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CURVATURE COMPUTATIONS FOR A TWO-COMPONENT
CAMASSA-HOLM EQUATION WITH VORTICITY

MARTIN KOHLMANN

ABSTRACT. In the present paper, a two-component Camassa-Holm (2CH) sys-
tem with vorticity is studied as a geodesic flow on a suitable Lie group. The
paper aims at presenting various details of the geometric formalism and a ma-
jor result is the computation of the sectional curvature K of the underlying
configuration manifold. As a further result, we show that there are directions
for which K is strictly positive and bounded away from zero.
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1. INTRODUCTION

As a mathematical model for two-dimensional shallow water waves with constant
vorticity, the following generalized two-component Camassa-Holm (2CH) system
has attracted a considerable amount of interest recently:

my = QUzp — AUz — UMy — KPP,
(1) = —ups —(a—uap,
oy = 0.

Here a € R\{1}, a is a constant, k > 0 and m = Au with A denoting the Fourier
multiplication operator A = (1 — 82)° for s > 1. The functions v and p depend
on time ¢ and a spatial variable x € S ~ R/Z. A derivation of the system ()
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with s = 1 by means of formal asymptotic methods applied to the full-governing
equations for two-dimensional water waves with constant vorticity is the subject
of the paper [11]. A special case of the system (Il is a one-parameter family of
evolution equations obtained for &« = 0, s = 1 and p = 0 and it is also called the
b-equation [9, |7, 119] (here with the parameter a # 1). To further special cases of
this family are the Camassa-Holm (CH) equation (a = 2)

(2) Ut — Uty = 2uzuxac - 311,11,1 + Ulgzq,
cf. [3], and the Degasperis-Procesi (DP) equation (a = 3)
Up — Utze = SUglUzy — 4UUy + Ulgeq,

cf. [8]. Apart from the fact that both the CH equation and the DP equation are
of hydrodynamical relevance, see e.g. 9, 22], they share some interesting mathe-
matical properties: the b-equation is integrable only if b € {2,3} in the sense that
for b € {2,3} there exists a bi-Hamiltonian formulation and a Lax pair represen-
tation [3, [7]. Moreover, both the CH and the DP equation allow for finite-time
solutions that can be interpreted as breaking waves 4] or shock waves [15] as well
as for global solutions [18] and peculiar traveling wave solutions |27, 28]. The 2CH
equation without vorticity (o« = 0, a = 2 and s = 1 in (0J)) has been the subject
of |8, 14] where the authors proved local-in-time well-posedness by applying Kato’s
semigroup approach, discussed blow-up and established its integrable structure. In
addition, the hydrodynamical relevance of the 2CH system without vorticity as a
two-component extension of the CH equation is presented.

A remarkable property of the b-family equations is that they allow for a geo-
metric reformulation on the diffeomorphism group of the circle. The group of all
smooth and orientation-preserving diffeomorphisms S — S, denoted as Diff>*(S),
is a Fréchet Lie group that can be equipped with an affine connection V so that
the b-equation is the geodesic equation on Diff**(S) with respect to the connection
V, see, e.g. |13, 124]. Furthermore, the geodesic flow is the minimizer of a length
functional if and only if b = 2; in this case the resulting equation, precisely the
CH equation, is a metric Euler equation with respect to the H' metric. The DP
equation belongs to the class of non-metric Euler equations |17, 24]. An analogous
geometric framework has been established for the 2CH equation without vorticity
in 12, 20] where the authors showed that it can be recast as a geodesic flow on
the semidirect product Diff**(S)@®C>(S) equipped with the H! metric for the first
component plus the Lo metric for the second component.

The geometric theory for evolution equations arising in hydrodynamics is not
only a technical game: There are various applications of the geometric picture
concerning the features of solutions to report on. In [13], the authors make use of the
geometric reformulation to establish the well-posedness of the periodic b-equation
on a scale of Sobolev spaces that are used as a Banach space approximation for
C*°(S). In |6], finite time solutions to the CH equation are related to a breakdown
of the geodesic flow. In particular, computations of the sectional curvature have
been performed as the sign of the sectional curvature of the underlying configuration
manifold has implications for the stability of its geodesics. The curvature tensor
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for the CH equation on the diffeomorphism group of S has been computed in [30]
where the author also shows that the non-normalized sectional curvature Scy is
positive on an infinite-dimensional subspace containing the vector cos kx and that
the normalized sectional curvature is bounded away from zero on this subspace.
Moreover,

Scu(u,v) = (Fen(u,v), Fen(uw,v) gn — Cen(u,w), Ten(v,v)) g1
with I'cg denoting the Christoffel operator for the CH equation. Similarly, it could
be shown in |12] that the non-normalized sectional curvature Spcy for the 2CH
equation without vorticity is strictly positive in directions spanned by vectors of

the type (coskz,coslx), that the normalized sectional curvature is bounded away
from zero in directions spanned by vectors of the type (0, cos kz) and that

Sacu(u,v) = (Pacn(u, v), Pacn (U, v)) g, — (T2cu (u, w), Pacn (0,0)) g, »
with T'scy denoting the Christoffel operator for the 2CH equation. We refer the
reader to [2, 23] for further curvature computations for related equations of hydro-
dynamical relevance.

In the present paper, we first focus in detail on the geometric picture for Eq. ()
with the fixed parameters a = 2 and &, s = 1. The fact that () represents geodesic
motion on the Lie group (Diff>*(S)®C>(S)) x R with a suitable right-invariant
metric (-,-), induced by an operator A has been established in [11] where the
authors compute the adjoint of the adjoint action on the Lie algebra with respect
to (-,-), in order to identify Eq. () with the geodesic equation U; = —adj;U,
where U = (u, p, ). However, the various analogies and their consequences when
comparing the geometric picture for Eq. ([dl) with the geometric picture for the rigid
body motion pioneered by Arnold [1] in 1966 have not been work out to the best of
the author’s knowledge. Section 2l of the present work has the goal to provide some
further aspects of the geometric theory for the 2CH equation (). In Section [B]
we present the following main theorem on the sectional curvature associated with
Eq. (@). It clearly gets in line with the above mentioned results on the sectional
curvature for the CH equation and the 2CH equation with a = 0.

Theorem 1. Let R denote the curvature tensor associated with the 2CH equation
@) on (Diff>(S)®C>(S)) x R and denote by S(u,v) = (R(u,v)v,v), the non-
normalized sectional curvature at the identity. Then

(3) S(uv U) = <F(u7 U)? P(uv U)>A - <P(u7 u)? F(Uv U)>A :

Moreover, S(u,v) > 0 for all vectors of the form

coskix cosliz
u=|coskox |, wv=|coslox |, ki, kali,loc 27N, «o>6max{ki I3},
« 1

and the normalized sectional curvature
S(u,v)
2
<u7 U’>A <1), U>A - <u7 U>A

is bounded away from zero for fixed values ki # ko, 1 # la and as o — 0.

K(u,v) =
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2. THE GEOMETRIC FORMALISM

In 1966, Arnold [1] showed that the motion of a rigid body rotating around its
center of mass is in fact geodesic motion on the group G = SO(3). The configuration
of the body at time ¢ is given by a rotation matrix R(t) which maps the position of
a particle in body coordinates to its spatial position. The quantities w = RR~! and
Q = R'R are elements of s0(3), the Lie algebra g of SO(3), and correspond to the
angular velocity in spatial or body coordinates respectively. A moment of inertia
tensor I maps the body velocity to its momentum IT = I€2; the spatial momentum
is denoted by m = R{). As s0(3) and s0(3)* are canonically identified with R?, the
Adjoint and Co-Adjoint actions Adg, Adj are maps R* — R3 and they link the
velocity and the momentum in the spatial and the body frame of reference. Euler’s
equations for the rigid body motion particularly imply that the spatial momentum
is a conserved quantity.

Ebin and Marsden [10] proved in 1970 that Arnold’s formalism can also be
applied to the motion of an ideal fluid for which the configuration space is the group
of all volume-preserving diffeomorphisms of the fluid domain. A major difference to
the rigid body motion is that the Riemannian metric on the diffeomorphism group is
right-invariant whereas the geodesic equation for the rigid body is induced by a left-
invariant metric. Details of this geometric approach have been elaborated in detail
for the Camassa-Holm equation (2) in [25, 29] where the authors show that Eq. (2]
with periodic boundary conditions is equivalent to a geodesic equation on the group
Diff>*(S) of all smooth and orientation-preserving diffeomorphisms on S. In [12, 20]
the authors showed that the 2CH equation without vorticity (a = 0) allows for a
geometric reformulation on the semidirect product group Diff**(S)@C>(S). We
refer the reader to Appendix A of the paper [12] where the analogy of Arnold’s
approach to the geometric picture for CH and 2CH without vorticity is explained.

In this section, we present in detail the geometric picture for Eq. () with the
fixed parameters a = 2 and k,s = 1.

2.1. The Lie group. Consider the Fréchet Lie group

C*G := (D™ (S)®C>(S)) x R
where Diff™(S) denotes the group of smooth and orientation-preserving diffeomor-
phisms of S := S! ~ R/Z and © denotes a semidirect product. Writing o for the
composition of functions, the group product on C*°G is given by

(1, f1,51) * (02, fa2, 82) = (91 0 P2, fa + f1 02,51 + 52),

for (p1, f1, 81), (¢2, f2,82) € DIf(S) x C*°(S) x R. The neutral element on C*°G
is (id, 0,0) and one easily checks that (¢, f,s) € C°°G has the inverse

(<Pa fa 5)71 = (‘Pila _f © 90717 _S)'
Let Ry and L, denote right and left translation on C*°G and write Igh = LyRy-—1h

for the inner automorphism. We observe that

Iigr 11,50 (92, f2,82) = (prowao i (fo— fi)owr ' + fio(p2 o9 h), s2).
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Writing T}, for the tangent map at g € C*°G, we have that

Ad(wl,f1,51)(u2ap2aa2) = [T(id,O,O)I(@l,j'l,sl)] (U2,P27a2)
= ((u2p12) 0 @1 5 (p2 + frauz) 0 07, 2)

and
ad(uy pr,a0) (U2, P2, @2) = Tiia,0,0) [Ad() (U2, p2, a2)] (w1, p1, 1)
= (U1pU2 — Uz U1, P12U2 — P22U1,0)
- [(ulu P1, al)u (’LLQ, P2, 042)];
here, [-, -] denotes the Lie bracket on the Lie algebra

Coog = T(id70)0)OOOG ~ C*® (S) X OOO(S) x R.
For the following considerations, it will be also important to note the trivialization
TC>G ~ (DiIff*°(S) x C*°(S) x R) x (C*(S) x C*(S) x R).

For a smooth path g(t) = (¢, f,s)(t) in C>°G, the associated Eulerian velocity
(u, p,)(t) = Ty Rg—1(1yg' (t) € C>g is given by

(4) (u, p,0)(t) = (¢ 0™, frop™h,s)(1)
and

Uo(t) := TytyLg—1 (1) (t) = <%7ft - fx%ﬁ’)
so that, for U = (u1, ug, us) € C*g,

Ady,5,0)U = (Ad@ul, (ug + frug)o gp’l,Ug,) ,

where Adyu; = (u1¢,) o ¢! is the Adjoint action with respect to Diff>*(S).
2.2. The right-invariant metric. We define an inner product on C'°*°g by setting
() . .
(U, V>(id,0,0) = /Sulvl da:—l—/Sulzvlz d33—|—/S UgV2 da:—i /S(U1U3+U3vl)dfﬁ+iu3037

where U = (u1,u2,u3),V = (vi,v2,v3) € C*g. It is shown in [16] that (-, )4 0.0
is indeed positive definite. With the inertia operator A: C*°g — (C*°g)* given by

AU = (Aul - lug,,ug,1 (ug - /u1 dx)) ,
2 2 S

where A = 1 — 92, we observe that
WV = [(B0)- Ve = (0V) )

and that the associated quadratic form is equivalent to the Hilbert norm ||u1||§{1 +
Juz ||2L2 + |us|?. We define a right-invariant metric on C*°G by setting

(v, V>(<p,f,s) = <TR(%f7S)’1U’ TR(%fvS)’IV>A

for all U,V € Ty 1,C®G ~ C*(S) x C=(S) x R. It is well-known that the
right-invariant metric for the 2CH equation without vorticity depends smoothly on

(¢, f), cf. [12], and by the definition of (,-), ; ;) and the fact that C>°G is a Lie
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group, it is immediately clear that (-, ->(¢ £.9) depends smoothly on (¢, f, s) so that
(C*G,(,-),) is indeed a (weak) Riemannian manifold.
The operator A maps the Eulerian velocity (u, p, @) to the momentum

wi=A(u,p,a) = <Au—loz,p,1 (a—/udaz)).
24P 5 g

Using the Lo-pairing to identify the regular part of (C°°g)* with C°°(S)x C*°(S) xR
and that Ad,m = (m o ¢)pZ, m = Au, we observe that

<N7Ad(¢,f75)V> - / (Au N %) Adpuy dr + /P [(fzvl +wg) 0 cp_l] dz+
s s

a 1
—i—/(———/udw)v dzr
s\2 2Js ’

:/S{[(mw)—%} wi+(pow)fmwm}v1d$+/s(posﬁ)sﬁzvzdﬂﬂ

a 1

so that g := Ad{, ; ,)p is given by

fo = <[(mw) - %} ¢z + (posa)fm%,(pw)%,% <a—/suda:>) :

We also show that, in analogy to the rigid body motion, we now obtain a conser-
vation law for the 2CH equation ().

Proposition 2. The quantity o corresponding to the body momentum of the rigid
body motion is a conserved quantity for the 2CH equation (), i.e.

da
art

Proof. A simple calculation shows that

o=0.

a [(moso— g) Q2+ (po @) fan

dt 2
= [(my + 2uam + umg — aug + pps) © Ples + [(pr + Upe + tap) © ] fotpa
—0.

That the second component of j is conserved follows from Lemma 6.1 in [11] and
the time derivative of the third component of g is zero as

U = —0y [Ail(u2 + %ui + %pz —au) + %uQ] ,

cf. Eq. (@). O
The adjoint of the operator ad: C°g x C>°g — (C°°g has been computed in
(11, [16] and writing ad(,, ,, a,)(u2, p2,2) = (@, p, @), one has

i = A7 (2u1, Aug + uy Augy — asury + prep2) + /(uMsz + pizp2) dz,
S

p = (u1p2)z,
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a=2 /('LleA'LLQ + p1zp2) dz.
S
2.3. The geodesic spray. To obtain the weak formulation of (), we apply the
operator A~! to the first equation and add the term uu, so that
U+ Uty = A7 oy — 2uem — umyg — ppr + Aluuyg))
=-A"'0, (u2 + %ui + %p2 - au) ;

observe that the terms including third order derivatives of v cancel out on the right
hand side. We may thus rewrite () as

u +uu, = —A"10, (u2 + %ui + %pQ — au) ,
(6) prtupy = —pug,
Q. = 0.

Writing U = (u1, ua,us3), V = (v1, v2,v3) € C>®g and U= (u1,uz2) and V= (v1,v2),
we introduce the bilinear operator
—A710, (u1v1 4 Fuipvie + Fu2v2 — Tugvr — Fuvs)
F(U, V) = —%UQ’UMC - %ulwvg
0

~ 1a4-1p (U3’U1 + ’ul’Ug)
row,v 2 *
0 0

-1 1 1

— A0, (urv1 + Luizvi, + §u2U2)>

1 1
_§u2vlm - §u1mv2

(8) Wathz(

denotes the Christoffel operator for the 2CH equation without vorticity [12]. Again,
the map I': C*°g x C*g — C*°g can be extended to a right-invariant bilinear
operator L'y, 1.6y T, £,6)C°G X T (4 5,5)CCG = T 1,6)C°G by setting

Lip.ps) =TT Rep,1.5) © Lia,0,0) © TR g, 1,5)-1-
The second order vector field TC*G — TTC*®G, (g9,U) — (g,U,U,T4(U,U)) is
called the geodesic spray for the 2CH equation ().

2.4. The geodesic equation. Introducing Lagrangian variables (¢, f,s)(t) for
Eq. ) by setting

/

¢'=uocyp, f'=pop §=a

it follows that (@) is equivalent to the geodesic equation

(9) ((pu fv S)H(t) = 1—‘(L,o,f,s)(if) ((907 f7 S)/(t)7 ((pu fv S)I(t))'

We finally give a rigorous proof of the fact that the geodesics (g, f, s)(t) are in fact
length-minimizing with respect to the metric (-, -),.
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Proposition 3. Lety(t): [0,T] — CG denote the shortest path on C*G between
fized endpoints with respect to the metric (-,-) . Then (u, p,a)(t) = Ty Ry-14)7'(t)
is a solution to the 2CH equation (), i.e. ([Il) is the Euler-Lagrange equation for
the action functional

T
) =5 [ (00,

Proof. Assume that « is a critical point in the space of paths for the functional a.
Then

al =0
|, a(y +en)

for every path n: [0,7] — C°°G with endpoints at zero and such that v+ en is a
small variation of v on C*°G. As

d
de - a(y +en) = / /’71071 d_
/ /71071 w_
/ /’72071
3 /@5_0{(
r
4 0 Sda

=T +L+I3+1sy +Is,

[(% +em) o (y +em) ] dtde

[(71 +eni)e o (1 + 8771)71}1 dt dx
e=0

(4 +enh) o (y1 +em) ] dtd
e=0

Vi +ens) - (v +emp) o (n+em) ] }dtda

(V4 +enfy)? dt do
=0

where the prime indicates differentiation with respect to time, we can invoke a
result presented in [21] to conclude that

T
T, +1, = —/ /(771 o fyfl)[ut + Uty — Upgy — 2Ug Uy — Ulgyy) dt dx
0 S

with u =44 o 71_1. Differentiating the equation ~; o 71_1 = id with respect to ¢t and
x yields expressions for the derivatives of ;" ! that help us to conclude that

—1
- B m oy
= lstem)emtem) ] =moy ! —[(0) o |5~

=0 (Oxm1) 0
=0 o)+ (Vi o N2 o) = (m oy H)Ae (7 047 ).

Writing p =75 0y ! integration by parts and the boundary conditions for 7 now

show that
T T
[ [ononi o+ Gl dtdn = [ [ o pp e
0 0

Similar calculations yield that

1 (7 _ _ _
I, = —5/ /8{77§U+7§ [Ocm o)+ (v oy )ox(monrt)
0



M. KOHLMANN 9

— (m oy N0 (vi o )]} dt da.

As n3(t) € R for any t € [0, 7], the first term in Z, vanishes due to the fact that

//773udtdx— //mutdtd:v
:_/ n3</utdx>dt
:/ n3</a "+ tuZ 4+ 10 — au) + ]dw)d

With +4 = «, the remaining term can be rewritten as

T
s =/ /(771 owfl)(%at + aug) dt dx.
o Js

We finally observe that

17 e
I5=—/ /vénédtd:v:——/ /atngdtd:ﬂ.
2Jo Js 2Jo Js

Hence the critical point of the length functional a is obtained from the equation

/ /(771 o Wfl)[ut 43Uy — Utgy — 2UglUgpy — Ulggry — QUL + PPz — %at] dt dx
o Js

T T
1
+/ /(772071_1)[pt+(pu)m]dtdx+5/ /amsdtd:zr:()-
0 S 0 N

Since we can choose 7 arbitrarily, we immediately obtain the system (II) from the
above identity. (|

2.5. The affine connection. The geodesic flow (¢, f, s)(t) is not only the mini-
mizer of the length functional on (C*G,(:,-),), it is also the geodesic flow corre-
sponding to the affine connection

(10) (VXY)(<P5 fa S) = DY(@? fv S) : X(@v fv S) - F(g&,f,s) (X7 Y)
where X and Y are smooth vector fields on C°G. It follows immediately from the
definition (I0) that V is a Riemannian covariant derivative as defined in [29], i.e.,
(i) V is R-bilinear,
(ii) X (¢, f,s) = 0 implies that (VxY)(¢p, f,s) =0,
(iii) Vx(fY) = fVxY + X(f)Y for f € C=(C*G) and
(iv) VxY — Vy X = [X,Y]
with the Lie bracket given locally by

[X,Y](9) = DY (g)- X(9) — DX(g) - Y(9), g€ C™G.

Proposition 4. The Riemannian covariant derivative (X,Y) A VxY defined in
(@A) is compatible with the metric (&).
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Proof. Let X (o, f, s), (<p f, s) nd Z(gp, f, s) be smooth vector fields on C*°G and
let u= X(p, f,s)o0 Y(p, f,s) ot and w = Z(p, f,s). Let y(e) C C*G
be a smooth path such that 7(0) (cp, f, s) and v'(0) = X (¢, f,s). Then

d Yi(v(e) om (™ [(Zi(v(e) omle) !
(X(Y.2),)(p. ) = — < Ya(y(e)) om(e) ™" | | Za(v(e)) o mle)™! >
e=0 Ya(y(e) Zs(7(2)) A

-%Eﬂ{<~W@»om@rRZw<»ow<>§H@b

—%@mm@»wmalaw<»+a<<»wm>1%<UNW

+ 3O Z0E)]
- % e=0 <Y(7(5)) 0 71(5)717 Z(V(E)) °© 71(5)71>H1€BL2

_ %/S[UB(DYl X)op '+ v DZs - X — uyvi,ws] d

1
— 5 /[’Ug(DZl . X) o 9071 + wlDifg - X — ulvgwlx] dx
N

1
+ §(w3DY3 - X +v3DZ; X)

On the other hand, we have

- -1
(VY. Z) B (DY - X) o™t — T4, ) 1 A 81(“38’1 +u1v3)
X521 (p.f5) — DY;- X 2 » W
0
A
—{(py-x — T, 9), >
(Y - X)0™ ~T@a).w)
1 1
- 5 /[wlD}/g - X + ’LU3(DY1 . X) O 9071 — wlm(uwl + ulvg)] dx + gwgD}/g - X
S
where we have used that integrals of the type
/Fo(ﬂ,’[))wg dx = /A_l(ulvl + %ulzvlm + %UQUQ)UJ?,;E dr =0
s s
vanish. Clearly,
(VXZY) s = ((DZ-X)og™ ~T°G@)5)
1 1
3 /[UlDZ3 X +v3(DZy - X) oot — v, (uzwy + uiws)] de + §U3DZ3 - X.
s
Applying [12, Prop. 3.1] completes the proof of the proposition. O

2.6. Summary and conclusions. In the following tabular, we summarize some
unifying features of the approach pioneered by V.I. Arnold by comparing the geo-
metric quantities for the rigid body motion with the corresponding quantities that
have been presented in this section for the 2CH equation with vorticity.
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Rigid body 2CH with vorticity
configuration space SO(3) C*®G = (Diff*° (S)®@C>(S)) x R
Lie algebra 50(3) C°°(S) x C*°(S) x R
material velocity R(t) (¢, f,8) (t)
spatial velocity w=RR™! (u, pya) = (p' o™t ffop™t,s)
body velocity Q=R7'R Up = (%, ft — fz%, s")
inertia operator I A
spatial momentum 7w = RII p=(Au—5,p,5 — % fsudw)
<[(m op) = §lpz + (po w)f:w:)
body momentum II=1Q Ho = (po@)ox
§ -3 fyuds
spatial velocity (Ad) w = AdgrQ (u, p, @) = Ad(y, f,5)Uo
body momentum (Ad*) II =Adgpm po = Ad(, ; on
momentum conservation 7 = const. o = const.
ULz U2 — U2z UL
Lie bracket (ad) [A,B]=AB — BA [(u1, p1, 1), (u2, p2, a2)] = <p12u2 — p21u1>
0
ad” ad B = [B, A] ad?ul,pl,al)(“%p%a?)

A7 (2u1, Aus + ur Auzy — @2tis + p1ap2)
+ Js(u1e Auz + prop2) do
(u1p2)e
2 fo(u1o Aug + prap2) do

The geometric theory is not only aesthetically appealing but also helps to under-
stand some important features of the solutions to the 2CH equation:

The authors of [11] showed that the geodesic spray ((¢, f,s), U, U, ', 7.5 (U,U))
is smooth as a map TH*G — TTH*G, for s > 5/2, where H*G denotes the group
(Diff*(S)®H*~1(S)) x R and Diff*(S) is the group of all orientation-preserving H*
diffeomorphisms S — S. The groups H*G are only topological groups (but not Lie
groups), instead they are Banach manifolds (and not Fréchet manifolds) so that
the Picard-Lindel6f Theorem can be applied to conclude the existence of a local-in-
time solution (¢, f, s)(t) to the geodesic equation (@) for any pair of initial values
(uo, po) € H*(S) x H*~(S) and o € R. A Hilbert approximation of C*°G by the
groups H*G then shows that Eq. (@) also possesses a unique non-extendable solution
with smooth dependence on the initial data in the smooth category. As C°°G is
a Lie group, composition and inversion are smooth maps so that the relation (@)
immediately implies that Eq. () possesses a unique maximal solution (u, p)(t) €
C>(S) x C*=(8), t € J, for any initial datum (ug, po) € C(S) x C*°(S) and any
aeR.

By Theorem 6.5 of [11], the solution (u, p)(t) exists for all ¢t > 0 provided |u(t)] .,
is bounded on any bounded subinterval of J.

3. THE SECTIONAL CURVATURE

In this section, we present some curvature computations providing a proof of
Theorem [1

We begin with the term (I'(u,v),I'(u, v)), on the right hand side of (B]) which we
intend to rewrite as (I'°(@,7),1'%(@, 0) ) ; plus additional terms; again I'? denotes the
spray for the 2CH equation without vorticity, cf. Eq. @), @ = (u1,u2), ¥ = (v1,v2)
and A = diag(A,1). By (@) and the definition of the metric (5], we have that

(T, ), T, 0)),, = (T, 5), T(@,5)) 5 + <I‘O(ﬂ, 5, <A13x(U38)1 + ulv3)>>

A
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1
=+ Z <A71(9$(U3’U1 =+ u1v3), Ailﬁw(u?,vl =+ U1U3)>A
= (I°(@,0),I°(a,9));

- /81(1111)1 + Fu1pV10 + %ugvg)A_law(ugvl + uyv3) dx
S

1
(11) + 1 /&E(ugvl + u1v3) A1, (ugvy + uqvs) da.
S

The second term on the right hand side of (B)) is computed similarly and we find
that

(T(u,u),T(v,v)), = <F0(a,ﬁ),ro(f;,f;»A

- /(%(u% + %u%m + %u%)Ailﬁz(vlvg) dx
S

- /893(0% + v, + 203) A0, (uyus) do
S

(12) + ‘/Sﬁm(ulu?,)Aflam(vlvg,)dx.

Let u,v,w € T,C°°G be three tangent vectors at a point p € C°°G. The curvature
tensor R for (C*G, (-,-),) is given locally by

(13) Rp(u,v)w = DiT'p(w,u)v — D1Tp(w, v)u + Tp(Tp(w,v),u) — Tp(Tp(w, u), v),
cf. |26], where Dy denotes differentiation with respect to p:

DiTp(w,u)v = 4

I Tpten(w, u).

e=0

We apply Eq. (I3) at p = id and with w = v in order to rewrite S(u,v) =
(R(u,v)v,u), as a sum of terms involving I'° and first and second components
of u and v plus additional terms involving the third components. Therefore, we
make use of the identities

d
- id -1 _ _ N
R up o (id + evq) U101

e=0

and
DlI‘O(YI), ﬁ)i} = _Fo(ﬁ)mvla ﬂ‘) - Fo(ﬂ‘zvla ﬁ)) + Fo(wa ﬂ’)mvla
see the proof of [12, Prop. 5.1], to infer that

—T9(% ~\ _ 170/~ ~ 0/~ ~
DiT(v,u)v = ( 2(0pvy,u) =T (u(;cvlvv)—FF (’U,u)mvl)

141
—5 A7 0p (U12,0103 + U3V1V12)

+ 0
0
%le_laﬁ(ulvg + ’LL31)1)
+ 0

0
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and similarly that

o710/~ ~ 05 ~
Bt (T )
— A0, (ugv1,v3) + ur A7LO2 (v1v3)
+ 0
0

Using once more the definition (), we also find that

o 2 A0, (usTO(D, 0)1)
0/70 2 x )
I(T(v,v),u) = (F (T (g’“)’“)> + 0
0

—A710, (u1 A710, (v103) + %UMA*l@g(vlvg) - %U3A7181(v1v3))
+ —%’U,QA_lag(’Ul’Ug)

and similarly that

(T, u),v) = (FO(FO(S’“

—%Ailaz(vlfl*l&c(ulvg + ’ng’Ul) + %UlmAilag(ul’Ug + U3’Ul)
—%ngflam(ulvg —+ U3’Ul))
IUQA 182(’[1,11)3 + ’ng’Ul)
0

As shown in the proof of [12, Prop. 5.1]

(T, 9),T%(a,0)); — (0@, @), T8,0)); = (T°(0, @)zv1, @) ; — (T°(0,0)pur, @);
— (TG00, @), @) — (TO(5, Tpn), ) ; + 2 (TO (B, 5), 1)
+ (T°(T°(0,0),a),a); — (POT(0,0),0),0);
so that, using once more the definition (f), we obtain that
(14)  S(u,v) = (1@, 9), 1@, 0))z — (T(@,8), T°(0,0)); + T + T + Ts
where

1 1
T = —5 /(u1v3 + ugvl)FO(fz,ﬁ)lz dr + 5 /(Aul)le_laz(ulvg + Ug’Ul) dx
S S

1 1
1 / UJ31}1A718£(UJ11}3 + uzvy) dx + 1 / uzngflai(ulvg + uzvy) dx
S S
1
— 5 /ulz [leflam(ulvg —|— U31}1) —|— %leAflai(ulvg —|— ’ng’Ul)
S

- %UgA_lam(ulvg + ugvy)] dw

+ /Ulm(ulmvl'UB + vivizug) de,

S

N =
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1 1
Jo = /U1U3F0(5a5)1m dx + §/U1U3Afla§(vlvs)d$— i/ulmUBAilam(vl'UB)dxv
s s s

1
Tz = /ulz [ulAflaz(vlvg) + %ulmAflﬁi(vlvg)] dr — 3 /u%Ailﬁi(vlvg) dx
S S

— /(Aul)ulAflai(vlm) dx — /uluuvuvg, dx.
s s

Now the proof of formula () is completed by verifying that all the terms including
third components on the right hand sides of ([ and (I2)) are equal to the third
component terms J; + Jo + J3 on the right hand side of ([I4]). Using that ug, =
v3e = 0, that 92471 = A7192 = —1+ A~! and integration by parts, some tedious
computations which are omitted for the convenience of the reader show that indeed

T+ Tt T = —/Sﬁm(ulvl + 2,01 + Fu2v2) AT 0, (ugvy + ugvs) dz
+ i /Sam(ugvl +u1v3) A7 0, (ugvr + urvs) d
" /samw% + pui, + 5ub) AT 0x(v1vs) da
+ [ 2utot + oty + o) A10, () do

—/8z(u1U3)A718m(vlvg) dx.
S

We now let

coskix coslix
u= |coskexr |, wv=|coslz],
a B

for k1, ko,l1,l2 € 27N, and apply the identities

cosés costy = 5 (cos(Er — &) + cos(&r + &),
sinsinép = %(003(51 — &) —cos(§1 + &2)),
sin € coséy = 5 (sinEr — &) + sin(6r + &),
and
At coséx = jgz coséx, £ R,

(551752 + 551,—52) ) 1,82 € 27Z,

N = =

1
/ cos(&1x) cos(&ox)dx =
0
1
/ sin(&1x) sin(&ex)dx = % (O, &5 — Oy —£5) s &1,& € 2nZ,
0

1
/ cos(&1z) sin(&qx)dx = 0, &1,& € 217,
0
to observe that, by the definition of I" and (-,-),,

S(u,v) = (I%(@, ), I°(a,0)); — (C°(@, @), I°(9,))
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1
+ 1 /890(04 cosliz + [ cos klx)Aflam(oa coslix + Bcoskix)dx
S
—/81(04cosklx)Aflaz(ﬂcosllx) dz
S

_ /8m(cos kizcoslix + %klll sinkjxsinlyx + %cos kox coslax) X
x A710,(acoslyx + Bos ki) d

/8 cos® kiz + $k7 sin® kyx + § cos® kow) A0, (B cosliz) da

/8 cos? Iy + 112s1n llx—|— cos? lyx) A1 0, (o cos ky ) da.

15

By [12, Prop. 5.1] the sum of the first two terms equals the (non-normalized) sec-
tional curvature Sacm (@, ®) for the 2CH equation without vorticity and

coskix coslyx kK21 1 1 1 1 2
s L) L
2c ((coskgx) ’ (coszﬂ» Z06 |2 b 1 2B Rl

We may thus write

S(u,v) = SQCH('EL,'D) + K+ + K3+ Ky + K5

and conclude that

Ky =

1/1 1
1 <§Oz2 + 5[32 + aB bk, 1, + 5k1,l1))

1 a2 ﬂ2 O[ﬂ O[ﬂ
4 (2(1+l%) 21+ k) T2 (1+l2 * 1+kf) k.t +5k17—z1)) :

Ks=—

+

+

e
S
I

&
|

1 1
5045 (_5161711 - 6k1,*ll 1+ l2 (5]61 it 5k1 l1)> )

a 12 1

2 1+ lz (5k1+l1 L+ 5k1+l1 -1, + 5k1 Ll T 5k1 l1, *ll)
1
Zklll((skl_llxll + Oky—t1, 1 = Ok a1y — 6k1+l1,—l1)
1
Z(5k2+l2 15t + 5k2+lz -l + 6k2 la,l1 + 5k2 la, ll):|
B k? 1
5 1 +1k2 (5k1+l1 kTt 5k1+l1 —k1 T 5k1 i,k T 5k1 I, 7k1)
_klll(ékl_llxkl + Oky—t1,—ky = Oky 1y by — 5k1+11,—k1)
1
Z(5k2+l2 k1 + 5k2+l2 —k1 + 5k2 lo,k1 + 5k2 la, kl):|
g ((1 = k3)(O2ky 1, + O2ky,—11) + O2katy + O2ka—1y )
= — k2 B ).
41+ l% 1,01 1,—l1 2,01 2,—l1
o K (1= 13) (021, 1y + O21y,—ky) + 025y + 0205,k ) -
41+/€% 1,k1 1,—k1 2,k1 2,—k1
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We let a« > 0 and 5 = 1 and recall that kq,11, ka,lo € {27, 47, ...} so that at most
one Kronecker delta within each pair d¢, ¢, + 0¢,,—¢, gives a nonzero contribution.
Then a lower estimate for the sectional curvature is given by

a+1 (3

a?+1 o 1
5 §+zhh)

8(1+4m2)  A(1+ 4x2?)
1 k22 o k22

4142 414k

S(,0) > 5(0? +1) - -

1
> E(a2 — 5aM? — 5M?),

where M = max{k1,{1}. The right hand side of the above inequality is positive for
2
o> 6M? > gMQ + \/Z5M4 +5M2.

3(kf +a?),
1 +1) and

As

it is clear that

[~

L(a2 —baM? — 5M?)

K(u,v) > 10 N 10 <0
(L4350 +a2)A+ 30T+ 0)) - 30+50+1) -3
as a — oo. Thus the proof of Theorem [I]is completed. O

REFERENCES

[1] Arnold, V.I.: Sur la géométrie différentielle des groupes de Lie de dimension
infinie et ses applications & I’hydrodynamique des fluides parfaits. Ann. Inst.
Fourier (Grenoble) 16 (1966) 319-361

[2] Bauer, M., Kolev, B., and Preston, S.C.: Geometric investigations of a
vorticity model equation. arXiv:1504.08029v2

[3] Camassa, R. and Holm, D.D.: An integrable shallow water wave equation
with peaked solitons. Phys. Rev. Lett. 71 (1993) 1661-1664

[4] Constantin, A. and Escher, J.: On the blow-up rate and the blow-up set of
breaking waves for a shallow water equation. Math. Z. 233 (2000) 75-91

[5] Constantin, A. and Ivanov, R.: On an integrable two-component Camassa-
Holm shallow water system. Phys. Lett. A 372 (2008) 7129-7132

[6] Constantin, A. and Kolev, B.: On the geometric approach to the motion of
inertial mechanical systems. J. Phys. A 35(32) (2002) 51-79

[7] Degasperis, A., Holm, D.D., and Hone, A.N.W.: A new integrable equation
with peakon solutions. Teoret. Mat. Fiz. 133 (2002) 1463-1474

[8] Degasperis, A. and Procesi, M.: Asymptotic integrability. Symmetry and
perturbation theory (Rome 1998), World Sci. Publ., River Edge, NJ, 23-37
(1999)



[9]

[17]
[18]

[19]

[24]
[25]

[26]

M. KOHLMANN 17

Dullin, H.R., Gottwald, G.A., and Holm, D.D.: Camassa-Holm, Korteweg-
de Vries-5 and other asymptotically equivalent equations for shallow water
waves. Fluid Dyn. Res. 33 (2003) 73-95

Ebin, D.G. and Marsden, J.: Groups of diffeomorphisms and the motion of
an incompressible fluid. Ann. of Math. 92(2) (1970) 102-163

Escher, J., Henry, D., Kolev, B., and Lyons, T.: Two-component equations
modeling water waves with constant vorticity. arXiv:1406.1645v2

Escher, J., Kohlmann, M., and Lenells, J.: The geometry of the two-
component Camassa-Holm and Degasperis-Procesi equations. J. Geom.
Phys. 61 (2011) 436-452

Escher, J. and Kolev, B.: The Degasperis-Procesi equation as a non-metric
Euler equation. Math. Z. 269(3) (2011) 1137-1153

Escher, J., Lechtenfeld, O., and Yin, Z.: Well-posedness and blow-up phe-
nomena for the 2-component Camassa-Holm equation. Discrete Contin.
Dyn. Syst. 19(3) (2007) 493-513

Escher, J., Liu, Y., and Yin, Z.: Shock waves and blow-up phenomena
for the periodic Degasperis-Procesi equation. Indiana Univ. Math. J. 56(1)
(2007) 87-117

Escher, J. and Lyons, T.: Two-component higher order Camassa-Holm sys-
tems with fractional inertia operator: a geometric approach. J. Geom. Mech.
7(3) (2015) 281-293

Escher, J. and Seiler, J.: The periodic b-equation and Euler equations on
the circle. J. Math. Phys. 51 (2010) 053101.1-053101.6

Escher, J. and Yin, Z.: Well-posedness, blow-up phenomena, and global
solutions for the b-equation. J. Reine Angew. Math. 624(1) (2008) 51-80
Holm, D.D. and Staley, M.F.: Wave structure and nonlinear balances in
a family of evolutionary PDEs. STAM J. Applied Dynamical Systems 2(3)
(2003) 323-380

Holm, D.D. and Tronci, C.: Geodesic flows on semidirect-product Lie
groups: geometry of singular measure-valued solutions. Proc. R. Soc. A
465 (2009) 457-476

Tonescu-Kruse, D.: Variational derivation of the Camassa-Holm shallow
water equation. J. Nonlinear Math. Phys. 14(3) (2007) 311-320

Ivanov, R.I.: Water waves and integrability. Philos. Trans. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci. 365(1858) (2007) 2267-2280

Khesin, B., Lenells, J., Misiotek, G., and Preston, S.C.: Curvatures of
Sobolev metrics on diffeomorphism groups. Pure and Applied Math. Quat.
9(2) (2013) 291-332

Kolev, B.: Some geometric investigations on the Degasperis-Procesi shallow
water equation. Wave Motion 46 (2009) 412-419

Kouranbaeva, S.: The Camassa-Holm equation as a geodesic flow on the
diffeomorphism group. J. Math. Phys. 40(2) (1999) 857-868

Lang, S.: Differential and Riemannian Manifolds. GTM 160, Springer, New
York (1995)



Curvature computations for a two-component Camassa-Holm equation with vorticity 18

[27] Lenells, J.: Traveling wave solutions of the Camassa-Holm equation. J.
Differential Equations 217 (2005) 393-430

[28] Lenells, J.: Traveling wave solutions of the Degasperis-Procesi equation. J.
Math. Anal. Appl. 306 (2005) 72-82

[29] Lenells, J.: Riemannian geometry on the diffeomorphism group of the circle.
Ark. Mat. 45 (2007) 297-325

[30] Misiotek, G.: Classical solutions of the periodic Camassa-Holm equation.
GAFA 12 (2002) 1080-1104

DR. MARTIN KOHLMANN, GOERDELERSTRASSE 36, 38228 SALZGITTER, GERMANY
E-mail address: martin_kohlmann@web.de



	1. Introduction
	2. The geometric formalism
	2.1. The Lie group
	2.2. The right-invariant metric
	2.3. The geodesic spray
	2.4. The geodesic equation
	2.5. The affine connection
	2.6. Summary and conclusions

	3. The sectional curvature
	References

