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on again heating. For two tubes which were examined, this
time was in each case about 20 hours; a shorter period
merely sufficed to diminish the depresion. The depression is
the result of an action between the liquid and the inner glass
surface of the capillary tube.

3. Indications that surfaces exercise a slight action in deter-
mining the position at which the liquid condenses in the ex-
ternal tube have been observed.

4. By reflecting a bright line of light from the apparently
convex and well-defined surface of ether in a tube of 20 millims.
diameter at a temperature near the critical, it may be inferred
to remain concave until it loses the power of reflecting when
it is plane, The apparent convexity is the result of refraction,
or, perhaps, of an action resembling mirage.

5. The black ill-defined band which immediately succeeds
the disappearance of the liquid surface is the result of too
rapid heating, and possibly due to the mixing of liquid and
vapour when they are of nearly equal density. When very
slowly heated, as described, the defined concave surface is gra-
dually obliterated, and is last seen as a fine and often waving
line. Under this condition also the volume of the liquid at its
disappearance is greater than when it is rapidly heated. When
the liquid is vaporized by rapid heating, it has a higher tem-
perature and larger volume at the time of disappearance than
it has when first condensed by cooling; slowly heated and
cooled, these volumes and temperatures are more nearly the
same.

Royal Indian Engineering College
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XXI1V. Vibrations of a Columnar Vortes.
By Sir WiLrLiam THOMSON®,

HIS is a case of fluid-motion, in which the stream-lines
are approximately circles, with their centres in one line
(the axis of the vortex) and the velocities approximately con-
stant, and approximately equal at equal distances fron the
axis. As a preliminary to treating it, it is convenient to ex-
press the equations of motion of a homogeneous incompressible
inviscid fluid (the description of fluid to which the present in-
vestigation is confined) in terms of “ columnar coordinates,”
7, 8, z—that is, coordinates such that » cos 0=, »sin =y,
If we call the density unity, and if we denote by z, 7, z the
velocity-components of the fluid particle which at time ¢ ig

* From the Proceedings of the Royal Society of Edinburgh, March 1,
880,
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d d d d
passing through the point (2,y, 2), and by @ &y I dif-
ferentiations respectively on the supposition of a, y, z constant,

¢,y,z constant, ¢, 2, z constant, and ¢, z, y constant, the ordi.
nary equatlons of motion are

"y
~G=a i yfl"’”% 0
SR
and
Leffuto

To transform to the columnar coordinates, we have
z=rcosf, y=rsinf,)

& = r cos @—rfsin b,

¥ =rsin 9+ré cosf, 3)
g e
7= 008 9—; ﬂm@m; [
%: sm0 d -t cosﬂ% J

The transformed equatxons are

G- P |
3; — d_e i dg«e) L0t od(re) dglzo)’ @
EA N

and
g;+ +d7(;f)+f§: N ),

Now let the motion be approximately in circles round 0Oz,
with velocity everywhere approximately equal to T, a func-
tion of »; and to fulfil these conditions, assume

r=p cos mzsin (nt—i6), r6=T+ 1 cos mz cos (nt—1),
£=wsin mesin (nt~—1i0), p =P +wcosme cos(nt—10), (6

with Pe j‘ T2dr
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where p, 7, w, and @ are functions of », each infinitely small
in comparison with T. Substituting in (4) and (5) and neg-
lecting squares and products of the infinitely small quantities,
we find

do T T 3
- =(r=57)p-25m
; T T 4T
—F=—(r-ip) Gt -0 @
+mw=(n—i?—3)w
r )
dp

P L P4 T o= -
Tt mw=0.. .. N )

Taking (7), eliminating @, and resolving for p, T, we find

P=ad\" W e T \F T ) S |
1 T dT Ndw | 2 T? dT? ,T\?
T= —mn{(ﬂ%)("—’;)aﬁ;[ﬁ‘w ‘(""r)]“’}’j - )
where _2T T dT . T2
D—T(ﬁcﬁ) (n-57)"

For the particular case of m=0, or motion in two dimen-
sions (r, ), it is convenient to put

N ¢ 1)

In this case the motion which superimposed on #=0 and r§ =T
gives the disturbed motion is irrotational, and ¢ sin (nt—:6)
is its velocity-potential. It is also to be remarked that, when
m does not vanish, the superimposed motion is irrotational
where, if at all, and only where T=const./»; and that when-
ever it is irrotational, ¢, as given by (10), is its velocity-
potential.

Eliminating p and 7 from (8) by (9), we have a linear dif-
ferential equation of the second order for w. The integration
of this, and substitution of the result in (9), give w, p, and 7
in terms of 7, and the two arbitrary constants of integration
which, with m, n, and 7, are to be determined to fulfil what-
ever surface-conditions, or initial conditions, or conditions of
maintenance are prescribed for any particular problem.

Crowds of exceedingly interesting cases present themselves.
Taking one of the simplest to begin:—

Case L,
Let T=wr(wconst.), . . . . . . . . (11)
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#=¢ cos mz sin (nt—10) when approximately »=aq,
7= cos mz sin (nt —i6) ” ’ =t (12)
¢, ¢, m, n, a, @’ being any given quantities and ¢
any given integer.

The condition T=wr simplifies (9) to
(n—iw){ (n—iw) dw _ gz——ww} ]
_ dr 7
= m{4e’—(n—iw)’} ’ )
. dw  i(n—iw) 1
—(n—zw){2w%-————r w}J
= mide? —(n—iw)’} ’
and the elimination of p and 7 by these from (8) gives

d? 1dw 2w do? —(n—iw)?
-ﬁ+;£‘7+m2“<75@2—2w=°5 (14)

(18)

or

... (15)

where 4o’ —(n—1iw)’

or

Pw ldw 7w
=5 + = 7 — g —o*w=0,
ar r dr 7

o

—m \/(n —iw)’—4e®

(n—iw)®

Hence if J;, 3; denote Bessel’s functions of order ¢, and of the
first and second kinds* (that is to say, J; finite or zero for in-
finitely small values of », and $; finite or zero for infinitely
great values of #),and if I; and ; denote the corresponding real
functions with v imaginary, we have

w=0J,(»m)+E€J(vr), . . . . (A7)

w=CL(or)+&¥(or), . . . . (18)

where C and € denote arbitrary constants, to be determined in
the present case by the equations of condition (12). These are
equivalent to p=c when r=a,and p=¢ when r=3a, and, when
(16) is used for w in (13), give two simple equations to deter-
mine C and €.

* Compare ¢ Proceedings,” March 17, 1879, ¢ Gravitational Oscillations
of Rotating Water.” Solution II. (Case of Circular Basins). Thil, Mag.
Angust 1880, p. 114.

. . (16)

where

or
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The problem thus solved is the finding of the periodic disturb-
ance in the motion of rotating liquid in a space between two
boundaries which are concentric circular cylindric when un-
disturbed, produced by infinitely small simple harmonic normal
motion of these boundaries, distributed over them according
to the simple harmonic law in respect to the coordinates z, 6.
The most interesting Subcase is had by supposing the inner
boundary evanescent (a=0), and the liquid continuous and
undisturbed throughout the space contained by the outer cy-
lindric boundary of radius a. This, as is easily seen, makes
w=0 when r=0, except for the case i=1, and essentially,
without exception, requires that ¢ be zero. Thus the solution

for w becomes
w=Cd(vr), . . . . . . (19)

w=Cli(ar); . . . . . . (20)
and the condition p=¢ when r=a gives, by (13),

or

vm

C=

- : . (21)

y 2iw N’ (

v/ (va) =r Ji(va)
or the corresponding I formula.

By summation after the manner of Fourier, we find the
solution for any arbitrary distribution of the generative dis-
turbance over the cylindric surface (or over each of the two if
we do not confine ourselves to the Subcase), and for any arbi-
trary periodic function of the time. It is to be remarked that
(6) represents an undulation travelling round the cylinder
with linear velocity na/+ at the surface, or angular velocity
n/t throughout. To find the interior effect of a standing vi-
bration produced at the surface, we must add to the solution
(6), or any sum of solutions of the same type, a solution, or a
sum of solutions, in all respects the same, except with —n in
place of n.

It is also to be remarked that great enough values of ¢ make
v? negative, and therefore v imaginary ; and for such the solu-
tions in terms of o and the I,, ¥; functions must be used.

Case IL—Hollow Irrotational Vortex in a fized Cylindric
T'ube.

Conditions :—

¢ .
T—;, =0 when r=a; (22)
and Py p=0 for the disturbed orbit, r=a+j‘1'"adt,
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a and a being the radii of the hollow cylindric interior, or free
boundary, and of the external fixed boundary, and #, the value

of 7 when » is approximately equal to a. The condition
T=¢/r simplifies (9) and (14) to

1 dw w
p=_5_dr,and7'=m——r, e e e e (23)
dw ldw 72w
GE T ot o (29)

and by (7) we have )
o=t (0w ... .. (@)

m r

w=CL(mr)+Ch(mr); . . . . . (26)

and the equation of condition for the fixed boundary (radial
velocity zero there) gives

Cl'i(ma)+€¥;(ma)=0. . . . . (27)

To find the other equation of condition, we must first find an
expression for the disturbance from circular figure of the free
inner boundary. Let for 2 moment », @ be the coordinates of
one and the same particle of flaid. We shall have

0=Sédt; and r=s'i'dt+r0,

where 7, denotes the radius of the “mean circle” of the par-
ticle’s path.
Hence, to a first approximation,

Hence

o=%; . . ... ... .. (2

P

and therefore, by (6),
7= p cos mz sin (n— :—;)t;

whence p
r=ry—

7, Cosmz cos (nt=1i0). . (29)
n—

7

Hence the equation of the free boundary is

r=a—P® cos (ut—if), . . . . (30)

where

W= —. L T S Y T SR SR (31)
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2dr
Hence at (r, 6, 2) of this surface we have, from P=5‘T d7, of
(6) above, r

T2
P= - (r—a)
=2 e(r—_'fzcos mzcos (nt—10). . (32)
a® n—iw
Hence, and by (6),and (26), and (25), and (23), the condition
P+ p=0 at the free boundary gives

¢ [CT, (ma) + ¥ (ma)] + =9 101 ma) + € (ma)] =0.
A m C L. (83)

Eliminating C/€ from this by (27), we get an equation to
determine n, by which we find

n=w(@xyN), . . . . . . (34
where N is an essentially positive numeric.

II.—Suscask.

A very interesting Subcase is that of e=, which, by
(27), makes C=0, and therefore, by (33), gives

Nema b8 . (35)

Whether in Case IL or Subcase I, we see that the dis-
turbance consists of an undulation travelling round the cylin-
der with angular velocity

w(1+ i@lj) or w( —i/iy),

or of two such undulations superimposed on one another, tra-
velling round the cylinder with angular velocities greater than
and (algebraically) less than the angular velocity of the mass
of the liquid at its free surfaces by equal differences, The
propagation of the wave of greater velocity is in the same di-
rection as that in which the liquid revolves; the propagation
of the other-is in the contrary direction when N> (as it
certainly is in some cases).

If the free surface be started in motion with one or other of
the two principal angular velocities (84), or linear velocities

am(l-_#— }_/zﬁ)’ and the liquid be then left to itself, it will per-

form the simple hatmonic undulatory movement represented
by (6), (26),(23). Butif the free surface be displaced to the
corrugated form (30), and then left free either at rest or with

Phil. May. 8. 5. Vol, 10, No. 61, Sept. 1880. N
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any other distribution of normal velocity than either of those,
the corrugation will, as it were, split into two sets of waves
travelling with the two different velocities aw (li- iil_\T_ .

The case i=0 is clearly exceptional, and can present no
undulations travelling round the cylinder. It will be consi-
dered later.

The case i=1 is particularly important and interesting. To
evaluate N for if, remark that

Li(mry=T,(mr)

. 36
and H(mr)=¥,(mr). (36)
Now the general solution of (24) is
22 4,4
w=(E+Dlog~1—><1+ 7—71—;”—+ R +&c.)
mr 2 22, 4 36*
mir? mirt » - (36%)
+D('—2T Sl + "22. 42 S2+ &C.),

where E and D are constants. Hence, according to our nota-

tion,

mir? | mirt

?-'i' 2—2:(2-!' &e., . . . (37

the constant factor being taken so as to make I(0)=1.
Stokes* investigated the relation between E and D to make

w=0 when »=o0, and found it to be

E/D=log 8 +=-ilVi= +2'079442-——1'963510:11593;} (38)

Io(mr)y=1+

or, to 20 places,
E/D="11593 15156 58412 44881.

Hence, and by convenient assumption for constant factor,

2,2 4.4
Eo(ma)= log L (1 o 2 &c.)
myp 2 22 4 39
mr? mirt (39)
+ o (S; + '11593) + EWE) (S + *11593) + &e.

It is to be remarked that the series in (36) and (39) are
convergent, however great be mr; though for values of msr

# “(On the Effect of Internal Friction on the Motion of Pendulums,”
equations (93) and (106). (Camb. Phil, Trans. Dec. 1850.)
P.S.—T am informed by Mr. J. W. L. Glaisher that Gauss, in section 32
of his # Disquisitiones Generales circa seriem infinitam 14 ‘1"‘ Bot &e.,”
YN
(Opera, vol. iii. p. 155), gives the value of — a4}, or ~y(—4%), in his
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excecding 6 or 7 the semiconvergent expressions® will give
the values of the functions nearly enough for most practical
purposes, with much less arithmetical labour.
From (37) and (39) we find, by differentiation,
. 3,3 5,5
I ()= nr y—+ —zﬁi— + &e.,
2%.4 ° 2%.4%.6 [, . (40)

2
1 3m%*  5m%*
2

()= 3+ + &e.

P4 T e
K(mr)= 1 7 [ 14 9(S+1150815)]
m37,3

1 /mr  mP® ny® )
‘logW(T toagte gt )

-1 1 (41)
mip?
+ 2 (T —6(8—1150315)] + &e.

2,',,2 5m4,),4

1/1 3m
—log Ez(§+ i g T T 42.6+&°')'

For an illustration of Case II. with {=1, suppose ma to be
very small. Remarking that S;=1, we have

mia’ 1 ..
N =ma¥y(ma) _ 1T "5 [log S~ +11159
T h(ma) T

m

1— ™A L+;+.1159:,
) [Ogma 4

=1+m2a2(log;7%—a +1159). . (42)

Hence in this case, at all events, N>¢*; and the angular velo-
city of the slow wave, in the reverse direction to that of the

notation, to 23 places as follows :—
1-06351 00260 21423 47944 099,

Thus it a%pears that the last figure in Stokes’s result (106) ought, as in
the text, to be 0 instead of 2. In Callet’s Tables we find

log, 8=207044 15416 79835 92825 ;

and subtracting the former number from this, we have the value of E to
20 places given the text,
* Btokes, ibid,

N2



Downloaded by [University of North Carolina Charlotte] at 07:51 17 July 2013

164 Sir William Thomson on the
liquid’s revolution, is

—n=joma*(log s +1150). . . . (49)
This is very small in comparison with

20+ jomta?(log = + 159), . .. (4

the angular velocity of the direct wave ; and therefore clearly,
if the initial normal velocity of the surface when left free after
being displaced from its cylindrical figure of equilibrium be
zero or any thing small, the amplitude of the quicker direct
wave will be very small in proportion to that of the reverse
slow one.

Casg I1I.

A slightly disturbed vortex column in liquid extending
through all space between two parallel planes; the undisturbed
column consisting of a core of uniform vorticity (that is to
say, rotating like a solid), surrounded by irrotationally revol-
ving liquid with no slip at the cylindric interface. Denoting
by a the radius of this cylinder, we have

and

T=wr when r<a,
| } (45)

a ‘
T=co; PO a.

Hence (13), (14) hold for »<a, and (23), (24) for »>a.

Groing back to the form of assumption (6), we see that it
suits the condition of rigid boundary planes if Oz be perpen-
dicular to them, O in one of them, and the distance between
them = /m. ;

The conditions to be fulfilled at the interface between core
and surrounding liquid are that p and w must have the same
values on the two sides of it: it is easily proved that this
implies also equal values of 7 on the two sides. The equalit
of p on the two sides of the interface gives, by (13) and (23),

, , dw  2ie .
(zw—u) [(lw —n) ar + ' w] lnternal dw)extemnl .
40’ — (iw—n)*

. (46)

= -\ H
dr/,_

a
r=a

and from this and the equality of w on the two sides we have

, , dw \temal - gy
(w’ _n) [(/“‘) —n)(m rea + -_a_—] _ duw \ external 7
§o"=(w—n) =), - @D
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The condition that the liquid extends to infinity all round
makes w=0 when »=co. Hence the proper integral of (24)
is of the form ¥;: and the condition of undisturbed continuity
through the axis shows that the proper integral of (13) is of
the form J;, Hence

w=CJ (vr) for r< a,} (48)
and w=8(mr) ,, r>q, ,
by which (47) becomes
' ) VJ/i(Va) 21w
(fw—n) [(“"—n) Ji(va) +T] — =mki(ma) 49
40— (lo—n)? T EOne) 7 0
or by (15), .
Jilg) ¢ —Hma) (50)
0J(g) " T mak(ma)’ " "
where ,
10 —7
=Emm L e
and 2
.qz=m2a21;;‘,,}—. e e e .. (B2

Remarking that Ji(¢) is the same for positive and negative
values of ¢, and that it passes from positive through zero to a
finite negative maximum, thence through zero to'a finite po-
sitive maximum, and so on an infinife number of times, while ¢
is increased from 0 to « , we see that while A is increased from
—1 to 0, the first member of (50) passes an infinite number
of times continuously through all real values from —oo to
+ o, and that it does the same when A is diminished from
+1to 0. Hence (50), regarded as a transcendental equation
in A, has an infinite number of roots between —1 and 0 and an
infinite number between 0 and +1. And it has no roots except
between —1 and + 1, because its second member is clearly po-
sitive, whatever be ma; and its first member is essentially real
and negative for all real values of A except between —1 and
+1, as we see by remarking that when N’>1 —¢?is real
and positive, and —J’;(¢)/qJi(g) isreal and >7/(—g¢*); while
i/g*A, whether positive or negative, is of less absolute value
than 7/ (—¢?).

Each of the infinite number of values of A yielded by (50)
gives, by (51) and (13), a solution of the problem of finding
simple harmonic vibrations of a columnar vortex, with m of
any assumed value. All possible simple harmonic vibrations
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are thus found : and summation, after the manner of Fourier,
for different values of m, with different amplitudes and dif-
ferent epochs, gives every possible motion, deviating infinitely
little from the undisturbed motion in circular orbits.

The simplest Subcase, that of :=0, is curiously interesting.
For it (50), (51), (52) give

/0 (Q> _ _')I‘/o (ma) 5
¢Jo(q) ~ mak(ma)’ * " (53)

and
20ma

n= JELEy (54)
The successive roots of (53), regarded as a transcendental
equation in ¢, lie between the 1st, 8rd, 5th... roots of
Jo(g)=0, in order of ascending values of ¢, and the next
greater roots of J/4(¢)=0, coming nearer and nearer down to
the roots of J, the greater they are. They are easily calcu-
lated by aid of Hansen’s Tables of Bessel’s functions J, and
J; (which is equal to J’;) from ¢=0 to ¢=20*. When ma
is a small fraction of unity, the second member of (53) is a
large number; and even the smallest root exceeds by but a
small fraction the first root of Jy(¢)=0, which, according to
Hansen’s Table, is 2:4049, or, approximately enough for the
present, 2-4. In every case in which g is very large in com-
parison with ma, whether ma is small or not, (54) gives

2wma
n=

approximately.

Now, going back to (6), we see that the summation of two
solutions to constitute waves propagated along the length of
the column gives :—

7= —psin (nt—mz); 10=T+7 cos (nt—mz);
E=wcos (nt—mz); p= +w cos (nt—me). } (55)

The velocity of propagation of these waves is n/m. Hence,
when ¢ is large in comparison with ma, the velocity of longi-
tudinal waves is 2wa/g, or 2/¢ of the translational velocity of
the surface of the core in its circular orbit. Thisis 1/1:2, or
2 of the translational velocity, in the case of ma small, and the
mode corresponding to the smallest root of (53). A full ex-
amination of the internal motion of the core, as expressed by
(55), (13), (48), (15) is most interesting and instructive. It
must form a more developed communication to the Royal
Society.

* Republished in Limmel’s Besselsche Functionen, Leipaig, 1868,
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The Subcase of i=1, and ma very swall, is particularly
interesting and important. In it we have, by (42), for the
second member of (50), approximately,

—¥ 1 1
1(ma) _ = |:1+m2a2 (Iog% +'1159):|. . (56)

maly(ma)
In this case the smallest root, ¢, is comparable with ma, and
all the others are large in comparison with ma. To find the
smallest, remark that when ¢ is very small we have, to a
second approximation,

) 1 1
qu((% ¢ 67

Hence (50), with =1, becomes, to a first approximation,

1 1 1

-93(1+ NN )
This and (52), used to find the two unknowns N and ¢% give

= = 3
A={, and ¢*=3md?,

for a first approximation. Now, with ¢=1, (51) becomes

—i(-2)

and therefore 7/ is infinitely small. Hence (52) gives for
a second approximation,

8n
q2=3m2a2(1+ %), N 1)
and we have

1 2 1 ('1_5n). ... (60)

q-27\,=3m2a2 3w

Using now (57), (59), (60), and (56) in (30), we find, to a

second approximation,
1 8ny 1 2 5n
3ma’ (1_ 3_0—))_ R T (1— 3_m>

1 1
= = [ 1+ me(log = +-1159) ],

whence

=n_1 o 11

=g (log%+ 7+1150) . . (61)
Compare this result with (43) above. The fact that, asin (43),
—n 13 positive in (61), shows that in this case also the direc-
tion in which the disturbance travels round the cylinder is
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retrograde (or opposite to that of the translation of fluid in the
undisturbed vortex) ; and, as was to be expected, the values of
—n are approximately equal in the two cases when ma is small
enough; but it is smaller by a relatively small difference in
(60) than in (43), as was also to be expected.

The case of ma small and ¢> 1 has a particularly simple ap-
proximate solution for the smallest g-root of the transcendental
(50). With any value of ¢ instead of unity we still have (58),
as a first approximation for ¢ small. Eliminating ¢*/m’a* be-
tween this and (52), we still find A=%; but instead of n=0
by (51), we now have n=({—1)w. Thus is proved the solu-
tion for waves of deformation of sectional figure travelling
round a cylindrical vortex, announced thirteen years ago with-
out proof in my first article respecting Vortex Motion*.

- XXV. On the Diagrammatic and Mechanical Representa~
tion of Propositions and Reasonings.

To the Editors of the Philosophical Magazine and Journal.

GENTLEMEN,

D/l R. VENN has kindly sent me a copy of his very inter-
esting paper in the Philosophical Magazine for July,
in which he explains a method which he has invented for sol-
ving logical problems by means of diagrams. The method is
certainly ingenious, and for verifying “analytical solutions of
easy and elementary problems it would, I think, be useful in
the hands of a teacher; but I cannot agree with its inventor’s
estimate of its practical utility in other respects, much less
with his opinion as to its superiority over rival methods.
Speaking of his diagram for five-letter problems, Mr. Venn

says i—
¢ It must be admitted that such a diagram is not quite so simple
to draw as one might wish it to be; but then we must remember
what are the alternatives before any one who wishes to grapple
effectively with five terms and all the thirty-two possibilities which
they yield. He must either write down, or wm some way or other have
set before him, all those thirty-two compouwuds of which X YZ W V is
;zsamjf’le; that is, he must contemplate the array produced by 160

etters.

Fom the words in italics it is evident that Mr. Venn does
not yet appreciate the advantages of my own method, which
assuredly lays one under no such ouerous obligation as he
mentions. It grapples effectively, not merely with problems

* “Vortex Atoms,” Proc. Roy. Soe. Edinb, Feb. 18, 1867,



