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We developed a stochastic model of microtubule (MT) assembly
dynamics that estimates tubulin–tubulin bond energies, mechan-
ical energy stored in the lattice dimers, and the size of the
tubulin-GTP cap at MT tips. First, a simple assembly�disassembly
state model was used to screen possible combinations of lateral
bond energy (�GLat) and longitudinal bond energy (�GLong) plus
the free energy of immobilizing a dimer in the MT lattice (�GS) for
rates of MT growth and shortening measured experimentally. This
analysis predicts �GLat in the range of �3.2 to �5.7 kBT and �GLong

plus �GS in the range of �6.8 to �9.4 kBT. Based on these estimates,
the energy of conformational stress for a single tubulin-GDP dimer
in the lattice is 2.1–2.5 kBT. Second, we studied how tubulin-GTP
cap size fluctuates with different hydrolysis rules and show that a
mechanism of directly coupling subunit addition to hydrolysis fails
to support MT growth, whereas a finite hydrolysis rate allows
growth. By adding rules to mimic the mechanical constraints
present at the MT tip, the model generates tubulin-GTP caps similar
in size to experimental estimates. Finally, by combining assembly�
disassembly and cap dynamics, we generate MT dynamic instability
with rates and transition frequencies similar to those measured
experimentally. Our model serves as a platform to examine GTP-
cap dynamics and allows predictions of how MT-associated pro-
teins and other effectors alter the energetics of MT assembly.

M icrotubule (MT) dynamic instability plays a critical role in
chromosome movement and separation during mitosis.

MTs grow, shorten, and transition between these states at rates
governed by the presence of various MT effectors, such as
divalent cations, MT-associated proteins (MAPs), and drugs
such as Taxol (1).

MTs are composed of heterodimer subunits of �- and �-
tubulin. A guanine nucleotide (GTP or GDP) is positioned on
the � monomer opposite the interface between the two
monomers, where it is hydrolyzable (if it is GTP) and ex-
changeable. The � monomer end of the dimer faces the (�)
end of the MT, which is the end of more active dynamics and
kinetochore attachment during cell division. The � monomer
faces the (�) end of the MT, which originates at the centro-
some. MTs are thought to transition from a state of growth to
a state of rapid shortening, termed a ‘‘catastrophe’’, when the
tubulin-GTP ‘‘cap’’ is stochastically lost from the tip of the
MT. The tubulin-GTP cap must exist because it has been
demonstrated that tubulin-GTP subunits are added to the ends
during assembly. A tubulin-GTP cap, however, has not been
detected in experiments with porcine brain tubulin, and there-
fore must be small. Experiments suggest that the cap must be
less than �200 dimers (2–4). Presumably, the transition from
rapid shortening to growth, termed ‘‘rescue,’’ occurs when the
tubulin-GTP cap is reestablished.

Interactions at the surfaces of adjacent dimers occur through
discrete lateral and longitudinal noncovalent bonds. Thermody-
namic studies of MT assembly are unable to quantify the energy
of these lateral and longitudinal tubulin–tubulin interactions.
Previous efforts to model MT assembly have used arbitrary
energies for these interactions. We developed an approach to
estimate bond energies by using Monte Carlo simulations of

assembly and disassembly. �GS gives a measure of the entropic
cost of ‘‘freezing’’ a free dimer into a relatively static position in
the MT lattice. Possible values for lateral bond energy (�GLat)
and longitudinal bond energy (�GLong) plus the free energy of
immobilizing a dimer in the MT lattice (�GS) were screened to
find the resultant rate of growth or shortening for a given pair
of values. Taking published growth rates for MTs assembled in
vitro, we could then estimate lateral and longitudinal bond
strength in the MT.

Structural features of the hollow, 13-protofilament MT likely
contribute significantly to the transitions of dynamic instability.
Electron micrographs reveal that disassembly occurs as proto-
filaments peel into ‘‘ram’s horn’’ formations under high magne-
sium buffer conditions, or into frayed ends under physiological
concentrations of magnesium (5). It is likely that mechanical
stress caused by transition from conformationally straight tubu-
lin-GTP to kinked tubulin-GDP destabilizes lateral bonds. By
implementing a hydrolysis rule with a finite rate constant and by
incorporating this mechanical feature, we developed a model for
transitions between energetic states of MT growth and short-
ening. By combining the assembly�disassembly state model with
rules for GTP hydrolysis, we constructed an effective model of
dynamic instability that is useful for better understanding mo-
lecular events at MT tips and for predicting how interactions
between tubulin dimers are altered by effectors of MT dynamic
instability.

Methods
The Model. The predominant 13-protofilament B-lattice MT,
assumed in the model, has a helical pitch of 3 monomers per turn
of the helix (a 13�3 lattice) and a ‘‘seam’’ of neighboring
interactions (�–� and �–�) that differs from the majority of
neighboring interactions (�–� and �–�). In a 13�3 lattice, a given
dimer may have a neighbor, half of a neighbor (at the seam), or
no neighbor on each side. The ��� tubulin heterodimers are
represented as dimensionless occupants of a matrix in this model.
The first and last columns of this matrix are treated as neighbors,
with the rows of one of the columns offset to account for
interactions at the seam (Fig. 1A).

Previous experiments by others have shown that 1–5 �M�1 s�1

is a reasonable range for the on rate of tubulin dimers (6, 7).
Others have used 2 �M�1 s�1 and 4 �M�1 s�1 in simulations
(8–10), therefore we ran parallel experiments at each of these
rates to predict bond energetics. On rates [k(�)] for each of the
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13 association sites at the MT tip are equal and remain constant.
If k(�) is held constant, then differences in kinetics must result
from differences in k(�). Differences in k(�) arise from the
presence or absence of neighbors and from the state of the dimer
in question (tubulin-GTP or tubulin-GDP).

Simulation Procedure. We use the simplification that all dimers
recruited to bind to the MT have at least one longitudinal bond.
As there is also one term for each dimer describing the energy
of immobilization (�GS), we may treat �GLong and �GS collec-
tively: �G*Long � �GLong � �GS. We are then not required to use
a separate estimate for �GS, and thus maintain a simple param-
eter set. Total bond energy depends on the number of lateral
bonds (�GLat), which varies from dimer to dimer.

Hill (11) showed that the equilibrium constant (K) and the free
energy change (�G) of polymerization are related by the equa-
tion:

�G � �kBT ln�K�tubulin-GTP�	, [1]

where kB is Boltzmann’s constant, T is the absolute temperature
of the reaction (K) (for molar quantities at 37°C, 1 kBT converts
to �0.6 kcal mol�1), and K is the equilibrium constant (M�1)
given by:

K �
k��	

k��	
, [2]

where k(�) is the bimolecular on rate constant (M�1 s�1) and k(�)
is the unimolecular off rate (s�1).

Each round of simulations begins with the formulation of a list
of possible events, including one possible association event for
each protofilament and one possible dissociation event for each
dimer in the entire lattice. We use the following rule for
dissociation events: when a dimer dissociates, all dimers above it
(toward the active tip) in the same protofilament also dissociate.
The total energy of all of the above lateral bonds (�GLat) is
summed together with the total �GLat and �G*Long of the dimer
under consideration to calculate k(�). In practice, this makes
dissociation of a dimer buried more than a few layers deep a very
rare event.

The rate of each item in the list is determined as follows: k(�)
is assigned a single value, and thus all association events have an
equal rate at constant free tubulin concentration. The rate
constant k(�) is determined by first summing all of the energies
(�GLat and �G*Long) that would be lost through dissociation to
get �G, then solving for K in Eq. 1 and combining it with the

assigned value for k(�); k(�) may then be computed with Eq. 2.
In a model that merges the results of our assembly and disas-
sembly state models, a hydrolysis event is added to the list of
possible events for each unhydrolyzed dimer below the endmost
dimer, where hydrolysis may be thought of as changing a
particular tubulin dimer from the ‘‘assembly state’’ to the
‘‘disassembly state.’’ Hydrolysis rates are assigned in these
experiments.

Next, a random number from 0 to 1 is generated for each item
in the event list. This number is used in the following equation
to obtain a single realization of the exponentially distributed
time required for each possible event:

ti �
�ln�Ri	

ki
, [3]

where i is the index of the possible event, k is the first-order rate
constant of the event (s�1), R is a uniformly distributed, uncor-
related random number chosen from the interval 0–1, and t is the
resulting execution time that the ith event requires (s) (10, 12,
13). The final step in each iteration is to choose the member of
the event list that has the shortest execution time, as calculated
with Eq. 3. The event having the shortest execution time is
implemented, and the total elapsed time is updated.

Simulations. To create contour graphs with assembly velocity as
a function of �GLat and �G*Long, simulations were run over the
range �1 to �20 kBT for both �GLat and �G*Long (at 0.5 kBT
intervals), assuming a 10 �M free tubulin-GTP concentration.
Four trials were averaged at each point for a growth velocity
estimation, for a total of 6,084 simulations; 500 events (total of
association and dissociation events) were performed in each
simulation. This series of simulations was repeated for a smaller
range of binding energies at tubulin-GTP concentrations of 5, 15,
and 20 �M. Contours were fit to second-order polynomials for
curve-smoothing.

To predict a hydrolysis rate that would produce observed
transition frequencies, 30 simulations were averaged to produce
each mean time to catastrophe or rescue. Catastrophe frequency
simulations began with an MT capped by 4 GTP-tubulin layers
(52 dimers) and ran until the GTP-cap size (number of tubulin-
GTP dimers) was zero. Experiments by Caplow and Shanks (14)
suggested that 
13 tubulin-GTP dimers at a MT tip would result
in catastrophe. Here we used complete loss of the GTP cap as
a convenient way to mark a catastrophe. In our simulations it is
rare for a GTP cap to dip below 13 tubulin-GTPs without
proceeding to catastrophe, thus our simple definition of catas-

Fig. 1. (A) Diagram of the matrix used in modeling and examples of possible binding sites. The hollow MT is simulated by the contact between the first and
last columns of the matrix with columns offset to mimic interactions at the seam. Filled sites in the matrix are crosshatched. Potential binding sites for incoming
dimers have one longitudinal bond (white ellipse). Sites may have a variable number of lateral bonds: 1 (a), 2 (b), 0 (c), or 0.5 (d). Bond energy is summed and
the result is used to calculate koff at that site (see text). (B and C) Predicted net growth rate as a function of �G*Long and �GLat. Contours were plotted to visualize
the energy curves for experimentally observed growth or shortening rates at k(�) � 4 �M�1 s�1. Assembly rates (B) and disassembly rates (C) are shown as separate
plots for clarity. No GTPase activity is postulated here.
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trophe is consistent with experimental estimates of the minimal
size of a stabilizing cap. Rescue frequency simulations began
with an uncapped MT and ran until the MT cap was nonzero for
5 continuous seconds. Rescue occurrence was marked at the
beginning of the 5 sec of nonzero cap size. Cap-size measure-
ments were taken from single simulations run for 2 min of
simulation time for each point plotted. Data for dilution exper-
iments were collected by averaging 30 simulations for each point
graphed. Error bars give SDs.

Results
Estimation of Lateral and Longitudinal Association Energies for
Dimers Within the MT Lattice. The results of Monte Carlo modeling
for growing or shortening MTs have been plotted as contour
lines in which each line represents all possible combinations of
�GLat and �G*Long capable of generating a specific growth or
shortening velocity (Fig. 1 B and C). To estimate the actual
values for �GLat and �G*Long, we ran (�) end simulations at 5,
10, 15, and 20 �M tubulin. For each set of simulations, a contour
was plotted at the rate of assembly measured for porcine tubulin
(data from ref. 15). The energy values should not be concen-
tration-dependent, therefore these contours should intersect at
a point that represents the predicted value of �GLat and �G*Long
for tubulin dimers within the MT. At k(�) � 2 �M�1 s�1, the
model predicts �GLat is �3.2 kBT and �G*Long is �9.4 kBT (not
shown). At k(�) � 4 �M�1 s�1, the model predicts �GLat is �5.7
kBT and �G*Long is �6.8 kBT (Fig. 2A).

The observed rate of rapid shortening of MTs is ��30 �m
min�1 and the fastest observed shortening occurs at ��120 �m
min�1 in buffers containing high concentrations of magnesium
ions (16). Shortening-rate contours in the �30 to �120 �m
min�1 range are within �1 kBT of each other, suggesting that the
4-fold increase in shortening rate caused by high magnesium
requires only a �1 kBT difference in the sum of a single lateral
interaction and a single longitudinal interaction (Fig. 1C). The
model predicts that large differences in disassembly rates may be
governed by small changes in bond energetics.

Prediction of Potential Mechanical Energy of a GDP-Tubulin Within the
MT Lattice. Our model for (�) end assembly and disassembly may
be considered a state model, in which moving from one state to
another is the same as moving from one energy contour to
another. The coordinates predicted above for basal �GLat and
�G*Long are a starting point from which other states (contours)
may be reached by altering these energies. The assembly state is
associated with the presence of tubulin-GTP at the tip of the MT,
and the disassembly state is associated with the presence of

tubulin-GDP at the MT tip, therefore the difference in energies
between the two states may be regarded as the change in
tubulin–tubulin interaction.

Kinking energy (�GKink), the potential mechanical energy of
a tubulin-GDP held in an unrelaxed straight conformation, was
estimated by applying graphical analysis to our state model for
MT assembly. �GKink should destabilize lateral bonds, therefore
we estimated �GKink by measuring the energetic change neces-
sary to step from the predicted energy coordinates for assembly
(Fig. 2 A) to a disassembly contour (�30 �m min�1, 10 �M
tubulin-GTP) by altering only �GLat (i.e., using only a change
along the x axis). We estimated �GKink to be 2.1 kBT at k(�) �
2 �M�1 s�1 (not shown) and 2.5 kBT at k(�) � 4 �M�1 s�1

(Fig. 2B).

XMAP215 Is Predicted to Increase the Apparent Strength of Longitu-
dinal Interactions. The model can be used to predict the energetic
changes caused by MT binding proteins. For example, we used
this simple Monte Carlo model to examine how XMAP215 can
cause both a �7-fold increase in the growth rate and a �3-fold
increase in the shortening rate (17). XMAP215 causes a disas-
sembly state change from Vrs � ��20 �m min�1 to Vrs � ��60
�m min�1, and an assembly state change from Ve � �1.5 �m
min�1 to Ve � �8 �m min�1. Although XMAP215 will form its
own bonds with MTs, it will have the apparent effect of
strengthening either lateral or longitudinal tubulin–tubulin
bonds, depending on the orientation of XMAP215 on the MT.
Above, we predicted that the kinking energy was 2.1 kBT for k(�)
� 2 �M�1 s�1 and 2.5 kBT for k(�) � 4 �M�1 s�1, which is the
energy difference for lateral bonds responsible for the state
change from Ve � �1.5 �m min�1 to Vrs � ��30 �m min�1.
The energetic difference between the states Ve � �8 �m min�1

and Vrs � ��60 �m min�1 should be the same. To predict �GLat
and �G*Long with XMAP215 present, we begin our graphical
analysis by drawing curves at Ve � �8 �m min�1 and Vrs �
��60 �m min�1, the assembly and disassembly velocities pro-
duced by XMAP215 (Fig. 2C). The predicted energy states
produced by XMAP215 are found by determining which points
on these two curves are separated by �GKink [2.5 kBT for k(�) �
4 �M�1 s�1]. This analysis reveals the only points where an
energy change of �GKink will produce a transition from observed
XMAP215 assembly to disassembly rate (Fig. 2C). It is estimated
that in the presence of XMAP215, longitudinal bonds are
apparently strengthened by 3.6 kBT and 3.8 kBT, for k(�) � 2
�M�1 s�1 and k(�) � 4 �M�1 s�1, and that lateral bonds are
apparently weakened by 0.2 kBT and 2.2 kBT, for k(�) � 2 �M�1

Fig. 2. Estimation of �G*Long and �GLat by comparison to published growth rate data. (A) Simulations were run at tubulin concentrations of 5, 10, 15, and 20
�M [k(�) � 4 �M�1 s�1]. Contour lines were plotted at experimentally observed rates of assembly for each concentration. The point where the lines intersect yields
unique parameter values. (B) Prediction of �GKink. The values for �GLat and �G*Long at k(�) � 4 �M�1 s�1 are indicated with a circle. �GKink is predicted to be 2.5
kBT by measuring the lateral energy change (��GLat, double arrow) from the circle to the contour for observed disassembly (�30 �m min�1). (C) The energetic
change that XMAP215 generates is predicted by finding the point (diamond) on the XMAP215 assembly contour (8 �m min�1) that measures an energetic distance
equal to �GKink (double arrow, 2.5 kBT) from the XMAP215 disassembly contour (�60 �m min�1). Polynomials fit poorly for �GLat � �1 kBT, therefore these
coordinates were not plotted. Real contours that reach �GLat � �1 kBT turn sharply and follow closely along �GLat � �1 kBT, thus where �GLat � �1 kBT, the
contour for Vrs � �60 �m min�1 is estimated to follow along �GLat � �1 kBT for our XMAP215 predictions.
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s�1 and k(�) � 4 �M�1 s�1 [Fig. 2C, k(�) � 2 �M�1 s�1 (not
shown)].

Hydrolysis Rules. The above results modeled discrete assembly
and disassembly states; to model transitions, these state models
must be merged together with rules for changing the state of
dimers. Based on the structure of the MT, Nogales et al. (18)
proposed that GTP hydrolysis is coupled to subunit addition;
contact between � tubulin of one subunit and � tubulin of the
other catalyzes hydrolysis of the GTP between these subunits. If
the catalyzed hydrolysis is very rapid, this will generate a GTP
cap that is 1 subunit-deep. We tested this model by simulating
MT assembly at (�) ends, using the values for �GLat and �G*Long
measured above. Each simulation began in an assembly state,
with a single layer of tubulin-GTP at the tip of a blunt-end MT.
Under these conditions, temporally coupled hydrolysis always
caused immediate (
1 sec) switching to rapid shortening (data
not shown), demonstrating that an instantaneous hydrolysis rule
is not viable.

Because an instantaneous coupling between subunit addition
and GTP hydrolysis failed to accurately simulate MT behavior,
we modeled hydrolysis as a first-order reaction with a finite rate
constant, k. In this model, only dimers with at least one dimer
above them are capable of undergoing hydrolysis. Addition of a
dimer is still necessary to stimulate hydrolysis of the dimer below,
but hydrolysis is not temporally coupled to addition. This
modified hydrolysis rule allows MT assembly with sustained
periods of growth. For example, at a hydrolysis rate of 10 s�1, the
model produced persistent growth with a typical time to catas-
trophe of about �5 s and a typical time to rescue of �1 s
(Fig. 3A).

State Models and a Finite Rate Hydrolysis Model May Be Merged to
Form a Complete Model of Dynamic Instability. Although the sto-
chastic hydrolysis rule produced sustained periods of growth, the
periods were still shorter than observed experimentally and also
failed to generate rapid shortening phases similar to experimen-
tally measured values. Rapid shortening persisted if the hydro-
lysis rate was raised but the MT could not maintain a significant
growth phase (not shown). Electron micrographs reveal that MT
tips may assume a variety of conformations, including blunt ends,
sheet-like extensions, curved protofilament extensions, or splay-
ing protofilaments (19–21). Therefore, we hypothesized that
mechanical and structural features of the MT tip must be
included to produce a simulation able to reproduce dynamic
instability. In a mechanical model of MT disassembly, associa-
tion of tubulin-GTP dimers to the tips of splaying or fraying
protofilaments would have a comparatively weak stabilizing
effect, as newly added dimers would not be expected to have

neighbors sufficiently close for strong lateral associations (Fig. 3
B and C). We mimicked this behavior by imposing a rule that a
new tubulin-GTP dimer that associates on top of a tubulin-GDP
dimer should be ‘‘tagged.’’ The bond energies of the tagged
dimers are then treated as though they were tubulin-GDP
dimers. Tagged dimers switch back to tubulin-GTP status at (�)
ends if they are stabilized by having, or by gaining, two tubulin-
GTP neighbors among four possible dimer positions (Fig. 3D).
The tagged dimers were treated normally with regard to hydro-
lysis, and thus could be hydrolyzed to become tubulin-GDP while
tagged. This special treatment of weakly stabilizing tubulin-GTP
associations allows disassembly to persist as a discrete state that
is not slowed by competition with tubulin-GTP association.
Tubulin-GTP association, however, is able to generate a rescue
with some small probability that depends on the hydrolysis rate
(see below). Minus (�) ends are modeled by using only two
deviations from the methods described above for (�) ends. (i)
Hydrolysis of terminal dimers is permitted, and (ii) dimers may
become untagged under a more permissive rule: only one of the
four positions indicated must be occupied by a tubulin-GTP for
untagging (Fig. 3D).

The tubulin two-state model was merged with the above rules
for hydrolysis, thus allowing tubulin dimers to change from GTP
to GDP states. Simulations were performed over a range of
hydrolysis rates (with 10 �M tubulin-GTP) to determine the
mean times to catastrophe and rescue at each possible hydrolysis
rate (Fig. 4A). Mean time to catastrophe fits a power curve and
mean time to rescue is linear. The experimentally observed mean
time to catastrophe (�4 min) occurs at a hydrolysis rate constant
of �0.95 s�1. At this hydrolysis rate, the mean time to rescue is
�0.7 min, compared with the experimentally observed value of
�1 min. By applying a hydrolysis rate constant of 0.95 s�1

together with our estimates for bond energies, our model
reproduces dynamic instability with experimentally observed
assembly and disassembly rates and transition frequencies at (�)
ends (Fig. 4B).

The relationship of the curves describing mean times to
catastrophe and rescue suggests that hydrolysis rate can have a
large effect on catastrophe frequency without having a discern-
able effect on rescue frequency. For example, our simulations
reveal that a change in hydrolysis rate from 0.95 s�1 to 1.10 s�1

caused about a 3-fold increase in catastrophe frequency, but
caused no discernable change in rescue frequency.

The model was extended to (�) ends with the tubulin-GTP-
tagging method described above. Simulations at 10 �M tubulin
generated a growth rate of 1.2 �m�min and a shortening rate of
19 �m�min. Average (�) end growth time was 15 min and
average shortening time was 0.01 min. In general, the (�) end
simulations qualitatively reflect the differences in (�) and (�)

Fig. 3. Incorporation of hydrolysis and mechanics into the model. (A) Dynamic instability is produced with a spatially coupled, noninstantaneous hydrolysis rule,
although growth and shortening phases are too brief (see text). (B and C) MT tip structures in a simple model (B) and in a more complete mechanical model (C).
A simple model cannot accurately describe rescue from disassembly because GTP-tubulin association stabilizes ends and rescues occur too frequently (B). A
mechanical model would represent rescues more accurately by reducing the stabilizing effect of GTP-tubulin association at splaying tips (C). (D) Modification
of the simple model to incorporate mechanical effects. If a tubulin-GTP dimer associates at a position above a tubulin-GDP, the incoming dimer is ‘‘tagged’’ and
its energetics are treated as though it is a tubulin-GDP to mimic the mechanical situation illustrated in C. Tagged tubulin-GTP may regain its proper energetic
state if two of four nearby positions (x) are occupied by tubulin-GTP.
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end assembly dynamics measured experimentally (15). For ex-
ample, simulations predicted that catastrophes were more fre-
quent at (�) ends whereas rescues were more frequent at (�)
ends. It should be noted that the rescue frequency estimated by
simulation is higher than that measured experimentally. Because
the present model only mimics mechanical features of the MT,
it is not surprising that some deviations with experiment were
observed.

GTP-Cap Size Is Regulated by Hydrolysis Rate and the Predicted
Hydrolysis Rate Produces a Small Cap. Mean (�) end cap size and
its SD were calculated for a range of hydrolysis rate constants
from 0.3 to 1.1 s�1. The hydrolysis rate constant governed the
mean size of the tubulin-GTP cap and was fit to a power curve
(Fig. 5A). Given an observed mean time to catastrophe of �4
min, our simulations predict a cap size of �55 dimers, with an
SD of �12 dimers. A small cap size with small SD is in agreement
with experimental data, as the tubulin-GTP cap must be small
(
200 dimers) to have remained undetected by experiment
(2–4, 14).

Dilution Produces a Fast Transition to Rapid Disassembly Over a Wide
Range of Tubulin-GTP Concentrations. Simulated dilution experi-
ments were performed to determine how the speed of rapid
disassembly onset in the combined model compared with ex-
perimentally observed results (2, 3). For simulations, the initial
tubulin concentration (8–23 �M) was abruptly changed to 20%
of the starting concentration, as was done experimentally (2, 3).
Onset of rapid disassembly was fast (
1 s) and did not correlate
strongly with the tubulin concentration before dilution (R2 �
�0.487) (Fig. 5B), which agrees well with the experimental data
of Voter et al. (2). Other experiments (3) found a longer time lag

between dilution and the onset of disassembly, but this may result
from time resolution limitations.

Discussion
Toward A New Model of Dynamic Instability. Tubulin and MT
structural information has provided sufficient insight to design
a new computer model of MT dynamics that offers significant
improvements over previous models. Our model reproduces a
wide range of experimental results for the (�) ends of MTs and
offers aesthetic features lacking in previous models. First, our
model reproduces experimental MT dynamic instability by (i)
robustly producing MTs with experimentally observed rates of
growth and shortening over a range of tubulin concentrations,
(ii) producing MTs with the experimentally observed transition
frequencies at 10 �M tubulin-GTP, (iii) producing MTs with
experimentally undetectable GTP caps (less than �200 dimers),
and (iv) producing MTs that catastrophe after dilution at the
fastest rates measured experimentally. Aesthetically, the model
(i) uses physically based parameter sets, so that alterations of
parameters can be easily interpreted, and (ii) uses a small set of
parameters, so parameter sets may be examined exhaustively.
This model is useful for rapidly scanning parameter sets and
making predictions about how MT effectors change the ener-
getics of assembly. A similar approach to modeling energetics
should be feasible for estimating bond strength in other systems
such as actin filaments.

The model framework presented here provides insight into the
energetics of MT behavior. We found that longitudinal bonds are
stronger than lateral bonds. The model predicts �G*Long is �6.8
to �9.4 kBT. Erickson (8) predicts �GS is 11.7–18.4 kBT.
Subtracting this free energy value from our prediction gives
longitudinal bond energy of �18.5 to �27.8 kBT. We predict
lateral bond energy is �3.2 to �5.7 kBT per dimer (half this per
monomer), therefore longitudinal bonds are �5-fold stronger.
Prediction of strong longitudinal bonds and relatively weak
lateral bonds is in agreement with structural observations (18).
We also estimated that the potential mechanical energy of
tubulin-GDP conformational stress in the MT lattice is 2.1–2.5

Fig. 4. A single hydrolysis rate generates both the experimentally observed
mean times to both catastrophe and rescue. (A) Plots of mean times to
catastrophe (Tcat) and rescue (Tres) vs. hydrolysis rate constant. A hydrolysis
rate of �0.95 s�1 produced the experimentally observed mean times to
catastrophe (�4 min) and rescue (�0.7 min). Adding this hydrolysis rule did
not change the predictions made in Figs. 1 and 2. (B) Examples of life history
plots at a hydrolysis rate of 0.95 molecule�1 s�1.

Fig. 5. Predicted tubulin-GTP cap size and dynamics. (A) The mean tubulin-
GTP cap size depends inversely on hydrolysis rate. A hydrolysis rate constant of
0.95 molecule�1 s�1 (arrow) predicts a tubulin-GTP cap size of �55 dimers with
an SD of �12 dimers. (B) Simulated dilution of tubulin to 20% of the starting
concentration results in rapid disassembly onset within �1 s, with only a weak
correlation to the initial tubulin-GTP concentration.
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kBT, in approximate agreement with thermodynamic studies
that suggest �2.8 kBT per tubulin-GDP is stored in the MT
lattice (14, 22, 23).

Our model satisfies GTP-cap size requirements and represents
an improvement over previous models of dynamic instability.
Chen and Hill (24) designed the first Monte Carlo simulation of
MT dynamics that yielded a multiple-helix model of the GTP
cap. In this Fluctuating Cap model, subunit addition was un-
coupled from hydrolysis. A major weakness of this model was
that it produced a tubulin-GTP cap that should have been
experimentally detectable, sometimes hundreds of dimers in
length (24). By instantaneously coupling hydrolysis to associa-
tion, the Lateral Cap model succeeded in reproducing dynamic
instability while maintaining a small GTP cap (9, 10, 13). The
Lateral Cap model, however, has a large set of parameters and
thus it is difficult to interpret the effects of changing a particular
parameter in the context of the values that the other parameters
may assume. The Lateral Cap model also fails to produce all
observed assembly parameters with a single set of model pa-
rameters. Furthermore, the Lateral Cap model was conceived
before the crystal structure of tubulin was available, and param-
eters were given for all possible binding relationships, including
diagonal interactions that were absent from the high-resolution
model of the MT (18, 25).

By using a stochastic hydrolysis rule, Flyvbjerg et al. (26)
developed a more abstract model of MT assembly dynamics. The
strength of this model is that a small parameter set predicted
catastrophe frequencies with a dependence on tubulin subunit
concentration similar to that measured experimentally. How-
ever, their model did not allow estimation of GTP cap size,
because it did not model at the level of tubulin–tubulin inter-
actions in the MT. Their model also could not reproduce MT
rescues, because shortening MTs were allowed to persist through
regions of tubulin-GTPs (26). The present model represents an
improvement over the Flyvbjerg et al. model, because it models
at the level of tubulin dimers within a MT lattice, allowing tests
of molecular mechanisms responsible for catastrophe or rescue.

An infinite hydrolysis rate constant, as used in the Lateral Cap
model, does not provide an MT tip structure capable of sustain-
ing growth in our model. Using a finite hydrolysis rate constant
has allowed us to generate the observed catastrophe frequency,
and predicts a tubulin-GTP cap of �55 dimers. This estimate is
consistent with experimental observations, suggesting that the
cap must be less than 200 dimers (2–4). The size of the cap
fluctuates, but does so with an SD of �12 dimers, placing the
typical range at 43–67 dimers. Based on experimental evidence,
Voter et al. (2) predicted a GTP cap size below 40 dimers at the
(�) end of MTs, similar to our estimate. Modeling experiments
also demonstrated that rapid disassembly began quickly after

dilution, consistent with the fastest times determined by exper-
iment (
1 s) (2). Depolymerization onset also did not depend on
the predilution tubulin concentration, as also measured exper-
imentally (2).

The model is a useful tool for investigating the energetic
effects of agents that bind MTs and alter dynamic instability
parameters. For example, the results suggest that XMAP215
increases the apparent strength of longitudinal bonds, consistent
with data suggesting that XMAP215 binds along a protofilament
(27). The energy predictions also suggest that XMAP215 binding
may weaken lateral bonds. These two predictions fit a physical
model in which XMAP215 binds along a protofilament, thus
increasing apparent longitudinal bond strength and possibly
stabilizing the curved conformation of peeling protofilaments,
antagonizing lateral bonds. It should be possible to apply this
model to make predictions for the energetics of many effectors
of MT dynamic instability similar to our approach with
XMAP215.

Limitations of the Model and Future Work
Although our model is able to make predictions of lateral and
longitudinal binding energies, these predictions are sensitive to
the value chosen for k(�). The expected range of possible values
for the k(�) of tubulin-GTP, 1–5 �M�1 s�1, may be narrowed by
assessing k(�) with molecular dynamics simulations. A further
shortcoming of the model is that it produces growth lifetimes
that more steeply depend on tubulin-GTP concentration than
that observed (not shown), suggesting that a mechanical model
may be necessary to better represent MT state transitions.

Accounting for mechanical features is a key feature of our
model that was absent in previous models. A model that gives a
fuller treatment of MT mechanics is required to understand how
the energetics of dimer kinking might specifically affect the
binding properties of neighbors. This mechanical model will be
computationally time-consuming and therefore will be difficult
to use in exhaustive trials of parameter sets. Our simplified
mechanical model of MT dynamics will serve as a framework to
better define parameter sets, which can then be applied to a more
complete mechanical model.
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