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Abstract: Due to the complexity of the hydro-mechanical behavior of soils subjected to 

internal erosion, a high number of parameters is usually required for the erosion models and 

the constitutive models. This aspect makes it difficult to determine by trial-error their relevant 

values from laboratory tests. To address this issue, an efficient optimization-based procedure 

for identifying the parameters of a recently developed hydro-mechanical model for internal 

erosion using an enhanced backtracking search algorithm (so-called MBSA-LS) has been 

proposed. The MBSA-LS incorporates two points: (1) modifying the mutation of the original 

BSA (Backtracking Search Algorithm) and (2) incorporating an efficient differential 

evolution (DE) as a local search to improve the optimization performance. A mono-objective 

framework with six different criteria has been proposed to identify the parameters related to 

the interlocking effect and the erosion process. The proposed procedure was successfully 

applied to identify the parameters from the erosion tests of Hong Kong- Completely 

Decomposed Granite mixture (HK-CDG). All results demonstrated that coupling the MBSA-

LS and the hydro-mechanical erosion model could efficiently solve the issue of parameter 

identification accounting for both the mechanical behavior and internal erosion. 

Keywords: Granular soils; internal erosion; hydro-mechanical coupling; parameter 

identification; optimization
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1. Introduction

Internal erosion is a significant issue in civil and environmental engineering, which occurs 

when fine particles are plucked off by hydraulic forces and transported through the coarse 

matrix by seepage flow (Bonelli and Marot 2008; Fell et al. 2003; Wan and Fell 2004). Due 

to the loss of a part of the solid phase, the mechanical properties of the soil are progressively 

modified and degraded. Statistical analyses of accidents in embankment dams indicate that 

one of the major causes of accidents in embankment dams is internal erosion (Fell et al. 2003; 

Foster et al. 2000; Muir Wood 2007; Rönnqvist et al. 2014; Xu and Zhang 2009; Zhang and 

Chen 2006; Zhang et al. 2009a). Furthermore, recent studies have shown that internal erosion 

is also an important issue in geotechnical structures, such as land subsidence due to water 

piping induced erosion (Shen and Xu 2011), lateral displacement induced by erosion during 

jet grouting (Shen et al. 2017), ground surface settlement induced by erosion due to tunnel 

leakage (Wu et al. 2017), and landslides or slope instability induced by fines migration during 

rainfall (Crosta and Prisco 1999; Hu et al. 2018; Lei et al. 2017). Over the last decades, 

internal erosion has been widely studied by laboratory tests using primarily the conventional 

rigid-walled permeameter (Kenney and Lau 1985; Rochim et al. 2017; Sibille et al. 2015a; 

Skempton and Brogan 1994; Sterpi 2003; Wan and Fell 2008). The eroded mass, the 

hydraulic gradient and the flow rate were monitored to determine the likeliness of seepage 

induced instability by incorporating the post-erosion analysis of the particle size distribution. 

Recently, more attention has been paid to the coupled hydro-mechanical behavior during the 

erosion process; in particular the role of the stress ratio under which the erosion process was 

active has been emphasised (Bendahmane et al. 2008; Chang and Zhang 2011; Ke and 

Takahashi 2014b; Marot et al. 2016; Slangen and Fannin 2016).

Based on experimental findings, numerical analyses at the scale of the representative 

elementary volume have been proposed to describe the erosion process, either within the 

framework of continuum mechanics by the finite element or the finite difference methods, or 

the material point method (Cividini and Gioda 2004; Papamichos et al. 2001; Stavropoulou et 

al. 1998; Vardoulakis et al. 1996; Yang et al. 2019a, 2019b; Yerro et al. 2017; Zhang et al. 

2013), or within a discrete framework by coupling the discrete element method with the 

computational fluid dynamics (Lominé et al. 2013; Mansouri et al. 2017; Reboul et al. 2008; 

Sari et al. 2011; Sibille et al. 2015b; Zhang et al. 2018; Zhao and Shan 2013). Since the 

continuous approach permits numerical simulations to be done at the entire engineering 

structure scale, it is undoubtedly preferable to operate within this framework and to improve 
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the mechanical response of the soil by monitoring the porosity and the evolution of the fines 

content throughout the process of internal erosion. However, modelling the hydro-mechanical 

coupling induced by internal erosion is still quite rare at this scale. More recently, Yang et al. 

(2019c) proposed a numerical model within the framework of continuum mechanics for 

investigating the coupled hydro-mechanical behavior of soils subjected to internal erosion. 

The approach was able to describe the process of internal erosion, the deformations of the 

specimen during erosion, and the degradation of the mechanical properties of the eroded 

specimen. The proposed numerical model was applied to assess how internal erosion impacts 

the safety of earthen structures (Yang et al. 2019d). However, adding refinement and 

accuracy to model results in the introduction of complexities along with additional 

parameters. This requires determining the parameters before the model is applied to actual 

engineering scale problems. Since the parameters are not easy to quantify with conventional 

laboratory tests, an efficient procedure for the parameter identification should be developed.

Recently, inverse analysis methods by optimisation have been successfully used in the 

geotechnical field (Jin et al. 2016a; Jin et al. 2017; Jin et al. 2018; Jin et al. 2019a; Jin et al. 

2019b; Jin et al. 2019c; Levasseur et al. 2008; Yin et al. 2018b; Yin and Hicher 2008); 

apparently these methods produce a relatively objective determination of the parameters for a 

given soil model, even for those that have more of a mathematical than a physical meaning. 

The existing optimization techniques can be divided into two main categories: (1) 

deterministic optimization techniques, such as gradient-based and simplex algorithms 

(Calvello and Finno 2004; Papon et al. 2012; Yin and Hicher 2008), which deal with a single 

solution and are focused on reaching local minima since they start the search procedure with 

a first trial value (often chosen randomly in a specific space). If this supposed value is not 

close enough to the global minimum solution, the solution is likely to be trapped in a local 

minimum. (2) Stochastic optimisation techniques, such as evolutionary algorithms (Levasseur 

et al. 2008; Pal et al. 1996; Papon et al. 2012), Particle Swarm Optimiser (PSO) algorithms 

(Knabe et al. 2013; Zhang et al. 2009b) and differential evolution algorithm (Zhao et al. 

2015), the ��$�K-��( bee colony algorithm (ABC) (Kang et al. 2013; Kang et al. 2011), require 

high computational resources. Among these optimisation algorithms, the stochastic algorithm 

has attracted more attention given its greater capacity to solve complex problems in the 

geotechnical field (Jin et al. 2016a; Jin et al. 2016b; Jin et al. 2016c; Jin et al. 2016d; 

Levasseur et al. 2008; Papon et al. 2012; Yin et al. 2016b; Yin et al. 2016c). Among 

numerous stochastic optimizations, the Backtracking Search Algorithm (BSA) has a strong 
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ability of exploitation and exploration due to its mutation and crossover strategies in which 

the historical population information is used to guide the search. However, the BSA has not 

yet been applied to identify the parameters of a coupled hydro-mechanical model of internal 

erosion.

Therefore, this study proposes an efficient optimization procedure for identifying the 

parameters of a hydro-mechanical model of internal erosion for granular soils. For this 

purpose, a recently proposed coupled hydro-mechanical model of internal erosion for 

granular soils has been adopted for the simulations. A novel backtracking search algorithm 

enhanced by differential evolution (DE) as a local search has been used to find the optimal 

solution. A mono-objective parameter identification procedure that combines the hydro-

mechanical model of internal erosion and the enhanced BSA has subsequently been proposed. 

Afterwards, the proposed procedure was applied to identify the parameters from the erosion 

coupled with mechanical tests of Hong Kong completely decomposed granite mixture (HK-

CDG). 

2. A coupled hydro-mechanical model of internal erosion

2.1. Brief introduction of the model

To assess the hydro-mechanical responses of a soil subjected to internal erosion, a novel 

hydro-mechanical model for internal erosion in granular soils developed by Yang et al. 

(2019c) was adopted (summarised in Appendix). The saturated porous medium is considered 

to be composed of a stable fabric of the solid skeleton, erodible fines, L����D�� particles, and 

a pure L��� phase. The internal erosion is considered as the phase transition of fine particles 

from a solid-like phase (described as erodible fines) to a fluid-like phase (described as the 

fluidised particles). The hydraulic process of suffusion is described by the mass balance of 

the mixture system and the phase transition of the fine particles is evaluated by an erosion 

law. The primary unknowns are the soil skeleton displacement ( ), the pore pressure (� �,s x tu

), the porosity ( ), the fines content ( ) and the concentration of � �,wp x t � �,x t� � �,cf x t

fluidised particles ( ). The variable  and  are space and time variables, respectively� �,c x t x t

A nonlinear incremental constitutive model (Yin et al., 2018a) was used to compute  the 

effective stresses. The model was enhanced by introducing a non-linear elasticity, a non-

linear stress dilatancy law, the critical state concept, and the interlocking effect. It was then 

extended by defining the position of the critical state line in the  plane as a function log 'e p�
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of the fines content in order to unify the mechanical behaviour of a sand-silt mixture from silt 

to sand or sand to silt.

The hydro-mechanical coupling of internal erosion has two main features: (1) the loss of fine 

particles affects the interlocking by changing the void ratio  and the critical void ratio  e
ce

simultaneously. When a part of the fine particles is detached from the soil skeleton, the void 

ratio  increases and the critical void ratio  evolves with the fines content , creating an e
ce cf

imbalance of internal and external forces and, consequently, a deformation of the granular 

assembly. Besides, the increase of the void ratio can reduce the elastic moduli  and , G K

leading to an increase of the deformation of the granular assembly; (2) the coupling from 

mechanics to hydraulics is considered implicitly by introducing the volume deformation in 

the mass balance equations. The change of the void ratio either increases or decreases, 

induced by the volume deformation of the soil skeleton. It may also affect the permeability as 

well as the flow rate and, inversely, the erosion rate. Moreover, the erosion model has been 

formulated to be strongly dependent on the shear stress ratio  according to the pM�

experimental results (Chang and Zhang 2011), while the impact of the confining pressure on 

the erodibility of the fine particles remains unclear or unsolved. Note that since the results in 

the literature present many  inconsistencies (Bendahmane et al. 2008; Chang and Zhang 

2011; Ke and Takahashi 2014a; Luo et al. 2013; Moffat and Fannin 2011), the impact of the 

confining pressure was neglected as a first approximation.

2.2. Summary of model parameters

The proposed model (summarised in Appendix) requires 22 material parameters as well as 

the initial state parameters ( ,  and );  is the initial void ratio,  is the initial 
0e 0k 0cf 0e 0k

hydraulic conductivity, and  is the initial fines content. Based on their physical meanings, 
0cf

the parameters required by this model can be divided into five groups, as shown in Table 1.

Table 1 Model parameters

0K Reference bulk modulus

0G Reference shear modulusElastic

n Elastic constant controlling nonlinear stiffness

dA Constant controlling the magnitude of the stress dilatancy

pn Constant controlling the degree of interlocking
Interlocking-effect 

related

dn Constant controlling the degree of interlocking

� Constant controlling the slope of CSL
Critical-state related 	 Constant controlling the nonlinearity of CSL
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c� Critical friction angle

, 0hc cre Reference critical void ratios for the pure sand

, 0hf cre Reference critical void ratios for the pure silt

a Constant controlling the slope of the curve  for the silty sand0cr ce f�

m Constant controlling the slope of the curve  for the sandy silt0cr ce f�


 Constant controlling the evolution rate of the transition zone

dR Ratio of the mean size of the coarse grains to that of the fine grains

Fines-content related

thf
Threshold fines content from a coarse grain skeleton to a fine grain 

skeleton

e� Constant controlling the erosion rate

km Power index which varies with the pore geometry

1� Constant controlling the final residual fines content after erosion

2� Constant controlling the erosion rate

3� Constant controlling the erosion rate

Erosion related

� Constant controlling the erosion rate

The procedure for determining the initial values of the state variables and some of the soil 

parameter values is relatively straightforward. The �standard� way to determine the model 

parameters is described as follows:

(1) The elastic parameters ( ,  and ) can be determined directly from an isotropic 
0K 0G n

compression test by plotting the isotropic compression line in the  plane.log 'e p�

(2) The critical state-related parameters ( ,  and ) can be determined from a triaxial test. � 	
c�

The friction angle  is determined by plotting the stress path in the  plane,  and  
c� 'q p� � 	

are determined in the   plane according to the position of the critical state line. log 'e p�

(3) the fines content related parameters,  and  are the reference critical void ratios , 0hc cre , 0hf cre

for the pure sand and the pure silt, which can be measured through critical states in the  

 plane;  after (Yin et al. 2016a);  is the ratio of the mean size of the log 'e p� 20
 
 dR

coarse grains D50 to the mean size of the fine grains d50; ,  and  are determined by a m
thf

fitting the  curve. 
0cr ce f�

(4) The erosion related parameter  controls the final residual fines content after erosion. It 
1�

can be determined by comparing the final fines content to the initial fines content. 
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For the remaining erosion-related parameters ( , ,  and  ) and the interlocking-
e� km 2,3� �

effect-related parameters ( ,  and ), although their physical meaning is clear, their 
dA pn

dn

determination needs a procedure of trial-error by curve fitting, since they have strong coupled 

effects on simulating the evolution of the eroded mass and the hydraulic conductivity during 

and after erosion, as well as on the mechanical behavior before, during and after erosion.

Overall, some of the parameters can be determined directly based on the measurements, e.g., 

the elastic parameters and the critical state-related parameters, while some other variables 

cannot be measured directly, e.g., the parameters related to the interlocking-effect and the 

erosion process. Therefore, parameter identification using an optimization method is 

proposed for a relevant calibration of the coupled problem.

3. Identification methodology 

In general, the procedure of optimization consists of three parts: a) defining a norm in a finite 

or infinite dimensional space, (b) expressing the mathematical formulation of the error by 

measuring the difference between the numerical and experimental results (in case of a finite 

space dimension), and (c) minimizing the error. An optimization strategy for searching the 

minimum of the error function has been used in order to reach this minimum.

3.1. Error function 

To make the error independent of the type of test and the number of measurement points, an 

advanced error function has been adopted (Levasseur et al. 2008). The average difference 

between the measured and the simulated results is expressed in the normalized form of the 

least square formula,

 ..............................................................................(2)� �
2

exp num

1
exp

1
Error 100

i i
N

ii

U U
x

N U


� ��

 �� �� �

� �
�

where  is a vector of the unknown model input parameters;  is the number of the x N

measurement points.  is the value corresponding to the ith measurement point;  is exp

iU num

iU

the value corresponding to the ith point of the numerical simulation.

The scale effects on the fitness between the experimental and the simulated results can be 

eliminated by this normalized formula. Additionally, the objective error calculated by this 
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function is a dimensionless variable. Thus, any difference in error can be avoided for 

different objectives with different variables.

3.2. Enhanced backtracking search algorithm

3.2.1. MBSA-LS

The MBSA-LS is a population-based evolutionary algorithm proposed by Jin and Yin (Jin 

and Yin 2020) based on the original BSA and differential evolution algorithm. It contains 

seven processes: initialization, selection-I, mutation, crossover, selection-II, local search and 

selection-III. A detailed description of the BSA can be found in Civicioglu (2013). The 

MATLAB code of the basic BSA can be found in BSA (2020). Here, the MBSA-LS is B���L, 

described and the flowchart is shown in Figure 1.

Initialization

Selection-I

Modified mutation

Crossover

Selection-II

End

Stop Criterion ?

Yes

No

g
en

=
g
en

 +
1

DE-based Local search

Selection-III

Figure 1 Flowchart of MBSA-LS

Step 1: Initialization. The evolution population  and the history population (old ijP

population, ) are randomly initialized, as follows: ijoldP

 ...............................................................................................(3)� �ij j j jP low rand up low
 � � �
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 ...........................................................................................(4)� �ij j j joldP low rand up low
 � � �

where rand is a uniform distribution function within , i=1, 2 , · · · , N, where N is the � �0,1

size of the population, j=1, 2, · · · , D, where D is the dimensionality of the space of 

variables. The quantities lowj and upj are the lower and upper boundaries of the variables. 

Step 2: Selection-I. At the beginning of each iteration, the historic population oldP is 

����K��� through Eq.(5), and then the order of the individuals in oldP is randomly changed 

by Eq.(6).

 ..................................................................................(5)
� �� �,       if ,  :  0,1

,  otherwise

a b a b U
old

old

� ��

 �
��

P
P

P

 .......................................................................................................(6)� �old permuting old
P P

where a and b are two uniformly distributed random numbers between 0 and 1, and 

permuting function is a random shu�ing function applied to a randomly selected previous 

generation as the historical population. 

Steps 3-4: Modified mutation and crossover. The mutant individuals are generated by the 

historical and current individuals, as shown in Eq.(7), which is different from the mutation of 

the original BSA. Then, the crossover operator is conducted by Eq.(8). A binary integer-

valued matrix (map) of size N×D guides the crossover directions of the BSA algorithm. The 

value of map is controlled by the mix rate parameter that is the only control parameter that 

should be determined in BSA, the details of the procedure can be found in Civicioglu (2013). 

 ...............................................................................(7)� � � �old best
 � � � � � �M P F P P F p P

 ..............................................................................................................(8)
ij

ij

,   if =1

,  if =0

ij

ij

ij

P map
V

M map

��

 �
��

where  is the population generated after mutation; pbest is the current best individual; F is M

a uniformly distributed random number within  controlling the amplitude of the � �0.3,1.0

search direction matrix, which is different from the F using in the basic BSA (Civicioglu 

2013) and the F in other similar algorithms that consider the best individual in the mutation 

(Chen et al. 2017a; Chen et al. 2017b; Nama et al. 2017). Vij is the value of the jth variable 

for the ith trial individual. Furthermore, the mix rate of the ith individual proposed by Nama 
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et al. (Nama et al. 2017) has been adopted to improve the performance of crossover as 

follows, 

 .................................................................................................(9)� �� �mixrate 0.5 1 0,1rand
 � �

Through the introduced mutation, some individuals are devoted to improving the population 

diversity by learning from the historical population, while other individuals are focused on 

enhancing the convergence speed via learning from the best individual in the current 

population. Consequently, the performance of the algorithm is enhanced with consideration 

of both the exploration and the exploitation abilities. 

Step 5: Selection-II. At this step, the population of the next generation  is generated new

iP

according to a greedy selection mechanism. As shown in Eq.(10), Vi is accepted if it provides 

a better function value than Pi, considering the minimum problem.

 ................................................................................................(10)
� � � �,   if  

,  otherwise

i i inew

i

i

V f V f P
P

P

���

 �
��

Then, Steps 2�5 are continually performed until the termination criterion is ��$��K��8 

Step 6: DE-based local search. To further ��K�� the quality of the current population, an 

elite method using the differential evolution as a local search has been introduced. The DE-

based local search aims to K�� a better solution around the current best individual, which is 

performed after the BSA stage. The mutation strategy is presented as follows,

 .............................................................(11)� � � �, , 1 2 3 40.5 0.5new new new new new

DE i best i r r r rP P P P P P
 � � � � � �

where the indices r1, r2, r3, and r4 are distinct integers uniformly chosen from the set

; and are two difference vectors to mutate the  !1,  2,  ...,  N � �1 2

new new

r rP P� � �3 4

new new

r rP P�

corresponding parent ; is the best individual in the current generation i, which is ,

new

best iP ,

new

best iP

randomly selected as one of the top 10% individuals in the current population obtained by 

Selection-II of BSA. The DE-based local search presented in Eq.(11) is employed to generate 

new individuals  around the best individual.,DE iP

After mutation, a binomial crossover operation forms the K��( trial/offspring vector 

 ...............................................................(12)� �
� � � �

,

DE ,
,

,  if rand 0,1  or 

,  otherwise

DE randi jnew

i j
i j

P CR j j
P

� 
��

 �
��x
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where jrand=randint (1, D) is an integer randomly chosen from 1 to D and newly generated for 

each i, D is the dimension of the problem; the crossover probability CR�  corresponds � �0,1

roughly to the average fraction of the vector components that are inherited from the mutation 

vector; CR=0.9 was used in this study. 

To avoid a rapid loss of diversity, a competition between parents and children with an elitism 

strategy was adopted to perform the selection III. In the selection, 10% of individuals with 

the highest fitness are selected from the parents and children to survive in the next generation. 

The remainders were chosen by tournament selection from the mating pool composed of 

parents and children apart from the 10% individuals. 

3.2.2. Framework and pseudo code of the enhanced MBSA-LS

Based on the descriptions above, the pseudo-code MBSA-LS is summarized in Algorithm 1. 

It can be observed that the proposed MBSA-LS retains the simple structure of the basic BSA 

apart from the implementation of the local search and the selection III.

Algorithm 1. Pseudo-code of MBSA-LS

1. Initialize population size and maximum number of iterations;

2. Initialize the current and historical populations using Eqs.(3) and (4) for P and oldP;

3. Evaluate the errors of all individuals in the current population P;

4. iter=0;

5. For iter=1:Max_iter

6. Perform selection-I using Eqs.(5) and (6) to form the historical population oldP;

7. Find the best individual from the current population;

8. Perform the new mutation using Eq.(7) to generate the trial population M;

9. Perform the crossover using Eq.(8) to generate the trial population V;

10. Check the boundary for each trial individual

11. Evaluate the errors of trial population V;

12. Implement greedy selection-II using Eq.(10) to remain the better individual ;newP

13. Perform DE-based local search to generate new offspring ;DE

newP

14. Perform the competition between and P to generate the new P for the next iteration;DE

newP

15. End For

3.3. Identification procedure

The elastic parameters ( 0K , 0G  and n ), the critical-state-based parameters(� , 	  and c� ) and 
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the fines-content-related parameters ( , , , , ,  and ) can be directly , 0hc cre , 0hf cre a m 

dR

thf

determined from an isotropic compression curve, the critical state line and the  curve, 
0cr ce f�

respectively. The erosion related parameter  can be determined by comparing the final 
1�

fines content to the initial fines content. However, the interlocking-effect-related parameters 

( ,  and ) and the erosion-related parameters ( , ,  and ) have strong 
dA pn

dn e� km 2,3� �

combined effects on the evolution of the eroded mass and the hydraulic conductivity during 

erosion, as well as on the mechanical behavior before, during and after erosion, making it 

more difficult to be measured directly. Therefore, in this study, the elastic parameters, the 

critical-state-based parameters, the fines-content-related parameters and  have been 
1�

measured directly, while for identifying the remaining erosion-related parameters and the 

interlocking-effect-related parameters, a mono-objective framework with six different criteria 

has been developed as follows:

 .........................(13)

� �
� �
� �
� �
� �
� �

1~4

�Error

�Error
erosion test 

�, , , Error
min Error min mean

, , �Error

Error
Triaxial test 

Error

d p d a

e k
r

a

a

m i

k i

A d n n i

m i

q

e

"

� � "

"

"

� �# $� %& �
� ' (� �
� ' (� ��� �� ' (

� )� ' (� � �� � � �� ' (
� �� � � ��� � ' (� �� � �� �� ' (� *
� ' (

� %�� ' � �(
� )� ' (� �� �� *+ ,�

�
�
�
�
�
�
�
�
�
��
�

where  is the hydraulic gradient; , ,  and �i � ��Error m i& � � ��Error k i� � ��Error a i" �

 are the errors of the eroded mass , the hydraulic conductivity , the axial � ��Error r i" � m& k

strain  and the radial strain  between simulations and experimental results for erosion 
a" r"

tests;  and  are, respectively, the error in the values of the � �Error aq "� � �Error ae "�

deviatoric stress  and the void ratio  between simulations and experimental results for the q e

triaxial shearing test. All the errors mentioned above were calculated according to Eq. (2).

Figure 2 shows the mono-objective identification procedure which aims to find values of the 

interlocking-effect-related parameters and the erosion-related parameters with the best 

attainable fit between model predictions and corresponding observations. In this study, the 

procedure was based on two different codes: the code for the integration of the coupled 

hydro-mechanical model of internal erosion to simulate the objective tests (Yang et al. 2019c) 
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and the MATLAB code for the optimization process to find the minimum value of the error 

function. 

Algorithm

settings

Optimization algorithm

Generate

parameters

Fitness evaluation

G
e

n
=

g
e
n

+
1

Stopping

criterion met?

Input pre-determined

parameters

K0, G0, n

�, 	, �c, �1

ehc,cr0, ehf,cr0, 
, Rd, �, m, f th

Input parameters 

to be optimized

Ad, np, nd

�e, mk, �2,3, �

Simulate

erosion tests

Simulate triaxial tests

before/after erosion

Calculate error

(Error function)

Experimental

data

Optimal solution
Yes

No

Optimization program Numerical simulation

Coupled 

hydromechanical model 

of internal erosion 

Figure 2 Identification procedure flowchart

4. Application to erosion and mechanical tests on gap-graded HK-CDG 

mixtures

4.1. Description of laboratory tests 

Chang and Zhang (2011) performed several hydraulic-gradient controlled downward erosion 

tests on gap-graded HK-CDG mixtures under different stress states with a newly developed 

stress-controlled erosion apparatus. The tested soil was obtained by mixing the commercial 

washed Leighton Buzzard sand (fraction E) and the completely decomposed granite (CDG) 

extracted from a construction site on Beacon Hill, Hong Kong, following the grain size 

distribution as shown in Figure 3. 
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	GS-C-3 CD2 200 200 0 0


GS-C-4 ET+CD2 50 67 50 0.75

�GS-C-5 ET+CD2 50 83 100 1.2

�GS-C-6 ET+CD2 50 100 150 1.5
(*) CD1 and CD2 represent the drained triaxial test on the initial and eroded samples, respectively; ET represents 

the erosion test.

Table 3 Physical properties of the tested soil mixtures

Density of fluid f- 1.00 g/cm3

Density of solids s- 2.65 g/cm3

Kinematic viscosity of fluid k� 5.0×10-6 m2[�-1

Initial void ratio 0e 0.53

Initial hydraulic conductivity  
0k 7.5×10-5 %[�-1

Initial fines content c0f 0.35

4.2. Parameters straightforwardly determined 

Based on the isotropic compression curve, the reference bulk moduli  and 
0 50 MPaK 


 were easily obtained (see Figure 4). A typical value for Poisson�s ratio, , 0.95n 
 0.3. 


could be assumed, which thus gave the reference shear moduli . The friction 
0 23 MPaG 


angle  was calibrated by plotting the stress paths of the drained triaxial tests in the 40.5c� 
 /

 plane, as shown in Figure 5. The critical-state-related parameters (� , 	 ) were 'p q�

calibrated by plotting the critical state line in the  plane measured from the drained log 'e p�

triaxial tests before and after erosion (Tests �-	). Along this way,  and  0.03� 
 0.45	 


were determined by curve fitting (see Figure 4). The location of the critical state line in the 

log 'e p�  plane is controlled by the initial critical void ratio  which varies with the 
0cre

current fines content. The initial critical void ratio for the pure coarse and pure fine materials, 

 and  measured by Yin et al. (2014) were adopted. By fitting the , 0 0.8hc cre 
 , 0 0.86hf cre 


 curve shown in Figure 6, ,  and  could be easily 
0cr ce f� 0.79a 
 0.46m 
 0.28thf 


obtained. The erosion related parameter  was determined directly, based on the 
1 0.92� 


measurements of the final fines content after erosion.

All directly determined parameters are summarized in Table 4. They were fixed in the 

following parameter identification process. 

Table 4. Directly determined parameters of HK-CDG mixture
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Elastic

parameters

CSL-related

parameters

Fines-content-related

parameters

Erosion

parameter

K0/MPa G0/MPa n 	 � �c ehc,cr0 efc,cr0 
 Rd a m fth �1

50 23 0.95 0.45 0.03 40.5 0.8 0.86 20 10 0.79 0.46 0.28 0.92
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4.3. Optimization and results

To identify the parameters related to the interlocking effect and the erosion process, it is 

necessary know the results of triaxial tests on the initial and eroded specimens as well as the 

erosion tests. Test � is a triaxial test on the initial sample (see Table 2). It was first selected 

as an objective for the optimization process. Afterwards, to capture the stress-ratio-dependent 

features observed in the experimental tests, it is necessary to know the results of erosion tests 

under different stress ratios and the corresponding triaxial tests on the eroded samples in the 

optimization process. In this case, Test � and �were selected as objectives for the 

optimization process.

According to Eq. (13), the objective error was defined as the average of , � ��Error m i& �

, ,  for the erosion test and , � ��Error k i� � ��Error a i" � � ��Error r i" � � �Error aq "�

 for the triaxial shear tests. The initial population size was set at 160, and the � �Error ae "�

number of generations was set at 80. The interval of each parameter is given in Table 5.

Table 5 Search domain and intervals of parameters related to interlocking-effect and erosion

Interlocking-effect-related

parameters

Erosion related

parameters

Ad np nd mk �e �2 �3 �
Lower bound 0 1 1 1 1 1 1 0

Upper bound 2 5 15 5 100 20 3 1

Step Size 0.01 0.01 0.1 0.1 0.1 0.1 1 0.01

Table 6 shows the optimal parameters and the corresponding objective errors. Using the 

optimal and the directly determined parameters, the objective tests were simulated with the 

adopted coupled hydro-mechanical model for internal erosion. Figure 7 shows the 

comparison of the eroded mass, the hydraulic conductivity, the axial and radial strains 

between the simulated and the experimental results of the erosion tests. Figure 8 shows the 

comparisons of the deviatoric stress and void ratio between the simulated and the 

experimental results of the triaxial tests. A good agreement between the simulations and 

experimental results was observed. Meanwhile, the parameters calibrated by a standard �trial 

and error� method (Yang et al. 2019c), and the corresponding objective error are listed in 

Table 6. It can be seen that the optimization method provides a set of optimal parameters with 

a smaller objective error, compared to the parameters calibrated by a standard �trial and error� 

method.
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To evaluate the performance of the identified parameters, we used the optimal parameters and 

the directly determined parameters to predict the remaining erosion tests and the triaxial tests 

i.e., Test �, �� �� 	� 
 and �. Figure 9 and Figure 10 show the comparisons between 

predicted and experimental results of the erosion tests and the triaxial tests. In general, a good 

agreement between the simulations and observations indicates that the optimal values of the 

parameters are reasonable and reliable, which also suggests that the proposed identification 

procedure by the optimization method performs well in identifying the model parameters in 

the coupled hydro-mechanical model for internal erosion in granular soils.

As for some discrepancy between the predicted and the experimental results, this may be 

caused by deficiencies in the experimental tests and the inhomogeneity along the sample. In 

terms of the deficiency of the experimental tests, the lack of the time history of the hydraulic 

gradient for each test makes it difficult to identify the parameter related to the erosion rate. 

Moreover, the number of experimental tests being limited, the selection of tests for 

identification of the parameters needs to be verified by conducting further experimental tests. 

Another aspect which was not taken into account was the unknown influence of the 

inhomogeneity along the sample, which may lead to the reduction of hydraulic conductivity. 

Not enough detail was given to calibrate the filtration term in the erosion law; the filtration 

was therefore not considered in the simulations. Furthermore, for the erosion test under a high 

stress ratio, especially when the stress ratio was close to the critical state, a small loss of fines 

content could change the soil from stable to unstable; the sample could become drastically 

inhomogeneous because of strain localization, which made it more complicated to predict the 

erosion-filtration process as well as the mechanical behavior after erosion. 

Overall, using the optimization method can efficiently increase the accuracy of identifying 

the model parameters while minimizing the experimental costs and efforts, i.e., the �trial-

error� efforts. Furthermore, the parameters determined by �trial-error� require some 

subjective judgment, and consequently this process is usually conditioned by the user�s 

experience rather than being the pure product of some mathematical criteria. The use of 

optimization-based parameter identification can avoid such a problem. Therefore, the 

proposed identification of model parameters can be carried out by less-experienced operators, 

which should gradually promote the application of advanced hydro-mechanical models by the 

engineers.

Table 6 Optimal parameters with the errors

Page 18 of 29

URL: http://mc.manuscriptcentral.com/tece  TECE-peerreview@journals.tandf.co.uk

European Journal of Environmental and Civil Engineering

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

Optimal parameters Objective error (%)
Method

km e� 2� 3� � dA pn
dn ET CD

Optimization 2.9 23.1 11.3 3 0.06 0.37 4.52 8.6 15.4 6.1

Standard (Yang et al. 2019c) 4.0 40.0 11.0 3 0.08 0.35 4.0 10.0 21.3 11.2
(*) CD and ET represent the drained triaxial test and the erosion test, respectively.
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Figure 7 Comparisons between simulated and objective experimental results of erosion tests 

(a) Cumulative eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) radial 

strain
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Figure 8 Comparisons between simulated and objective experimental results of triaxial tests 

(a) deviatoric stress versus axial strain and (b) void ratio versus axial strain. Hollow points 

indicate triaxial compression of the initial specimen, and solid points indicate triaxial 

compression of eroded samples.
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Figure 9 Comparisons between predicted and experimental results of erosion tests (a) 

Cumulative eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) radial strain
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Figure 10 Comparisons between predicted and experimental results of triaxial tests (a,c) 

deviatoric stress versus axial strain and (b,d) void ratio versus axial strain. Hollow points 

indicate triaxial compression of the initial specimen, and solid points indicate triaxial 

compression of eroded samples.

5. Conclusions

This study has proposed an efficient optimization-based procedure for identifying the 

parameters related to soil internal erosion and interlocking effect using an enhanced 

backtracking search algorithm (MBSA-LS). In the proposed identification procedure, a newly 

developed coupled hydro-mechanical model was adopted to assess internal erosion with 

interlocking effect for granular soils. To identify the interlocking-effect-related and the 

erosion-related parameters, a mono-objective framework with six different criteria was 

developed, in which the elastic parameters, the critical-state-based parameters, the fines-

content-related parameters, and the erosion related parameter were determined from 

experiments and kept constant in the optimization process. 

From the erosion combined with mechanical tests of Hong Kong completely decomposed 

granite mixture (HK-CDG), the proposed procedure was then validated by identifying the 

parameters related to erosion and interlocking effects. The comparison between simulation 

and experiment results showed that the obtained optimal parameters were accurate and that 

their values were physically reasonable. The optimization method is shown to efficiently 

increase the accuracy of the identification of model parameters while minimizing 

experimental costs, as well as �trial-error� efforts. 

Altogether, all results demonstrated that the identification of model parameters could be 

carried out by less-experienced operators, promoting the application of advanced numerical 

models in engineering practices.
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Appendix: Hydro-mechanical model of internal erosion (Yang et al. (2019)

A system of non-linear partial differential equations is deduced from the mass balance of the 

mixture system:

 ........................................................................................................(A15)� � � �div div 0w s� 
q v

 ...........................................................................................(A16)� � � � �div divs s n
t

�
�

0
� � � 

0

v v

 ...................................................................(A17)
� � � � � � � � �div div

c c

c s c s

f f
f f n

t t

�
�

0 0
� � � 


0 0
v v

 ....................................................................................(A18)
� � � � � �

�div
sc c

c n
t t

� �0 0
� � 
 �

0 0w

v
q

where ,  and  are the porosity, the amount of erodible fines and the � �,x t� � �,cf x t � �,c x t

concentration of the fluidised particles, respectively;  is the source term describing the �n

exchange between the erodible fines and the fluidised particles; is the velocity of the soil 
sv

skeleton;  is the total discharge of the pore fluid assumed to be governed by Darcy�s � �,w x tq

law:

 ..................................................................................................(A19)
� �

� �
� �

,c

w

k

k f
p

c

�
� -


 �wq grad

with the intrinsic permeability of the medium  and the density of the mixture  defined k � �c-

as:

 ......................................................................................................(A20)� �
3

1 1
km

i ck k f �
 � �# $+ ,

 ............................................................................................................(A21)� �1s fc c- - -
 � �

where  is the kinematic viscosity of the fluid;  is the pore fluid pressure;  and  
k� wp s- f-

are the density of the solid and the fluid, respectively;  is a power index which varies with 
km

the pore geometry. 
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The exchange term  in Eqs. (A15)-(A18) is given as :�n

 ...............................................................................................(A22)� �� �� 1e c cn f f� � 1
 � � � wq

 .................................(A23)
� � � � � �

3 21 1
0 1 exp 10

exp exp
c c

p p

f f
M M

� �� �
�� ��1

# $� �
' (� �
 � � � �
� �' (� �+ ,

wq

where  is the ultimate fines content after a long seepage period;  is the initial fines 
cf 1 0cf

content;  is the stress ratio; ,  and  are material parameters.�
1~3� �

e�

The mechanical behaviour of the porous solid is controlled by:

 ................................................................................................................(A24)� �div 0wp2 � 
B I

where  is the pore fluid pressure;  is the effective stress tensor, calculated by an fc-wp 2B

dependent non-linear incremental constitutive model (Yin et al. 2018a). The constitutive 

equations under axisymmetric triaxial condition are briefly summarised as follows:

...........................................................(A25)� �1 exp3 3" 3" �
� %� �
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 ...................................................................................(A28)
6sin 6sin
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3 sin 3 sin
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M M
� �

� �

 


� �

where  and  are respectively the peak friction angle and the phase transformation 
p� pt�

friction angle related to the interlocking effect and determined by

 ..................................................................(A29)tan tan ,   tan tan
p dn n

c c
p c pt c

e e

e e
� � � �

�
� � � �
 
� � � �
� � � �

with the critical state void ratio  given byce
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� �

where the stress ratio  is defined by the deviatoric stress  and the mean effective = 'q p� q

stress ;  and  are the increment of deviatoric strain and volumetric strain; 'p
d3" v3"

 is the atmospheric pressure chosen as the reference stress;  and  are  101.325 atp kPa
 K G

the bulk and shear moduli;  is the reference critical void ratio at extremely low confining 0cre

pressure. The model parameters are summarized in Table 1.
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Figure captions

Figure 1 Flowchart of MBSA-LS

Figure 2 Identification procedure

Figure 3 Grain size distribution of the tested HK-CDG mixture

Figure 4 Isotropic compression curve and critical state line in the  planlog 'e p�

Figure 5 Stress path of drained triaxial tests

Figure 6 Initial critical void ratio versus fines content 
0cr ce f�

Figure 7 Comparisons between simulated and objective experimental results of erosion tests 

(a) Cumulative eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) 

radial strain

Figure 8 Comparisons between simulated and objective experimental results of triaxial tests 

(a) deviatoric stress versus axial strain and (b) void ratio versus axial strain. Hollow 

points indicate triaxial compression of the initial specimen, and solid points indicate 

triaxial compression of eroded samples.

Figure 9 Comparisons between predicted and experimental results of erosion tests (a) 

Cumulative eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) radial 

strain

Figure 10 Comparisons between predicted and experimental results of triaxial tests (a,c) 

deviatoric stress versus axial strain and (b,d) void ratio versus axial strain. Hollow 

points indicate triaxial compression of the initial specimen, and solid points indicate 

triaxial compression of eroded samples.
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