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SUMMARY

A mechanistic lactation model, based on a theory of mammary cell proliferation and cell death, was
studied and compared to the equation of Wood (1967). Lactation curves of British Holstein Friesian
cows (176 curves), Spanish Churra sheep (40 curves) and Spanish Murciano–Granadina goats
(30 curves) were used for model evaluation. Both models were fitted in their original form using
non-linear least squares estimation. The parameters were compared among species and among parity
groups within species.
In general, both models provided highly significant fits to lactation data and described the data

accurately. The mechanistic model performed well against Wood’s 1967 equation (hereafter referred
to as Wood’s equation), resulting in smaller residual mean square values in more than two-thirds of
the datasets investigated, and producing parameter estimates that allowed appropriate comparisons
and noticeable trends attributed to shape. Using Akaike or Bayesian information criteria, goodness-
of-fit with the mechanistic model was superior to that with Wood’s equation for the cow lactation
curves, with no significant differences between models when fitted to goat or sheep lactation curves.
The rate parameters of the mechanistic model, representing specific proliferation rate of mammary
secretory cells at parturition, decay associated with reduction in cell proliferation capacity with time
and specific death rate of mammary secretory cells, were smaller for primiparous than for multiparous
cows. Greater lactation persistency of cows compared to goats and sheep, and decrease in persistency
with parity, were shown to be represented by different values of the specific secretory cell death rate
parameter in the mechanistic model. The plausible biological interpretation and fitting properties of
the mechanistic model enable it to be used in complex models of whole-cow digestion and metabolism
and as a tool in selection programmes and by dairy producers for management decisions.
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INTRODUCTION

Production of milk takes place within the mammary
gland following parturition, and the volume of milk
produced in a given period of time varies with stage
of lactation. Lactation models provide concise sum-
maries of the evolution of milk yield during lactation
determined by the biological efficiency of the animal.
Lactation curves are valuable tools in research and
farm management, and applications include esti-
mation of total lactation yield from incomplete re-
cords, analysis of economic aspects, use in feeding
trials as a covariate and integration in nutrient-based
models that predict changes in milk production in
response to variations in the diet (Baldwin et al. 1987;
Leon-Velarde et al. 1995; Scott et al. 1996; Dekkers
et al. 1998; Hanigan et al. 2007).
Much attention has been paid to modelling lac-

tation curves, but the standard reference model is still
the incomplete gamma function proposed by Wood
(1967; hereafter referred to as Wood’s equation).
A number of other models have been suggested to
overcome some of the limitations of Wood’s equation
(e.g. Cobby & Le Du 1978; Rook et al. 1993; Fathi
Nasri et al. 2008; López 2008). In general, such
models of lactation curves have provided good fits to
observations and describe total milk yield accurately.
Some attempts to find an even more attractive
empirical model may have resulted in smaller and
more random residuals, but these are generally more
complex and become unsuitable for practical use
(Rowlands et al. 1982; Rook et al. 1993; Williams
1993; Scott et al. 1996). Furthermore, parameters
contained in some of these alternative equations are
not always biologically interpretable.
Advances in mechanistic modelling, however, have

provided models supported by some rationale as-
sumed to represent biological processes occurring in
the mammary gland. Dijkstra et al. (1997) developed
a mechanistic model that describes proliferation and
death of mammary gland cells during pregnancy and
lactation. In view of the close relationship between
cell numbers in the gland and milk production
(Tucker 1987; Wilde et al. 1987; Fowler et al. 1990),
this model offered the opportunity to describe lac-
tation data. The mechanistic representation provides
an understanding of factors controlling the variation
in milk production throughout lactation that cannot
be attained with most empirical models. As with
Wood’s equation, this model allows simple calcu-
lation of position and magnitude of peak yield but, in
contrast to the classical equation, the mechanistic
model is not forced to a milk yield at parturition
equal to zero and allows for a realistic estimate of
initial yield on parturition day.
There are many factors causing variation in shape

of the lactation curve and multiple various effects
must be considered in a study of this nature. External

effects, such as season of calving, weather and cli-
mate, obviously alter the expression of production
potential (Knight et al. 1998). Variation caused by
factors of this type will not be examined in this par-
ticular model evaluation, and only basic parameters
that describe the underlying biology of lactation will
be studied. Previously, correction factors have been
introduced in an attempt to overcome such variation
in cattle, goats and sheep (Wood 1969; Rowlands
et al. 1982; Scott et al. 1996; Portolano et al. 1997).
Greater complications arise when using a mechanistic
model. For instance, non-limited supply of nutrients
to the mammary gland needs to be assumed for
simplification.
The objectives of the current study were: (i) to

evaluate the mechanistic model developed by Dijkstra
et al. (1997); (ii) to compare it to the widely used
incomplete gamma function of Wood (1967) using
lactation data from cows, goats and sheep; and (iii) to
identify variation in lactation parameters related to
animal factors such as species and parity.

MATERIALS AND METHODS

Database

The data used in the current study consist of a num-
ber of data sets comprising lactation recordings from
cow, goat and sheep herds. Dairy cattle data (176
lactation curves of Holstein Friesian cows) were
taken from two trial groups and were recorded in
1994/95 and 1997/98 at the Centre for Dairy Research
(University of Reading, UK) with lactations varying
in length from 26 to 48 weeks. Milk yields were re-
corded daily and then converted to average daily milk
yield per week. All cows calved between August and
December of their particular year and were fed a
standard diet. Data fromMurciano–Granadina goats
(30 lactation curves) were collected in southern Spain,
where recordings had been taken on random test-
days, and then converted to weekly average daily
yields. The first milk recording was between 10 and 40
days after parturition and mean lactation length was
240 days, with minimum and maximum lactation
lengths of 23 and 38 weeks. During lactation, milk
yield was recorded weekly with average intervals
of 6 days (S.D. 4.5). Spanish Churra sheep data
(40 lactation curves) were obtained from the flock
managed at the experimental farm of the University
of León (Spain), where milk yields were recorded up
to week 25 (average lactation length 153 days, mini-
mum and maximum lactation lengths of 109 and 173
days). In this flock, the lambs were suckled by their
mother and weaning was on average 34 days after
parturition. The first milk recording was 8–35 days
after parturition (average 19 days) and thereafter
recordings were taken weekly. In the pre-weaning
period, lambs were separated from their mother for
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8 or 16 h (depending on morning or afternoon milk
recording) prior to the milking in which milk pro-
duction was measured.

Lactation models

Twomodels were used in the current study to describe
lactation curves, viz. the incomplete gamma function
referred to as Wood’s equation (Wood 1967) and the
lactation model based on mammary cell proliferation
and death, referred to as the mechanistic model
(Dijkstra et al. 1997). Wood’s equation is

M=a tb exct (1)

where M is milk production (kg/day) at time t of
lactation (weeks), and a, b and c are parameters that
determine the shape and scale of the curve. Parameter
a is related to peak milk yield, b is the inclining slope
parameter up to peak yield, and c is the declining
slope parameter.
The mechanistic lactation model is

M=M0 exp
m

k
1xexkt
� �

xlt
h i

(2)

where M0 is the initial rate of milk production
(kg/day) at parturition (t=0 weeks). The parameters
m (per week) and l (per week) are defined as the speci-
fic rates of secretory mammary cell proliferation at
parturition and of death respectively, and k (per
week) as a decay parameter associated with reduction
in cell proliferation capacity with time.
Formulae commonly used for lactation perform-

ance attributes (peak yield,Mp; time to peak yield, tp;
relative rate of decline at midway point between peak
and end of lactation, rd) for both models are given in
Table 1. Total lactation milk yield was calculated by
numerical integration, taking standard lactation
periods of 305, 240 and 120 days for cattle, goats and
sheep, respectively.

Statistical analysis

Wood’s equation (Eqn 1) and the mechanistic model
(Eqn 2) were fitted by non-linear regression to the

data described above using the PROC NLIN state-
ment of the statistical package SAS (SAS 1999). This
non-linear regression method is preferred to that of
log-linear transformation, because the reduction in
weighting of higher yields when using the log-scale
may lead to a greater lack of fit around the peak
(Cobby & Le Du 1978). Estimates of the par-
ameters of each of the models were obtained for
each individual lactation curve within the database.
The residual mean square (RMS), as a measure of
goodness-of-fit, was calculated for each individual
lactation curve and used for the comparison of
strengths and weaknesses of statistical fit attained
with the two models under investigation. Based on
information theory, alternative methods have been
developed for comparing models, determining which
model is more likely to be correct. Akaike infor-
mation criterion (AIC) was calculated as

AIC=N ln
RSS

N

� �
+2K

where RSS is the residual sum of squares, N is
the number of data points and K is the number of
independent parameters in the model (Burnham &
Anderson 2002; Motulsky & Christopoulos 2003).
With data sets without a large number of data

points (N) or for models containing more parameters,
corrected AIC (AICc) is more accurate:

AICc=AIC+
2K K+1ð Þ
NxKx1

Bayesian information criterion (BIC; Leonard &
Hsu 2001) is a model-order selection criterion based
on parsimony and imposes a penalty on more
complicated models for inclusion of additional para-
meters :

BIC=N ln
RSS

N

� �
+K ln Nð Þ

A smaller numerical value of AIC, AICc or BIC
indicates a better fit when comparing models. The
likelihood that a model is correct can be calculated

Table 1. Formulae commonly used for lactation performance for Wood’s equation and the mechanistic model

Wood’s equation Mechanistic model

Milk production (M, kg/day) at time t of lactation (weeks) M=a tb exct M=M0 exp
m
k 1xexkt
� �

xlt
h i

Time to peak yield (tp, weeks) b
c

ln (m=l)
k

Peak yield (Mp, kg/day) a b
c

� �b
exp xbð Þ M0

l
m

� �l=k

exp
mxl
k

� �

Relative rate of decline midway between peak lactation, tp,
and the end of lactation, tf (rd, per week)

2bc
b+ctf

xc m exp xk
tp+tf
2

� �
xl
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based on the difference between AICc scores. Akaike’s
weights and evidence ratios were calculated and used
to quantify the plausibility of each equation being
the best model for fitting the lactation data (Burnham
& Anderson 2002; Motulsky & Christopoulos 2003).
Analysis of variance was performed for the com-

parisons of the parameter estimates between animal
species and number of lactations within each species,
with multiple comparisons among means carried out
by the Tukey method.
Initially, a number of problems arose in fitting the

models to the experimental data. Without suitable
initial estimates of model parameters, the procedure
tended to fail to converge (particularly with the
mechanistic model) or to give a very poor fit. To
provide satisfactory starting estimates, several poss-
ible values were specified for each parameter, so that
the NLIN procedure evaluates the model at each
combination of initial values on the grid, using for the
first iteration of the fitting process the combination
yielding the smallest RMS. Additionally, some re-
strictions were imposed on parameter estimates, so
that parameters b and c of Wood’s equation and
parameters m, k and l of the mechanistic model would
be positive.

RESULTS

Some lactation curves were well-fitted and others
poorly fitted by each of the models. For more than
two-thirds of the cow lactation curves (125 of the 176
lactations), RMS values for the mechanistic model
were lower than those for Wood’s equation and av-
erage RMS value for all lactations was significantly
smaller for the mechanistic than for Wood’s equation

(Table 2). This indicates that the mechanistic model
provided a statistically better fit than Wood’s equa-
tion for the majority of lactation curves, but due to
the sensitivity of the model in cases where the data
showed a large day-to-day variation, obtaining a
reasonable fit became a problem leading to high
RMS values. Comparison of maximum RMS values
recorded for each model revealed the poor fit ob-
served with the mechanistic model with some par-
ticular curves (for which RMS was very high). The
mechanistic model also generally resulted in smaller
RMS values when analysing goat (22 of the 30 lacta-
tions; Table 3) and sheep (30 of 40 lactations; Table 4)
data.
Along with comparison of RMS values for both

models when fitted to the same curves, it is necessary
to examine the pattern of the residuals. Cow lactation
data were combined to give a single mean lactation
curve for all 176 cows. Figure 1a compares the fitted
curves against the observed experimental values and
the resulting residuals are plotted in Fig. 1b. Both
models were also fitted to lactation data for 30
goats and 40 sheep and residuals during lactation
were examined. Plots of fitted curves and of residuals
for average goat and sheep lactation curves are
shown in Figs 2a, b and 3a, b, respectively. Figures
1a, 2a and 3a clearly indicate a better fit by the
mechanistic model than Wood’s equation, with the
former demonstrating smaller and more randomly
distributed residuals (Figs 1b, 2b and 3b). Statistics
of goodness-of-fit (RMS, R2) revealed that the
mechanistic model provided a better fit to average
lactation curves than Wood’s equation (Tables 2–4).
Wood’s equation consistently underestimated peak
yield, overestimated yield in early lactation and

Table 2. Statistical performance of mechanistic model and Wood’s equation when applied to 176 dairy cow
lactation curves

Mechanistic
model

Wood’s
equation S.E.D. P<

Residual mean squares (RMS) 2.91 3.14 0.067 0.001
Akaike’s information criterion (AIC) 43.5 47.5 0.732 0.001
Corrected AIC (AICc) 45.2 48.6 0.733 0.001
Akaike’s weights (relative likelihood of each model) 0.60 0.40 0.053 0.001
Bayesian information criterion (BIC) 52.3 54.6 0.73 0.003
Number of curves the model showed smaller RMS than the other model 125 51
Number of curves the model showed smaller AICc than the other model 102 74
Number of curves where the model was three times more likely to
be correct than the other model (based on the difference between AICc scores)

78 40

Number of curves where the model was nine times more likely to be correct
than the other model (based on the difference between AICc scores)

59 16

Goodness-of-fit to average curve (Fig. 1a)
RMS 0.038 0.295
Proportion of variance accounted for by the model (R2) 0.995 0.961

S.E.D.=standard error of the difference.
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underestimated yield in late lactation. The residuals
of the mechanistic model were more randomly dis-
tributed and showed little sign of recurring trends,
apart from slight underestimation of yield in late
lactation in cows.
Information criteria (AIC, AICc and BIC) con-

firmed the comparison between models. The mech-
anistic model was superior to Wood’s equation in
fitting cow lactation curves, showing smaller AIC,
AICc and BIC (Table 2), whereas both models seemed
to be equally successful in fitting goat or sheep lac-
tation curves based on the average values of infor-

mation criteria (Tables 3 and 4). Evidence ratios used
for model comparison in Tables 2–4 represented
those situations in which the best model was either
3 (relative probabilities of 0.75 and 0.25 for the best
and worst models, respectively) or 9 (relative prob-
abilities of 0.9 and 0.1 for the best and worst models,
respectively) times more likely to be correct than the
other model (based on the difference between AICc

scores). For cow lactation curves, evidence ratios
showed that the mechanistic model was more likely to
be accurate than Wood’s equation for a substantial
number of curves (Table 2).

Table 4. Statistical performance of mechanistic model and Wood’s equation when applied to 40 sheep lactation
curves

Mechanistic
model

Wood’s
equation S.E.D. P=

RMS 0.022 0.023 0.0011 0.431
AIC x74.0 x73.4 0.89 0.476
AICc x69.8 x70.7 0.88 0.279
Akaike’s weights (relative likelihood of each model) 0.48 0.52 0.096 0.687
BIC x69.0 x69.3 0.89 0.679
Number of curves the model showed smaller RMS than the other model 30 10
Number of curves the model showed smaller AICc than the other model 19 21
Number of curves where the model was three times more likely to be
correct than the other model (based on the difference between AICc scores)

7 10

Number of curves where the model was nine times more likely to be
correct than the other model (based on the difference between AICc scores)

5 6

Goodness-of-fit to average curve (Fig. 3a)
RMS 0.0007 0.0031
Proportion of variance accounted for by the model (R2) 0.996 0.980

S.E.D.=standard error of the difference.

Table 3. Statistical performance of mechanistic model and Wood’s equation when applied to 30 goat
lactation curves

Mechanistic
model

Wood’s
equation S.E.D. P=

RMS 0.050 0.054 0.0024 0.140
AIC x88.2 x86.8 0.83 0.114
AICc x85.2 x85.0 0.82 0.739
Akaike’s weights (relative likelihood of each model) 0.48 0.52 0.108 0.721
BIC x81.6 x81.6 0.84 0.964
Number of curves the model showed smaller RMS than the other model 22 8
Number of curves the model showed smaller AICc than the other model 10 20
Number of curves where the model was three times more likely to be correct
than the other model (based on the difference between AICc scores)

8 3

Number of curves where the model was nine times more likely to be correct
than the other model (based on the difference between AICc scores)

4 3

Goodness-of-fit to average curve (Fig. 2a)
RMS 0.0021 0.0028
Proportion of variance accounted for by the model (R2) 0.970 0.959

S.E.D.=standard error of the difference.
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On summarizing these observations on goodness of
fit and likelihood of correctness of the models (based
on information theory), it appears that themechanistic
model generally fitted better to curves characterized
by a sharp peak, with Wood’s equation favouring a
more gradual rise and decline in yield and curves that
peak slightly later in lactation. The consequences of
this trend were that for the cow data, Wood’s equa-
tion generally resulted in estimation of later peaks
and lower peak yields (7.94 weeks and 31.0 kg/day,
respectively), compared with estimates from the
mechanistic model (7.32 weeks and 31.3 kg/day, re-
spectively) (Table 5). Parameter estimates from goat
data gave rise to a similar trend (Wood’s equation:
8.59 weeks and 1.71 kg/day, respectively; mechanistic
model : 8.41 weeks and 1.72 kg/day, respectively;
Table 6), but, although a smaller mean peak yield for
sheep was estimated by Wood’s equation, the average
time to peak was shorter than that estimated by the
mechanistic model (Table 7). Estimates of total lac-
tation milk yield in goats were similar with both
models, whereas for cows the mechanistic model re-
sulted in an estimate of total lactation milk yield that
was 1.2% greater than that estimated from Wood’s

equation, but in sheep the mechanistic model esti-
mated a 2.9% lower total milk yield than Wood’s
equation.
Having established that the general fit of the

mechanistic model was at least as good as Wood’s
equation, the lactation parameters of the mechanistic
model were analysed across species and across parity
groups within species (Tables 8–10). From the cow
data, a variation in the estimated initial milk pro-
duction M0 of between 0.9 and 30.0 kg/day was
observed (Table 5). The average estimate of M0 by
lactation showed a tendency to increase from first
lactation heifers to cows in their third lactation
(Table 8), although differences were not significant.
For goats and sheep, this tendency was less
pronounced. Obviously, in comparison with cattleM0

was much smaller for goats and sheep. Total milk
production was lowest for first parity cows, goats and
sheep as expected.
For cattle, the specific rate of secretory mammary

cell proliferation at parturition, m, was lowest in first
lactation (0.52 per week) (Table 8). This rate varied
from 0.82 to 0.89 per week in multiparous cows. Such
an effect was not apparent for goats and sheep,
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Fig. 1. (a) Wood’s equation (Eqn 1) (dashed line) and the
mechanistic model (Eqn 2) (solid line) fitted to mean lac-
tation data (%) for all 176 cows with (b) the residual plot for
each model: Wood’s equation ($) ; mechanistic model (#).
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Fig. 2. (a) Wood’s equation (Eqn 1) (dashed line) and the
mechanistic model (Eqn 2) (solid line) fitted to mean lac-
tation data (%) for all 30 goats with (b) the residual plot for
each model: Wood’s equation ($) ; mechanistic model (#).

254 J. D I JKSTRA ET AL.



probably due to few data available within each parity.
A similar pattern emerged for the growth decay par-
ameter k. The average cell proliferation rate was
much higher for sheep than for cattle and goats, in-
dicating a potentially faster increase in secretory cell
number for sheep. However, the specific rate of cell
death l appeared to be much lower for cattle, giving
rise to a slower decrease in secretory cell numbers as
lactation proceeds and indicative of a higher persist-
ency of lactation.
Using the parameters of the mechanistic model, a

large variation was observed in the estimated num-
ber of weeks to peak yield, tp, in cows (2.1–19.8;
average 7.3 weeks), with the yield at tp averaging
31.3 kg/day (range 13.1–47.2) (Table 5). The average
time to peak for goat lactations was later (8 weeks)
with an average peak yield of 1.72 kg/day (Table 6),
with sheep showing the earliest average time to peak
(5 weeks) and lowest average peak yield (1.62 kg/
day) (Table 7). The relative rate of decline midway
between peak lactation and the end of lactation, rd,
was calculated. A constant of 305, 240 and 120 days
was used as the length of lactation, tf, of cattle,
goats and sheep, respectively. rd values (per week)
were in descending order: x0.0184 for cows,

x0.0426 for goats and x0.0916 for sheep. If a
constant of 305 days (cattle lactation length) was
used as the length of lactation for goats and sheep,
so as to compare the rd values of species for the
same lactation length, the rd values (per week)
changed only slightly: x0.0459 and x0.1008 for
goats and sheep.

DISCUSSION

Over the years, Wood’s equation has been the stan-
dard model to describe the lactation curve of animals.
Although Wood (1977) tried to integrate the rate
parameters of this empirical model with the processes
of proliferation and death of mammary gland cells,
practical interpretations of these rate parameters were
not provided. The mechanistic model developed by
Dijkstra et al. (1997) was the first model that gave a
biological description of the lactation curve. It is
based on theories of mammary cell death and pro-
liferation and has been initially utilized to describe
mammary gland growth patterns during pregnancy
and lactation. The dynamic representation of mam-
mary cell growth and apoptosis allows for the calcu-
lation of total mammary cells, a key parameter in
models predicting milk and milk component yields
and nutrient partitioning between milk and body
stores (Baldwin et al. 1987). In the model of Hanigan
et al. (2007), parameters describing cell proliferation
and cell death were estimated for multiparous cows
only. The results from the present analysis (Table 8)
suggest that an alternate set of parameters for pri-
miparous cows is warranted. It should be noted that
the enzymatic activity per secretory cell varies during
lactation (Knight & Wilde 1993), not reaching a
maximum until several days or weeks after partur-
ition, after which the activity remains relatively con-
stant. The combination of secretory capacity per cell
and cell numbers explains the changes in milk pro-
duction throughout lactation. The number of cells
and the secretory activity per cell cannot both be
uniquely defined from lactation data using the
mechanistic model. This is partly reflected by the
non-physiological maximum values of rate of cell
proliferation at parturition as high as 5.379 per week
(Table 7) and discussed fully by Dijkstra et al.
(1997).
Similar to the mathematical approach of Rook

et al. (1993), the mechanistic model can, essentially,
be rearranged and presented as the product of two
functions F1 and F2, where F1 is M0 exp [(m=k)(1x
exkt)] and F2 is exp (xlt). This transformation im-
plies that the first component, F1, is a more complex
alternative to the function atb of Wood’s equation,
and the specific rate of cell death l of the mechanistic
model would be similar to the declining slope par-
ameter c of Wood’s equation. Plotting l against c
shows a positive correlation between the two values
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Fig. 3. (a) Wood’s equation (Eqn 1) (dashed line) and the
mechanistic model (Eqn 2) (solid line) fitted to mean lac-
tation data (%) for all 40 sheep with (b) the residual plot for
each model: Wood’s equation ($) ; mechanistic model (#).
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for each of the 176 cow lactation curves, verifying
similarity in their functional properties :

l (per week)=0�529 (S:E: 0�036) c (per week)+0�0025
(S:E: 0�0013); R2=0�548 (P<0�001)

where S.E. is standard error of the estimate.
There is an obvious correspondence between the

curve for lactation and the pattern of appearance in
faeces of a digesta-flow marker, in that they both rise
to a fairly early peak and subsequently fall away.
Dhanoa et al. (1985) and France et al. (1985) derived
an equation by solving a multi-compartmental model
assuming first-order kinetics :

C=A exk1t exp[x(nx2)ex(k2xk1)t] (3)

to describe faecal marker concentration patterns,
where C denotes marker concentration (mg marker/g
dry matter faeces) at time t (h), and A, n, k1 and k2 are
parameters.
It was not possible, at the time, to re-nominate this

multi-compartment scheme in a way that was bio-
logically meaningful for lactation. However, return-
ing to our current lactation model, Eqn (2) can be
written as

M= M0 exp
m

k

� �h i
exlt exp x

m

k
exkt

h i
(4)

Clearly, Eqns (3) and (4) are mathematically equiva-
lent. Therefore, the functional form given by Eqns (3)
and (4) can be derived as either a multi-compartment,

Table 5. Estimated parameters and lactation performance attributes obtained from the mechanistic model and
Wood’s equation when applied to 176 dairy cow lactation curves

Mechanistic
model

M0

(kg/day)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total lactation
(0–305 day)
yield (kg)

Mean 14.3 0.797 0.545 0.0193 7.3 31.3 x0.0184 7484
Minimum 0.92 0.050 0.038 0.0050 2.1 13.1 x0.0547 3460
Maximum 30.0 3.702 2.003 0.0563 19.8 47.2 x0.0050 11186

Wood’s
equation a b

c
(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total lactation
(0–305 day)
yield (kg)

Mean 23.9 0.253 0.0318 7.9 31.0 x0.0222 7395
Minimum 7.3 0.001 0.0047 0.1 13.1 x0.0891 3366
Maximum 39.0 0.792 0.1092 22.4 45.5 x0.0029 11178

rd=relative rate of decline midway between peak lactation and the end of lactation.

Table 6. Estimated parameters and lactation performance attributes obtained from the mechanistic model and
Wood’s equation when applied to 30 goat lactation curves

Mechanistic
model

M0

(kg/day)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total lactation
(0–240 days)
yield (kg)

Mean 0.606 0.684 0.321 0.0607 8.4 1.72 x0.0426 291
Minimum 0.076 0.104 0.022 0.0146 3.8 0.79 x0.0854 130
Maximum 1.500 2.062 0.781 0.1761 17.0 2.71 x0.0146 469

Wood’s
equation a b

c
(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total lactation
(0–240 days)
yield (kg)

Mean 0.805 0.667 0.0765 8.6 1.71 x0.0458 292
Minimum 0.176 0.143 0.0396 3.6 0.90 x0.0864 148
Maximum 1.644 1.802 0.1473 14.3 2.68 x0.0179 452

rd=relative rate of decline midway between peak lactation and the end of lactation.
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first-order process or a single-compartment process
with exponentially declining fractional proliferation
and constant fractional (first-order) death.
Another mathematically equivalent form is the de-

rivative of the Gompertz growth function (Gompertz
1825; Thornley & France 2007):

M=A exct exp xeG0xbt
� �

(5)

Equation (5) was promulgated as an egg-yolk out-
put curve (Emmans & Fisher 1986) and subsequently
proposed as a lactation curve (Friggens et al. 1999;
Thornley & France 2007), where G0 [=ln(nx2)], b
(=k2xk1) and c were defined by Friggens et al. (1999)

as the degree of maturity of the milk-producing
system at calving (a measure of milk secretory
potential at parturition), rate at which milk yield
increases to peak and rate of decline in milk yield
parameters, respectively. Although no formal deri-
vation was offered for Eqn (5), Friggens et al. (1999)
showed that this equation was equivalent to the
mechanistic model derived by Dijkstra et al. (1997),
so that the choice of which parameterization to use
would depend upon how well the parameter inter-
pretations relate to the purpose for which the model
is to be applied. From the parameters of Eqn (5),
lactation attributes such as peak yield, maximum
acceleration in milk yield, or times to these points

Table 7. Estimated parameters and lactation performance attributes obtained from the mechanistic model and
Wood’s equation on application to 40 sheep lactation curves

Mechanistic
model

M0

(kg/day)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total
lactation

(0–120 days)
yield (kg)

Mean 0.281 1.891 0.631 0.1011 4.7 1.62 x0.0916 132
Minimum 0.007 0.343 0.114 0.0454 3.2 1.11 x0.1397 90
Maximum 0.926 5.379 1.280 0.2898 7.5 2.13 x0.0451 192

Wood’s
equation a b

c
(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total
lactation

(0–120 days)
yield (kg)

Mean 1.109 0.685 0.1478 4.5 1.56 x0.0856 136
Minimum 0.537 0.166 0.0669 2.2 1.04 x0.1428 90
Maximum 1.947 1.552 0.2619 6.9 2.11 x0.0445 198

rd=relative rate of decline midway between peak lactation and the end of lactation.

Table 8. Parameter estimates for the mechanistic model (S.E.M. in parenthesis) for cow (n=176) data averaged
across parity

Parity

Number
of

animals

Parameters Lactation performance figures

M0

(kg/day)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total yield
0–305 days

(kg)

1 32 12 (0.9) 0.52 (0.088) 0.39 (0.049) 0.017 (0.0018) 10.0 (0.52) 27.4 (0.61) x0.016 (0.0015) 6963 (164.1)
2 57 14 (1.2) 0.89 (0.120) 0.54 (0.041) 0.018 (0.0014) 7.3 (0.29) 31.1 (0.59) x0.017 (0.0012) 7570 (193.1)
3 31 16 (1.7) 0.82 (0.167) 0.53 (0.065) 0.020 (0.0022) 7.0 (0.47) 31.9 (0.77) x0.019 (0.0020) 7628 (249.6)
4 21 16 (2.0) 0.88 (0.207) 0.68 (0.093) 0.020 (0.0029) 5.8 (0.39) 33.3 (1.18) x0.020 (0.0028) 7763 (311.5)
5 17 15 (1.8) 0.83 (0.196) 0.61 (0.098) 0.026 (0.0022) 6.6 (0.96) 32.8 (1.52) x0.024 (0.0021) 7232 (391.4)
>6 18 16 (2.0) 0.83 (0.170) 0.63 (0.072) 0.021 (0.0019) 5.9 (0.41) 34.3 (0.91) x0.021 (0.0019) 7804 (206.2)
Root MSE 8.4 0.830 0.338 0.0108 2.56 4.54 0.0097 1323
P-value 0.365 0.478 0.039 0.110 <0.001 <0.001 0.047 0.157

S.E.M.=standard error of the mean; MSE=mean square error (D.F.=170); rd=relative rate of decline midway between peak lactation and
the end of lactation.
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can be calculated (Hansen et al. 2006; Fathi Nasri et
al. 2008).
Both the mechanistic model and Wood’s equation

explained much of the variation in lactation data,
describing milk yield with a high degree of accuracy.
Present ability to describe these biological processes
using simple mathematical formulae is impressive.
Future efforts in lactation modelling should therefore
focus on developing new statistical approaches and
more complex models to address issues such as vari-
ation due to animal and environmental factors. The
mechanistic model was generally found to be of stat-
istically better fit than Wood’s equation with re-
siduals invariably demonstrating more randomness.
In agreement with other authors (Val-Arreola et al.
2004; Dematawewa et al. 2007), the mechanistic
model derived by Dijkstra et al. (1997) is, in many
cases, superior to the classical Wood’s equation for
fitting lactation curves, with the advantages of mech-
anistic representation of the processes occurring in

the mammary gland at the cell level and of the
plausible biological interpretation of the parameters.
In the present study, the superiority of the mechan-
istic model was clearly demonstrated for the cow
lactation curves. For lactating cows, the various
parameters in Table 5 are largely in line with those
reported by Dijkstra et al. (1997), Val Arreola et al.
(2004) and Dematawewa et al. (2007). As discussed in
Dijkstra et al. (1997), direct comparison of para-
meters in the mechanistic model with experimentally
derived parameters is usually not straightforward.
Rate parameters in the model are defined in units of
time (per week), whereas experimental data are ex-
pressed in terms of e.g. fraction of alveolar nuclei
(proportion of total) (Sorensen et al. 2006) or apop-
totic index (proportion of total cells ; Capuco et al.
2001). Where applicable, qualitative comparisons be-
tween model and experimental values have been dis-
cussed by Dijkstra et al. (1997). In the case of sheep
and goat lactation curves, the mechanistic model was

Table 9. Parameter estimates for the mechanistic model (S.E.M. in parenthesis) for goat (n=30) data averaged
across parity

Parity

Number
of

animals

Parameters Lactation performance figures

M0

(kg/day)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total yield
0–240 days

(kg)

1 12 0.46 (0.090) 0.67 (0.166) 0.30 (0.056) 0.065 (0.0139) 8.5 (0.83) 1.3 (0.10) x0.043 (0.0049) 225 (21.1)
2 4 0.88 (0.280) 0.79 (0.389) 0.39 (0.146) 0.054 (0.0140) 7.3 (0.98) 2.3 (0.20) x0.047 (0.0074) 386 (48.3)
3 5 0.52 (0.248) 0.86 (0.302) 0.32 (0.067) 0.044 (0.0083) 9.4 (0.83) 2.4 (0.12) x0.042 (0.0080) 393 (22.3)
>4 9 0.73 (0.167) 0.55 (0.142) 0.32 (0.085) 0.067 (0.0168) 8.2 (1.30) 1.6 (0.16) x0.041 (0.0048) 281 (30.9)
Root MSE 0.438 0.579 0.212 0.0437 3.01 0.15 0.0182 71.7
P-value 0.322 0.778 0.915 0.776 0.782 <0.001 0.966 <0.001

S.E.M.=standard error of the mean; MSE=mean square error (D.F.=26); rd=relative rate of decline midway between peak lactation and
the end of lactation.

Table 10. Parameter estimates for the mechanistic model (S.E.M. in parenthesis) for sheep (n=40) data averaged
across parity

Parity

Number
of

animals

Parameters Lactational performance figures

M0

(kg/d)
m

(per week)
k

(per week)
l

(per week)

Time to
peak

(weeks)

Peak
yield

(kg/day)
rd

(per week)

Total yield
0–120 days

(kg)

1 8 0.23 (0.084) 2.18 (0.438) 0.68 (0.055) 0.071 (0.0065) 4.8 (0.25) 1.5 (0.07) x0.070 (0.0065) 128 (7.6)
2 12 0.27 (0.051) 1.79 (0.272) 0.60 (0.039) 0.102 (0.0067) 4.7 (0.21) 1.7 (0.09) x0.101 (0.0053) 135 (7.6)
3 9 0.19 (0.054) 2.15 (0.276) 0.70 (0.071) 0.098 (0.0078) 4.5 (0.21) 1.7 (0.10) x0.098 (0.0074) 133 (8.4)
>4 11 0.41 (0.085) 1.59 (0.449) 0.57 (0.114) 0.124 (0.0176) 4.8 (0.44) 1.6 (0.08) x0.109 (0.0057) 128 (8.8)
Root MSE 0.211 1.144 0.244 0.0315 0.95 0.28 0.0301 25.8
P-value 0.123 0.625 0.619 0.025 0.835 0.244 0.018 0.876

S.E.M.=standard error of the mean; MSE=mean square error (D.F.=36); rd=relative rate of decline midway between peak lactation and
the end of lactation.
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at least as good as the classical Wood’s equation in
terms of statistical performance, and offered the
possibility of a mathematical representation of the
underlying biology. The classical Wood’s equation
imposes a milk yield at parturition equal to zero,
whereas the mechanistic model allows for a realistic
estimate of initial yield on parturition day. From the
cow data, a variation in the estimated initial milk
production M0 of between 0.9 and 30.0 kg/day was
observed (Table 5). The minimum value, in particu-
lar, appeared unrealistically low and, on examination
of the lactations in such cases, the presence of ab-
normally low yields during early lactation was ob-
served. These low yields, caused by health problems
(e.g. mastitis, lameness, etc.), forced the model to
underestimate initial yield. The Dijkstra mechanistic
model has been recommended as sufficient for
modelling lactation curves (Val-Arreola et al. 2004;
Dematawewa et al. 2007), because other mechanistic
models representing biology in the mammary gland,
such as that of Pollott (2000), are over-parameterized,
and thus of less practicability. In line with earlier re-
ports (e.g., Cobby & Le Du 1978; Rowlands et al.
1982; Rook et al. 1993), Wood’s equation tended to
over-predict milk production in early lactation and
under-predict peak yield (Figs 1a, b, 2a, b and 3a, b).
It was noticed, however, that if a set of data was of
poor quality, Wood’s equation showed greater ability
to find a closer fit, with the mechanistic model tending
to result in large RMS values. This is particularly so
when the number of pre-peak observations is small,
as indicated by the generally better fit of Wood’s
equation for some of the sheep lactations. For sheep,
first recordings were taken only at on average 19 days
after parturition. Peak production of these sheep oc-
curred at 33 days on average, limiting the number of
pre-peak observations much more than for cattle or
goats. Analysing simulated data, Dijkstra et al. (1997)
found that the right amount and spread of data are
required to obtain a satisfactory fit of the mechanistic
model. Thus the less satisfactory fit of the mechanistic
model to the sheep data may be explained by inad-
equacy of the data. Official regulations for milk con-
trols (applicable mainly to breeding programmes),
for several goat and sheep breeds give an interval be-
tween records of 28–34 days, i.e. monthly records.
Hence under practical situations, the number of con-
trols would be too small for the mechanistic model to
be applied. From a research point of view, to study
factors related to proliferation and death of mam-
mary secretory cells and to milk yield, more records
than officially required are necessary.
When analysing parameter variation across lac-

tation for the goat and sheep data it is difficult to
draw physiological conclusions, because of the small
numbers of animals in each subset of the data. The
differences within the goat estimates, in particular, do
not give a clear indication of trends. However, some

novel findings were obtained from using the biologi-
cally based lactation model. The specific proliferation
rate at parturition m was smaller for cattle and goats
than for sheep. In cattle, m was lowest for first parity
animals. In guinea pigs, higher total numbers of
mammary gland cells, as indicated by mammary
gland DNA, were observed from first to sixth lac-
tation, with the increase in DNA content becoming
much smaller with higher lactation numbers
(Anderson & Sheffield 1983). Similarly, in goats,
higher numbers of parenchyma cells were observed in
second lactation compared to first lactation (Fowler
et al. 1990). The growth rate of parenchyma cells in
the final part of gestation, near parturition, was also
smaller for first lactation goats compared with second
lactation goats. Such observations correspond well
with the observed lower values of m in first lactation
cows compared with later lactations. Effects of goat
parity on peak yield and time to peak are similar
to those reported by Fernández et al. (2002) and
Groenewald & Viljoen (2003). The proliferation of
mammary cells in pregnant animals at the end of
lactation to prepare the gland for the next lactation
(Fowler et al. 1990) is not represented in the mech-
anistic model and may result in a tendency to under-
estimate milk yield at the very end of lactation
(Fig. 1b).
The decrease in specific rate of proliferation of

mammary cells as lactation proceeds and cells become
differentiated (Knight & Wilde 1993) is represented
in the mechanistic model by the growth decay par-
ameter k. Small values of k indicate a high capacity
of mammary secretory cells to maintain the initial
value of specific proliferation rate at parturition m
with time. The estimated values of k were lower for
first lactation than later lactation cows (Table 8).
However, for goats and sheep this effect was absent,
likely related to the small number of animals in each
subset. At the same time, the specific proliferation
rate of secretory cells at parturition m was lower for
first lactation cows, in line with experimental results
as discussed before. As a result of these differences in
k and m, from approximately the second week of lac-
tation onwards, the specific proliferation rate of cow
mammary gland cells (calculated as m exp[xkt],
Dijkstra et al. 1997) was higher for first lactation
animals than for later lactation animals. In line
with these trends, Fowler et al. (1990) observed that
although late gestation parenchymal growth in first
parity goats was much lower than in second lactation
goats, early lactation parenchymal growth in first
parity goats was much more pronounced than in
second lactation goats. Thus it appears that the
mechanistic model provides parameter estimates that
can be implemented in detailed studies of mammary
gland cell dynamics.
High peak milk production may increase negative

energy balance (NEB) in early lactation animals, and

Evaluation of mechanistic lactation model 259



NEB is associated with increased incidence of meta-
bolic disorders and reduced reproductive perform-
ance, albeit dependent on diet composition (Van
Knegsel et al. 2005). Animals with a more persistent
lactation curve (i.e. animals with a lower rate of de-
cline in milk yield after peak lactation) may be less
stressed, have better feed utilization efficiency and less
nutrition related diseases than animals with a less
persistent lactation curve; also, differences in persist-
ency between animals may exist because of genetic
selection (Shanks et al. 1981). The declining phase of
lactation is characterized by a decrease in number of
secretory cells (Knight & Wilde 1993; Tucker 1987)
and reduced milk yield, having a marked effect on
persistency of the curve after peak yield has been
achieved. The decline in secretory cell number is re-
presented by the specific rate of cell death parameter
l. An increase in l with increased parity is observed
for cattle (Table 8) and sheep (Table 10), but not for
goats (Table 9), confirming theory and practice that
persistency of an animal’s lactation decreases with
increased parity as death rate l increases as well.
Other authors have observed no significant effect of
parity on parameters describing the evolution of lac-
tation to peak, whereas there was a highly significant
effect of parity on the decay coefficient (Friggens et al.
1999; Hansen et al. 2006). On comparing the l values
across species, there was a clear difference between
goats and sheep (relatively high l) and cattle (low l),
consistent with the differences in length of lactation
across these species.
Aiming at comparing the milking potential of the

dairy breeds used in the current study, an average
lactation curve was obtained for each species (Fig. 4)
by scaling the predicted yields so that each curve
peaks at a value of unity. This indicates the superior

milking potential, on a relative scale, of the Holstein
Friesian cow over the goat and sheep breeds used
in the current study, which could be attributed to in-
herent qualities, or improved production charac-
teristics through advances in breeding and better
nutritional supplementation of diets. Dietary changes
(Goodwill et al. 1996), oxytocin (Nostrand et al.
1991) and/or bovine somatotropin (bST) (Knight
et al. 1990) treatments and frequency of milking
(Wilde et al. 1987) have been observed to affect the
mammary gland cell number, but whether such re-
sponses are caused by changes in proliferation rate or
in death rate is not immediately clear. Since prolifer-
ation and death rate parameters are estimated using
the mechanistic model, this offers an opportunity to
analyse responses due to treatments within and across
species. The use of such parameters is essential in
mechanistic models that, unlike requirement-based
current empirical feed evaluation systems, aim at
predicting the responses of animals to dietary changes
(Dijkstra et al. 2007).
From analysis of the parameter estimates of the

three species, it became apparent that the parameter
rd, as a measure of the rate of decline of yield after
peak, is highly correlated with parameter l, as illus-
trated by the relationship between variables derived
from the 176 lactations (Fig. 5):

l (per week)=x1�06 (S:E: 0�02) rd (per week)x0�0002
(S:E: 0�0005); R2=0�925 (P<0�001)

where S.E. is standard error of the estimate.
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Fig. 4. Plot of average lactation curve for each species
(cattle, goats and sheep) scaled to give a peak value of unity.
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Fig. 5. Relationship between the relative rate of decline
midway between peak lactation and the end of lactation (rd)
and the cell death rate parameter l from the mechanistic
model (Eqn 2) for each of the 176 cow lactation curves, with
the l=xrd shown as dashed line and linear fit with inter-
cept=x0.0002 (S.E. 0.0005), slope=1.06 (S.E. 0.02),
R2=0.925 (S.E. is standard error of the estimate).
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The reason is that the calculated value of rd is ap-
proximately equal to the negative value of the specific
rate of cell death parameter l, except when the decay
parameter k is very small (k<0.1) (Tables 5, 6 and 7
and Fig. 5). As this occurs so infrequently, it is suf-
ficient to use the magnitude of l as a general measure
of the persistency of lactation in all cases.
In conclusion, the mechanistic model of Dijkstra

et al. (1997) provided feasible lactation parameter
estimates on application to recorded data, enabling
variation in these parameters to be identified and
lactation performance across species and lactations
within species to be examined. The model was found
to provide a better fit to cow data than the widely used
model of Wood (1967) with residuals demonstrating

more randomness, although a restrictive number of
pre-peak observations will limit the accuracy of fit
of the mechanistic model compared with Wood’s
equation. Conversely, with an adequate number of
data points or for the average milk curve of a group of
animals, the mechanistic model resulted in a signifi-
cantly better fit. Plausible biological interpretation of
the parameters of the mechanistic model makes them
of value in constructing mechanistic whole animal
models that predict the partitioning of nutrients
between body components and milk production and
the composition of the milk.

The work was funded, in part, by the Canada
Research Chairs Program.
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