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Abstract

We show that the two molecular mechanics models, the stick-spiral and the beam models,
predict considerably different mechanical properties of materials based on energy equivalence.
The difference between the two models is independent of the materials since all parameters of
the beam model are obtained from the harmonic potentials. We demonstrate this difference for
finite width graphene nanoribbons and a single polyethylene chain comparing results of the
molecular dynamics (MD) simulations with harmonic potentials and the finite element method
with the beam model. We also find that the difference strongly depends on the loading modes,

chirality and width of the graphene nanoribbons, and it increases with decreasing width of the
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nanoribbons under pure bending condition. The maximum difference of the predicted mechanical
properties using the two models can exceed 300% in different loading modes. Comparing the
two models with the MD results of AIREBO potential, we find that the stick-spiral model
overestimates and the beam model underestimates the mechanical properties in narrow armchair

graphene nanoribbons under pure bending condition.

Keywords: Beam bending stiffness, Elastic properties, Molecular mechanics, Continuum

mechanics.

1. Introduction

Harmonic potentials have been extentively used to investigate the mechanical and physical
properties of various materials in molecular mechanics models, such as carbon nanotubes
(CNTSs), boron nitride nanotubes (BNTSs), graphene sheets and polymers (Chopra et al., 1995;
Chang and Gao, 2003; Li and Chou, 2003; Zhao et al., 2010; Zhao et al., 2011; Jiang and Guo,
2011). Atomistic-based methods such as classical MD (lijima et al., 1996; Yakobson et al., 1996),
tight-binding MD (Hernandez et al., 1998; Zhao et al., 2009a), and density functional theory
(Sanchez-Portal et al., 1999; Zhang et al., 2007; Zhang and Guo, 2008) have been used to study
the mechanical properties of CNTs, BNTs and nanoribbons. However, compared with bottom-up
approaches, top-down approaches may substantially reduce the computational costs and are thus
frequently used in related investigations. Recently, the molecular dynamics (MD) simulation
with harmonic potentials coupling finite element (FE) method have been more and more applied
to multiscale modeling in order to characterize the mechanical behavior of the different materials
from nanoscale to microscale/macroscale (Badia et al., 2007; Di Matteo et al., 2007; Bian and

Wang, 2011), so the predictive ability based on the harmonic potentials has special importance.



Some typical continuum models based on the harmonic potentials have been developed and
broadly used to clarify the elastic properties of the graphene sheets, CNTs and BNTs (Hernandez
et al., 1998; Vaccarini et al., 2000; Ru, 2001; Chang and Gao, 2003; Li and Chou, 2003). Three
kinds of models are usually employed: 1). Shell models have been used to capture the buckling
characterizes of CNTs (Yakobson et al., 1996; Ru, 2000; Ru, 2001; He et al., 2005; Wang et al.,
2007; Wu et al., 2008). The applicability and limitations of shell models have been extensively
discussed (Wang, 2004; Peng et al., 2008; Zhang et al., 2009). Chang (2010) developed an
anisotropic shell model to investigate mechanical behavior of single-walled CNTSs, in which the
model can be used to effectively describe the chirality effect on mechanical properties. 2). The
beam model was developed by Li and Chou (2003, 2004). They assume that the beam elements
have circular cross sections and are always subjected to pure tension, pure bending, and pure
torsion. The theory was further improved (Tserpes and Papanikos, 2005; Xia et al., 2005; To,
2006; Kasti, 2007; Jiang et al., 2009) and extended to calculate the five independent size- and
chirality-dependent elastic moduli of single-walled CNTs using equivalent beam elements with
rectangular section (Li and Guo 2008). 3). The “stick-spiral” model (SSM) was developed by
Chang and Gao (2003). An improved model by Jiang and Guo (2011) was used to investigate the
elastic properties of single-walled boron nitride nanotubes. By extending the two analytical
methods to crystalline polymers (Zhao et al., 2010), we presented the SSM to investigate the
size-dependent elastic properties of crystalline polyethylene (PE) (Zhao et al., 2011). Based on
the united-atom MD simulations, we further verified the effectivity of the SSM in the crystalline
polymers directly (Capaldi et al., 2004; Zhao et al., 2011). In this work, we utilized a united atom
approximation in which the methyl groups (CH,) are represented by a single “atom” or unit, and

the effect of the hydrogen atoms on the polymer’s configuration is accounted for in the potentials



(Waheed, 2005; Shepherd, 2006). Subsequently, we extended the beam-spring model to obtain

the elastic properties of crystalline PE (Zhao et al., 2012).

Kasti (2007) found that the beam bending stiffness (BBS) (El/b, where E is the Young’s
modulus, b is the beam length and I is the moment of inertia of the beam (see Section 2)) is equal
to the bond bending stiffness (Kg, which is the bond angle bending force constant (see Section 2))
in zigzag CNTSs, while the BBS beam bending stiffness is only half of the bond bending stiffness
Ky in graphene nanoribbons. This discovery was verified in the zigzag CNT and graphene sheet

based on energy equivalence.

Although the SSM and the beam models have been effectively used to describe the elastic
properties of CNTs, BNTs and graphene sheets (Li and Chou, 2003, 2004; Kasti, 2007; Li and
Guo 2008; Jiang and Guo, 2011), the difference of their prediction ability has never been

systematically studied.

In this paper, we study the mechanical properties of the finite width graphene nanoribbons
under different loading conditions using the two models. First, we consider the SSM under
difference loading conditions. Then, the BBS of the graphene nanoribbons is derived from the
energy equivalence between the two models. We show that the BBS strongly depends on the
loading modes and the chirality in the finite width graphene nanoribbons. The closed-form
expressions of the bending stiffness are derived under uniform tension, pure shear, pure bending,
loading force, coupling force and bending conditions. Moreover, the BBS of the beam model
under different loading conditions is systematically studied in the graphene nanoribbons using
the MD simulation with present harmonic potentials (Chang and Gao, 2003) and the FE
simulation. Finally, the results of the MD simulation with harmonic potentials and the FE

method are compared with those of the MD results with AIREBO potential.



The paper is organized as follows: Section 2 describes the SSM and the beam model in
armchair and zigzag graphene nanoribbons for different loading conditions. In Section 3, both
models are validated by comparison to MD simulations and FE results. Moreover, a single PE
chain under different loading conditions is investigated. The comparison of the two models with
MD simulations using the AIREBO potential is discussed in Section 4. The paper is concluded in

Section 5.

2. The stick-spiral and beam models in graphene nanoribbons

In the framework of molecular mechanics, the total energy, U, of graphene at small strains can
be expressed as a sum of energies associated with the varying bond length, U, and bond angle,
Uy, i.e., (Chang and Gao, 2003)

1 2 1 2
U=Ub+U5=EZKb(dbi) +EZK9(d9j) : (1)
i i
where dbj; is the elongation of bond i and ) is the variance of the bond angle j. K, and K are the

corresponding force constants.

To elucidate the difference between the SSM and the beam model, we analyze the relation of
the two models in armchair and zigzag graphene nanoribbons (see Fig. 1) under different loading

conditions.

2.1. The comparison between stick-spiral and beam models under the coupling force and

moment



Most researchers calculated the elastic properties of CNTs and graphene nanoribbons under

different loading conditions with beam models using a constant BBS (El/b=Ky or EI/b=0.5K)

(Li and Chou, 2003, 2004; Kasti, 2007; Li and Guo 2008); E, | and b are the Young’s modulus,

the moment of inertia and the initial bond length of the beam. Based on the energy equivalence

between the SSM and the beam models, we find that the BBS in armchair and zigzag graphene

nanoribbons under uniaxial tension and pure shear is EI/b=0.5K,. For the finite width armchair

graphene sheet under coupling loading force F and moment M (a=f and b;=b,=a=b here), the

BBS El/b should be employed, see Fig. 2. It should be noted that only the in-plane bending is

considered in this paper.
For the SSM, the force and the moment equilibrium lead to
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where b;=b,=b, F1=2F,, d3; and d3; are the angle increments.

The total energy of the stick Ut can be written as
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The total energy of the beam model Urpeam Can be written as
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where Xy, is the local coordinate systems along the beam, A is the cross section area of the beam,

and Ugpeam and Umpeam are the strain energy from the force and moment, respectively.

Let Utpeam=Ur, then the BBS can be obtained from Eq. (2)-Eq. (4)

2
El 9+4(|\l>|lj
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b
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M

where N=1/2F;sin(o/2)b.

: ()

Similarly, we obtain the value of El/b when the beam model of the finite width zigzag

nanoribbons in Fig. 1b is under the coupling force and moment (see Figs. 2 ¢ and d):

2 2
B oK (Fcosgb) +3M2—3MFcost_ < 3+®'|] —3(:/"}

b2 (M —Fcos(aij 2 (1—“'\/")
2 , (6)

where N=Fcos(a/2)b.



Comparing Eq. (5) with Eqg. (6), the distributions of the BBS in the zigzag graphene
nanoribbons are different to those in the armchair nanoribbons. Therefore, it is not suitable to use
the same EI/b to calculate the corresponding mechanical properties under coupling loading force

and moment in the finite width armchair and zigzag graphene nanoribbons.

The distribution of the BBS versus N/M in Eq. (5) is plotted in Fig. 3a. We find that the BBS
strongly depends on the loading condition and is in the range of 0.5K, <EI/b<1.5K, for the
different loading conditions in the finite width armchair graphene nanoribbons. When N/M =0,
Eq. (5) is degenerated into El/b=1.5K, under pure moment M condition. When N/M—0 (or -),

Eqg. (5) is degenerated into EI/b=0.5K, under loading force F condition.

The distribution of the BBS versus N/M for the zigzag graphene nanoribbons is plotted in Fig.
3b. It also strongly depends on the loading condition. When N/M =0, El/b=1.5K,; when N/M—x

(or -o0), EI/b=0.5K¢. when N/M—1, El/b—o0; when N/M—3, El/b—0.375K, (the minimum).

In summary, the BBS of the SSM and the beam model differs and depends on the chirality and

loading condition.

2.2. The value of surface Young’s modulus from stick-spiral and beam models

In this section, we will compare the value of surface Young’s modulus Ys (E=Yd/t=04/(ef)
obtained from the SSM and the beam model; E and t denote the Young’s modulus and thickness
of the graphene sheet, and o5 is the surface stress which is equal to the stress multiplied by the
thickness t of the graphene sheet (Chang and Gao, 2003). Moreover, we derive the expressions of

Y under uniaxial tension in armchair and zigzag nanoribbons.



For the zigzag graphene sheet in Fig. 1b under a uniform tensile stress f along x direction
(Chang and Gao, 2003), we define the strain as
.o
d| 2bsin— 2 &
( St 2) 1 bcos 2Kb

g=— 2)_gp|Zq
2bsin% b 6Kgsin2% , ()

The surface Young’s modulus Yscan be derived by the SSM (Chang and Gao, 2003)

. a
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where F=3/2fb (Li and Guo, 2008).

For the beam model, the elastic strain energy of the structure should be equal to the external

work.
2
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where L=2bsin(a/2), E'=E=Y/t and A'=1.5b in one cell of graphene sheets (Chang and Gao, 2003;

Li and Guo, 2008). Defining EA/b=Ky, and using Eq. (5), Eq. (6) and Uwork=UTbeam, We obtain Y

. a
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(11)



Note that Eq. (8) for the SSM and Eq. (11) of the beam model are identical.

We now compare the results of the two models with results from MD simulation. The value of
Y, from the two models with different El/b is plotted in Fig. 4. When Ky,=742 nN/nm, K¢=1.42
nN nm and a=120° (Chang and Gao, 2003), the value of Y is equal to 360 GPa nm in Eq. (8) and
Eqg. (11) which is in very good agreement with the MD result Y;=350+20 GPa nm from Sanchez-
Portal et al. (1999) and Van Lier et al. (2000). The results for Ys depending on the BBS are also
plotted in Fig. 4. The values of Y range from 321 GPa nm to 571 GPa nm under coupling force
and moment. Those results are quite different to the MD result, when we use the BBS of the
zigzag graphene sheet in Eq. (6). For example, the value of Y (478 GPa nm) is about 1.33 times
of the MD result using EI/b=1.5K, under pure bending condition (N/M—0). The value of Y, (360
GPa nm) is identical with MD result for EI/b=0.5Kq under loading force (N/M—co or -o0) or
uniaxial tension conditions. When N/M—1 in Eq. (6), ElI/b—o0 leads to the maximum Y=571 GP
nm which is about 1.59 times of the MD result. When N/M—3 in Eq. (6) (see Fig. 3b),
El/b=0.375Ky leads to the minimum Y,=321 GP nm which is about 0.89 time of the MD result.
Therefore, it is crucial to give an exact force analysis in the structures so that the correct EI/b can

be obtained.

3. The validation using molecular dynamics simulation with harmonic potentials and finite

element method
3.1 Molecular dynamics simulation with harmonic potentials

In this section, we present the results of FE and MD simulations with harmonic potentials. For

the MD simulation, we keep the length L=14.7nm and the ratio L/W=1~60 in the armchair and

10



L/W=1~52 in zigzag nanoribbons (see Fig. 5). Displacements are added at the left (green) and

right (red) end layers. All MD simulations are performed using LAMMPS (Plimpton, 1995).

For uniaxial tension or pure shear, simulations are done at 0 K and all atoms in the two end
layers move 0.3 A along the x- or y-direction at each time step, respectively, and every 0.5
bending degree at each time step for pure bending except for armchair L/W=60 (every 0.15
bending degree at each time in view of the large fluctuation). Afterwards, the structure is
optimized for each displacement increment and the optimized structure is taken as the initial
geometry for the next calculations. The energy minimization is performed using the conjugate-
gradient method. A tolerance of relative energies between minimization iterations is set at 0.0
with a force tolerance of 10 to ensure a sufficiently minimized system. To model the bending
deformation, rigid body translation is applied to the atoms in both end layers of the graphene
sheets (see the green and red parts in Fig. 5), such that both end sections remain straight and are
kept perpendicular to the deformed axis in each displacement increment (lijima et al., 1996; Cao
and Chen, 2006). The length of the middle line along the deformed axis in the graphene sheet

remains unchanged and its curvature is uniform throughout the deformation.

First, we consider the armchair and zigzag graphene nanoribbons under uniaxial tension. The
harmonic bond and angle potentials parameters Ky=742nN/nm and Ky=1.42 nN nm are adopted

from Chang and Gao (Chang and Gao, 2003). The Lennard-Jones (LJ) pair potential U ; between

(o3

12 6
carbon and carbon is adopted as U, 24{[?) —(%) }(Chang, 2007; Li and Guo, 2008),

where r is the distance between the interacting atoms, € the depth of the potential, and ¢ a

parameter that is determined by the equilibrium distance. We use ¢=3.407 A and

11



€=4.7483x11.8%* J (Kolmogorov et al., 2004; Vodenitcharova and Zhang, 2004; He et al., 2005;

Chang, 2007).

In our MD simulations, the stress method and energy method are both used to calculate the
Young’s modulus and shear modulus. For the stress method, the stress on the surface of
graphene sheet can be given by the component of the virial stress (Zhao et al., 2010)

Nearbon Nearbon B
o :—\%( D omvyv+ D %] (12)

ij ij
i ija  OF;

where V is the current volume of the graphene sheet, m; is the mass of atom i, v; is the velocity, rj;
is the displacement vector between the atoms i and j, and Uj; is the potential energy between
atoms i and j.

The idea for the energy method is that the increment of the total energy should be equal to the

external work (Zhao et al., 2009b). The equation can be written as

10U
O, =——
V, o¢
1
Vo 00 (13)
where U and ¢ are the total energy increment and tensile strain, o. and M are the tensile stress
and bending moment on the left or right regions in Fig. 5, and V, and ¢ are the initial volume and
bending angle.

The total energy for different tensile and shear strains are plotted in Fig. 7a. The surface
tensile or shear stresses obtained from Eq. (13) are plotted in Fig.7b. Note that the surface stress
is the stress multiplied by the thickness t of the graphene sheet. Defining the surface tensile stress
and the surface shear stress as o5 and s, the surface Young’s modulus Ys and shear modulus G is

expressed as Ys=os/e and G=zs/y, where ¢ and y are the tensile strain and shear strain. Fig. 7b

12



shows that the difference of the surface stress-strain curves between the armchair and zigzag
nanoribbons is very small. Those observations agree well with the results in the literature (Chang
and Gao, 2003; Kasti, 2007; Li and Guo, 2008). Fig. 7b also shows that the surface stress-strain
curves of the stress method are in very good agreement with those of the energy method. Our
MD results agree with those of the available analytical models (see Fig. 7b) (Chang and Gao,
2003; Li and Guo, 2008). The energy method is adopted to obtain all MD results in the following

text.

3.2 Finite element method based on the beam model

The FE beam structures of graphene sheets can be easily built from the coordinates of the
graphene MD models (Fig. 5).

We adopt the stiffness EA/b=K}, and EI/b=0.5Ky with Young’s modulus E=9.18~14.77TPa and
Poisson’s ratio v=0~0.4 from Li and Guo (2008). All the present FE calculations are performed
using the commercial ANSYS 12.0 package with 2-node BEAM188 element.

The surface stress-strain curves along different directions for E=14.77TPa, v=0.1 and
El/b=0.5K, are plotted in Fig. 8. The difference of the stress-strain curves between the armchair
and zigzag graphene nanoribbons are very small, which agrees well with the observations from
Li and Guo (2008) and Sakhaee-Pour (2009).

In view of so small difference, we only study the effect of the Poisson’s ratio v on the stress-
strain curves for the armchair sheet in Fig. 9. The surface stress-strain curves don’t change with
v at all in Fig. 9, which means that the Young’s modulus and shear modulus of graphene sheet

are both independent of Poisson’s ratio v of the beam. Therefore, there is no limitation to use

13



Poisson’s ratio v (as v=0~0.4) of the beam element so that we can obtain the same Young’s
modulus and shear modulus. The Poisson’s ratio v=0.1 are adopted in the following FE results.
As shown in Fig. 10, the effect of the beam Young’s modulus on the surface stress-strain
curves is also very small. Li and Guo’s results are between the present two curves although
Kp=723nN/nm and K4=1.36 nN nm is chosen in their literature (Li and Guo, 2008).
Since the Poisson’s ratio v and the Young’s modulus E of the beam model have almost no
effect on the elastic properties of the graphene nanoribbons, we choose E=14.77TPa and v=0.1 in

all the following FE calculations.

3.3 Results and discussion

Fig. 11a plots the surface tensile stress ratios between the MD simulations with harmonic
potentials and FE results based on the beam model under uniaxial tension. All the ratios are close
to 1 for different L/W in the armchair and the zigzag graphene nanoribbons. It means that the
BBS, EI/b=0.5Kj is correct to describe the elastic properties of graphene nanoribbons under
tension and shear, which validates our analytical results in Section 2.1. Figs. 11b and ¢ show that
the bending moment ratios between the MD and FE results for the BBS of E1/b=0.5K,. The ratios
Mwmp/Mee increase with decreasing width W in both armchair and zigzag nanoribbons. The
maximum ratios reach values up to 2.5 in the armchair nanoribbons and 1.25 in the zigzag
nanoribbons. It indicates that the loading-mode dependent BBS in the armchair nanoribbons is
more pronounced than the BBS in the zigzag nanoribbons.

We futher study the change of the corresponding bonds and angles in the armchair and zigzag
graphene nanoribbons with different bending angles. The distributions of the bond length and the

bond angles in the upper and lower regions are symmetric with regard to the middle line along

14



the deformed axis. For the narrow sheets in Figs. 12a, d and Figs. 13a, d, the bond length and the
angles change weakly with increasing bending angle. With increasing width, the bond length and
the bond angles from the middle line to the free surface along the undeformed axis increase
sharply with increasing bending angle, as shown in Figs. 12c, f and Figs. 13c, f.

For all sheets, the bond length and the bond angles in the middle regions change weakly, while
the bond length in the upper and the lower regions is sharply elongated and shortened,
respectively. Fig. 13d indicates that all the bond length change considerably in the narrow zigzag
sheet, while the bond length does not change in the narrow armchair sheet. From the armchair
sheets in Fig. 5, we find that the bonds by (k=1, 2, 3, 01, 02, ---,08) are parellel to the deformed
axial. When the armchair sheets are under pure bending, the bonds by in the middle parts of the
sheets are always under pure bending. Therefore, the ratio m=N,/N. increases with decreasing
width, where Ny is the number of the bonds subjected to bending and Ny is the number of the
bonds subjected to tension/compression in the sheets. However, all of the bonds ¢, (I=0, 1, 2, 3,
01, 02, -, 09, 010) in the zigzag sheets are not parallel to the deformed aixal. The ratio in the
zigzag sheets is always less than that in the armchair sheets for the same value of L/W. It is the
main reason that the bending moment ratios in the armchair sheets (see Figs. 11b and c) are
larger than those in the zigzag sheets. The loading-mode dependent BBS of the armchair
nanoribbons is more pronounced than that of the zigzag nanoribbons.

Fig. 14 and Fig. 15 show the spatial distributions of the bond length and the average angle
variation in different armchair and zigzag graphene nanoribbons for a bending angle of 15 degree.

The average angle variation of atom i is calculated by

3
2=2160-0) (14

i=1

15



where 6; (i=1,2,3) are the three angles around the atom i at a given bending angle, and 6y is the
initial angle of 120 degrees.

The bond length and the average angle variation change weakly in the middle regions and
sharply in the upper and lower regions. It indicates that the middle regions of all graphene
nanoribbons are always subjected to bending, while the upper and lower regions are mainly
under tension or compression, respectively. With increasing width, tension and compression
dominate the bending properties of the graphene nanoribbons (see Figs. 14c and f or Figs. 15¢
and f). Conversely, with decreasing width, bending or coupling tension/compression-bending
dominate the bending properties of the nanoribbons (see Figs. 14a and d or Figs. 15a and d).
From our analysis in Section 2.1, the BBS EI/b=0.5Ky should be used in uniaxial
tension/compression/shear, while BBS EI/b=1.5Ky in pure bending should be used for
considerably narrow graphene nanoribbons. Therefore, it is reasonable to adopt the BBS
0.5Ke<EI/b<1.5Ky and 0.375Ky<El/b in the finite width armchair sheets and zigzag sheets under
pure bending in Figs. 3a and b, respectively.

Fig. 16 illustrates the bending moment ratios for graphene nanoribbons for different BBS El/b.
The ratio is close to 1 when El/b=1.5K is used in our FE calculation with L/W=60 in Fig. 5a,
which perfectly validates our analytical result in Section 2.1. Furthermore, El/b=K, can be used
to describe the elastic properties in L/W=30 (armchair) and L/W=52 (zigzag) graphene

nanoribbons considering the domination of the coupling tensile/compressive-bending mode.

The BBS EIl/b=0.5Ky of the beam models describe the elastic properties well under uniaxial
tension or pure shear. However, the BBS strongly depends on the width and the chirality of the
graphene nanoribbons under pure bending or tensile-bending modes. When the width of the

armchair graphene sheets becomes small enough (L/W=60), El/b=1.5K, describes the bending

16



behavior excellently under pure bending. With increasing width, 0.5Kg<EI/b<1.5K4 and
0.375Kg<EIl/b should be used to effectively describe the mechanical behavior in armchair and

zigzag sheets, respectively.

In view of the extremely narrow structure of a single polyethylene PE chain, we further

analyzed the elastic properties of the PE chain under different loading conditions too.

3.4 The two models in a single polyethylene chain

In this section, we study one PE chain under coupling loading force f and moment m, see Fig.
17a. In analogy to our analysis in Section 2.1, the value of the BBS El/b of the PE can be written
as

2 2
3m? + fcosgb —3mf cosgb c N L I L
ﬂ Kp& 2 2 _Kpg m m

b 3 2 3 2
(m— f cos'gbj (1—”)
c m , (15)

where n=fcos(a/2)b, b and @ are the initial bond length and angle of the PE chain, respectively,

and Ky is the bond bending stiffness of PE (Zhao et al., 2011).

Eq. (15) and Eq. (6) differ only in the coefficients. The distribution of the bending stiffness in
Eq. (15) over n/m is shown in Fig. 17b. The bending stiffness El/b is larger than 0.25K, for the
different loading conditions. When n/m=0, Eq. (15) is degenerated into El/b=Ky under pure
moment m condition. When n/m—ow (or -o©), Eq. (15) is degenerated into El/b=Ky/3 under
loading force F condition. As n/m—1, Eq. (15) leads to El/b—co. The minimum EI/b=0.25Kj is

obtained for n/m—3.
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To further validate the analytical results, we carried out the united-atom MD simulation and
FE simulation in Fig. 18. The PE chain consists of 19 united-atom beads with a length L=2.28
nm. In the united atom approximation, the methyl groups (CH,) are represented by a single
“atom” and the effect of the hydrogen atoms on the polymer’s configuration is accounted for in
the potentials (Waheed, 2005; Shepherd, 2006; Zhao et al., 2011). The parameters of the
harmonic potentials are K,=700 Kcal/mol A% K¢=120 Kcal/mol, b=1.53 A, #=109.5". The LJ pair
potential (see Section 3.1) with €=0.112 Kcal/mol and ¢=4.01 A is adopted (Waheed, 2005;

Shepherd, 2006; Zhao et al., 2011).

Fig. 18a compares the tensile stress-strain curves of the united-atom model with the FE model.
The Young’s moduli Yya for both models are in excellent agreement. A cross sectional area of
17.3 A%is adopted in the FE model which is equal to the average area of one PE chain in
crystalline PE (Henry and Chen, 2008; Zhao et al., 2011; Jiang et al., 2012). The Young’s moduli
Yua=190.4 GPa and Yr=192.6 GPa are obtained by fitting the data in the range of 10% tensile
stress-strain curves in Fig. 18a. Those results are in good agreement with the analytical value
195.1 GPa of crystalline PE in our previous work (Zhao et al., 2011). The distribution of the
bending moment ratios between the united-atom and FE models for El/b=1/3Ky and El/b=Kj
versus bending angles are plotted in Fig. 18b. The bending moment ratios between those models
at El/b=1/3Ky are always higher than 2.28, while the ratios are close to 1 when El/b=Ky. The

result effectively validates Eq. (15) under tension and pure bending conditions.

The above analysis shows that the difference between the stick-spiral and the beam models is
independent of the materials because all the parameters of the beam model are obtained from the

harmonic potential.
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Moreover, one has to be taken when the beam model is employed for the crystalline (or
amorphous) polymers or other biopolymers (Zhao et al., 2010; Zhao et al., 2011; Zhao et al.,
2012; Zheng and Sept, 2008), as their structures are composed of many single molecular chains
and there are only weak van der Waals and coulomb interactions (Zhao et al., 2011) between two
chains. It is possible to observe more pronounced difference between the MD and FE results in
large deformation under uniaxial tension and pure bending (see Fig. 18b) if one uses a same

constant EI/b=1/3K.

Despite of the difference between the SSM and the beam model, it is not clear yet which

model is better suitable to predict the elastic properties of carbon nanotubes and graphene sheets.

Therefore, we carried out additional MD simulation with the AIREBO potential (Plimpton,
1995), which is commonly used to obtain the mechanical properties of graphene nanoribbons

(Zhao et al., 2009a).

4. The comparison of the two models with molecular dynamics simulation of AIREBO

potential

We adopt the setup from Section 3.1 but use the AIREBO potential in this section (Zhao et al.,
2009a). The total energy increments with the harmonic potentials and the AIREBO potential
under uniaxial tension and pure bending are plotted in Fig. 19 and Fig. 20, respectively. Higher

values are obtained for the harmonic potentials.

Fig. 21 shows the elastic properties of the different models, Ca, Cy and Cge are the stretching
stiffness (the bending stiffness of a total nanoribbon) of the AIREBO, the harmonic and the FE

results, respectively, and Da, Dy and Dge are the bending stiffness (in-plane bending stiffness of
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each nanoribbon) of the AIREBO, the harmonic and the FE results, respectively. For all the FE
results, we used EI/b=0.5Ky. Modeling each nanoribbon as a beam under small deformation
condition, the stretching stiffness C and bending stiffness D per unit volume from Eq. (13) can

be written as

:Y :2 - V 2 H H 1
C =Y, =Wy (Vor ) under uniaxial tension, (16)

_ 2
D =2U serging /(VOH ), under pure bending, (17)

where Utension and Unendging are the total tension energy increment and the bending energy
increment, Vo is the initial volume, Yy is the Young’s modulus, ¢ is the tensile strain and & is the
bending angle of each graphene nanoribbon.

From Eqg. (16) and Eq. (17), the stiffnesses C and D for different L/W can be obtained by
fitting the data in Fig. 19 and Fig. 20, in which the data in the range of 0~6% tensile strain and
0~10 degrees of bending angle are used in the fitting procedure. Fig. 21 shows that the values of
Cn/Ca are about 1.26~1.3 and 0.99~1.1 in different width zigzag and armchair graphene
nanoribbons. The values of Cge/Ca (about 1.29~1.35 and 0.84~1.14 in zigzag and armchair
nanoribbons) are similar to those of Ci/Ca.

Under pure bending condition, Dy/Da (from 1.18~1.24) and Dge/Da (from 1.16~1.22) are
almost identical in the finite width zigzag nanoribbons except for L/W=52 (Du/Da=1.36,
Dre/Da=1.08). All values of Dn/Daand Dee/Da are very close to the values of Cy/Ca and Cge/Ca
besides the value of Dge/Da at L/W=52 which is a little lower. In other words, the BBS in the
zigzag nanoribbons is insensitive to different loading modes except for the ultra-narrow

nanoribbon with L/W=52. A similar phenomenon can be observed from Fig. 11.
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For the armchair nanoribbons, the results of Dn/Da (1.11~1.85) and Dge/Da (0.7~1.25) are
much higher and lower than those of Cp/Ca (0.99~1.1) and Cre/Ca (0.84~1.14) with increasing
L/W, respectively. Hence, the SSM overestimates the values, while the beam model
underestimates the values. Therefore, we suggest to choose the average value between the SSM
and beam models in the narrow graphene nanoribbons under pure bending. Above analysis
indicates that the loading-mode dependent BBS in the armchair nanoribbons is more pronounced

than that in the zigzag nanoribbons.

5. Concluding remarks

We extensive studied the difference between the stick-spiral and beam models in the finite
width armchair and zigzag graphene nanoribbons and the single PE chain. Based on the total
energy equilibrium in the two models, the closed-form expressions of the BBS are derived under

uniform tension, pure shear, pure bending, loading force, coupling force and bending conditions.

By comparisons of the two models, we found that the BBS of the beam model strongly
depends on the loading modes in narrow graphene nanoribbons. Based on the MD simulations
with harmonic potentials and FE results, the BBS El/b=0.5K, of the beam model can be used to
describe the elastic properties well under uniaxial tension or pure shear. Under pure bending or
coupling tensile-bending modes, the BBS depends on the width and chirality of the graphene
nanoribbons. When the width of the armchair graphene sheets becomes small enough,
El/b=1.5K, can be used to describe the bending behavior effectively under pure bending. With
increasing width, 0.5K¢<EI/b<1.5Ky and 0.375Ky<El/b should be used to model the mechanical
behavior in the armchair and the zigzag sheets, respectively. For a single PE chain, similar
phenomena can be found, in which 1/3K¢<EIl/b<Kjy under different loading conditions.
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We also found that the difference of the stick-spiral and the beam models exists and they are
independent of the materials because all parameters of the beam model are obtained from the
harmonic potentials. For the narrow graphene nanoribbons or a single PE chain, the maximum
difference can exceed 300% in different loading modes, while the difference is completely

concealed in higher width nanoribbons.

Therefore, the beam model should be used carefully to model crystalline polymers and
biomaterials in view of van der Waals and coulomb interactions between any two chains. It is
possible to obtain more pronounced difference between the MD results with harmonic potentials
and FE results in large deformation under uniaxial tension and pure bending if one uses the same
constant El/b=1/3K,y in a single PE chain or EI/b=0.5Ky in narrow armchair graphene

nanoribbons, respectively.

When the results of the MD models with harmonic potentials and the FE calculation based on
the beam model are compared with those of the MD results with the AIREBO potential, the SSM
overestimates and the beam model underestimates the values of the armchair nanoribbons under

pure bending condition, respectively.
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The Caption of the Figures

Fig. 1 The beam structures of the armchair and the zigzag graphene nanoribbons in the FE

method based on the beam elements (L/W=1, L=14.7 nm).

Fig. 2. (a) One cell of a finite width armchair graphene sheet under coupling loading force F and
moment M, (b) angle increment of (a) for the stick-spiral model, (c) one cell of a finite width
zigzag graphene sheet under coupling loading force F and moment M, (d) angle increment of (c)

for the stick-spiral model.

Fig. 3. The distribution of beam bending stiffness with N/M under coupling loading force F and

moment M in the finite width graphene nanoribbons, (a) armchair, (b) zigzag.

Fig. 4. The value of Y from two models and different beam bending stiffness El/b in the finite

width graphene nanoribbons.

Fig. 5 Finite width armchair and zigzag graphite nanoribbons under pure bending at bending
angle=15 degree, (a) armchair L/W=60, (b) armchair L/W=20, (c) armchair L/W=7.5, (d) zigzag

L/W=52, (e) zigzag L/W=20.8, (f) zigzag L/W=7.4.

Fig. 6 The zoomed-in view of the graphene nanoribbons in Fig. 5, (a) a zoomed-in view of Fig.
5a, (b) a zoomed-in view of Fig. 5b, (c) a zoomed-in view of Fig. 5c, (d) a zoomed-in view of
Fig. 5d, (e) a zoomed-in view of Fig. 5e, (f) a zoomed-in view of Fig. 5f.

Fig. 7 (a) The total energy-strain and (b) the surface stress-strain curves of the armchair and the
zigzag graphene sheet under uniaxial tension and pure shear in Fig. 1a and b.

Fig. 8 The surface tensile and shear stress-strain curves of FE method in Fig. 1.

Fig. 9 The surface stress-strain curves of the FE method in Fig. 1a.
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Fig. 10 The surface tensile and shear stress-strain curves of the FE method with different beam
Young’s modulus in Fig. 10b along x-direction tension and xy-direction shear.

Fig. 11 The surface tensile stress ratios and bending moment ratios between MD and FE results
in finite width armchair and zigzag graphene nanoribbons, (a) the surface tensile ratios in the
armchair and the zigzag nanoribbons, (b) bending moment ratios in the armchair nanoribbons, (c)
bending moment ratios in the zigzag nanoribbons.

Fig. 12 Bond length distributions of the armchair and zigzag graphene nanoribbons with different
bending angles in Fig. 5, (a) armchair L/W=60, (b) armchair L/W=20, (c) armchair L/W=7.5, (d)
zigzag L/W=52, (e) zigzag L/W=20.8, (f) zigzag L/W=7.4.

Fig. 13 Angle distributions of armchair and zigzag graphene nanoribbons with different bending
angles in Fig. 5, (a) armchair L/W=60, (b) armchair L/W=20, (c) armchair L/W=7.5, (d) zigzag
L/W=52, (e) zigzag L/W=20.8, (f) zigzag L/W=7.4.

Fig. 14 The spatial distributions of the bond length in armchair and zigzag graphene nanoribbons
at the bending angle 15 degree, (a) armchair L/W=60, (b) armchair L/W=20, (c) armchair
L/W=7.5, (d) zigzag L/W=52, (e) zigzag L/W=20.8, (f) zigzag L/W=7.4.

Fig. 15 The spatial distributions of the average angle increment in armchair and zigzag graphene
nanoribbons at the bending angle 15 degree, (a) armchair L/W=60, (b) armchair L/W=20, (c)
armchair L/W=7.5, (d) zigzag L/W=52, (e) zigzag L/W=20.8, (f) zigzag L/W=7.4.

Fig. 16 Bending moment ratios between MD and FE results for graphene nanoribbons with
different El/b.

Fig. 17. (a) One cell of a crystalline polyethylene chain under coupling loading force f and

moment m, (b) the distribution of beam bending stiffness with n/m.
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Fig. 18 (a) Stress-strain curves under tension and (b) bending moment ratios between united-

atom MD and FE results in a single PE chain.

Fig. 19 Total energy increment with present harmonic potentials and AIREBO potential in

armchair and zigzag graphene nanoribbons under tension.

Fig. 20 Total energy increment with present harmonic potentials and AIREBO potential in

armchair and zigzag graphene nanoribbons under pure bending.

Fig. 21 Distribution of the two models to AIREBO ratios with L/W.

1

T
T,

5]

1

T
L LT

5

hed

T
-

i
IIII'Y‘.‘

IS8 8880080000008 000 00

i
XX 1'11

zigzig

armchair

Fig. 1

29



‘ ﬁb
r
a v
o p b
(c)
Fig. 2
2.0 T T T T T T T T T y |: T T 20
(a) | | (b)

151 armchair . 1L zigzag 115
| i T
Q \- i g
= 10} | 1k i 110 o
= == N/M>0 ik ~
& NM<0 11 I 7 V2 ~

0.5 e N - 0.5

,,,,,,,,,,,,,,,,,,,,,,,,,, -
{ 10375 I
TN/M=1
00 . 1 . 1 . 1 1 A 1! i 1 " 00
-40 -20 0 20 40 -40 20 0 20 40
NIM NIM
Fig. 3

30



Y, (GPa nm)

600

' Maximum ¥.=571 GPanm
) oooonooooog
500 + )'4\:478 0 DrJDEijDuDDuDDUDDDDmD i
77777777777777 ]
o2V EIb=312K,
400 - u,uj ' (pure bending) -
_1_'._{.;.1;".__:_1_' .I_]_f_}_'.}r.]__]_'._l_.:..]_:_}_ I }_'_]._1 _.¥.I_:_I_' I ]_.'_'._'.L 1_'_]_] I {_'_
IIF-!, [TTTTTITITITI T TIT ] [TTTT1
300 |- fo i
[ | —0— EI/b from 0 to infinite
0 1 ! .
;oo 1 e Stick model |
200 / i | —— MD result
SR ;
100 7’ | 1 |
7 | E1/b=1/2K (tensile stress or pure shear)
0! ! 1 . | . 1 . 1
0

1 2 3 4 5

Ellb (K)

Fig. 4

31



Total energy (x10° Kcal/mol)

Fig. 6
T T r T T T r 40 T T ¥ T T T T T
50+ (@) MD results (L/w=1) Mo (b) Chang and Gao, 2003,
\ . . £ MD results (L/W=1) z
tension 1 c . . o
40 |- = armchair P 1 « 30} armchairtension 4
A . ! .t o —=— Sfress method
30 - ¢ zigzag ..' ] 2 | —e— Energy method >
| shear @ zigzag tension »* armchair shear
0 —0— armchair . @ 20 —A— Stress method - Stress method
i o zigzag = ,e° 1 @ —v— Energy method g o Energy method |
r " 1 3 r zigzag shear
10r o’ e I Stress method
L .-"'. ‘ Qaa=" u:; 10 - —v— Energy methodwwwv -
0t - S - shear AR
- onmnnAAEtonaa e T and Guo, 2008
0 ! 1 1 ! 0 ik i | I
0.00 0.02 0.04 0.06 0.08 0.10 0. 00 0.02 0.04 0.06 0.08 0.10
Strain Strain
Fig. 7

32



Surface stress (GPa nm)

40 T T T T T T T
FE results (El/b=K /2) ™
30 | E=14.77 TPa, L/W=1 tension o }
tension -
| —=— armchair -
—e— 7zigzag ...-"
20 shear I -
—o—armchair &7
[ o zigzag "
»
10 + , o' she<31£OD0DODODODODODcuoI
p” §@&&&&@&@§&&
.,' @@@@@@
0 555900 ?@ L L , I
0.00 0.02 0.04 0.06 0.08 0.10
Strain
Fig. 8

33



Surface stress (GPa nm)

Surface stress (GPa nm)

40

w
o

N
o

[EN
o
T
0
=
®
o]
=

40

w
o
T

N
o

BN
o

, :
FE results
armchair L/W=1

| E=14.77 TPa, EI/b:Ke/2
tension shear
| —0—vy=0 —=—vy=0

—0—vy=0.2 ——v=0.2

""""

N
PN
Y.
o d

PN
Y.
"""
o
o
o d

7 ad
g
A\

- v=0.4 v=0.4 .

0 | L | L | L | L
0.00 0.02 0.04 0.06 0.08 0.10

Strain
Fig. 9
FE results (El/b=K /2) . e
I : tension . g#
armchair L/W=1 o
. Py -
tension /x;}
| = E=14.77TPa 2
e E=9.18 TPa 3

. —a— Lj and Guo (2008) :,;l?‘; ~ shear i
o E=14.77 TPa
A o E=9.18TPa

o —4— Liand Guo (2008)
abd

T
>

; BaRax
At gaaﬁﬁﬁggg
A AnnBBAE shear

00 0.02 0.04 0.06 0.08 0.10

Strain

Fig. 10

34



35 T T 35—/ — . ‘ 3.5
(a o (b) "=, Bending (c) Bending
L ‘ension L . L |
30 i o 3.0 #4,_ L=147.7 (angstrom) zigzag 30
armchair zigzig /
w 3 k L=147.6 (angstrom E
225 = Lw=e0 o Lwes2 =23, [ o w0 LIW=10 Iy IS L
= e bw=z0 o LWE208 ] = « /e Um0 <« Lwets
220+ L LIW=TS uwsra 1 ~%20F ./ eq 1 * Lw=08 < LWSS1 15
e E ./ 4 bw=20 Liw=6.0 A LW=13 LIW=5.2
v LW=43 v LW=32 | X T T - iveoa
15t LIW=1.0 vw=10 {7 15| R A R R § v e {15
aten Trvhreiiiiaiiigaiiiiiiisiiee
1,0-‘3’33*“ TOHIFIITIIIIITIuaasaniiissiiy] s ;;;;;:u:uu,z«uuunﬂ.uﬁ1-0
05 ) ) ) ) “ 05 fdecrl‘aaslllg LIWI | | ‘ ) dm:re:‘;smg uw ‘ 05
‘0.00 0.02 004 006 008 0.1 0 3 6 9 12 15 0 3 6 9 12 15"
strain bending angle (degree) bending angle (degree)
Fig. 11
1.440 T T T T . T . - - 1.440
armchair LIW=7.5 -'
T L (a) - (b) u p @rmehair LIW=20 1 _(C.) A b et
03 [ 1]
g 1430 armchair LIW=60 L ° ,r,; ® b, V¥ bu.“.ll:..jfn"'.‘: 1.430
%D [ " [ “ b" "I.Il...lll.] ....A.:::AA‘/A‘A‘.AA‘ 4
g TLLL e024a
= 1420 ------- SEEEEEEENENENEEE] --...... ."....’........‘ %}!g_!is’“"'"'v'ﬁ"""‘lv 1.420
%0 L N ““““*‘“‘AAAAAAA“H ‘.'4««4«44141 /
; From upper to lo te L1 / : ‘<“«‘4
2 1410t L pparta fower 1 by by ""%e 1.410
'g <4 b, ® b, / 'oo...
I r 1T From upper to lower ‘!!..4
}ﬁgg . . . . . . . . . . 1.400
. : : ‘ T - ‘ ‘ T 1.436
(d) ) (e) zigzag LIW=20.8 (f) zigzag LIW=7.4 gt
—_ r zigzag L/IW=52 r r-m-c ¥ C UL
= moc A o o 04 ... ...O.
£ 1.428¢ e 1t o c ve J 1 P % * Cmmal sl oft aal1.428
& L € , ] [T LL) 03 ll v
=n] ...-ll ! A *v"vv
=] IIIIIII/‘/....--' mames .(..noou ’ “vvvvv""
% 1.420 Lllllll"==:::::oooaoq€.......i ll",’,‘x:::::::::::;:AAA‘A“A‘ liag.«';‘:::::dddddidi{qq4114111 1.420
%D F From upper to lower vy Vh"""vﬂ ’gigii‘;;.o. qj
= « aex '.‘0-
_g 14121+ L From upper to lower i z“ . c : .z****:..‘ 1412
2 o7 010 [ Toaa X *x]
] F F e oc, From upper to lower .t.|
1.404 ‘ . . . . s s . . s ‘ . 1.404
0 3 6 9 12 150 3 6 9 12 150 3 6 9 12 15
bending angle (degree) bending angle (degree) bending angle (degree)

Fig. 12

35



121.6 T . . T T ; ; - : 121.6
(a) 5 (b) (c) v, > ﬂman'nchair Libl-':"f;s L
—_ F armchair LIW=60 1 r . 1 F .e®
2 armchair LIW=20 =B, Pos ‘BW...
5, 120.8] . s 11 {Fe g . Seer] 1208
- | ® o 4 L L >
= mmmmoaomﬁmm A bR 9
%, 120.0jsunusunneseenenanagadisiiiane] nardiiiian e rncus Ry e 120.0
g = L T . LT i“mxx‘x"“”'#ﬂvvvvvw\
= 1 r -.-..........! r .." ..... "‘AAAAAA.q
=] R “‘-. Ooo
2 119.2 10 -7 o a e T, el 1102
1 L O I B PO
118.4 : : : : ' % " - J118.4
121.6 - . . T 121.6
L (d) zigzag L/IW=52 1 F (e) zigzag L/W=20.8 E _Fz s v zigzag LIW=T.4 -
21208} e 1 Al 1t 8:; 0, UL PP
o * g ® &8 v 6 A (11] e
= r ] [ . Aabhibt
% 120.0 bum SSEEEEEETTENEIEIENENEUEY '0'.':'"“""'“"""“"“l ! l:;-n“#“”*“ 120.0
%,J Ofusususes M“”“““.‘“““’“ '33;!‘1‘11144««::::«4«4« .
= L 4 '.‘.....'
S L ] 1L o 9 . :*** ]
51192 < 3:: - B, 1192
F . 11 e 8, ey
118.4 : ) ' : ' — : ‘ ‘ ‘ 118.4
0 3 6 9 12 150 3 6 9 12 150 3 6 9 12 15
bending angle (degree) bending angle (degree) bending angle (degree)
Fig. 13
150 : 1.43
(a
<Mor i 1.42
= armchair L/IW=60
armchair LIW=20
130 - a9 .
armchair L/IW=7.5
1 1 1 1 | 1 1 1 1 1.41
30 (d) T T T (e) T T T T (f) T T T T 143
ook zigzag LIW=52 1L zigzag L/IW=20.8 |
< 1.42
= 10 |
zigzag L/IW=7.4
1 1 1 1 1 1 1 | 1 1 1
40 80 120 160 40 80 120 160 40 80 120 160 141
L (A) L (A) L (A)
Fig. 14

36



150

< 140

130
30

— 20

10

(@)
armchair L/IW=60
armchair L/IW=20
I 11 | armchair LIW=7.5
| | | | | | | 1 |
(d) T T T (e) T T T T (f) T T T T
i zigzag LIW=52 11 zigzag L/IW=20.8 |
A zigzag L/IW=T7.4
40 80 120 160 40 80 120 160 40 80 120 160
L (A) L (A) L (A)
Fig. 15
3.5 \ T T T T T T T T
" —=— armchair L/W=60 (EI=0.5K) |
30l . '-\ —e— armchair L/W=30 (EI=0.5K ) |
"""-_ -~ A zigzag L/W=52 (EI=0.5K9)
e
__—-'-'-——-__
25¢F
N ‘ armchair L/W=60 (EI=1.5K) .
ELL 20k \ - - - armchair L/W=30 (EI=1K )
2 aal 0 - zigzag L/W=52 (EI=1K )
= *e S J
15 . —ofo—o;./0/044;.,.;.,.,.;.;.7.7.7.7.7.:.
\A\- AAAAAALALAALALAALALALALS AAAdadal
1.0 [T T e AT L e ——— ™ = e = - o]
05 1 1 1 1 1 1 1

3 6 9 12
bending angle (degree)

Fig. 16

15

0.5

0.5

37



Stress (x10"° Pa)

' (b)

Crystalline
polyethylene

Fig. 17
5 5
(a) Tension (b)
4t = FE 4% El/ =1/3K,
—0— UAMD \
3 r =0. E 3 -\
Y, /Y,=0.989 = :
S
2r = 2 El/ =K
\“ \(7
1t 1 T — .
0 '.. ! ! ! ! O X X X X
0.00 0.05 0.10 0.15 0.20 0.25 0 3 6 9 12 15
Strain bending angle (degree)
Fig. 18

38



150 . .

@ armchair _
harmonic airebo
= 120 =60 —o— L/Wfso i
c —e—L/W=20 —o—L/W=20
Z —A - L/W=75 — A LIW=75 ]
c 90+ v LW=43 —v—LW=43 ¥
~ L/W=1.0 L/W=1.0 v i
S ’ v' vvvv
:)‘% 60+ vvvv;Vvv ;
v A
v';;vvv A 2084
30+ wPT skt
AA, - R
vvv' . 58885500880
¢ 2 999888 Cn’qnugugggggggg:nqnnnnnuﬂuﬂ
0.0 0.3 0.6 0.9 1.2 1.5
displacement (nm)
0.20 I L ‘airebo vl
(a) armchair e e Y
— . —o— L/W=30 v/
E 0.15f "mone wa [
C . Lw=20 Yo LW=10
% A t/\l\ngg L/W=6. Ov v
T 0.10 F —v—Lw=10
5 L/W=6.0
3
)
0.05
0.00

0.00 0.05 0.10 0.15 0.20 0.25

bending angle (rad)

(nN nm)

tension

U

Fig. 19

Fig. 20

150 ®) . . ;
harmonic zigza
—a— | /W=52 g2ag \
120+ = Lw=208 Bl
—A—LIW=74 ,v’
—v— L/W=32 I
90+ L/W=1.0 YA
airebo DA
—o— LIW=52 R
—0— L/W=20.8 v v
60 A Lw=74 vv'"vvvvv NG
: A
. A
30L ~ Lw=L0 B e
R AAS AAAR N .o
O T T s
0Lk AMZSGS&%@E@EEEEESE%%ESE’&ualaamﬁm
0.0 0.3 0.6 0.9 1.2 1.5
displacement (nm)
0.20 . ; 7
(b) zigzag // alrebo
i —0— L/W=52
harmonic
0.15| —=—Lw=s2 /V+L/\N 208 |
e L/W=208 / —4A— L/IW=13
A W=13 /' —v—LWw=74 ,,
v LW=74 v v/ L/W=6.1 »
0.10+ L/W=6.1 /v v/ A
Sy s
wyv A AN
A - i
AT .
_5-0-0-8-88 EEE
-0-0-0-0-0-0-0-0-0=0=0=0=08= E
0 0. 15 0.20 0.25
ng angle (rad)

39



Two models to airebo ratios
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