time and assuming for simplicity that oy is constant we get

dU =6Q + o¢dA + 6Ey\ + 6 EN (123)

here we differentiate between the total differential d of potential and the infinitesimal variation
0 of a quantity that do not represent the state of the system. This formula justifies a posteriori
the identification of U as the internal energy. It expresses the variation of the internal energy
U in terms of the rate of work done on the system plus the rate of heat production, that is
oU = W + 0Q. Here the work terms are three-fold, first there is a Newtonian work term due
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to the fact that the internal energy is also the inertial mass for the newtonian potential. There
is also a matter work term due to matter flowing in or out of the system and there is finally
a work term due to the change in size of the system. Since the system is two dimensional and
posses surface tension this work term reads odA. When o is negative (for outer screens for
instance) one should interpret it as a 2 dimensional pressure psy = —o and the work term is the
2 dimensional analog of —pdV'. In this case the surface tension acts as a 2d pressure term from
the point of view of the screen.

Note that if one looks at transformations that do not produce any heat (i-e 6Q = 0 hence not
gravity wave production) and transformations that do not change the internal energy dU = 0
and the Newtonian energy; the previous relation can be written as

AEy = pogd A.

This is this relation that has been interpreted in the literature as a Clausius relation leading to
the identification T'dS = pogdA. We see that this interpretation is valid only in a very restricted
context. In general the entropy production term for the 2-dimensional thermodynamical system
is proportional to 69 hence measure the production of gravity wave. The presence of a term
odA is interpreted as a work term due to the presence of a surface tension or 2dimensional
pressure

B. The momentum balance

In the appendix we evaluate the local balance equation for the momentum, we get:

goa(ﬁf + Qf)ﬁ'a = gOa ((—d’T)/E +d- @tl)a + Htlda¢ - (SWG)TatL) - (87TG)da’U?O (124)

where (87G)vg, = (O — Kt) + %q“b(ﬁtupb). ¢ =1Inp is the Newtonian potential T4 = §-V a7 is
the normal one-form in the screen frame, O = Oy - g0 and 0. is the trace of the extrinsic
tensor @4 . We can write this equation in terms of the thermodynamical quantities like the
internal energy density ¢, the 2d surface tension oy, The viscous stress tensor 7 and the momenta
density p, where

-

o an (S T
- _ ’ = , = , =— . 125
‘ 8¢ ot 811G T 8rG p 81G (125)
The momentum conservation equation reads
O (Li+0)pa = 9" [(dog +d-7T), +edqd — Typr] - dafuf:,. (126)

We now look at the integrated version of this balance equation.
First, we define the total momenta and its time variation as

P¢E[g\/§gpApA, P¢E[g\/§¢A(£f+9£)pA. (127)

We also define the force acting on the screen due to the flow of matter across the horizon

FY=- fS NG (128)
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Indeed, Lets integrate the conservation of the energy momentum tensor over a space-time region
R bounded by the screen and an initial and final slice. The matter momenta on each slice is
given by pa = - |5, VhT,, 4. thanks to the conservation equation V., IT" =0, and the Gauss law,
we can evaluate the variation of momenta to be

Apag =~ ./i ViTss = - f dT(.[s \/aTtlA)- (129)

where h is the induced metric on the screen. Therefore the rate of change of momenta in the
direction A per unit time, which gives the force acting on the system is given by Fi\{[ =-/ sV Tsa.

Next, we define the Newtonian force acting on the system to maintain the screen in place, it
is given by

Y=o fs N (130)

Here € = —ST—% is the internal energy density. It is also as we have see the screen inertial mass
density. Thus —eda¢ is simply the usual newtonian force acting on a system of inertial mass
density e.

Finally, the first term in (126) is a 2d pressure force term do = —dgpag. It is the force term due
within the presence of surface tension. It forces the fluid to flow in the direction of high surface
tension. It is responsible for Marangoni flows. The second term is identical to a term of viscous
force due to a stress tensor 748 = (@4 — 04:9)*P/(87G) confirming again this interpretation.
These are the convection terms.

Integrating this equation on S and assuming that the vector ¢ is conserved in time we get
PL,,=_[9¢AdAat+fS¢AdBTAB+Fy+F§ (131)

This equation is identical to the conservation of momenta in a general non-equilibrium thermo-
dynamical system. It confirms in particular the interpretation of o as a surface tension and 7
as a viscous stress tensor.

VI. CONCLUSION

In this work we have studied in great detail the definition of energy for a gravitational system
in the context of a 242 decomposition of spacetime. We have seen that a general gravitational
screen possesses gravitational analogs of a surface tension, an internal energy and a viscous stress
tensor. These data enters the conservation of energy and momenta described from the point of
view of the screen. And these shows that the gravitational equations projects themselves on the
screen as non-equilibrium conservation equation for the screen degrees of freedom. This analysis
provides a first sets of clues toward understanding gravitational systems as thermodynamical
systems. The analogy presented here is purely classical and needs to be deepened [50]. One of
the fundamental puzzle to elucidate concerns understanding the nature of the surface tension of
gravitational screens.

The idea that gravity and thermodynamics are related subject is not new. A thermody-
namical interpretation of local null screens has been developed by Jacobson et al [51] and by
Padmanabhan [52]. Also Verlinde [53] has proposed to derive gravity from entropic arguments
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and equipartion of energy associated with holographic screens. In these works however, it is
postulated that the surface tension is a local temperature and hence it is assumed that the work
term odA is due to an entropy variation. Whereas this seems to be well established for bifur-
cated killing horizons [54, 55], it is higly speculative at this point to generalize this interpretation
beyond that very particular situation. Our analysis clearly shows that we can associate a surface
tension to a general gravitational screen and that entropy production is due to gravity waves (see
also [56-59] for similar consideration on gravity wave and null screens). What does it tells us
about the entropy and temperatures of a general gravitational system is still an open problem.
One direction of investigation that we intend to pursue in the future is to deepen the possible
relationship between entanglement energy and the boost energy introduced here.

One should also mention that it will be also interesting to understand the relationship of our
general screen approach with the gravity-fluid correspondence [60] developed in AdS/CFT. Al-
though there the non relativistic equations appears from a non relativistic expansion of solutions
of general relativity which is a very different setting.

Finally the idea that non-equilibrium thermodynamics might be a key toward a theory of
quantum gravity constituents via a fluctuation-dissipation theorem, is a fascinating idea that
has received little attention yet [61-63]. I hope that such an investigation could open a new
avenue towards quantum gravity.
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Appendix A: Dissipation: The derivation

From (110) and the on shell evaluation Hy = [¢./qk¢ we have that:

oo [ (am) + )2 [ i (A1)

where = means that we evaluate the expression on-shell.

In this section we want to evaluate LHS of this expression. The main task comes from the
evaluation of the dissipation tensor Iioy.. We start from the general expression (18) for the
contraction of the symplectic potential in the normal direction t* = p3. If one specialise this
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formula to variations ¢ that preserves the foliation (i-e h%*335;, = 0) we have that
= = VIh _ _ —_
|hjos = 5( |h|K§) - % (K2° ~hK35) 6hap —\/ |h| Do (A2)

where hgp = gap — Taflp is the metric on the timelike screen, K3 ab _ pa /hbbfva ¥ is the extrinsic
tensor for the spacelike normal 5, and 6% = 1 (hab5s +h“b<5$b) 17 h“bés is the projected variation.
In practice 6 = £; where t =t + ¢, is a fohatlon preserving vector field, that is £ = pfz and ¢ is a
vector tangent to S.

We decompose the extrinsic tensor in its space and time components

K& = 570" + 790° + 7% + 02, (A3)

where 75 = 5-Va# is the radial acceleration, 7, = ¢, - V@ the normal connection and @%b the
§ extrinsic curvature tensor. This implies that Kz = 5 + 63, and

(K2 - hK5) = 0sn™n” + 7%n° + 7°n® + L - ¢"*35. (Ad)

where 2 = ©2° — ¢%05. Then we consider variations that preserves the screen foliation (i-e
q*ny, = 0) for which we have!

_ ) _
7788 hgy = 2107, = ~2°F = ~260, 76 hyy = —Ta 0N, (A5)
P
Here we have introduce the Newtonian potential ¢ = In p. Therefore we get that
(K2 - h* K5) 6hap = —2770 + ©2qqp, — 2050¢ — 27,00 (A6)
where we have introduced the notation ¢*®dq,, = 26. The other term to consider is
PDa(sg = pDa(ﬁaS) + da(pgg) = (‘CE + 95)5 + dasgl (AT)

where § = %(Eadﬁ“ + §%0n4) is the normal component and Sfl = q“béfl = pqabég the tangential
component. The last term entering the dissipation tensor is

5 (VIhIEs) =6 (Vap(n + 65)). (A8)
Finally, we have to take into account the Hamiltonian variation. For t = £ + ¢ we have ks =

p(7n — 0a) — @-J, where 7; = 5-V;n is the radial acceleration and 0n = Ind. we can evaluate the
LHS of (A1), that is & (\/afft) + a1 to be equal to:

5(\/_("’it_p[( )) \/|_| (Kab ﬁang) 5}_Lab+ |B|Da59

N T = 1"(1 — cja a
—\/6((5 + 0)(0tl +@-7+ 5{) - (,Cf + 05)5 - 7{0 + §@tf(5qab - 9t15¢ - 7Ta5t - da( tl))

4 The expression for %7, follows from instance from the expression for the normal form and vector: 7 dz® =
—pdT + 7sinhndR and pn®d, = 81 — 94 and then use that for a foliation preserving variation 6d7T = 0.

—5(\/§[p(95+5ﬁ)+<p-j])—\/c_]p( 0500 — T on® + = (@“b—q ’Yn)(SQab (L;+0; )5)+\/_d (p&a)

(A9)
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We first specialize to the case where ¢ = 0 hence ¢ = £ and then contract the previous expression
with I; so that ;oo = Lo is a time diffeomorphism. The previous expression is on-shell equal
to (87G)\/qT},. and therefore the energy balance equation simplifies to

(L;+0:)0 — 7305 + Ops : O + (87G) Tz — 03 Lo — d-(p*5) = 0. (A10)

We have used that Ifggl = %q“b[f, t+]° = p2j%, with j the twist vector.

1. Momentum balance derivation

We now contract (A9) with I; 1, and subtract from it the contraction with I; which gave the

previous equation. This difference is equal on-shell to (87G),/q1; #p0 and we get

.z .oe N =~ _ ~ 1
(££+9£)(cp-g—(5¢)+(£¢+d-<p)(th+<p-g+5£)—Vfd-go+@ﬁ’va<pb—9tl£¢¢—7r-[(,o,t]—§d-[<p,tl]+T<ptl =0
where we used that 1,0 = %qab£¢qab = ¢™V,app = dap?, and that 8«9 = LPS, It is possible to

simplify greatly this expression: First one integrate by part —3;d - ¢ = -d(¢7;) + ¢ -d7¥; and we
use that (L, +d-p)a =d(pa) is a total derivative. This gives

. . _ = _ 1
(Lg+05) (05 —0p)+d (p(Opr + - + 05— '75))+‘P'd7£+@gfva90b_9tlﬁap¢_7r'[<P>ﬂ_§d'[‘Pa t ]+ e = 0
One also integrate by part @;‘fvagob = da(@ﬁ’(pb) - (da@ﬁ’)tpb and then use that

—~ 1 1
CHEER PR B (Vot™ + ¢Vt = Vot' + Vi)’ = §qab£tl9@b-
One also use that ¢ -5 - 599 = -7 - and that
LT =T [, E] = —p - (LyTT).
Finally we use the definition of k¢ = 4; - 55 — (-7 to rewrite the previous equation as

_ _ ~ 1,
o (Li+0)R+ @ (dY;—d - Op) = 0puLypd + Tpp +d (p(0p — Ky)) + 5d (Lrq) = 0.

Rearringing the terms this gives

~ 1
—(,Da ((ﬁf + ef)ﬁa + (d’_)/t* -d- @tl)a - thdagb + (87TG)Tatl) +d? (gpa(ﬁtl - K,t) + §(£tig0a)) =0
(A1)
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Appendix B: Form identities

We denote the differential on M by d and the interior product of a form w by a vector t by
nw. The Lie derivative is given by £y = du + 1:d. We introduce the following volume forms

)
I

1
vl V |9’6a575da:a Adz? Ada? Adg®

1
19,€ = 5\/ l9l€pasyda® A da? A da?

€, =
€uv = 19,10,€ = %\/EGWagdxa A dz?
(B1)
They satisfy
d(Ve,,) =2v,VIe,  d(VPe,) = v,V e (B2)
and
e = they, 1w(VFe,) = V[”t”]ew,. (B3)
From this we can show that their Lie derivative is given by
Lie = (Vat)e, Lie, = (Vat®)ep. (B4)

Appendix C: Boundary variation

Here we want to compute the following variational terms entering the definition of the bound-
ary symplectic potential (23)

0 = 5,0n" + s%ng, 8 = 5,00% + 5%07,. (C1)
since (7, 8) = cosh f(n, s) +sinh 5(s,n) it is clear that
8=06+260. (C2)

One restricts for this computation to variations that preserves the double foliation R = 6T = cst,
this translates into dn, o« ng, 08, < S, which implies that:

s%ng =0=n%3,. (C3)
In order to evaluate this variation we need that
ng,dz® = —pcosh 8 dT, sqdz® = 7dR + psinh 8 dT. (C4)
while the corresponding vectors are

T0g = OR — wA(?A = 03, (p7 cosh 8)Op, = TOp — psinh BOR — (cpA - sinhﬂd;A)@A,
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for the slicing frame and These variations we can then evaluate directly

8 = 8,0n%=-n%s, = -nftosp —n' sy
sinh 3 5 1

B Tcosh 3 T_pcoshﬂ(s(psmhﬁ)
= —5ﬁ+tanhﬁ(5—7-—@) (C5)
TP

Using the relationship (C2) between § and § we get that

5=55+tanh5(5—7—%})=tanhﬁ§ln(£sinhﬁ) (C6)

T

Appendix D: Codazzi and Ricci equation

We consider a spacetime M endowed with a foliation. The leaves ¥; of this foliation are the
level set of a given spacetime time function 7'(z), We denote by (g, V.) the spacetime metric
and covariant derivative, we also denote by (h., D, ) the metric and covariant derivative on ¥;.
The unit normal to ¥; is denoted by n and satisfies n-n = -1 where dot means a contraction
ntn,. We can therefore relate the metric and connection on the slices to the spacetime ones by
the use of the orthonormal projector

hy" =g, +nun”, h,*Vavy, = Dy, (D1)

for a vector v tangent to ;. The time evolution is characterised by a time flow vector ¢ = t#0,,
which can be decomposed in terms of a lapse and a shift

t=Nn+ M. (D2)

The characteristic property of this vector is that the Lie derivative along ¢ of any vector tangent
to X is still tangent to ;. This means that

ha”ﬁtn“ =0. (D3)

and it implies that the acceleration a, of fiducial observers static with respect to the foliation
and whose velocity is given by n is a vector tangent to ¥; given by the space derivative of the
lapse function:

D,N
N

ay =Vpn, = (D4)

If we denote by T the time function characterising the foliation, its property are that
We denote by g,,, the spacetime metric From the definition of the Riemann tensor we have
that

ha® b Rasnt'n” = ha® hg? ¢ (VarVing = Vi Vamg)
hg’BIDthng/ - (ha“'vart“)(hgﬁ'vunﬁf) - haa,hg’glvt(Darngr —Ngragr)
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In order to continue we introduce the extrinsic tensor
K aB = Danﬁ.

and the notation

Datﬂ = _NKaB + DaMlg.

the symmetrisation of this tensor is the time derivative of the metric
Lthaﬁ = Datﬁ + Dﬁta, (D5)

We also introduce the important notion of the acceleration of the ¢ observers defined by

ay = Vent = Na*' — KM M,,. (D6)

Since the time flow preserve the foliation we have h,*Lin, = V¢n, +n-D,t = 0, so we can
equivalently write the t-observer acceleration as

ay = -n-D"t. (D7)
This means that hoy® Vo th = Dyth + agan*, thus we get
hoéa,hﬁﬁlRO/tgrn = —haa/hﬁﬂlvtKarﬂr —KuﬁDat‘u +Daat5

Using the definition of the Lie derivative and the antisymetry of R in the last two indices, we
can write this equation as

ha Rartan = —LiKop + KapDst" + Daags (D8)

This is the combination of Ricci and Codazzi equation. Taking the trace of this identity we
obtain

Rin = ~L4K — Kog D’ + Dy Vin® (D9)

Appendix E: More on acceleration

Let us recall the definition of the accelerations in section III A. We have the normal acceler-
ations
Yn = 8VnMN, vs = 8VsM. (E1)

And the tangential accelerations

w w
aqp = v'n,n, ag = Vsn, b+ 5 = v'n,s, b_ 5 = VSTL. (E2)

plus the normal one form 7, = ¢,”sVyn. These accelerations appear in the decomposition of the
differential of n, s:

dn

’}/ns/\n+an/\n+(§+ﬂ'—b)/\8, (E3)

ds

’yss/\n+a3/\8—(%+ﬂ+b)/\n. (E4)
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The space-time metric can be written in two different ways according to the time slicing or
screen slicing:

ds® = —p?cosh? BdT? + (7dR + psinh BdT)? + (dx + @dT + ¥dR)-q-(dx + ¢dT + pdR)
= 72cosh? BAR? - (pdT - psinh BdR)? + (dx + @dT + pdR)-q-(dx + @dT + pdR)

Lets start with the time slicing frame (n, s). In this coordinates the orthonormal slice frame is
given by

ngdz® = —pcosh BdT, sqdx® = TdR + psinh 5 dT. (E5)
For the screen frame (7, §) = cosh 3(n, s) + sinh (s,n), we have:
54dxz® = T cosh S dR, ngdx® = —pdT + 7sinh BdR. (E6)
while the corresponding vectors are
T0s = Op — wAE)A = 03, (p1 cosh 8)Op, = TOp — psinh BOR — (@A —sinh Bi/JA)aA,
for the slicing frame and
pOp = Or — goAaA = 0, (p7 cosh 3)05 = pOr + T sinh SOy — (wA + sinh B@A)OA.
for the screen frame. By taking the differential of (E5) formula and using that

1
dr=-—"= , dR = —(s +tanh fn)
pcosh 3 T

we can express the accelerations in term of the foliation scalars: One obtains

8,:(pcosh5)8 U d(pcosh B) n

dn = E7
" pT cosh 3 pcosh 3 (ET)
0;T — 0 (psinh i
ds = ( i~ O (psin ﬁ))sAn+£/\s—tanthln(M)/\n
pT cosh 3 T T
from this we conclude that
_ 07 (pcosh B) _ 0;7 — 07 (psinh 3) (ES)
" prcoshfB ? pT cosh 3
while
d(pcosh ) dr
- Spe, - E9
pcosh 3 s T (E9)
and
dp d
Vsn =, Vns:—7r+tanh5(—’0——7)+d5. (E10)
p T
Thus w = -2 + 2b with
2b=tanh6(%—£)+dﬂ. (E11)
p T
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We can perform a similar computation in the screen frame

OpreoshB)  _ d(reoshp)

ds = E12
y pt cosh 3 7 cosh 3 (E12)
Op Oz inh i
dn = p+ 07 sinh 3) .§/\ﬁ+@/\ﬁ+tanhﬁdln(78mhﬁ)/\n
pT cosh 3 P
from this we conclude that
. 0z(7 coshn) - Opp + Op(7sinhn) (E13)
prcoshn ’ " pT coshn
while
h
a, -3 5 _dlcoshf) dr hsds, (E14)
P T cosh B T
and
dr d
Vad = -7, Vﬁ§:ﬁ—tanhﬂ(—T - —p) —dgB. (E15)
TP
Thus
—25=d5+tanhn(£—@). (E16)
T P

Note that we can rewrite the radial acceleration coefficient which enters the definition of the
surface tension as

Ozp + sinh BO;T
N~ = a,\ + ettt 20 E17
Ve = 9P Tcosh 3 (B17)
Using the fact that m = 5§ — tanh S we can rewrite this expression as
;T 0O; 10)
»-yfzafﬁ+tanhﬁ(i—ﬁ)+ﬂ. (E18)
T p P

with £ = pf and t* = p5. Note that from sec.III B and eq.83 we have that kg = %(ﬁ£+ Vsp) is the
average of the screen acceleration and the Newtonian acceleration. On the other hand from the
original definition we have that x; = ¥; — %55. Equating the two expressions therefore gives that
0; = (93 — Osp) is the difference between the radial and Newtonian acceleration, which is then
equal to

_ oyt O
5£:afﬁ+tanhﬁ(i—ﬂ). (E19)
T p
In summary this gives
1 oyt Of
ﬁ£=Vgp+—(8£B+tanhB(£—Lp)) (E20)
2 T p
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Now we also have that

m:—ﬁ'+1(d6+tanhn(z—@)) (E21)

2 T p

so in total we get

f@t:th¢—go-ﬁ+l(atﬁwttanhﬁ(@—%)) (E22)
2 T p
and
Vt=th¢—<p-7‘r+8tﬁ+tanhﬁ(¥—%) (E23)
[1] Pierre-Gilles de Gennes, Francoise Brochard-Wyart, David Quere “Capillarity and Wetting Phe-
nomena: Drops, Bubbles, Pearls, Waves” Springer, 2004.
[2] S. W.Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys. 43, 199 (1975) [Erratum-
ibid. 46, 206 (1976)].
[3] W. G. Unruh, “Notes on black hole evaporation,” Phys. Rev. D 14, 870 (1976).
[4] S. R. de Groot and P. Mazur, Non-Equilibrium Thermodynamics, (North-Holland, 1962).
[5]) M. G. Velarde, Radyadour K. Zeytourian “Interfacial Phenomena and the Marangoni Effect”
Springer, 2002
[6] T. Regge, C. Teitelboim, Annals of Physics 88, 286 (1974).
[7] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black
hole entropy,” Phys. Rev. D 50, 846 (1994) [gr-qc/9403028].
[8] J. D. Brown, S. R. Lau and J. W. York, Jr., “Action and energy of the gravitational field,” gr-
qc/0010024.
[9] B. Julia and S. Silva, “On covariant phase space methods,” hep-th/0205072.

[10] Penrose R., “Quasi local mass and angular momenta in general relativity” 1982 Proc. R. Soc. London
A381 5363

[11] J. D. Brown and J. W. York, Jr., “Quasilocal energy and conserved charges derived from the gravi-
tational action,” Phys. Rev. D 47, 1407 (1993) [gr-qc/9209012].

[12] S. A. Hayward, “Quasilocal gravitational energy,” Phys. Rev. D 49, 831 (1994) [gr-qc/9303030].

[13] S. W. Hawking and G. T. Horowitz, “The Gravitational Hamiltonian, action, entropy and surface
terms,” Class. Quant. Grav. 13, 1487 (1996) [gr-qc/9501014].

[14] V. Iyer and R. M. Wald, “A Comparison of Noether charge and Euclidean methods for computing
the entropy of stationary black holes,” Phys. Rev. D 52, 4430 (1995) [gr-qc/9503052].

[15] J. Kijowski, “A Consistent Canonical Approach to Gravitational Energy” Gen. Relativ. Gravit 29,
307 (1997).

[16] C. -M. Chen and J. M. Nester, “Quasilocal quantities for GR and other gravity theories,” Class.
Quant. Grav. 16, 1279 (1999) [gr-qc/9809020]. C. -M. Chen and J. M. Nester, “A Symplectic
Hamiltonian derivation of quasilocal energy momentum for GR,” Grav. Cosmol. 6, 257 (2000) [gr-
qc/0001088].

[17] L. B. Szabados, “Quasi-Local Energy-Momentum and Angular Momentum in GR: A Review Arti-
cle,” Living Rev. Rel. 7, 4 (2004).

[18] S. W. Hawking and C. J. Hunter, “The Gravitational Hamiltonian in the presence of nonorthogonal
boundaries,” Class. Quant. Grav. 13, 2735 (1996) [gr-qc/9603050].

[19] S.R. Lau, “New variables, the gravitational action, and boosted quasilocal stress-energy-

momentum”; Class. Quantum Grav.13, 1509 (1996). [gr-qc/9504026]



[20]

[43]

40

I. S. Booth and R. B. Mann, “Moving observers, nonorthogonal boundaries, and quasilocal energy,”
Phys. Rev. D 59, 064021 (1999) [gr-qc/9810009]. I. S. N. Booth, “A Quasilocal Hamiltonian for
gravity with classical and quantum applications,” gr-qc/0008030.

M. Francaviglia and M. Raiteri, “Hamiltonian, energy and entropy in general relativity with
nonorthogonal boundaries,” Class. Quant. Grav. 19, 237 (2002) [gr-qc/0107074].

G. Hayward, “Gravitational action for spacetimes with nonsmooth boundaries”, Phys. Rev. D 47
(1993) 3275 S. W. Hawking and C. J. Hunter, “The Gravitational Hamiltonian in the Presence of
Non-Orthogonal Boundaries”, Class. Quant. Grav. 13 (1996) 27352752, gr-qc/9603050.

S. Carlip and C. Teitelboim, “The Off-shell black hole,” Class. Quant. Grav. 12, 1699 (1995) [gr-
qc/9312002].

S. Massar and R. Parentani, “How the change in horizon area drives black hole evaporation,” Nucl.
Phys. B 575, 333 (2000) [gr-qc/9903027].

E. Frodden, A. Ghosh, and A. Perez, A local first law for black hole thermodynamics, 1110.4055.
E. Bianchi and W. Wieland, “Horizon energy as the boost boundary term in general relativity and
loop gravity,” arXiv:1205.5325 [gr-qc].

Sachs R. K. 1962 J.Math. Phys. 3908; d’Inverno R. A. and Stachel J, 1978, J Math Phs, 19, 2447;
R. A. dInverno and J. Smallwood, Phys. Rev. D22, 1233 (1980); C. G. Torre, Class. Quantum Grayv.
3, 773 (1986).

S. A. Hayward, “Dual - null dynamics,” Annales Poincare Phys. Theor. 59, 399 (1993). S. A.
Hayward, “dual null dynamics of the Einstein field”; Class. Quantum Grav. 10, 779 (1993).

L. -M. Cao, “Deformation of Codimension-2 Surface and Horizon Thermodynamics,” JHEP 1103,
112 (2011) [arXiv:1009.4540 [gr-qc]].

E. Gourgoulhon and J. L. Jaramillo, “New theoretical approaches to black holes,” New Astron. Rev.
51, 791 (2008) [arXiv:0803.2944 [astro-ph]].

R. H. Price and K. S. Thorne, “Membrane Viewpoint On Black Holes: Properties And Evolution of
The Stretched Horizon,” Phys. Rev. D 33, 915 (1986).

K. S. Thorne, (Ed.), R. H. Price, (Ed.) and D. A. Macdonald, (Ed.), “Black Holes: The Membrane
Paradigm,” NEW HAVEN, USA: YALE UNIV. PR. (1986) 367p

T. Damour, these de doctorat detat, University of Paris VI, (1979) (un- published); T. Damour, in
Proceedings of the Second Marcel Grossmann Meeting on General Relativity, edited by R. Ruffini
(North-Holland, Am- sterdam, 1982), p. 587.

S. A. Hayward, “General laws of black hole dynamics,” Phys. Rev. D 49, 6467 (1994).

Ashtekar A., Beetle C. and Fairhurst S., 1999, “Isolated horizons: a generalization of black hole
mechanics”, Class. Quantum Grav. 16, L1; A. Ashtekar, S. Fairhurst and B. Krishnan, “Isolated
horizons: Hamiltonian evolution and the first law,” Phys. Rev. D 62, 104025 (2000) [gr-qc/0005083].
Ashtekar A. and Krishnan B., 2002, “Dynamical Horizons: Energy, Angular Momentum, Fluxes and
Balance Laws”, Phys. Rev. Lett. 89 261101,

Ashtekar A. and Krishnan B., 2003, “Dynamical horizons and their properties”, Phys. Rev. D 68,
104030

Booth I. and Fairhurst S., 2004, “The first law for slowly evolving horizons”, Phys. Rev. Lett. 92,
011102 ;

I. Booth, “Horizons in the near-equilibrium regime,” arXiv:1202.5789 [gr-qc].

E. Gourgoulhon and J. L. Jaramillo, “Area evolution, bulk viscosity and entropy principles for
dynamical horizons,” Phys. Rev. D 74, 087502 (2006) [gr-qc/0607050].

J. L. Jaramillo, “An introduction to local Black Hole horizons in the 3+1 approach to General
Relativity,” arXiv:1108.2408 [gr-qc].

E. Gourgoulhon, “3+1 formalism and bases of numerical relativity,” gr-qc/0703035 [GR-QC].
Smarr L. and York J.W. “Kinematical conditions in the construction of spacetime” Phys. Rev. D
17, 25292551 (1978).

G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions in Quantum Gravity,”
Phys. Rev. D 15, 2752 (1977).

A. Komar, “Positive-Definite Energy Density and Global Consequences for General Relativity”,



41

Physical Review, vol. 129, Issue 4, pp. 1873-1876 (1963).

Bondi H, van de Burg M G J, and Metzner A W K, Proc. R. Soc. London Ser. A 269:21-52.

R. Haag, Local quantum physics: Fields, particles, algebras, Berlin, Germany: Springer (1992)
(Texts and monographs in physics).

H. Li and F. D. M. Haldane, Entanglement Spectrum as a Generalization of Entanglement Entropy:
Identification of Topological Order in Non-Abelian Fractional Quantum Hall Effect States, Phys.
Rev. Lett. 101, 010504 (2008) [arXiv:0805.0332 [cond-mat.mes-hall]]

H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic entanglement entropy,”
JHEP 1105, 036 (2011) [arXiv:1102.0440 [hep-th]].

J. Katz “A note on Komar’s anomalous factor” 1985 Class. Quantum Grav. 2 423

G. W. Gibbons, M. J. Perry and C. N. Pope, “The First law of thermodynamics for Kerr-anti-de
Sitter black holes,” Class. Quant. Grav. 22, 1503 (2005) [hep-th/0408217].

Freidel L. and Yokokura Y. “Non-equilibrium thermodynamics of Spacetime bubbles”, to appear.
T. Jacobson, “Thermodynamics of space-time: The Einstein equation of state”, Phys. Rev. Lett. 75
(1995) 1260-1263. [gr-qc/9504004].

T. Jacobson, “On the nature of black hole entropy”, [gr-qc/9908031].

T. Jacobson, R. Parentani, “Horizon entropy”, Found. Phys. 33 (2003) 323-348. [gr-qc/0302099].
T. Padmanabhan, “Is gravity an intrinsically quantum phenomenon? Dynamics of gravity from the
entropy of space-time and the principle of equivalence”, Mod. Phys. Lett. A17 (2002) 1147-1158.
[hep-th,/0205278].

T. Padmanabhan, “Gravity and the thermodynamics of horizons”, Phys. Rept. 406 (2005) 49-125.
[gr-qc/0311036].

T. Padmanabhan, “A New perspective on gravity and the dynamics of spacetime”, Int. J. Mod.
Phys. D14 (2005) 2263-2270. [gr-qc/0510015].

E. P. Verlinde, “On the Origin of Gravity and the Laws of Newton,” JHEP 1104, 029 (2011)
[arXiv:1001.0785 [hep-th]].

J. M. Bardeen, B. Carter and S. W. Hawking, “The Four laws of black hole mechanics,” Commun.
Math. Phys. 31, 161 (1973).

R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D 48, 3427 (1993) [gr-
qc/9307038].

C. Eling, “Hydrodynamics of spacetime and vacuum viscosity”, JHEP 0811 (2008) 048.
[arXiv:0806.3165 [hep-th]].

G. Chirco, S. Liberati, “Non-equilibrium thermodynamics of spacetime: The role of gravitational
dissipation”, Phys. Rev. D81 (2010) 024016. [arXiv:0909.4194 [gr-qc]].

Y. Yokokura, “Entropy Balance Equation of Spacetime Thermodynamics in f(R) Gravity,” Int. J.
Mod. Phys. A 27, 1250160 (2012) [arXiv:1106.3149 [hep-th]].

K. Shimada, S. Okazawa and S. Iso, “The Einstein Equation of State as the Clausius Relation with
an Entropy Production,” Phys. Lett. B 718, 193 (2012) [arXiv:1206.1154 [gr-qc]].

S. Bhattacharyya, V. E. Hubeny, S. Minwalla and M. Rangamani, JHEP 0802, 045 (2008)
[arXiv:0712.2456 [hep-th]].

S. W. Hawking and J. B. Hartle, “Energy and angular momentum flow into a black hole,” Commun.
Math. Phys. 27, 283 (1972).

P. Candelas and D. W. Sciama, “Irreversible Thermodynamics of Black Holes,” Phys. Rev. Lett.
38, 1372 (1977).

D. Pranzetti, “Dynamical evaporation of quantum horizons,” Class. Quant. Grav. 30, 165004 (2013)
[arXiv:1211.2702 [gr-qc]].



