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Thermodynamics of Electrolytes. I.
- Theoretical Basis and'General.Equations.
By Kenneth S. Pitzer

Inorganic Materials Research DivisianOf‘the'LQWrencév
Berkeley Laboratory and Department of Chemistry, :
University of California, Berkeley, California, 94720.

-~ A system of equations for the thermodynamic properties
of electrolytes is developed on the basis-of theoretical
insights from improved analysis of the Debye-Hlickel model

as well as recently published numerical calculations for
more realistie models. The most important result is the
recognition of an ionic strength dependence of the effect

of short-range forces in binary interactions. By modifying
the usual second virial cqefficientS'to'inClude*this’feature,
one-obtains a system of equations which are only slightly
more complex than those of Guggenheim but yield agreement

.- within experimental error to concentrations of several molal

instead of 0.1M. If one compares instead with the recently
proposed equations of Scatchard, Rush and Johnson, the:
present equations are very much simpler for mixed electrolytes_
(and somewhat simpler for single electrolytes) yet appear to
yield comparable agreement with experimental results for
both single electrolytes and mixtures.
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The thermodynamic properties of aqueous electrolytes
have @eén*eXtensively investigated both exﬁérimentélly and
theoretically. The monographs of Harned and Owen! and of.
Robinson and Stokes? provide excellent summaries. While
the detailed nature of these sdiutions'ié 80 cOmplex that
an ab initio quantum-statistical theory is not feasible,
thé-data-appear to re;ate fo few enough independent parameters
 to make'relatively éxact semi—émpirical‘représentatibn
‘po$sible, It ié the_ﬁreéent Objectivevtéidevelop_equétions
ﬁhich reproduce the measured prope;ties‘substantially,within
éXperimeﬁtal accﬁracy, which areﬁ¢0mpact,and\COnVeniéﬁﬁ-in
 that on1y a Very few parahetérs nequbevtabulated‘for each
‘substance and the mathematical calculations are {_s_imbléf,'}.
whiéh have appropriate form for mixedvéleétrolyteg_és wéll
as for solutions of a Single Solute, and wﬁose pérameters
: have phyéical meaning as far as possible.
| In 1960 Brewer and the writer® selected és the .
best aVailable system one proposed and applied to dilute
solﬁtions by Guggénheim*_with modifications suggested by
Scatc_hardS fdr;conéentrated sOlutions.‘:While this system
was useful in providing a simple and compact summary of
experimental data, it did not fully,satisfy the other
desired qualities. Recent théoretical advanceslpf Friedman
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and collaborators®’” and of Card and Valleau® pro%ide
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modern equations relating such functions to the osmotic
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important insights and support for the greatly improVed
semi- empirical treatment proposed below. Indeed it'is
interesting that a key idea can be obtained by introdu01ng

the Debye- Hhckel model and distribution function into

pressure. ' But first we review the Guggenheim equations

Guggenheim Scatchard Equations h

Since the Guggenheim equations have had con-
siderable success, it is desirable to recall them at this
point and to discuss the aspects that need improvement

The equations for osmotic and activ1ty coeffic1ents are:

X |
7,zM XII 2o, , . 2u ;
R R 'x Oy +
xS 1 ¢ o, + oo 2 Puyx Mt S Aol oy * E: 5M X M
;1 + I2 v X R
S | ()
1T o(12 - o
| "_ZAYI o(12) %% Pk ™M Px T S ,
e - 1= -sz: 2: N T 2: 2: : o (2)
. . m.. + m m,, + m ’ .
(MM'XX) WX
o (x) =3 [1+x -+~ 21n.(l'+ x)] | (3).
x3 S l+x | - | : o
2n N d 2 ' ' |
A = [—ow) &z C I (4)
Y 1000 - JETEEE o
2 - ea/DkT | | -» : A- S : (5)

Here the sums over M and X cover all positive and negative

“ions, respectively; A,y is the usual Debye-Hickel coefficient.

with No Avogadro's number and dw the density of the solvent;



and £ is a useful parameter which expresses_the distance
at which theaelectrostatic energy for'singlyvchargedaions
in the dielective just equals thermal energy;r |

| .The'quantities adearé constants (at given T and
D) analogous'to second virial coefficlents Which represent. . .: -
the net effect Ofvvarious short-range forces.between the
M and X ions It should be noted that Guggenheim followed
Bronsted's pr1nc1ple of spec1f1c 1nteractlon and excluded
terms related to short range forces between ions of like
sign. | |

We shall not dlstlngulsh between dlrect 1nteractlons,

of solute species at short distances and changes in solvation

with concentratlon since both. phenomena influence the effect1ve-“7

'1nterlonlc potentlal of average force and thereby the second
and higher virial coefflclents Likewise the dlstlnctlon
between molallty and concentration w1ll be 1gnored s1nce
the statistlcal calculations based upon. molecular models are
used only to suggest appropriate forms for emplrlcal use
and to provide qualitative understanding. The advantage
of the molality in practical calculations,{especially if
the.temperature varies, is overwhelming. | | |
fIt is also useful to consider the total excess
Gibbs energy (for a solution containing n, kg of solvent) |
. which is obtained by appropriate 1ntegratlon of the act1v1ty

or osmotic coeff1c1ent
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For a single 1-1- electrolyte equations (l) and
(2) reduce to 1 |
A me S o
4n Y= - f‘fJLI—- +v2BMX‘m | - | (8)
1 + m?
. i )
| AmZ 1 : o .
9 -1=--3F o) +pym o (9)
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Guggenhelm and Turgeon b'showed that equations
(8) and (9) fitted essentially w1thin'experimental error,
the data for 1-1 electrolytes in water at 0°C and at room
temperature at concentrations up to 0.1 M. They acknowledge,
however; and-othershave shown that substantial discrepancies-
arise at higher concentrations In seeking'eQuations that
. can be used at higher concentration one may examine separately
: the'first and second terms on the right S1de The first term
in equation (6) must remain a general function of ionic
strength if these equations are to maintain their simplicity
‘and utility for, mixed electrolyte solutions We'shall
return later to the question of an 1mproved mathematlcal
.form of thls first.term. Next we note that, by taklng
differences hetween the-properties of different electrolytes

of the same type and at the same concentration, the first.



term cancels and we have (for 1-1 electrolytes)
4n 'YMan' - £n ’YM,'X, = 2m. (BMan - BMlxg) ' . (10) '

Pyrgn = Oyixr = B (Byrgn = Byigs) (11)
These equations (10) and (11) still do not fit the
experimentallproperties above 0.1M with:constant B's.

Following a suggestion of'Scatchard57 Brewer
| and'the writer® considered B to vary slowly w1th concentratlon
and produced thereby a very compact tabulation of the
experimental_data for pure electrolyte solutlons.'ﬂlfﬂtheh:
vﬁ's are'no.lOnger constants, however the relationships _.
betweenvequations (1), (2), and (6) and between (8) and
(9) areyno-longer valid. We shall return to the derlvatlon-> .
of correct relatlonshlps correspondlng to the varlab e B's ,“&;
in .a later section but here point out 1n flgure 1 the qualitatlye
nature of the dependence of B on concentratlon The notable |
(and initially surprising) feature is the substantlal change
in B at low concentration in contrast to 1ts relatlven
constancy at hlgher concentratlon Whlle the-change 1nr
B below 0. 1M is not large, there is no reason to doubt
that the curves maintain their slope in that reglon Thusp
an 1mproved theory which adequately accounts for these -

effects at hlgher concentratlon will pre°umably also represent

an improvement below O.lM.



o Recently Scatcharle ‘and co-workersll have
1extended and elaborated the Guggenhelm equatlons in
several;ways.' First the Debye-Hiickel term in equation
| (6) 1s :s__ubdivided into a series of terms with,_different
coefficieﬁts of I%_in'f correSponding tovdifferent
distaneesfof closest approacﬁrforvthe solute components.
Appropriate'derivatives then'yield_correCt'but very complex
formulas for the osmotic and actiVity'chfficientsa'
'Secondly;rthe Brensted principle of epecific interaction
is abandoned and terms are.introduced for the shortrrange
interactioh of ions of like sign. 'Fineily, arreysrbfrfhird
and fourth virial chfficients are added: On this ba31s
‘Lietzke and Stoughton!?® were able to represent accurately
.the osmotic eoefficients of twenty-purevelectrolytes, also
se?eral‘eystemsbof mixed'electrolytes.have'been_treated,lo’lz
This system ailows enough‘terms to be included to representv
Hexperimehﬁal‘data accurately; butvthe equations are very
complicated and there seems little promise of simple physical
interpretation of the parameters. Cthequently, it seems
worthwhile to seek simpler equatiQnS'with fewer and more
meaningfﬁi parameters. u | | |

| v Alse noteworthy is the work of Reilly, Wood, and
Robinsenls which is directed primarily ‘to the process of
mixing df pure electrolytes. Their generél pattern of |

equations 1s similar in many aspects te_that presented‘



| hereafter, but these authors did not apply their equations
to the numerical expression of” the properties of s1ngle
electrolytes and thus did not deal_w1th one of the principal
subjects of this paper. | | |

Hard Core Effects in Debye- Huckel Theorv

Traditional Debye Huckel theory of electrolyte

f_solutionsl’2 recognizes the distance of closest approach

a in the‘calculatlon of the electrostatic energy of the

-distribution of ions but ifgnorevs the kinétic effect of

-the hard core on the osmotic pressure or other properties

As Kirkwoodl4 among others, noted this hard core effect

cannot be treated rigorously by the traditional charging

.process methods of calculating free energy Van Rysselberghe

and Eisenbergls did add approximate hard-core terms to ‘the

'traditional Debye-Hiickel formulas, but the feature of o

-particular interest was lost in that approx1mation.
 Recently it has been shown®’18 that'there’are’

.. several equations which relate the intermolecular potential

and,the radial distribution function (also called thevpair

correlation function) to thermodynamic properties. _Each

.equation-will give the same set of thermOdynamic results

if the distribution function is ekact, but different results

arise from approximate distribution functions. The most



conVenient»equation for a hard-qore potential_is the
so-called "pressure” equation which yields the pressure

- of a pure fluid or the osmotic.presSure'of'afsolution.

S du, . ‘ ‘: -

n- _ckT = = %Z Yy ci.c . ,w C—=d &; 5 4nr3dr (12)
- I3ty er % -

Where I is the osmotic pressure, bi,cj,—--are concentrations
of species i,j,---, ¢ is the total solute concentration

Z:Ci’ uij is Fhe_lntermolecular_potentlal, andlgijvis the

radial diétributibﬁ function. The sums cover all solute

'species.”
We introduce the potential .
Yy Te s r<a - (13a)
. zgEge® | o
Yy ="pr » F22 | o - (18p)
and obtain
n - ckf'- e é c.z.Z © g (r)4nrdr
= 85 & 27 C1%3%1%; 8i5\r/%
T * J o
U2 .3 S -
+5 (na kT.)Z::sz: cy¢ giJ.(a) v ‘(,14)

Where the sécond tefm, involving g(a), the radial distribu--
tion function at the outer surfacevof contact, constitutes
the kinetic effect of the hard core. Note that we have

~assumed the same core size a for all species of ions but



different charges Zs5 zJ in accordance with Debye-HﬁckeI”

theory. The usual Debye-Hiickel distéﬁce'l/Kvis defined

k2 = g;g 2: 2% ¢y S | . (15)

and the function

z2.%7.€ -x (r - a) _
¢ - 1 ) e E
9 4(7) = T ay (?6)
Then  the radial distribution functions are given by
gij (r) = eXp [ q ij (r)]
~ 9 -4 1. s .
- l qij(r) + 2 qij(r) L . _ N - (17)

for ry a; 5 ,=’0 for r'.<-a, of course.: . |
o . In thevDebye-Hﬁckel treatment the'ehargel
v distribution is.approximated by the linear'term in (17).
Because of electrical neutrallty the flrst term makes
- no contribution while the thlrd term 11kew1se makes no
contrlbutlon to the charge distribution for_symmetrlcal
electrolytee and only a small contributieh_in.other cases.
| ' In contrast to the charge distribution, the
kinetic hard-core effect ariSes from the first and thirdl
terms with no contribution from the secoﬁd tefm Thﬁs:.
the three—term expression of equatioh (17) is, for many |
purposes, an optlmum approximatlon in v1ew of its self-

consistency with the linearized Poisson-Boltzmann equation.

-
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_ Since the theory is only approx1mate, however,”

- there 1s no reason why the exponential expressions for
"gij should‘not be used, if desired, endVCard ahd,Vallegusé
have found‘good agreement between such distribution
functions and their Monte Carlo calculations for 1-1
electrolytes up to about 1IM. ’ |

For our purposes it is preferablehto use the

three-term'expunSion of equation'(17) since. this allowsi
s1mpler mathematical expression of the results while
_ still prov1d1ng a good approximation whenever the general

Debye-Huckel solution is valid - The osmotic coefficient

is found, on this bas1s, to be

¢ -1 = S 1
= K te T3~ +{ (1 4 - (a8)
= 24ncKl + xa) [ 5 48n _(,02(1 + Ka)z) .

If all ions have charges i z this reduces to

-22 0%

' - 2na®  naztt?
p - 1 = ST xay t © + —— - (19)

Now x = (4n£)2 z c® and £ = e®/DkT as defined earlier.
In'equatiohs (18) and (19) the first term on the right arises
from the eleetrostatic energy and the second term from the

hard-core; each has interesting implications.

- -11- | : g



 This result for the electrostatic effects differs
.frem'the traditional Debye;Hﬁckel‘formulalelthough it
reduces te-the samellimiting law when xeleen.be neglected
as compared to unity. Such a differencelis not unexpecfed
since the distribution funetion is approximete‘ercept in
the 1imit of small x. In figure 2"weﬁconnare Eﬁé"aiﬁérﬁéﬁe
thermodynamic;eXpressions based on the DeB&élﬁﬁekel distribu-
' tlon function with the theoretlcally exact but numerlcally
cumbersome Monte Carlo" statlstlcal treatment8 of the same
molecular model (a = 4. 25A ‘aqueous solutlon at 25° C ). 'The
. new expression equatlon (19) agrees, w1th1n computatlonal
uncertainty, with the Monte Carlo results for concentratlons
up to'I';vO.SM. Substltutlon of the conventlonal_term for
the eleetrostatic effects causes a seriousldiscrepancy. It
is elso interesting that thisifheereticalieurve of equation
'(19) (er'the.Monte Carlo‘resulrs) fits the experimenfal:data
~ for HBr very well | j o
In view of the approx1matlons of the molecular
- model, hewever, we shall regard both expres81ons for the
thermodynemicheffect of the charge distribution as candidates

- for adoption on the basis of success in fitting ekperinentel

o dataa

_'”Of greater”interest'is hard-cord termlin'eQuations
(18) and (19). The first term wi'thin”the brackets, 2na®/3,

is independent of concentration and was considered by

_12-



SRR R N T < TR S S B A
Van Rysselberghe'and Eisenbergls.l The\second term within
the brackets, however, does depend through x, on the ionic
strength.of_the solution. Furthermore, this expression in
bracketa'varies With concentration in Just ‘the same manner
as was shown in figure i with an initially rapid decrease
from the value at zero concentration to a'smaller and
relatively constant value at high concentration

This decrease in the second virial coeff1c1ent
with ionic strength arises from a similar decrease in the
average radial distribution function-at.contact. Thus it
is important to note that the more rigorous statistical
treatment8 by the Monte Carlo method yields a qimilar
behav1or of ‘the radial distrlbution function at contact
Furthermore, the calculations of Ramanathan and Friedman7
on a model with a soft repu131ve potential show a Similar
decrease with increase in ionic strength in the average
radial distribution function at a comparahle radius.
' The Debye-Hlckel diStribution function was also

~ inserted in the so-called "compressibiiity"'equation of
-statistical mechanics.® The}reeult is.nuch more complex,
mathematically,‘although‘aimilar in qualitative behavior.
Hence itidoesﬂnot add anything useful for our present
purposes. v_ o B |
| 'nWhile the Debye-Hiickel treatmentfdoee not allow’
:the consideration of different ionic radii_within.the'eame;‘

solution, Wevcan compare the propertiesiof different

Ty



solutions, each of a single solute with a particular
radius sum. We consider the difference in osmotic
coefficient for symmetriCai'electrolytes with radius

sums a and a and ion charge z.
—h —= -

S T agars L LN
? ? -' T - zz(aa al)t - | 3 3‘ a
= . (1 + xazj(l + Kar) +.b(a2.- al)

RS
oIt

, . . . -' M - v‘ 2 ° -
4£2 (a2 al)(l K azal)
- 2

' \ 2 .2
_(lv+_xa2) (1 + gal)

Where tﬁeififét term‘inside the‘bracesdarises'from the..
electrostatlc effects and the second and tnlrd ‘terms from
the hard-core ef ects (1 €. the same order as 1n equation
(19)) The quantlty (o -9 )/c corresponds to the quantlty
(o - o )/m Wthh was shown in figure 1 and would be a
constant if the Guggenhelm equatlons were valld It 1is
apparent from equatlon (20) that 1t wlll yleld the same. .
qualitatire tehavior_as was snown in figure 1;_specifiCa11y,

the second term is constant, but both the first and third .

terms decrease from a finite value at zero concentration to _-

very smallfnalues as x increases.
The principal consequence of this section, is
to suggest that the properties of electrolyte solutions

can be expreSSed by an "electrostatic" term plus a virial

-14-
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coefficient series in which the'viriai coefficients may
be functions of the ionic strength of the solution. More
particularly?it is suggested that the'second viriai
coefficient will vary with 1onic strength in the pattern
indicated by figure 1 or equations (18) and (19) An
dlternate and probably 1mproved form 1is also-proposed‘
for the electxostatic" term s

General Equations

| Let.us now set up a system of eqdations for the
thermodynamic properties of.pure or mixed eiectrolytes in
rather general form. ‘We.will 1ater choose the exact form
for certain'functions by comparison with experimental data.
The totai.excess Gibbs energy’for a solution}containing
nw kg’of soiVent and ng,ny,....moles of solute species

1,3, ....18 taken to be

ex

G N
RT = Dy (1) + L 2: X (I) n,n,
RT n, i7y - ig
- E ' " n;n.n | f-j (21)
n 2 le J'k - :

Y13,k
‘Here £(I) is a function of ionic strength (also temperature
and solvent properties) expressing the effect of the_lOng-‘
range electrostatic_forces; f(I) may have the form of the
first term: of equation (6) or the similar form which can

be obtained by integration of equation (18);'Aij(I) is a

_15_



function of ionic strength with the qualitative behavior
indicated by figure 1 or the'second:term on the right in

- equation (18) or'(19).. The effect of short-range forces
between speéiésmi and J is,_or course; -the basis for xij(I).

We also include a term.for triple ion interaction which méy':ﬁ

' be signifiéant.atvhigh_cbnéentratibn=butyign0refén§”dépeﬁdéﬁggi’
on ionic strength. ‘We assume that tﬁe X'and'ﬁ'ﬁaﬁ%icgsg

Of Hj ik

are symmetric, i.e. xij = Kji’ etc.

The: equations for the act1v1ty and osmotlc :

‘coeffic1ents follow’from the approprlate derlvatlves of G

L 8Ge§43n
? - 1= - ———" "
e RT§:~HH
. 1 . o
(xe' - 1) 4 (A, + In. ) ‘m, my + 2 :E: m.m
S, :E: Mg T M i" i g™y Jmk
1 o . : o
i . |
' (22)
- l_.aGex
Inv; = 57 3n.
v 1
28 | 2% o
IR PETES S) DEFNERLIER Z L3k "
o Sk .
(23)
S 1 ' ,
where f :df/dI,-_,J&i'j = dlij/dIﬁ and m; = ni/nw, etc.
Combination of terms for the neutral electrolyte MQ 'x-U ,
. . »,‘M X‘. N .

yields for its activity coefficient

-16- ol |
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v, + Ly DX “M,Jk + Oy + Oy Z _PXJ’k mjmk ' : (24)
"_ J,k - ‘ J;k
In a solution of theﬂsingle electrolyte MX these equations

reduce to -

2 - .
M°x | )
+ S (DM“MMX + DX“MXX) (25)
A4 ' ]
l M XI ! m
n v = 5 f + {%DMDX (?XMX + IXMX)
+ 02 [2n -4 0 v2 . [2ae. + T, ‘
M | “Pum MM )t Px \“Pxx XX
9v. v. m3 _ S
MOx o
Ty (o Py * ®x *axx) (26)

=17~



where © = vy + V. ‘The terms for triple interactions
with all ione of the same sigp.(uMMM_and “XXX) have been
dropped in equations (25) and (26) and hereafter since-
they seem certain to be exceedingly small.

From equatlons (25) and (26) it 1s apparent

.. that the . propertles of 51ngle electrolytes are detevmlned

by the combinations: (2u Py Apens + ) and

MOx Mx tOM M T 0% Mxx
(uM Mo Ox uMix).fiA’similar but"much‘mqte cumbere6me
exemination of the equations for mixedtelectrolytes
indicates additionel observable combinations of the A and

" functions : "’I"h“e’*“f‘.ollowir;)g definitions of the more directly
oObservable quantities appear to be most cohveﬁient. Quanti-

ties appearing only for mixedtelectrolytes:érevdistinguished

by the use of Greekvinsteéd of Latin letteré._

B o v ! . . o . ’
] M _ 1 it » ] 1

Bx (I) = Mg + Thy + Zog (XMM +'D‘MM) ¥ §%§'(Xxx ¥ lex)

| | | : (27)

v . ”uf . o '

BMX.(t)»= 2y + Dyx + 3o (zxMM + IxMM) + Zo, (EAXX . IAXX)
" (28)

B;,’D( (I) = BcP (1) + %f B (x) dx o | - (29)

~18-



MX T N2 [ M P T Ox “me]
v, V. )¢ i
M X
Y o_ 2 AP
°mx = 2 mx
' z ' z
_ - _N_ M
v = ‘v T Zzg ‘v T Zzy Mn
as, . .. z.. .z
S PR I
MN dr MN 2z MM 22,
L M cay
Yy = BHvex i My - > "
MNX . “MNX zM' MMX ZN' NNX
“Also we define
o _1 (.0 _ ¢t
=3 (f T
‘v'_'lv '
tt=3f

- In these terms the propertles of the 51ngle

electrolyte take the s1mple form

In vy = leZXI Y+ m

: 0 .‘20 v,
P l=zyPyl £ 4 m

M X
)

-19_

MX

ZDMDX, 37
o) TMX

) BQ + m?

+ m® —

3

2(u \ 2
___~.__L_

3
Z(UMD )2

v

MX

R4

(30)

(31)

(32)

. (33)

(34)

(35)

(36)

- (37)

(38)



In the'cése of symmetrical electrolytes th¢~coéfficientéit
of mB and m2C reduce to unity; m is thé usual stoichometric
molality. |

The expressions for mixed eléctrolyfes become
somewhat cumbersome and we will restrict ourselveérét
this time tb:a few examples}r_Considef fir$t g€mixturé :
. of two ions Ofgoné sign M énd‘N;wiﬁhfa commop}idh'xiéfA

opposite sign but with unrestricted magnitudes of charge

o Zys Zys and zy. Electrical_neutralityffequires‘that
z. 1
M N
m, = |=—|m, + |=—| m
X 2y M zxx“.N

The osmotic coefficient for this solution is

¢ -1 =; ' V12® + mm B(p + m B(P
_ _ 1 (mM + my + mx) Ty Pvx NmX

v X 2 ~9
+ mymy (GMN + I8 ) + 2 m, s CMX
S |
| zx 2. ?
17X ‘2
Tlzy | M Cnx ,+ mMmme ¢’MNX} - (89)

and the ionic strength in this case is

N

Zx

m

N

I= L z..Z2-1 {1l + EM- m, + |z2,2 1 ;
e ‘M"XI 1Zx |y M I %y | {

_20..



If the two electro]ytes are symmetrlc this
expression can be readily expressed in terms of the
molality gmof the_common ionvand the solute mole fraction
y of NX. Thus for MX. - NX mixtures one obtains for the
two acﬁivity:COefficients'as well aS’the osmofic coefficient:

-1 = z2¢9 1-v)E® 4 vE® _V (6 16.
971 = 27 + m - (1-y)Byy + ¥Bx + ¥ (1-3) (O + IO))

+ m® {(1-y) Cink + vy * ¥ (l-y)wm} | o (40)
zn?mc - 27 m{BMX Y (Bcp " Byt GMN)
4y (1—y) IGMN} {CV + y T - Cix * '21"”MNX)
rEy (1-y) VMK | | S v_ o (41)

Anyyy = z2fY + m ng + (l-y)(B¢ - BEX'+ GMN)

+ y(l-y) Ieb'm} {c + (1-y) (c‘P - cf'\'}x 32L ""MNX)
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This formulation shows clearly the quentitieede and w'
which arise for mixtures in contrast to the dfher terms
which can be determined by the preperties of ﬁhe bﬁre MX»
and NX soiutions.' It 'is interesting thet S anddG' show
different comp051tlon dependence in equatlons \41) and
.(42) but the same dependence in (40)

‘ The mixture MX - NY where there 1s.no commen

ion yieids more complex equatlons.

P-1l = .Z.,f + m4y (_Yl y)(BMY +_BNX + GMN +__I®MN + -GXY, + IGNY)

2p®

. 2 _ 24 P 2 ~9
Ny tom .(l y)e ¢y + y2 ¢

' “oy2 R®
+(l.y) B “Mx “NY

x Y

. y'(i.-‘w(cg;x AR (19)° '(wm; “haxe)

+ 32 (1-y) (Yyqy + wNXY} | | | (43)
Invyy - 225" +hm (1-y®)B)y %\y (Oyn ¥'§X})
 '};+"3 (i?y)(BﬁY + Bl?}x. - 2B + ;e'llﬂv + IGXY;)
4+ yé ('.B&Y. - BS?IY' + By - Bjy + 2B}, _BI?IIY)

+ m® {(1—y)2 cye + v (1-y) (‘”MNX +“2//MXY: + O + Oy + C?V)IY) |

1.2, \ P P _
tZY (wMNY *¥nxy * Cwy t Oyt CNY) | (44)
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‘The erpressionffor lnyNY'may.bé obtained‘from that for
'EnyMX7by replacement_of M by N, X by Y, and y by (l-y)‘ R
'throughout'equation (44). Although the formulas for

this case are more.complex,bnoenew:quantities are
introduqed as comnared to.those for the'Set of solutions
with common_ions:v‘MXv- NX,_MY -ny; MX'-.MY, and NX = NY.
Hence -the measurement of the set of solutions with common
ions proyides all_the'parameters7needed_to calCulate the
PropertieSJOf thevmixture'without a comnon ion. Rellly
and Wood*®? discuss in greater detail the process of’
mlxing electrolytes W1th equatlons whose terms can be
related to those presented here We turn now to the use
of these equations for the numerical representatlon of
experlmental data.

Single Electrolytes

A comprehen31ve program is now underway for
the selection of optimum‘functions for f and Bij and
the evaluation of’conStants in Bij as'wellvas.CiJ.for
various electrolytes. At this time a few initial'results
will be reported show1ng the accuracy of agreement which
has already been obtained. The comprehen51ve tables of
osmotlc:coefflcients presented by Robinson and'Stokes2

provide the experimental data for this initial phase of

evaluation.
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Three functions were considered for_f¢, the

electrostatic term:

Y
e _ = 12
fouo = A n (45)
1 + bI?
¢ =2 -
foue = -A(p I1¢ o (bI®) (48)
® _ -5 LT S for bIZ & 2 L
£3 = .Aq)4, 1+ o | for bl <. 2.0 (47a)
, (1 +. bIa)
1o, 3 1
=" 34, (21/v) . for ®I® > 2.0 . . .. (47Db)
A - [2nN.d 2 Co
Loy o1 (0w T
qu =z A,?' =z ( 1565 ) L A , (48)

A_is the usual Debye- Huckel constant for the osmotic
.coeff1c1ent and all three forms reduce to the usual |
limiting 1ewrat small_;. The flrst form,~DHO for "Debyef
Hﬁckel?Osnotic", is that derived above, equetions_(lB)
and (19);.by use of_theADebye-HUCkel_radial:distrihution
functlon in the 'presSure" equetion of stétistical '
mechanics whlch ylelds the osmotic pressure dlrectly

The second form, DHC for "Debye-Huckel Charglng is the
familiar result obtained by 1n1t1ally calculatlng the
act;v1ty coefficient from a charging process and subsequent
conversion'by the Gibbs-Dukem equation to therosmotic

coefficient. The third form is one recommended by
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Glueckauf!”? which goes smoothiyvfrom the limiting law
_intova cube-root dependence on I at high concentration}

The parameter b is to be optimized sepérétély for each

form.
| . Two forms‘wére-tested for the second virial
doefficient-
9 _ (o) g(2)
BI.“'B + <
| (1 + aI2)?®

. o . 1
? _ alo) (1) _- oI®
BII'"ZB °“+ g 1/ e

The first form is suggested directly by equations (18)

‘and (19) while the second is considered becauée it is

an especially simple form having the samé'general

properties, namely: (a) finite Value'at Zerovionic'
; _ : 3

strength,_(b) rapid change linear in l? at low ionic

strength, and (c) smooth approach to a constant value

at high ionic strength. Although in principle all three

parametérs'a, B(O); and B(l)bmay be adjusted for each
solute, it was hoped that a might remain_the.same for

broad classes of electrolytes and that thgré would be

a systematic relationship between B(o) éhdfa(l). Inv_“‘

special cases, however, the form of BQ can be modified
or terms added without affecting the simple form for
most solutes. For this initial test the third viridl"

coefficient C¢ was omitted.

—25_
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"The six'possible combinations,of f¢ and B¢"
were tested systematically w1th the osmotic coefficient
values up to 2M for the thirteen electrolytes 1isted 1n
Table I, by varying-b and a independently but holding
each the sameifor all substances. The best generalVVl;
agreement was obtained for ngO and B?I with b = 1;2'J
and o =,2;O, in this case the over-all standard
deviation was 0.0015. The other combinations of fQ and
BY gave standard deviations about tWice as large and
'not s1gnif1cant1y differing one from another.

' Table I shows the values of B( ) and B( ) for
each substance with £P _ and BY

DHO IT ‘
dev1ations for each solute. Since osmotic'cOefficients are

equation‘and the "standard

ordinarily reported to,only 0.00l,;it is apparent that
the agfeement is well WithinAeXperimental'undertaintyﬂ”'
in most if not all, cases. | _

| ~With this choice of form of fcP and B® and ‘these
velues of b and a the third virial coefficient c? was
restored to equation (EH and data for several electrolytes
was fitted up to 6M ,The experimental‘data.are from *
Robinson and Stokes? with recent_revisionsffor NaNOs .and
KNOa.from Bezbofuah, Covington, and Robinson®®. The
results; given in Table II, show excellent agreement within
experimentsl errof. It is also.significant thatag(o) and "
5(1)'have notvchanged much with the addition of .the.third"
virial coefficient and the extension to more concentrated

solutions Thus the second virial coefficient expression
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appears to be weil established even thdugh its phySical
interpretatioh‘in terms ofvmolecular quantities is not
simple.' B | | _
| Lietzke and Stoughfonl?'fitted the osmotic
coeffiéient data fof several'electfélyteé'to,the'fodr
.constant_equatiOn éomprising the ¢bh&éntional Debyé-
;Hﬁckel"term ngC with adjustable‘distanCe=bf closeét
approach and second, third, and fourth virial co'effivcients,_
each taken as a constaﬁt. While thé reépeétive_calculatiohs
of Lietzke and Stdughtoh'and the presehfzresearch are not
Precisely comparable, the new results ¢f Table I with‘two'
adjustéble parameters for edCh substance fit the daté up
'to 2M as well or better than the earlier work with four
.adjustable constants fitted to data raﬁgihg up tol, |
concentrations from 3 to 6M. Likéwise»thé.results'in
Tablé'Ii‘with three adjustable-cdnstanté'compare favorably
with.thQse of the earlier equation using'fbur adjuStablé

constants.
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Table I

P.azl'ameters for Thermodyﬁamic Functions for

Dilute Aqueous Electrolytes at 25°C.
(b = 1.20, a = 2.00, é? = Q,Ifénée‘OfZM)

1

. Electrolyte _glo) o ﬁ}l):;¢ ° x_10°
-~ HCL 0.1802 . .2753 0.6
- Licl : L1575 - .2811 .8
. NaCl .0781 - .2659 T
k1 .0460  .2186 4
CsCl 0320 .0273 - 1.5
- NaNOs =~ .0059  .1714 7
NH4NOs -.0143 .1045 . 1.5

~ _RbNOa -.0663  -.0625 1.9
Ca(Cl04)2 5789  2.5883 1.1
MgClz L4869 2.1062 3.3
caClz 4162  2.2324 . 1.6
'Naz2Cro4 .1186 1.8765 2.1
Na2S04 .0428 1.3491 1.6
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Table II

Parameters for Thermodynamic Functions‘for Aqueous
~Electrolytes at 25°C from O-6M.-
(b = 1.20, a = 2.00 throughout)

 EBlectrolyte _plo) _gl3) c® _ ox10°
HC1 0.18352  0.25503 —oﬁ00059:'. 1.7

NaCl 07670  .26495 + .00122  .T

KC1 .04827  .20887 - .00082 .4
CsCl .03449 .01536' - .00049 1.5
NaNOs  .00661  .17964 - .00067 1.4

~ KNOa -.08155  .04939  + .00660 1.2
RbNOs -.07885 -.01736 + .00528 1.0
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o
‘More definitive results for l-lvand 1-2

electrolytes as well as calculations fordhigher
valence types will be presented in a subsequent“paper.

' Comparison of the B(°) and B(l) values in
Table I shows a generally parallel trend ‘but substantial
individual variation. In order to understand the
difference.between_ﬁ( o) and'B(.) 1t is:desirable to
consider the relative values of the radial distribution
functions at contact for hard cores. Figure 3 shows
(a)‘and g. (a) = g_ (a) as a function of‘concentration
from the Monte Carlo calculatlons of Card and ValleauBa |
which were for a 1-1 aqueous electrolyte w1th a % 4. 254,
The results of Ramanathan and Frledman for soft core
models show the same general trend but are not as dlrectly
interpretable. The curves on figure 3 show clearly that
the short range interaction of unlihe charged ions_becomes
relatively much more important at low ionic’strength At
hlgh ionic strength the short range 1nteractlons are welghted
'approx1mately 3 5 to l for unlike and. llke charged ions,
respectively. This ratio increases to more than 10 to 1
at low ionic strength. Since it is the sum of short range
interaction effects in equations (27) and (28) which con-
stltute the BQ and By functions, it is clear that the

principal contribution to 6( 1) will come from the short

range interactlon of unlike charged 1ons.whlle the
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ipteractiohs of like and unlike charged ions will both
contrlbqte-to 5(0) in a propoftioh givenlby the magnitudes
of g+_(a),'g;+(a) and gl (a) at highFCOhoentration' With
multiply charged 1ons the short range 1nteractlon of like-
charged ions will be less 1mportant,_of course, and may be
negligible even for B( ) o |
It is apparent from Table I that the ratio of
B(l)_to B( ),for 2-1 electrolytes is much greater than
for 1-1 solutes. This is in geperal acoord with equation
(18):where the two terms in the bracketsocorrespond to
the two terms in B®. In the limit of zero concentration
the ratio of the second term to the first. is (32/2a2) for
1-1 electrolytes and (2£2/a2) for 2- l solutes Since
>3'=‘7:1A.and a is frequently near 4k, ratios near\l.s and
6 would be plausible for B(l)/B(o) for 1—1'énd‘2-1 solutes,
respeotiVely. While the values in Table I show too much
fariability to give much meaning to this oomparison,
nevertheless it seems likely .that this increase in B(l)
as compared to B(o) arises from the increased ionic
charge as it affects the last term in equation (18):
- Since the electrostatic interacthn fonction b
was pot.changed for individual solutes, the BQ function
also lhcludes a correction to f for the effective distance
of closest approach. Equation (20) and the aocompaoying.

discussion desoribe this correction which will contribote
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to both 8(°) ang a(l). If the effective distance of
closest approach for a particular solute is less than
that implied in f, this contrlbutlon to 6( ) and B( )
will be negative. Hence the small negatlve values in
Table l are understandable.. | |

In. conclusioh of this section the chosen forms
of f and B are summarized for excess GlbbS energy and
act1v1ty coeff1c1ent as well as osmotic coeff1c1ent
.The subscrlpts are cmitted since the.alternate forms

will not be used further.

: 1 : . _ ,
® _ _p __I* ' | |
£ = -4, — L | (51)
1+ bI?
, 1 N AR
Y=y |5+ £ (1 5 EE - (s2)
- L1+ b | B
£GX = A, %}) fn (1 + bI2) - | . -~ (53)
BCP = B(O) + B( ) 2 (54)
(o) , 2p(2) ~ar? 1o -
5 : l-e (1 + 012 -5 a®I) (55)
azl L& - ;
ox _ (o) , 28(3) - 3
BY" = g9/ 4 . l-e (1 + a1®)| (56)
a“I
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| The superscript "Gx" indicates the form for the excess

Gibbs energy; the value b = 1.2 has been selected for use

with all substances at 25°C ipjaqueous solution; also

e

the value a = 2.0 was found: {-

k%3

'be.satisfaotory for the

1-1 and 2- l electrolytes 1istdd 1n Table l but a may be -
adJusted for each substance if desired.

Mixed Electrolytes

“The thermodynamic treatment of isopiestic data
for mixed electrolytes has been simplified considerably
byvthe,use of equationsbwhich clearly distinguish the
~effects of mixing from those of the pure‘components..bThis
is‘further facilitated by anelytical eqnations representing
accuratelj the properties of the pure oomponents. Recent
papers of Rush, Scatchard, and otherst¥?1e offer excellent
illustfetions. For mixirng selutions of eqnal ionic strength
with a common ion, equations (40) to (42)'show r‘learly that
.any non-linear effect arises only from 1nteractions of . ions

, MN
with one ion of the opposite sign in wMNX" The linear terms

of the same sign either as pairs in © or.in combination

for the ectivity coefficient (but not the osmotic coefficient)

also include © and wMNX as well as funotions for_the pure

MN
components.

. It is desirable to estimate theoretically the
expected dependence of GMN on ionic strength. Equation

(32) shows that this term is a difference in second virial

coefficients for ions of the same sign. Figure 3 shows
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-that~g' lrises from a very‘small value at’zero concentration

to a value somewhat larger but still much less than unlty at

high ion1c strength Thu:: :~c expect GMN to increase from a

‘smaller value at Zero conteutlation to a relatlvely constant.

p

value at high concentration. _

The best test of this pictureris the'extensive
arrayﬂof galvanic cell measurements whiChlyield the activity
coefficient of HCL in mixtures with LiiCl,l" NaCl,’_KCl, and
CsCl. Harned and Owen! summarize this'work and express the

results in terms of coefficients a and d21 which are

given in oursterminology by the eQuations:(Where.y is the

solute fraction MC1)

EnyHC1>= ﬂnngl - 2.303'@#2 my ‘ ;‘ _ o (57a)

B2

Inyyo, = fovgy 2303 a_ m (1-y)  (57b)

Here ngl and yﬁCl are the act1v1ty coeff1c1ents of the

pure electrolytes at the molallty m.
| Comparison of equations (57)5With'(38) (41)

and (42) indicates consistency prov1ded ‘the terms my(l - y)

]
Oy

and-% m®y (1 -y) wMNX may be neglected On that
basiS-one obtains o

... m. __2.303 R -
gH,M, *t 2 #/H,M,Cl - -2 (alz 4 a21) V ' - (s8)
P _ AP _ '.2..303 - v__". N

BHCl Bicy * (CHCl CMCl) =% (o, ma,) (59)
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»Figure 4 shows the values OfdGH;MI+ (m/2) wH,M,Cl
obtained from.Harned and Owen with the_size,of tne circles
indicating their estimates of experimental_error; Since the
second term will be negligible in diluteasolutions,'we may
1nterpretpthe curves below 1M with respeCtptovGH;M. ’Itvis
clear that the general nature ofvthese-curves corresponds
to the argument given above; the decrease in 6 at low
'concentratlon corresponds to the decrease in radlal dlstrl-
bution function at hard-core contact for-pairs,of jons of
like sign‘ |

In the more concentrated solutlons the slope of
~the curve. for €CsC1-HC1 1ndlcates a 51gn1f1cant value of
wH,Cs,Cl’:.For the other curves the correspondlng'term
is"very.small. | | o

| Cne can also compare, in accordance w1th equatlon'

(59) our BQ values with the differences (a 1o - & ) from |
Harned and Owen. The_agreement is satlsfactory for tne »
rconstants‘of Table I (through 2M) or thoselof_Table IT.

- Since we find GH,M to vary with:ionic,strength,
GH M cannot be zero. The resulting non-linear term in
equation_(4l)‘is, however, very small and within experimental
error at 0.1IM. This effect might have been detected at |
higher'concentrations, especially in HCl‘CsCl solutions,
but the appropriate measurements were not made. Hence

there is no -conflict between our interpretation and available

data.
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. We consider next the change in osmotic coefficient
for mixtures MX-NX with a common ion. From equations (37)
and (40) one obtains -

- o ,
Lo =y (1 - y) m (GMN + 1GMN +m wMNX); ' - (60)

It is of interesf to conSidgf;a series. of systems
‘with the same pair of'ions_of like sign, M-and N, but withv
differeht'commonvidns X,_X',;etcw In this situation the
vé&N term ﬁust be the same thrdughout_buf ¢MNX"will differ
with X. We considered the series NaCl;K01; NaBr-KBr, ahd
NaNO3~-KNOs for which osmotic coefficients’héve been measured
5y seVerél investigators#sh“”?lvlt is found, however, that
the bfb&ideé differ le) slightly from the thbrides that little
is.géined.by their inclusion. The data\fqr the chlorides
and nitrates‘are shown in the middle ofvfigure 5. Actuélly
»-fhefé”are many points for the systeﬁ NaCl-KCl; the two
shown define the straight line which rébresents all the
| points quite well. )

‘It is apparent from figure 5 that the data'for
s&stemé'ﬁith a common ion can.be represented by straight
lineé. ‘But there is so little informatioh‘at concentration
.beldwflM that one cannot determine whethef there is curvature
in théf région. In view of the theory and the data on the
HCI-MCi systems given above Qne.would exﬁect curvature
toward Zero-in A, ih»thevdiluté region. Since the values

of [A@m/my(l - y)] for mixtures with a common ion are small,
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this uncertainty from possible curvaturéfin the diluté_
region islalso small and we can omit the terms in © -
from osmotic’coéfficient treatments until éuch time as
improvéd experimentél acduraéy Justifiés their inclusion.

On thig basis we find GNa,K = -O olz, GCl NO = f0.0lG,

¥na,k,c1 = ~0-0018, ¥y, x wo, = "0-012, -

¥Na,C1,N0s = VK,C1,N05 = ~O+0060.

| These values determined from the mixtures with
a commoh'ion suffice, when cémbihed with values from
Table.II for the pure electrolytes, to éalculate Mg, for
‘the'mixtures without common ion. The equation for;mixihg
MX with NY, whiéh follows from (43)_and,(37) and with the

o .
omission of O , is

'AQ

m _ m / iv_ Oy
my (1 - y) - [GMN * %y 2 (Vi t wMNY * Uaxy +NXY)]
P P - n? [ ~® ¢ _ - 9
[BMY +8Y - BY -BY + mchY vl - C )]

It is:notable that all terms in thelfirst‘braékets remain
unchanged if M and N (or X and Y) are interchanged Whereas
all terms in the second brackets change 51gn ’Thus ﬁhe
sum of [ Ag /my(l - y)] for mixing MX NY and for NX - MY

is just twice the first brackets and is exactly the sum

of the four corresponding quantities for the mixing processes

- with a common ion. This'last equality is'just the cross-
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‘square rulé of Young, Wu and Krawetz,azvalthough it is
‘more commonly applied to heats or Gibbs éﬁergiés of mixing.
| Figure 5‘shows the expérimentéi:values of A¢m‘
- for mixing NaCl - KNOs and KC1 - NaNOa toéether with the
curveé calculated from equation (61).- Therfit for the
NaCl - KNOs system is almost'perfect; For'the KCl»- NaNOa.
mixtures the agreément is less perfect but appears to be
within experimental uncertainty. If the data for the
mixtureS‘without a common ion had beenuiﬁCIuded in an
adjuStmenf'of all parameters, a better fit would doubtless
‘be possible, but it seems preferable in most cases;‘éhd
much easier; to evaluate parameters from.the simplesﬁ_
systems'tb'which they are related. -

*  The agreement showh'on figure 5 éuggesﬁs that
- the cross-square rulé'is satisfiéd'for;this system whereas
' Bezboruah, Covington, and Robinson® concludedvthét the
'differénce probably eXceeded_expefimentai.error. These
authors did not comparé'the'A¢ of mixing quaﬁtities directly
but rather calculated AG of mixing instead. This calculation
of AG involvéé thé integral of (A@m,/m)vdm ffom zero to the
" molality vainterest. It is evident ffom figure 5 the
curves we‘predict in the very dilute regién are quite
different from the lines one might draw‘thfough thé_ppints
without-reference to other infofmation. "Application of

the cross-square condition directly to Awm avoids this
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difficulty andlappeafs to me'to yield_sgfeement within
the uneertainty of ‘experiments. It sheuld}be emphasized
that our preSent:approacn-andiequation (61) predict much
more than the cross-square»ruie;‘they:predict the two \_
_indiVidual'curVes for the systems withoﬁt a common_ion
instead of predicting only their sum,

Although the point23 has been made prev1ously
that_én ion pair interaction quantity sQCh as.GMN must
be the seme fegardlessvof'the ion of oppbsite sign, most
experimentsl data have been interpreted without eonsidering
this iimitation. An exception is the vefy’recent work. of
Scatchafd, Rush, and Johnsoﬁ;¥ where_it is shown that this
limitation can be impesed without diffieulty.fer the various
mixed electfolytes fcrmed from NaCl, NazSOs, MgClz, and
MgS0s4. This point nas also recognized by5Woed‘and Smith®*
in.making their very'convincing case that the heat’er n
mixing ofnl-l electrolytes with'abcommdn lon arises
primarilyifrom'differences in the interaetion of pairs
of ions of the same sign and consequently»dispnoves
Bronsted!s principle of-SpecifiC'ion'interaction.

| | Summary |

It 1s shown from an 1mproved statlstical treatment _
based upon the Debye Hlickel ion distribution function that
the effect of short-range forces between pairs of ions, i.e.
the second virial coefficient, should depend also on the

ionic strength. Numerical calculations on more realistic
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models confirm this general effect in'which second virial
coeffiCients for pure electrolytes decrease rapidly with
increase in ionic strength in the very dilute region yet
becomeﬁnearly constant at higher concentrations. This
pattern’cf behavior was known experimentally and seemed
.puzzlingvherefofore. | | L

| - By including the approprlate.lonlc strength
dependence in the second virial coefflclents a relatively
simple system of equations for the thermodynamic properties
of'electrolytes is developedwwhich appearslto represent“
experimentalwbehavior to much higher ccncentrétibn.than
any previous system of comparable complexity. Numerical
parameters and- comparisons with experimental data ‘are |
presented for the osmotic coeff1c1ents.of,several'pure
electrolytes, for the activityvcoefficients of a series
of mixtures HC1-MC1, and for the osmotic coefficient for
all possible mixtures df sodium and potdssium'chlorides
and nitrates. A much more extensive.treatment of many
particuler,systems is in progress, and it is expected
that a very’conpact summary . can be giVenddf‘the eXtensive‘
array of-eXperimental=information'on equecus electrolyfes.

I wish to thank Mr. Guillermo Mayorga for carrying

out some of the numerical calculations. This research was - .

sponsored by the U.S. Atomic Energy Commission.
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Figure Captions

Figure‘l; The difference in osmotic coeffieient of
seveiai electrolytes from that of RbNOs.

Figure 2. The osmotie coefficieht for the.Debye-HHckel
model (a = 4.25A, aqueous solution at 25°C.): the
solid circles are calculated va1ues byféhe‘Monte Carlo
method®?, the solid cdrﬁe is from tﬁe present theory
with equation (19), the dashed curve: differs from the
solid curve by substltutlng the conventlonal D-H
expre331on for the electrostatlc energy for the correspond—
ing term 1n equaulon (19); the triangles are experimental
values for HBr ' | |

‘Flgure 3. The radial distribﬁtiOn functioﬁ at hard-core
contact as a functlon of 1onlc strength from Monte Cazlo
calculations®2. | V ”

Figure 4; -The"parameter.fOr the difference in short-range

interactions of llke charged ions as, a. functlon of molality.

Data from Harned end Owen? ,.the sizes of the c1rcles show
‘their:eetimafes'of eXxperimental error.

Figure 5. The difference in osmotic cbefficientvof mixed
electrolytes from pure components at the same ionic
strength. The curves for NaCl-KNOs and KC1-NaNOs are

. calculated by.eqdation (61) with parameters from pure

_electrolytes and mixtures with a common ion.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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