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In this paper we describe the design and operating characteristics of a computer-
controlled four-roll mill for investigations of particle and drop dynamics in two-
dimensional linear flows. The control system is based upon the use of: a video camera
to visualize the instantaneous position of the drop or particle; a PDP 11/23 computer,
with a pipeline processor acting as an interface between the camera and computer,
to calculate the position and implement a control strategy, and d.c. stepping motors
to convert an electronic signal to angular velocities of the four rollers. The control
objective is to keep the centre of mass of the drop/particle at the centre of the region
between the rollers where there is a stagnation point in the undisturbed flow, while
maintaining the shear-rate and the ratio of vorticity to strain rate in the flow at fixed
values. The resulting system is suitable for studies of : the rotational motions of single
solid particles; the deformation and burst of single droplets; or the hydrodynamic
interactions of two particles or drops, one of which is held with its centre-of-mass
fixed at the stagnation point of the undisturbed flow. In all cases, the flow can be
varied from pure rotation to pure strain, and the shear rate can be either steady or
changing as a prescribed function of time.

1. Introduction

There are many circumstances in which it would be of interest to investigate
experimentally the dynamics of small particles or drops in a viscous fluid which is
undergoing a linear flow. Specifically, in suspensions, emulsions and other multiphase
fluids, the lengthscale characteristic of the dispersed or particulate phase is often small
compared with that characteristic of the flow as a whole so that the motion can be
approximated locally (i.e. on the particulate scale) as linear. In that context, it is
basically the rotation, deformation and interactions of particles or drops that are of
primary interest. A key feature of particle or droplet motion is that it is expected
to depend critically upon the relative magnitudes of the vorticity and strain rates
of the undisturbed motion; for example, the behaviour of viscous drops is known to
be profoundly different in a hyperbolic straining flow (for which the vorticity is zero),
and a simple shear flow with the same magnitude of the velocity gradient. Thus, there
is a strong motivation to investigate particle and drop dynamics in a wide variety
of linear flows, representing the spectrum from purely rotational flows, on the one
hand, to purely extensional (or straining) flows on the other.

An experimental apparatus that appears ideally suited to studies of this type is
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the so-called ‘four-roll mill’, a device invented in the 1930s (Taylor 1934), for studies
of drop deformation and burst in two-dimensional, pure straining flows. This device
produces a very good approximation to a linear flow in the region between the four
rollers, and it allows the magnitude of the rate-of-strain tensor to be arbitrarily
selected relative to the vorticity (Giesekus 1962) by various combinations of roller
speed and direction. Furthermore, there is a stagnation point located centrally
between the rollers for any of the possible flows. Thus, in principle, the particle or
drop of interest will remain at a fixed position in the device, even if the flow is
time-dependent. Potentially, then, the four-roll mill could be used to study such
problems as the deformation of drops or deformable particles in steady or time-
dependent, two-dimensional flows with an arbitrary ratio of strain rate to vorticity;
the rotational motion of a rigid, non-spherical particle under the same circumstances;
the deformation or breakup of ‘flocs’ of many particles held together by weakly
attractive physico-chemical forces; or the hydrodynamic interaction (including
‘capture’) between two particles, two drops, or a particle and a drop by placing one
at the stagnation point of the flow while the other moves through the device.
Unfortunately, however, implementation of such studies has been severely restricted
because the stagnation point of the flow is not a stable equilibrium position for a
particle or drop; indeed, the experimental difficulty of maintaining a drop or particle
at a fixed position for observation has greatly inhibited (or in some cases prevented
altogether) the use of the four-roll mill for this type of investigation. The primary
application has been to studies of drop deformation and burst by Taylor (1934), and
subsequent investigators (Rumscheidt & Mason 1961; Grace 1971). However, these
studies have been restricted to pure straining motion since it is only in this case that
approximate manual control of drop position is possible, and even then the achievable
velocity gradients were very small and the flow resulting from the ‘control’ process
was highly unsteady.

In this paper we describe a unique, new implementation of the four-roll mill in
which automatic, computer-control of the flow device is used to maintain a particle
or drop at the stagnation point for all the spectrum of possible flow types, including
both steady and time-dependent flows, with minimal disruption of the flow. Our
immediate goal in designing and building this device was an experimental investigation
of the deformation and burst of a single viscous drop in a second, immiscible
Newtonian fluid. However, the resulting apparatus is suitable, with minor modifica-
tion, to all of the problems that were described above (as well, presumably, of others
which we have not thought about).

Three difficulties are encountered in automating the control of a drop or particle.
The first is the difficulty in accurately locating the position of the drop (which must be
done non-invasively), the second is the calculation of the roller speeds required to
adjust the flow field to maintain the drop near the device centre (which requires a
digital computer), and the third is the implementation of these required motor speeds.
We were able to solve the first problem by interfacing a digital video camera to a
laboratory computer to sense the drop position. The computer was used to perform
the roller-speed calculations, and was also interfaced to four independent stepping
motors to effect the roller speeds thus calculated. The technology in both digital
imaging and laboratory computers has only recently become economical enough to
make this feedback control scheme feasible. In many ways our device resembles a
robotic system in which the video camera provides the eye and the digital computer
the brain. Indeed, in designing the video-camera/computer-based control system, we
have utilized image-processing technology from the robotics programme at the Jet
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F1cure 1. Schematic of four-roll mill (top view).

Propulsion Laboratory to develop an interface for reducing the data stream from the
video camera to a size that is compatible with the use of a relatively small laboratory
computer (a PDP 11/23).

Using the computer-controlled, four-roll mill, we were able to investigate drop
deformation and burst over a wide range of capillary number, viscosity ratio, and
strain-to-vorticity ratio. Data were obtained for flows which had not previously been
investigated, and data of improved quality were obtained for pure straining flows
which had been studied by previous investigators using manual control of the four-roll
mill. An extensive discussion of these results and comparisons with several theories
for drop deformation and burst is presented in the second paper in this series (Bentley
& Leal 1986, henceforth referred to as II). In the present paper, we focus on the design
of the apparatus and the implementation of the feedback control scheme.

2. Apparatus

A schematic of the four-roll mill is shown in figure 1. This shows a top view of four
cylindrical rollers which are immersed in a fluid bath. The rollers are rotated to
produce a flow field in which the velocity gradient is essentially constant near the
device centre. For example, a vorticity-free two-dimensional flow is produced by
turning all four rollers at the same speed, but with rollers 2 and 4 in the opposite
direction from rollers 1 and 3, as illustrated in figure 1.

As mentioned above, the four-roll mill is capable of producing two-dimensional
flows with an arbitrary strain-rate-to-vorticity ratio. This is accomplished by varying
the ratio of the speeds of the crosswise pairs of rollers (i.e. the speeds of rollers 2 and
4 in figure 1 relative to those of rollers 1 and 3). The velocity-gradient tensor near
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the device centre, in a region of dimensions comparable to the gap between the
rollers, can be approximated by:

14+a 1—a 0
Vu=1iGl—-1+a —1—-a O (1)
0 0 0

in the Cartesian coordinates of figure 1 (Fuller & Leal 1981). The flow parameter, «,
is a measure of the relative strength of the straining motion and vorticity in the flow.
It has been reported to be nearly equal to the negative of the ratio of roller speeds
2 and 4 relative to 1 and 3 (Giesekus 1962; Fuller & Leal 1981), and ranges in value
from —1, corresponding to purely rotational flow, to +1, corresponding to pure
straining motion. The intermediate value, & = 0, represents simple shear flow. The
ratio of the magnitude of the rate of strain tensor to that of the vorticity can be
expressed as:

magnitude of strain rate 1+«

magnitude of vorticity 1—a’

(2)
In the coordinate system of figure 1, the velocity (u,v, w) is given by
u=30[(1+a)z+(1-a)y]l, v=40[(-1+a)z+(—1-a)y], w=0, 3)

with streamlines given by:
(@ +y)—afz—y)* = c. (4)

Streamlines for several choices of positive a are shown in figure 2 of 1I. These are
hyperbolas, symmetric about 6 = +1in with asymptotes at 6 = cos™![(11tat)/
(2(1+a))]. The principal axes of the rate-of-strain tensor, }{Vu+ (Vu)T], are at 6 = 0
and 8 = ir, corresponding to the maxima in extension and compression, respectively.
Flows with positive « (so-called strong flows) are of primary interest in the drop
deformation and burst problem since the magnitude of the straining rate exceeds the
vorticity for @ > 0, and these flows are thus effective in producing appreciable
deformation and burst of drops.

The shear rate at the centre of the device, ¢, was found here and in previous studies
of the four-roll mill (Giesekus 1962; Fuller & Leal 1981) to be directly proportional
to the speed of the faster pair of rollers, with the constant of proportionality
dependent on the geometry of the four-roll mill, but independent of the flow type.
The relationship between the roller speeds, flow type, and shear rate for the four-roll
mill used in the present study is discussed in §4.

The difficulty in controlling the drop position in the four-roll mill can be understood
from an inspection of (3), above. In strong flows, there is one stagnation point (at
the origin), and it is clearly desirable to position the drop there for ease of observation.
However, the stagnation point for the flow field of (3) with & > 0 is a highly unstable
equilibrium position for the drop, as we can easily demonstrate by the following
argument. Let us suppose, for simplicity, that a drop will follow the path of a fluid
element. Since the velocity gradient (1) is independent of position, the velocity at
a point x is given by u = Vu* x, and thus the drop trajectory can be found by solving
the linear system:

= =Vux. (5)
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For a > 0, this linear system has non-trivial eigenvalues and eigenvectors:
Ap =106k, £ ,=[(1%ad)/ 2+ 1)} (—1xad)/2@+1)), 0)]. (6)

The presence of the positive eigenvalue indicates that if a drop is initially placed at
the origin in a strong flow, any disturbance in its position with a component in the
direction of the corresponding eigenvector will grow exponentially. Thus, a drop or
particle tends to be carried from the stagnation point in the direction of this
eigenvector of the velocity gradient tensor. These eigenvectors correspond to the
linear exit streamlines which can be seen in figure 2 of 11. For purely extensional flow,
a = 1, the exit streamline is along the z-axis, while for flows with & = 0.8, 0.6, 0.4,
and 0.2, the exit streamlines are at 8, = —3.2°, —7.2°, —12.7°, and —20.9° from the
x-axis, respectively.

Approximate manual control of the drop position is possible in pure straining flow
(¢ = 1) because in this particular flow the eigenvectors of (5) are at right-angles to
the roller geometry. Thus to keep the drop near the device centre, it is sufficient to
adjust the speeds of the left pair of rollers (2 and 3 in figure 1) relative to those of
the right pair (1 and 4). Even so, this is a difficult task, and all researchers (Taylor
1934 ; Rumscheidt & Mason 1961 ; Grace 1971) reported problems in keeping the drop
at the centre of the apparatus, which limited the useful shear rate range of their
apparatus and appears to have resulted in data of only fair reproducibility (due in
part to the strong transients introduced into the flow by the manual control process).

While the control problem in pure straining motion is the most severe in the sense
that at a given @G, the speed at which the drop moves away from the stagnation point
is greatest (the eigenvalue in (6) is largest), it is less complicated than controlling the
drop in a flow with 0 < & < 1, because there is only one parameter which must be
varied, i.e. the ratio between the speeds of the left and right roller pairs. In the general
case, the speed of each roller must be independently varied, a task requiring
calculations and coordination beyond the capabilities of an operator. Our interest in
the intermediate flow cases was part of the motivation behind the development of
the computer controlled four-roll mill.

3. Four-roll mill design
3.1. Flow device

In the four-roll mill, the flow is well-represented by (1) in a square of dimensions
comparable to the width of the gap between adjacent rollers. To accommodate highly
deformed drops, we chose 2.54 cm for the gap width, which is sufficient to allow a
draw ratio (length of the deformed drop divided by the undeformed drop diameter)
of 25 for a drop with an undeformed diameter of 1 mm, which we felt was the smallest
size that would be practical for direct visual observation. The length of the rollers
was chosen at 15.5 em, which proved sufficient to minimize end effects for most of
the depth. The dimensions of the tank containing the suspending fluid were fixed at
49.5 cm square by 17.5 cm deep. The depth of the tank was adequate to completely
immerse the rollers.

The geometry of the device was made adjustable by mounting the rollers on arms
which were attached to the base at 45° to the tank. Thus, the ratio of roller spacing
to roller radius could be changed by moving the rollers in or out along these 45° arms.
For purposes of our experiments, the roller spacing to roller radius ratio, b/r, (see
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figure 1) was fixed at 1.25, a value which results in a good match between the desired
hyperbolic streamlines (for @ = 1) and the cylindrical roller surface.

The rollers were driven by d.c. stepping motors (Superior Electric M093-FD 301
motors driven by Superior Electric TM600 translator modules). They could be
accurately controlled from 250 steps/second to 10000 steps/second, with each step
corresponding to 3i; of a shaft revolution in full step mode or i}; revolution in half
step mode. Typically, the motors were used in half step mode and geared down by
a factor of 60:1 using 64 pitch double threaded worm gears. This yielded a usable
shear rate range of 0.05 s71 to 2.0 81, which proved adequate for our experiments.
Other gears with a reduction ratio of 20:1 were also purchased for situations where
higher shear rates were required. The motors were mounted on rubber and coupled
to the shafts using rubber couplings to minimize vibrations.

To minimize the influence of the bottom of the tank, the suspending fluid was
floated on a thin layer of mercury. The large density difference between the test fluid
and the mercury kept the deformation of the interface between the two insignificant.
Since the control scheme depended on backlighting the drop, a small (4 cm
square X 0.64 cm thick) Plexiglas window was glued to the bottom of the tank,
protruding above the mercury layer about 2 mm. The edges of the window were
concave to conform to the hyperbolic flow field (a = 1), and it was aligned with its
corners pointing along the x- and y-axes. A similarly shaped but somewhat larger piece
of Plexiglas was suspended several millimetres into the fluid from the top surface,
which was otherwise open. This was necessary to allow lighting from the top without
the distortion which would have resulted from the deformation of a free surface. A
slight secondary flow remained despite the mercury layer, with flow upward near the
top surface and downward near the bottom. Also, the drop and suspending fluid
densities could not be exactly matched, so there was also some vertical motion of
the drop due to sedimentation. Neither of these problems proved serious, and it was
found that for the shear rates needed for the experiments, the drop could be kept
in the central 8 cm in the vertical direction for up to 15 minutes, which proved to
be adequate for the experiment.

3.2. Lighting and photography

The illumination of the flow field was very important to the success of the experiment,
since high contrast was required for the imaging process to successfully differentiate
between the drop and the background. The central portion of the flow field was
illuminated by a collimated beam of light from a point source (Oriel Model 6340).
The beam of light, collimated with a 75 mm lens, was passed through the flow field
and converged onto the light sensitive array of the video camera using a 105 mm lens
and an 80 mm microscope objective. This technique yielded a shadowgraph image,
quite sensitive to refractive index differences in the field. The drops thus showed up
as dark in the bright background.

In order to take pictures of the drop simultaneously with video and still cameras,
a cubic beam splitter, 3.8 cm on a side, was inserted above the focusing lens of the
video camera, and the still camera mounted at 90° from the vertical axis. Both
cameras were initially focused on the same point in the flow field, and subsequent
focusing during the course of the experiment was accomplished by moving both
cameras and the beam splitter vertically as a unit, using a motorized measuring
microscope mount specifically adapted for this purpose. The still camera was a Canon
A-1 with Macro Lens FD200mm f/4.0 and 50 mm extension tube, yielding a
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magnification of 1.34 life size with a working distance of about 40 cm. Kodak Tri-X
Pan 400 ASA film was used with an f-stop of 4.0 and an exposure time of 5 or 35 second.

3.3. Camera—computer interface

The video camera used in the experiments was a General Electric model TN2500, a
solid-state charge injection device (CID) closed-circuit television camera. The sensor
in the camera is an array of 248 x 244 discrete picture elements, or pixels. These are
sequentially scanned by the circuitry in the camera, which produces two outputs, an
analog signal in standard broadcast format, which was directed to a video monitor,
and an eight-bit digital representation of the intensity of light at each pixel as it is
scanned. A difficulty in effecting control based on a video image is the sheer volume
of information in a single image. For example, with the camera we used, each pixel
in the field is scanned 60 times each second, resulting in a data rate of 3.36 million
bytes per second. This is far faster than can be handled by the current generation
of laboratory minicomputers such as the Digital Equipment Corporation PDP 11/23
used in our experiment, even using direct memory access (DMA) transfer. Fortunately,
in our case, the signal processing required was extremely simple. Since we were
concerned only with the position of the centre of mass of a single drop in the flow,
and the lighting could be arranged so that there was high contrast between the drop
and the background, it was sufficient to ‘threshold’ the video signal. This was done
in a pipelined manner using a specially designed interface, which compared the
incoming intensity to a programmable threshold, yielding a ‘one’ where the intensity
was below the threshold and a ‘zero’ where the intensity was above this threshold.
The incoming data were thus reduced to one output bit for each eight-bit input. Those
were assembled into 16-bit words and sent in parallel through a direct memory access
interface to the computer. This reduced the net data rate to 0.453 MHz, which is just
within the limits of the PDP 11/23. The thresholded picture was also made available
from the interface in broadcast format, so that it could be displayed on a second video
monitor. This was invaluable in setting the threshold value.

Standard broadcast format is ‘interlaced ’, meaning that all the odd-numbered lines
of information are transmitted sequentially, followed by the even-numbered lines.
This is done to prevent a noticeable flicker when viewing a television. Display time
for each ‘field’ is & s. In controlling the drop, accurate determination of the position
in the z-direction was more important than that in the y-direction, since the exit
streamline was aligned closer to the z-axis than to the y-axis. Thus, only one field
of information was used to determine the drop centre of mass, giving a resolution
of 248 in the z-direction and 122 in the y-direction. The field selected {(odd or even)
depended on which started soonest after the computer’s command to ‘grab’ a frame
of picture information. The time necessary to get the frame was generally less than
& 8, since the size of the ‘window’ for which thresholded information was to be sent
could be adjusted by the operator. Generally, only a fairly small fraction of the screen
was covered by the drop, and the window was set accordingly.

Once a frame of information was passed into the computer’s memory, the next step
was to determine the centre of mass of all the dark (one) bits. This was done using
a straightforward routine written in PDP/11 assembly language for speed. This step
took between &; s and 1 s depending on the window size and the picture composition.
The elapsed time for the centre of mass calculation was accurately measured using
a timer interface in the PDP 11/23.

The sequence of getting a frame of information and finding the drop centre of mass
comprised the measurement portion of the feedback control process.



226 B. J. Bentley and L. G. Leal

O
RN
ﬁ@)

(= 220 HE

N Motor 4

O)
L

IEI-‘
V%
®

1

Fiaure 2. Side-view schematic of four-roll mill. (1) Point light source; (2) collimating lens; (3) worm
gears; (4) drive shafts; (5) d.c. stepping motors; (6) roller mounting arms; (7) rollers; (8) glass tank;
(9) still camera; (10) cubic beam splitter; (11) converging lens; (12) still-camera mount; (13) digital
video camera; (14) motor for moving camera assembly vertically; (15) modified measuring
microscope mount; (16) video preprocessor; (17) monitor for viewing unprocessed video; (18)
monitor for viewing threshold video; (19) video terminal; (20) DEC minicomputer; (21) Apple
microcomputer.

3.4. Computer—stepping motor interface

In order to effect control of the flow field, the computer had to regulate the motor
speeds. Stepping motors are ideal for precise digital control since one need only
generate square-wave voltage signals of frequency appropriate for the desired motor
speed. An Apple I1+ microcomputer was programmed to generate these signals and
interfaced to the stepping motor translators which energize the motor windings in
the proper sequence to turn the shafts. The Apple was interfaced to the DEC
computer using a standard RS232-C serial line run at 19200 baud. The DEC computer
calculated the desired motor speeds and transmitted these to the Apple for imple-
mentation. When the motors speeds were changed, the Apple generated frequency
signals ramped from the old speed to the new, as attempts to change speeds too
abruptly caused the stepping motors to stall. The Apple was capable of generating
frequencies from 20 to 10000 Hz (+0.1%) on each of four independent channels.
These signals were sent to the inputs of the four stepping motor translators and this
set-up functioned as the actuator in the control process.

Figure 2 shows a side-view schematic of the entire four-roll mill plus computer that
was used in the experiment.
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4. Control of the four-roll mill
4.1. Control scheme

Successful drop-deformation and burst experiments require that the drop be kept as
close as possible to the centre stagnation point. The only means of controlling the
drop position is by changing the flow field through adjustments to the roller speeds.
These changes must be as small as possible to avoid significant disruption to the
characteristics of the flow field under study, i.e. the shear rate and flow type. Thus
our control objectives are to keep the drop as close to the device centre as possible
while minimizing the changes of the ‘uncontrolled’ flow field.

When the drop drifts away from the origin, alterations to the flow field must be
such that the new flow tends to return the drop to the centre of the device. For the
case where a = 1.0, the required response is obvious. If, for example, the drop drifts
to the right, the left pair of rollers is speeded up and the right pair slowed down in
proportion. This has the effect of superimposing a translational motion (right to left)
on the hyperbolic flow field, moving the point of zero flow (stagnation point) to the
right. It is clear that for the drop to tend to return to the centre, it must be at a
point in the new flow where the net velocity is towards the origin, which requires
that the stagnation point be further from the origin than the centre of mass of the
drop. The same reasoning applies for any strong flow, with the only complication
being that for 0 < a < 1 the drop moves along the exit streamline which is at an angle
to the roller geometry, requiring a response with changes to all four roller speeds.
In the discussion which follows, we consider the stagnation-point position to be the
control variable which is regulated by adjustments to the roller speeds, but we could
alternatively consider the control variable to be the translational velocity
superimposed on the flow field by roller speed changes. The two points of view are
equivalent, but the former proves more convenient since the stagnation-point
position is more easily measured when calibrating the four-roll mill, so a required
control action (stagnation point movement) is more easily translated into the
corresponding roller speed changes.

The sequence of events in our control scheme is as follows. The computer requests
a frame of thresholded information concerning the light intensity at the pixels within
the ‘window’. This information is stored in the computer’s memory via direct memory
access from the custom built camera—computer interface. When the window is
complete, the processor is signalled that the information is ready for processing.
Elapsed time for this step is 0.01-0.05 s. The computer calculates the centre of mass
of the drop. Elapsed time is 0.05-0.15 s. The centre of mass is used to calculate the
required control action and corresponding roller speeds from the control model, taking
about0.01 s. The DEC computer transmits the new speeds to the Apple microcomputer
which ramps the motors from their previous speeds to the new ones. This step takes
about 0.05 s. The computer checks to see if there is any operator input to change the
threshold value, the window size, or the shear rate, and makes requested adjustments.
The process is then repeated. Typically, between five and ten control cycles take place
each second.

Calculation of appropriate roller speeds from the drop-position data requires a
control model describing the flow field’s response to roller speed changes and the
drop’s response to flow-field changes. A rigorous description would require a solution
of the equations of motion throughout the experimental device, including the region
inside the deformed drop. Since this was clearly not possible in a real-time control
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scheme, a simple, approximate model was developed. In formulating this model we
assumed that the drop velocity is equivalent to that of a fluid element placed at its
centre of mass in the undisturbed flow. Since the drop experiences no external forces
except gravity, and we are considering the case where the drops are neutrally
buoyant, this approximation becomes exact as the drop size approaches zero (and
proved empirically to be an adequate approximation even when the drop is quite
deformed). We also assumed that the stagnation point could be moved to any position
near the origin (through suitable roller-speed selection) without affecting the flow type
or shear rate. This assumption is plausible since we are concerned only with small
departures from the uncontrolled flow. The actual selection of the roller speeds and
the verification of this assumption is discussed below. Finally, we assumed that the
speed of movement of the stagnation point is proportional to its distance from the
‘set’ point. The set point is where the stagnation point would end up if the roller
speeds were held at the new speeds indefinitely. The constant of proportionality, 1/7,
is expected to depend on the kinematic viscosity of the suspending fluid. Since we
are considering only small displacements of the stagnation point, this last assumption
can be considered as a linearization of the actual stagnation point motion. These
assumptions result in the following simple model:

d

2 ?”t‘ = (1+a) (@—z5)+(1—a) (y—y,), (7a)
d

29 = (— 1+ @—2)+(—1 -2 ). (76)
do, 1 dy, 1
(;Ets - ;(xss_xs)’ % - ;(yss—ys)’ (8a, b)

where (z, y) is the drop position, (xg, y) is the stagnation point position and (z, ¥g)
is the stagnation point set point, which is the control variable. All times are rendered
dimensionless with respect to G and all distances with respect to b, the distance
from the centre of the device to the line joining the centres of adjacent rollers (see
figure 1). According to our model, the system is non-interacting (the drop position
has no effect on the stagnation point), so the latter pair of equations can be solved
immediately for (x4, y;). We are thus led to consider the system:

dx
E=A x—A b, (9)
where
_[= _I 1+4a 1—o _ xs]
x—[y], A_2[—l+a —l—a]’ b—[ys' (10)

Since our model assumes that the entire flow field can be moved about within the
four-roll mill, and that the drop follows the fluid trajectories in this translated flow,
it is obvious that the homogeneous portion of this linear system is exactly the same
as that for the uncontrolled flow given by (5). Thus the eigenvalues and eigenvectors
are identical (apart from the non-dimensionalization by the shear rate):

Aa=tad, £, =[(11ad)/ 2@+ )R (—1+ad)/2@+ 1))k 0)). (11)

We note that the component of a disturbance along the eigenvector with a negative
eigenvalue will decay, so we are concerned only with movement along the eigenvector
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Fioure 3. Block diagram for proportional control of drop position.

corresponding to the positive eigenvalue. Thus, if we define z to be the distance from
the origin along this eigenvector:

r=zat+1)/2a+ 1)} y=20t—1)/(2(@+1)}, (12a, b)
then substituting into the homogeneous portion of (9) gives:
% = alz. (13)

reducing the problem to one dimension. We further note that if we maintain the roller

speeds such that (zg, y,,) is always along the eigenvector with displacement z, then
(zg, ys) Will also be on the eigenvector with displacement z,, and (8) gives:
dz, 1
d_; = :;_(zss_zs)' (14)
Thus the system of (7) and (8) can be written
dz
5= ai(z—z), (15)
dzg 1
Ti?s == (2gs—2s)- (16)

Our two objectives in the design of the control algorithm are to keep the drop
displacement z and the stagnation point displacement z, as small as possible.

Our actual computer based control sequence is best described as a discrete sampled
system with a time-lag corresponding to the sum of the times required to obtain the
frame information, determine the drop position, and calculate the new roller speeds.
Nevertheless, it is instructive to first consider the system as a classical continuous
controller with a measurement delay (c.f. Douglas 1972). Figure 3 shows a block
diagram of the system in the Laplace domain. Here G, is the controller transfer
function, G; the fluid transfer function representing the stagnation-point movement
described by (16), and G the drop transfer function representing the response of the
drop to the flow field given by (15). G, is the transfer function of the response to an
unspecified disturbance ¢. In addition, £, is the desired drop position (here equal to
0, since we want the drop to be at the origin), Z;, the stagnation point set, and 2
the stagnation point. G, is the transfer function representing the measurement delay.
In the present case,

Gy(s) = ; (17)

Ga(8) = — (18)
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and for simple proportional control,

Q. (s) = K, (19)
The measurement delay G,,(s) is exactly represented in the Laplace domain by
G (8) = etas, (20)

However, to simplify the analysis, we use the well-known Pade approximation for
the delay transfer function,

~ 1 - th 8
Gn(s) = 1+]2=tds' (21)
From the block diagram,
2(8) 1+G’0 Gm 20(8)+-1-|-—va(8)’ (22)

The behaviour of the controller is determined by the roots of 1 + G, G, each of which
must have a negative real part for the system to be stable. A Routh array was used
to determine conditions where the real part of roots were negative, yielding the
following stability criteria:

K, >1, (24)

T <a’i (25)

2o~} 2ra—iK \? )
a‘z—r——;%gjf+[(a‘é—r)2+(1—f;—> +41a‘%]
1+K,

c
a~i—7

The requirement of (24) that the controller gain be greater than unity simply means
that the stagnation point must be moved further from the origin than the drop in
order to move the drop in the correct direction (as we anticipated). The second
criterion specifies that the response of the fluid to changes in the roller speed must
be fast compared to the shear rate (recall that 7 is relative to G~*). This limits the
shear rate for which the drop is controllable with this simple control scheme. Since
the response time of a fluid is inversely proportional to its kinematic viscosity, we
would expect a proportional control scheme to be more successful with a more viscous
suspending fluid. These two criteria are independent of the presence of the measurement
delay, t5.

The third stability requirement illustrates the destabilizing effect of the measure-
ment delay. This places a greater restriction on the controllable shear-rate range of
the device, with the destabilizing effect magnified as the gain increases. Figure 4 shows
the stable region of (24)—(26) in the (7, t4)-plane, with K, as a parameter for hyperbolic
flow (a = 1).

From the analysis above, it is clear that control schemes based on conventional
continuous controllers are not optimal for control of drops in a four-roll mill owing
to the finite response time of the fluid and the measurement delay in locating the
drop. This was verified by computer simulations of proportional control. These
simulations were performed by starting the drop at a fixed displacement from the
origin, and calculating the drop and stagnation-point positions based on the model
above, with the stagnation-point set point computed from the simple proportional
control scheme. The measurement time, non-dimensionalized by the shear rate, was

(26)
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Ficure 4. Stability diagram for simple proportional control.

chosen in the range from 0.2 to 1.0, corresponding to shear rates from about 0.7 to
3.5 given the ‘worst case’ measurement delay encountered in getting the thresholded
image from the camera and computing the centre of mass. Various values for r, the
response time of the fluid, were tried. The proportional control scheme was successful
only for low values of the measurement delay. When the ¢; was larger than about
0.5, the controller failed no matter what value of the gain, K,, was chosen. With
a small gain (e.g. 1.2), the controller tended to ‘chase’ the drop as it went further
and further from the origin, since the drop was moving exponentially from the
stagnation point during the time delay, while the simple proportional controller was
correcting linearly, and thus consistently underestimating the required control
action. If the gain was increased (e.g. 2.5), the controller overshot the required
response and caused the drop (and stagnation point) to oscillate around the origin
in an unacceptable manner. As expected, both types of behaviour were exacerbated
by slow fluid response (large 7). Similar simulations using proportional-derivative
control were performed, but proved no more successful. In practice, the derivative
mode would have required differentiation of the drop position data as well, which
would have been an inherently inaccurate calculation. Moreover, both control
schemes were very sensitive to inaccuracies in the drop position data.

These simulations showed that a simple continuous scheme would have been very
difficult orimpossible tosuccessfully implement. Also, since the apparatusincorporates
a computer as part of the position sensor, the calculations necessary to implement
a more-sophisticated control scheme do not present an obstacle. We thus developed
an inferential control scheme which used the model described above to extrapolate
the drop movement from the position data, known stagnation point history, and
measurement delay.

The most obvious strategy would be to set the stagnation point to move the drop
position some fraction of its displacement towards the origin in some period of time,
with the most natural period being that of the control cycle. In this case, the
measurement delay is the slow step, so the time for a complete control cycle can be
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approximated by t4. If 2;, 2 ;, 2 ; are the values of z, zg, 2, at the end of control
cycle 4, then solution of (15) and (16) yields:

: b ot 4
onn = €02y b (1-e0 4 BT (o n et —ete)), @)
% i+1 = Rgss T (zs,i_zss,i) etal, (28)
and the control strategy requires
2 = (1=1) 7, (29)

which, upon substitution of (28) and (29) into (27) gives the new stagnation set point
as:

1 1 1
(1—r—e@td 7 — ocz'rl (eta/T —ela'ta) 2,
b ol4oar S.4
zss,i = 1 1 od'r (30)
1— T e(aztd) — T e—td/r
1 +oa2r 14 a7

Note that for a given control cycle ¢, we measure z;_, and compute z; from (27) written
for i—1 and the known stagnation-point history. We then calculate zy ; from (30).

Simulations of this control scheme, similar to those described above for simple
proportional control, showed that it too was unsatisfactory. The drop moved closer
to the origin at the end of each control cycle (as we require), but movement during
each control cycle was oscillatory as was the movement of the stagnation set point.
These oscillations were damped with the damping depending on the ratio 7/t;. For
7/t4 greater than one, the oscillations grew with time, so this control scheme was also
rejected.

A second approach was to bring the drop to the device centre in a more orderly
fashion by requiring that the velocity of the drop be proportional to its displacement
from the origin at the end of each control cycle. This is equivalent to specifying the
relative positions of the drop and the stagnation point:

Bg,i41 "1 = TRy (31)
Substituting (31) and (28) into (27) yielded for the stagnation-point set point:
b air :
(r+1)e dz,-+(<’"+ 1) T adr (€71 —et ‘“’>-e‘t“”) 25

1 1
ety ___FT_ —t4
1+odr 1+adr

z (32)

$S,0

1—etalr—(r+ 1)(1—

Simulations of this control scheme showed it to be much better behaved. The drop
and the stagnation point moved monotonically to the centre of the device without
oscillations for any ratio 7/¢,.

This latter control scheme was implemented for the experiment. Tests of the
control were made using a neutrally buoyant solid particle. The results were quite
satisfying. Once the control scheme parameters were properly selected (in particular,
the scheme was sensitive to an accurate estimate for the value of 7, the response time
of the fluid), a particle could be maintained within a millimetre of the device centre
for shear rates up to 5 s! in flows with 0.2 < & < 1.0, provided that the origin of
the flow field (where the stagnation point would be in the absence of any control
action) was initially aligned with the origin of the camera (where the computer would
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compute a centre of mass of (0,0)). Otherwise, the misalignment would cause a
systematic error in the centre of mass determination, resulting in a slow drift of the
particle away from the origin, as its displacement and the required control action
would be consistently underestimated. To overcome this difficulty, an integral control
mode was added which became active only when the particle was more than a
specified distance from the camera centre. This ensured that the particle did not stray
far from the centre of the flow field and gave the operator plenty of time to correct
any misalignment by moving the entire camera assembly in the z-direction. Any
misalignment in the y-direction was far less critical (since the maximum angle of the
exit streamline was inclined only 21° from the x-axis for a = 0.2). Provisions were
made for aligning the origin in the y-direction in software. With a little practice, the
symptoms of this misalignment were easily recognized and appropriate corrections
made.

No facility was available to attempt hand control of the drop, but indications from
previous researchers (Taylor 1934 ; Rumscheidt & Mason 1961 ; Grace 1971) were that
manual control was possible for shear rates no higher than 0.7 s71, and then, of course,
the flow was limited to irrotational flow. Thus, the computer-based control scheme
developed here was much superior, both in allowing larger shear rates and all flow
types between 0.2 < A < 1. Comparison with a film of Grace’s (1971) experiments
suggests that the present computer-based scheme was also superior in that it was able
to detect and correct movements of the drop away from the centre of the device before
they were large enough to be recognized by eye, so that required changes in the flow
were imperceptible visually.

In the drop deformation experiments described in II, the drop size, interfacial
tension, suspending fluid viscosity, and viscosity ratio were such that drop burst
usually occurred for shear rates less than 0.7 s71, leaving a substantial overcapacity
in the controller. Under these conditions, the drop and the stagnation point were
maintained within 0.05 cm of the device centre at all times, and the control scheme
was considered successful.

4.2. Stagnation-point position

In developing our control scheme, we assumed that the stagnation point in the flow
could be moved within the device without upsetting the shear rate or the flow type
significantly. In this section we propose a simple model which will allow calculation
of the four roller speeds necessary to generate a flow with a given position for the
stagnation point and a given (fixed) shear rate, and flow type. This model has been
tested and found adequate for small displacements of the stagnation point from the
origin.

In the uncontrolled four-roll mill flow, the flow type is determined by the ratio of
the speeds of the two diagonal pairs of rollers, and the shear rate is governed by the
speed of the faster pair. Since the stagnation point is at the centre, the speeds of
diagonally opposed rollers are always equal. When the stagnation point is to be
moved, the speeds of diagonal pairs are no longer identical, so some generalization
of these relations between roller speed and shear rate is needed.

We start by assuming that in the case where the speeds of the faster pair of rollers,
w, and w;, are unequal, the shear rate can be kept constant by fixing the sum of their
speeds, with the required sum depending on the desired shear rate:

w, +w, = f1(G). (33)
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Ficurk 5. Schematic of four-roll mill with rotated coordinate system.

Similarly, we assume that a given flow type can be generated by fixing the ratio
of the sum of the speeds of diagonally opposed rollers. The required ratio depends
on the flow type to be generated:

_ W+,
W, +w,

= fol@)- (34)

The minus sign appears because rollers 2 and 4 are turned in the opposite direction
from rollers 1 and 3 for « > 0.

We further propose that the position of the stagnation point along the line joining
rollers one and three depends only on the ratio of the speeds of these two rollers and
similarly for roliers two and four:

o =) (35)
;"j—: = fiw2). (36)

Here (2, y;) is the position of the stagnation point in the (2’,%’)-coordinate system
of figure 5.

In order to achieve a given desired flow type, shear rate, and stagnation point, f,,
Jz» f5 and f, must be determined from the calibration data, and the roller speeds w,,
w,, 0, and o, calculated by solving the four equations above. These form the linear
system:

1 0 1 0)lo, fi
f2 1 f2 1 0)2 _ 0 , (37)

—f; 0 1 0]|]w, 0

o —f, 0 1|lw, 0

which has the solution:
S

= , 38
D ©8)
w, = __&_ (39)
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Calibration experiments described in the next section were performed to test the
assumptions which lead to (33)—(36), and thereby to (38)—(41). These experiments
demonstrate that the approximations (33)—(36) are adequate for small displacements
of the stagnation point from the device centre. The functions f, to f, were also
determined from these calibration experiments.

4.3. Flow-field calibration

In order to relate the flow-field characteristics to the roller speeds, the flow in the
four-roll mill was investigated photographically. This was necessary to determine the
following: the precise flow type, «, for a given ratio of the speeds of rollers 2 and 4
relative to those of rollers 1 and 3 [i.e. the function f, of (34) with the stagnation point
in the centre]; the relationship between the rollers speeds and the shear rate [i.e. the
function f, of (33)]; and the position of the stagnation point in the device as a
function of the roller speeds [i.e. the functions f; and f, of (35) and (36)].

To visualize the streamlines in the flow, the four-roll mill was filled with Chevron
Polybutene 16 laced with a low concentration of Emerson and Cummings Ecosphere
Microballoons, hollow glass spheres of 30-50 pm diameter, which were highly
reflective and served as tracer particles. The flow field was illuminated from two sides
with thin (~1 cm) horizontal planes of light produced with projector bulbs shone
through a deep slit formed from two parallel aluminium plates held 0.3 cm apart.
These slits were positioned midway between the top and bottom of the tank. Time
exposure pictures were taken from below the tank at a lens opening of /3.5 for periods
ranging from { to 1 s.

The flow type parameter, a, was easily determined from macroscopic features of
the streamlines of the flow given by (4). For & > 0 the dividing streamlines, found
by taking ¢ = 0 in (4), are linear, corresponding to the eigenvectors of (5) for the
trajectories of the fluid elements. These streamlines are termed the entrance and exit
streamlines, corresponding to the eigenvectors with the negative and positive
eigenvalues, respectively. The angle between the entrance and exit streamlines is
related to the flow type, o, by:

tan (10) = at. (42)

This angle could be measured to within + 1 degree, yielding an uncertainty of 3 %
in . For a < 0, the flow type could be deduced from the ratio of the length of the
minor to major axis of the elliptical streamlines of (4):

—L = (—a) (43)

A series of photographs was taken to determine the relationship between the roller
speeds and the flow type «. In this series, rollers 1 and 3 were driven at the same
rate, and the speeds of rollers 2 and 4 were also identical. The ratio of the speeds of
crosswise pairs and the sum of the four rollers speeds (to verify that the flow type
was independent of the shear rate for a given ratio) were varied. Figure 6 shows the
measured value of a versus the ratio of roller speeds for —1 < a < 1. In later
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Figure 6. Observed flow type vs. roller speed ratio in four-roll mill.

experiments (discussed below) the constraint that the speeds of diagonal pairs of
rollers were equal was removed, and the relationship shown in figure 6 was found to
apply in that case as well. Thus figure 6 supplies the function f, in graphical form.

Determination of the relationship between the shear rate and the roller speeds
required the more difficult procedure of measuring the position of the beginning and
ending of a number of streaklines for each of the time-exposure photographs of the
flow. The shear rate could then be calculated from the expression for particle paths
(@ >0):

=2, [cosh (Gait) + 1_"'_15 sinh (Gaﬁt)} + %, [1—_13 sinh (Gaét):l , (44)
2oz 2002
1+a l—a .

Y=1, [cosh (Got) — o] sinh (Gaét)] —x, [—E sinh (G’océt)jl. (45)

Since only flows with positive & were used in this study, the relationship between
the shear rate and roller speeds was determined for these flows only. Figure 7 shows
the measured shear rate as a function of the speed of rollers 1 and 3, for 0 < G € 10 57!
with a of 1.0, 0.75, 0.50, and 0.25. As in the determination of the flow types, rollers
1 and 3 were driven at the same rate in these initial studies. The relationship is
evidently linear and independent of flow type. The least-squares best fit for the data
is given by:

G =0.039%w,+w,) (v, and w, equal), (46)

where w, and w, are the speeds of rollers 1 and 3 in revolutions per minute. Later
experiments verified that the sum of the speeds of rollers 1 and 3 could indeed be
used when the two roller speeds were unequal, provided that the difference between
their speeds was less than about 109%,. Thus the function f,(G) in (33) is given by:

G
hi= 0.0399°

(47)
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FI1cURE 7. Measured shear rate vs. speed of fastest pair of rollers. O, a =1; A, a =0.75;
O,a=05; VYV, a=0.25.

To determine the position of the stagnation point as a function of the roller speeds
(functions f, and f, in (35) and (36)), photographs similar to those used for
determination of the flow type were used, except that a laser beam was shone through
the flow field in a fixed position to serve as a reference from which to measure the
position of the stagnation point. Initially, attention was restricted to a = 1, varying
the ratio of the speeds of rollers 3 and 4 relative to those of rollers 1 and 2 so that
the stagnation point moved along the z-axis only. Two different shear rates were
studied to verify that the relationship between the stagnation-point position and the
ratio of the speeds of the left and right roller pairs was independent of shear rate.
The results of these measurements are shown in figure 8. The stagnation-point
position z, is reduced by the distance b from the centre of the device to the line joining
the centres of two adjacent rollers (in the four-roll mill used in these experiments
b = 6.35 cm). The line in figure 8 represents the empirically determined best fit of the
data for x, > 0, given by

0.825
% = 0.055 [“'3—_1"—2— 1] . (48)
b W, —w,
Decomposing the stagnation point into its components (z,y;) in the rotated
coordinate system of figure 5 yields
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which allows us to determine the functions f; and f, of (35) and (36) above:

/\1.2121
fy(@) = 1+51.20 (%) , (51)
N\ 1.2121
(y)) = 1+51.20( % . (52)
a\JIs b

These relationships show that for a stagnation-point movement of 0.02 cm from the
device centre (a typical control action), a roller speed change of less than 2% is
required.

A final set of experiments was performed to verify that the generalizations made
from the somewhat restrictive conditions used to determine the functions f; to f, were
indeed valid when the restrictions were relaxed to allow the four roller speeds to vary
independently. Roller speeds required to generate various shear rates and stagnation
point positions along the exit streamlines for flows with a of 1.0, 0.8, 0.6, 0.4, and
0.2 were calculated by determining f,—f, from the calibration results discussed above,
and then computing the roller speeds from (38) to (41). The four-roll mill was run
with the rollers at these speeds, and photographs similar to those used for the initial
calibration were taken. Flow type, shear rate, and stagnation-point position were
determined from these photographs and compared to those that the combination of
roller speeds was intended to produce. The agreement between the intended and
actual flow parameters was generally within about 5%, provided that the stagnation-
point displacement was less than about 0.2 cm. Since the control actions required
stagnation-point movements which were generally substantially less than this
displacement, the simple model of §4.2 was judged adequate for our purposes.

5. Experimental procedure

The experiment was run under the supervision of a program written for the DEC
computer. This program both controlled the experiment and logged the resulting
data. The program was started and the relevant experimental parameters (drop size,
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temperature, flow type, etc.) were entered. The control parameters were also entered.
By trial and error, it was determined that r = 0.01 was satisfactory for allexperiments.
A value of 0.015 for 7 gave good results for the Pale 4 oil used as a suspending fluid
for most of the experiments.

A small drop (about 2 mm diameter) was introduced into the device. Then, the
operator adjusted the value for the light—dark threshold used by the video processor
interface. The objective was to select a value so that the intensity at all points inside
the drop was below the threshold value, and all points in the background were above
that value. The two cameras (video and still cameras) were focused by moving the
entire camera-mount system vertically until the still camera came into good focus.
This ensured that the video camera was also in focus since the two were set to be
focused on the same point at all times. Once these adjustments were made, the
computer was directed to centre the drop. The position of the drop was determined
from the video data, and the appropriate pair of rollers rotated to centre the drop
first in the z-direction and then in the y-direction. This centring step was necessary
to allow the control scheme to start with the drop near the origin.

At this point, a picture of the drop was taken for later determination of its exact
size. The camera focus was never changed throughout the experiments, so that the
size of the drop could be accurately determined from comparison with a picture of
a ruler taken at the same camera settings. Then the experiment was started by
another command to the computer. The motors were started at the speeds needed
to generate the initial shear rate and flow type, and the control loop entered.

While the experiment was in progress, the operator directed the apparatus
through various inputs to the terminal keyboard. Once each time through the control
loop (i.e. 5-10 times per second) the program polled the keyboard for commands to
expand or contract the active ‘window’ of the video camera, lower or raise the
light—dark threshold value (which was necessary to compensate for the changing
light-blocking characteristics of the drop as it deformed), increase or decrease the
shear rate, log the current conditions when a still picture was taken, or terminate
the experiment.

The sequence of events in a typical run was to start the rollers at a shear rate of
about 0.05 s71. The operator would wait for a time sufficient to allow the drop to come
to a steady-state shape. This time depended on the drop viscosity, varying from less
than a second for the least viscous fluids up to about a minute for the most viscous
drops used. A picture would then be taken with the still camera for later analysis.
The shear rate was then increased and the process repeated. A total of about 35
pictures was taken for each viscosity ratio—flow type combination.

As the shear rate was slowly increased, the drop proceeded through a succession
of steady shapes of increasing deformation. For most flow type-viscosity ratio
combinations, a shear rate was reached where the interfacial tension forces could no
longer balance the viscous stresses, and no steady drop shape was possible. This was
defined as the point of drop burst for these experiments. Exceptions were for the
high-viscosity-ratio drop in the more rotational flows studied.

In cases where drop burst was realized, the flow was continued at the critical shear
rate for a variable period after it was clear that no steady shapes existed. The drops
became increasingly deformed, but did not break into fragments while the flow was
on. At some point, the flow was turned off and the drop motion became governed
by interfacial forces. Either the extended drop would fragment into a number of
satellite drops through a complicated interfacial tension-driven motion, or it would
relax back to the original spherical shape, with the type of behaviour depending on
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the degree of extension prior to turning the flow off and the viscosity ratio.
Photographs of deforming and bursting drops for a number of different experiments,
and details concerning the results of all experiments can be found in II.

6. Conclusions

Our experiments have demonstrated the feasibility of controlling the position of
a drop or particle in a four-roll mill based on digitized video data. In general,
continuous, real-time control of processes based on video images is not possible, owing
to the large information content in even a single video picture. In our case, however,
feedback control proved possible with today’s technology because both the image
processing required (simple thresholding) and the information to be extracted from
the image (the centre of mass of an isolated blob) were relatively simple. Control of
processes where more information is needed (e.g. location of edges of objects) from
the video data requires specialized hardware and software (Wong 1979), and higher
computational speeds than generally available in laboratory minicomputers today.
However, similar applications in the field of robotics are causing the technology to
advance rapidly, to the point where more complex control problems may soon be
solved using feedback from video sources.

This work was partially completed while B.J. B. held a National Science Foundation
Graduate Fellowship. The research was supported by a grant from the Fluid
Mechanics Program of NSF. The authors are grateful for this support.
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