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Bone fibrillogenesis and mineralization:
Quantitative analysis and implications for tissue elasticity

Jenny Vuong∗, Christian Hellmich∗∗

Institute for Mechanics of Materials and Structures, Vienna University of Technology (TU Wien), A-1040
Wien (Vienna), Austria

Abstract

Data from bone drying, demineralization, and deorganification tests, collected over a
time span of more than eighty years, evidence a myriad of different chemical composi-
tions of different bone materials. However, careful analysis of the data, as to extract the
chemical concentrations of hydroxyapatite, of water, and of organic material (mainly
collagen) in the extracellular bone matrix, reveals an astonishing fact: it appears that
there exists a unique bilinear relationship between organic concentration and mineral
concentration, across different species, organs, and age groups, from early childhood
to OLD AGE: During organ growth, the mineral concentration increases linearly with
the organic concentration (which increases during fibrillogenesis), while from adult-
hood on, further increase of the mineral concentration is accompanied by a decrease
in organic concentration. These relationships imply unique mass density-concentration
laws for fibrillogenesis and mineralization, which - in combination with micromechan-
ical models - deliver ’universal’ mass density-elasticity relationships in extracellular
bone matrix – valid across different species, organs, and ages. They turn out as quan-
titative reflections of the well-instrumented interplay of osteoblasts, osteoclasts, os-
teocytes, and their precursors, controlling, in a fine-tuned fashion, the chemical gene-
sis and continuous transformation of the extracellular bone matrix. Considerations of
the aformentioned rules may strongly affect the potential success of tissue engineer-
ing strategies, in particular when translating, via micromechanics, the aformentioned
growth and mineralization characteristics into tissue-specific elastic properties.

Key words: bone, fibrillogenesis, mineralization, elasticity, continuum
micromechanics, Computer Tomography, biomaterials, tissue engineering

∗Tel: +43 1 58801 20265; fax: +43 1 58801 20299
∗∗Corresponding author. Tel: +43 1 58801 20220; fax: +43 1 58801 20299

Email addresses: jenny.vuong@tuwien.ac.at (Jenny Vuong),
christian.hellmich@tuwien.ac.at (Christian Hellmich)

Preprint submitted to Elsevier August 1, 2011



Nomenclature

A . . . regression parameter for function�ρ∗org
(ρ∗HA)

b . . . average (rigid) collagen crosslink length valid for all miner-
alized tissues

B . . . regression parameter for function�ρ∗org
(ρ∗HA)

�r . . . elasticity tensor of phase r

�s . . . elasticity tensor of phase s

�ec . . . elasticity tensor of extracellular matrix

�hom . . . homogenized elasticity tensor

�0 . . . elasticity tensor of matrix in Eshelby’s matrix-inclusion
problem

Cec
ijkl . . . components of elasticity tensor of extracellular matrix

Cexp
ijkl . . . experimental value for component ijkl of elasticity tensor

Cpred
ijkl . . . model-predicted value for component ijkl of elasticity tensor

ds . . . equatorial diffraction spacing of molecular collagen

D . . . axial macroperiod of staggered assemblies of type I collagen

Dec
ijkl . . . components of compliance tensor of extracellular matrix

ē . . . mean of relative errors between model-predicted and experi-
mental values

es . . . standard deviation of relative errors betweenmodel-predicted
and experimental values

Eec
1 . . . Young’s modulus in transverse direction, of extracellular

bone material

Eec
3 . . . Young’s modulus in axial direction, of extracellular bone ma-

terial

fcol . . . volume fraction of collagen in extracellular bone matrix

f̊col . . . volume fraction of (molecular) collagen at the wet collagen
level

fef . . . volume fraction of the extrafibrillar space

ffib . . . volume fraction of the fibrillar space

fHA . . . volume fraction of hydroxyapatite in extracellular matrix

f̆HA . . . volume fraction of hydroxyapatite in the fibrillar space

f̌HA . . . volume fraction of hydroxyapatite in the extrafibrillar space

fH2O . . . volume fraction of water in extracellular matrix

forg . . . volume fraction of organic matter in extracellular matrix
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fr . . . volume fraction of the phase r

fs . . . volume fraction of the phase s

f̆wetcol . . . volume fraction wet collagen in the fibrillar space

�ρ∗org
(ρ∗HA) . . . bilinear relationship between ρ∗org and ρ∗HA

F(A, B, ρ∗,crit
HA ) . . . sum of squares of the differences between experimental and

predicted values

g . . . standard average gravity

Gec
12 . . . shear modulus in isotropic plane 1−2, of extracellular bone

material

i . . . index (numbering of experimental values)

� . . . fourth-order unity tensor

m0 . . . mass constant in diffraction-density relation

Mair . . . mass of (millimeter-sized) wet bone sample in air (with
empty vascular pores)

Mdry . . . mass of (millimeter-sized) dehydrated bone sample

MHA . . . mass of hydroxyapatite in (millimeter-sized) bone sample

MH2O . . . mass of water in (millimeter-sized) bone sample

Morg . . . mass of organic material in (millimeter-sized) bone sample

N . . . number of experimental values

�
0
r . . . fourth-orderHill tensor of phase r being embedded in matrix

with stiffness�0

R2 . . . coefficient of determination

SSerr . . . sum of squares of residuals

SStot . . . total sum of squares

vfib . . . volume of one rhomboidal fibrillar unit

v1 . . . velocitiy of acoustic plane wave travelling in transverse di-
rection

v3 . . . velocitiy of acoustic plane wave travelling in axial direction

V ec . . . volume of the extracellular tissue within (millimeter-sized)
bone sample

Wsubmerged . . . weight of (millimeter-sized) bone sample when fully sub-
merged in liquid

WF dry
ash . . . weight fraction of ash in dried bone samples

WFHA . . . weight fraction of hydroxyapatite in extracellular bone ma-
trix
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WFH2O . . . weight fraction of water in extracellular bone matrix

WForg . . . weight fraction of organic material in extracellular bone matrix

μec . . . X-ray attenuation coefficient of the extracellular bone material

μHA . . . X-ray attenuation coefficient of hydroxyapatite

μH2O . . . X-ray attenuation coefficient of water

μorg . . . X-ray attenuation coefficient of organic matter

ν12 . . . Poisson’s ratio in isotropic plane, of extracellular bone material

ν13 . . . Poisson’s ratio in axial direction, of extracellular bone material

ρec . . . mass density of extracellular bone matrix

ρliquid . . . mass density of liquid

ρHA . . . real mass density of hydroxyapatite

ρH2O . . . real mass density of water

ρorg . . . real mass density of organic matter

ρ∗HA . . . apparent mass density of hydroxyapatite (mass of hydroxyapatite
per volume of extracellular bone matrix)

ρ∗H2O . . . apparent mass density of water (mass of water per volume of extra-
cellular bone matrix)

ρ∗org . . . apparent mass density of organic matter (mass of organic matter per
volume of extracellular bone matrix)

φHA,ef . . . relative amount of hydroxyapatite in the extrafibrillar space, with
respect to total amount of hydroxyapatite per volume of extracellu-
lar matrix

: . . . second-order tensor contraction
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1. Introduction

Bone tissue engineering has become a huge field, both in terms of scientific pro-
duction and medical potential [Cancedda et al., 2007], and ever since the pioneering
work of Langer and Vacanti [1993], a great variety of different material systems have
been explored for their potential use as bone tissue engineering scaffolds [Karageor-
giou and Kaplan, 2005; Perry, 2002; Komlev et al., 2010; Verma et al., 2008]. Quite
naturally among all these materials, such based on the actual elementary components
of bone, i.e. on hydroxyapatite, collagen and water, may play an important role among
all the aformentioned material classes, since one might well expect that such materials
might tend to be able to reproduce both the astonishing mechanical properties of bone
and the material’s biological features [Ficai et al., 2009; Green, 2008; Pramatarova
et al., 2005; Roeder, 2008]. But even if the materials’ basic components are chosen,
the questions regarding their mixing characteristics, i.e. the concentrations of the indi-
vidual components, remain to be answered. A close inspection of century-long chem-
ical investigations clearly shows that there is a large variety of compositions, ranging
all the way from (almost) unmineralized osteoid in early deposition stages, to tissues
consisting mainly of hydroxyapatite [Hammett, 1925; Lees et al., 1995]. To somehow
simplify this truly complicated matter, one might hope for general inherent ’rules’,
quantifying natural relationships between constituent concentrations stemming from
the sophistically orchestrated activity of biological cells, hormones, and growth factors
[Lemaire et al., 2004; Gajjeraman et al., 2007; Filvaroff and Derynck, 1998; Pivonka
et al., 2010]. RECALLING, FROM [RIEDL, 1978] AND [GOULD AND LEWONTIN,
1979], THAT “THE LIVING WORLD HAPPENS TO BE CROWDED BY UNIVERSAL PAT-
TERNS OF ORGANIZATION WHICH, MOST OBVIOUSLY, FIND NO DIRECT EXPLANA-
TION THROUGH ENVIRONMENTAL CONDITIONS OR ADAPTIVE RADIATION”, IT IS

THE VERY FOCUS OF THIS PAPER TO CHECK FOR THE EXISTENCE OF SUCH ’UNI-
VERSAL’ RULES IN BONE FIBRILLOGENESIS [WHEN MORE AND MORE ORGANIC

MATTER, MOSTLY COLLAGEN, IS ACCUMULATED IN A MATERIAL VOLUME OF EX-
TRACELLULAR BONE TISSUE [HAMMETT, 1925; PARRY AND CRAIG, 1978]] AND

IN BONE MINERALIZATION [WHEN HYDROXYAPATITE PRECIPITATES IN THE EX-
TRACOLLAGENOUS SPACES OF EXTRACELLULAR BONE TISSUE [HELLMICH AND

ULM, 2003; HÖHLING, 1969; LANDIS ET AL., 1996]]. Therefore, we aim at quan-
tification of relations between the concentrations of the elementary components within
a piece of extracellular bonematrix, being expressed as the masses of these constituents
per volume of extraellular bone matrix (”apparent mass densities”). In order to reach
this aim, we perform the following steps, as described in the sequel of the paper: We
collect a comprehensive data base from the literature, related to tissue mass density and
composition measurements from a great variety of tissues, belonging either to the same
tissue type at different ages of the organism, or to tissues from different organisms at
only one age per organism, or both. Subsequently, we describe how to derive con-
stituent concentrations (i.e. apparent mass densities of mineral, collagen and water)
from these experimental data base (Section 2). The results of this derivation, ’uni-
versal’ rules for bone fibrillogenesis and mineralization, are given thereafter (Section
3). Then, the aformentioned bone composition rules are converted, through microme-
chanics laws, into composition-elasticity relations, which may be used as a prerequi-
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site for biomaterial design (Section 4). Finally, the results are discussed in view of
their relation to modern bone biology (SECTION 5), BEFORE GIVING AN OUTLOOK

TO USEFUL APPLICATIONS OF OUR FINDINGS (SECTION 6). THROUGHOUT THE

MANUSCRIPT, WE USE THE TERM “UNIVERSAL” WITH CAUTION (AND HENCE IN

QUOTATION MARKS), DISCUSSING, AT THE SAME TIME, THE VALIDITY RANGES

OF THE IDENTIFIED RELATIONS, AS WELL AS THEIR LIMITATIONS.

2. Evaluation of mass and volume, demineralization and ashing experiments -
mass densities and concentrations

2.1. Mass and volume measurements - mass densities

The experimental data of Lees et al. [1979a, 1995, 1983]; Lees [1987, 2003]; Lees
and Page [1992]; Biltz and Pellegrino [1969]; Gong et al. [1964a]; Burns [1929]; Ham-
mett [1925] refer to mass density determination according to Archimedes’ principle:
The mass of samples with a typical size of a few millimeters is measured in air. Hence,
the respective value Mair refers to a state of empty vascular and lacunar pores, but
with wet extracellular (ec) bone matrix. This mass is related to the volume of the
extracellular bone matrix V ec, as to arrive at the extracellular tissue mass density

ρec =
Mair

V ec
. (1)

The important feature of Archimedes’ principle lies in the mode of determination
of V ec. It is determined fromMair, together with the weightWsubmerged of the sample
when submerged into a liquid with mass density ρliquid , according to

V ec =
Mair − Wsubmerged

g

ρliquid
, (2)

with g as the standard average gravity, g = 9.81m/s2. Eq. (2) is valid once the pressure
in the vascular and lacunar pores follows the hydrostatic pressure distribution in the
container where the sample is submerged. Given the characteristic size of vascular
and lacunar pores, this requirement is standardly fulfilled. Still, care has to be taken
that no air bubbles are entrapped when submerging the samples [Gong et al., 1964a].
Extracellular bone tissue mass densities as determined from Eqs. (1) and (2) have been
documented by Lees et al. [1979a, 1983]; Lees [1987]; Lees and Page [1992]; Lees
et al. [1995]; Lees [2003]; Biltz and Pellegrino [1969]; Broz et al. [1995]; Gong et al.
[1964a]; Burns [1929]; Hammett [1925], see Tables 1–5.

2.2. Dehydration-demineralization tests - Concentrations of hydroxyapatite, organics,
and water

According to the protocols of Lees et al. [1979a, 1983]; Lees [1987]; Lees and Page
[1992], Lees et al. [1995]; Lees [2003], bone samples are dried in a vacuum dessicator
at room temperature, until a constant mass is observed (typically after 7 days). This
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mass is the mass of the dehydrated extracellular bone tissue, Mdry. The difference
between the wet tissue mass in air, Mair, and the dehydrated tissue mass, Mdry, equals
the mass of water contained in the extracellular matrix,

MH2O = Mair −Mdry. (3)

The water content is typically given in terms of the weight fraction of water,

WFH2O =
MH2O

Mair
, (4)

or in terms of the apparent mass density

ρ∗H2O =
MH2O

V ec
, (5)

which is proportional to the chemical concentration of water, with the molar mass of
water as the proportionality factor. Next, the samples are re-hydrated and then dem-
ineralized in a 0.5 M EDTA solution at pH 7.5, until no calcium is detected anymore
by an atomic absorption spectrometer. After drying such a demineralized sample in
vaccum, one is left with the organic mass contained in the tissue, Morg. The respective
organic content is typically given in terms of the organic weight fraction

WForg =
Morg

Mair
, (6)

or in terms of the apparent mass density

ρ∗org =
Morg

V ec
, (7)

which is proportional to the chemical concentration of organic matter within the extra-
cellular bone matrix, with the molar mass of the organic material as the proportionality
factor. Finally, knowledge of masses and concentrations of both organic and water
gives access to the hydroxyapatite masses, weight fractions, and apparent mass densi-
ties, as

MHA = Mair −Morg −MH2O, (8)

WFHA =
MHA

Mair
, (9)
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ρ∗HA =
MHA

V ec
, (10)

and the subsequent relations follow from Eqs. (3)–(10)

WFHA + WForg + WFH2O = 1, (11)

ρ∗HA + ρ∗org + ρ∗H2O = ρec, (12)

with the apparent mass densities calculated via

ρ∗org = WForg × ρec, (13)

ρ∗HA = WFHA × ρec, (14)

ρ∗H2O = WFH2O × ρec. (15)

Such weight fractions have been documented by Lees et al. [1979a, 1983]; Lees [1987];
Lees and Page [1992]; Lees et al. [1995]; Lees [2003], and Eqs. (13) to (15) are used
to compute the apparent mass densities, as given in Tables 1 and 2. The extracellular
mass densities ρec are not explicitly given in [Lees, 2003]. In this case, the weight
fractions provide access to ρec, via

ρec =
(

WForg

ρorg
+

WFHA

ρHA
+

WFH2O

ρH2O

)−1

=
(

WForg

ρorg
+

WFHA

ρHA
+

1−WForg −WFHA

ρH2O

)−1

(16)

with the real mass densities of water, of organics, and of hydroxyapatite amounting to
ρH2O = 1 g/cm3, ρorg = 1.41 g/cm3 [Lees, 1987], and ρHA = 3 g/cm3 [Gong et al.,
1964b; Lees, 1987; Hellmich, 2005]. Corresponding values are documented in Table
3.
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Table 1: Bone compositions from dehydration-demineralization experiments of Lees et al. [1979a]; Lees and
Page [1992]

Tissue ρec WFHA WForg WFH2O ρ∗HA ρ∗org ρ∗H2O

[g/cm3] - - - [g/cm3] [g/cm3] [g/cm3]

given given given given Eq. (14) Eq. (13) Eq. (15)

Bovine tibiaa 2.060 0.66 0.22 0.12 1.355 0.451 0.253

Bovine tibiaa 2.050 0.66 0.22 0.13 1.345 0.449 0.258

Bovine tibiaa 2.020 0.62 0.24 0.14 1.254 0.483 0.283

Bovine tibiaa 2.020 0.63 0.23 0.14 1.267 0.469 0.283

Bovine tibiaa 2.000 0.64 0.23 0.13 1.286 0.454 0.258

Bovine tibiaa 2.050 0.64 0.23 0.13 1.318 0.471 0.260

Bovine tibiaa 2.100 0.67 0.21 0.12 1.409 0.443 0.248

Bovine tibiaa 2.080 0.66 0.22 0.12 1.381 0.449 0.250

Bovine tibiaa 2.020 0.66 0.22 0.12 1.329 0.442 0.248

Bovine tibiaa 1.990 0.66 0.22 0.13 1.305 0.436 0.251

Bovine tibiaa 1.950 0.64 0.23 0.13 1.248 0.445 0.255

Bovine tibiaa 2.010 0.66 0.22 0.12 1.325 0.438 0.247

Bovine tibiaa 2.040 0.64 0.24 0.12 1.302 0.494 0.247

Bovine tibiaa 2.050 0.70 0.21 0.12 1.433 0.430 0.238

Bovine tibiaa 2.120 0.66 0.21 0.12 1.401 0.456 0.261

Bovine tibiaa 2.080 0.66 0.22 0.12 1.379 0.460 0.241

Bovine tibiaa 2.100 0.65 0.22 0.13 1.359 0.470 0.271

Bovine tibiaa 1.980 0.65 0.22 0.13 1.295 0.430 0.253

Bovine tibiaa 2.050 0.64 0.23 0.13 1.320 0.465 0.264

Bovine tibiaa 2.110 0.65 0.23 0.12 1.369 0.483 0.257

Bovine tibiaa 2.030 0.64 0.21 0.12 1.295 0.432 0.250

Bovine tibiaa 2.060 0.70 0.18 0.12 1.440 0.379 0.241

Mineralized turkey leg tendonb 1.332 0.29 0.25 0.46 0.380 0.333 0.619

Mineralized turkey leg tendonb 1.498 0.45 0.24 0.32 0.667 0.358 0.473

Mineralized turkey leg tendonb 1.498 0.41 0.22 0.37 0.614 0.325 0.560

Mineralized turkey leg tendonb 1.507 0.44 0.22 0.35 0.658 0.326 0.522

Mineralized turkey leg tendonb 1.520 0.45 0.24 0.31 0.690 0.363 0.468

Mineralized turkey leg tendonb 1.523 0.44 0.22 0.34 0.666 0.334 0.523

Mineralized turkey leg tendonb 1.524 0.40 0.24 0.36 0.603 0.372 0.549

Mineralized turkey leg tendonb 1.533 0.44 0.22 0.34 0.678 0.341 0.514

Mineralized turkey leg tendonb 1.541 0.46 0.24 0.30 0.707 0.376 0.457

Mineralized turkey leg tendonb 1.577 0.47 0.23 0.30 0.746 0.359 0.472

Mineralized turkey leg tendonb 1.581 0.46 0.22 0.32 0.730 0.343 0.508

Mineralized turkey leg tendonb 1.589 0.48 0.23 0.30 0.756 0.362 0.471

Mineralized turkey leg tendonb 1.597 0.49 0.23 0.28 0.777 0.368 0.452

Mineralized turkey leg tendonb 1.610 0.46 0.23 0.31 0.739 0.371 0.500

Mineralized turkey leg tendonb 1.614 0.49 0.24 0.26 0.799 0.394 0.421

Mineralized turkey leg tendonb 1.619 0.50 0.23 0.27 0.810 0.369 0.440

Mineralized turkey leg tendonb 1.643 0.51 0.23 0.27 0.831 0.374 0.438
a Lees et al. [1979a]
b Lees and Page [1992]
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Table 2: Bone compositions from dehydration-demineralization experiments of Lees et al. [1995]

Tissue ρec WFHA W Forg W FH2O ρ∗HA ρ∗org ρ∗H2O

[g/cm3] - - - [g/cm3] [g/cm3] [g/cm3]

given given given given Eq. (14) Eq. (13) Eq. (15)

Whale malleus a 2.490 0.86 0.10 0.04 2.141 0.249 0.100

Whale malleus a 2.450 0.80 0.13 0.07 1.960 0.319 0.172

Whale incus a 2.500 0.86 0.09 0.05 2.150 0.225 0.125

Whale stapes a 2.420 0.81 0.13 0.06 1.960 0.315 0.145

Whale stapes a 2.360 0.80 0.14 0.06 1.888 0.330 0.142

Whale periotica 2.400 0.81 0.13 0.07 1.944 0.312 0.168

Whale periotica 2.480 0.83 0.11 0.06 2.058 0.273 0.149

Whale periotica 2.520 0.85 0.10 0.05 2.142 0.252 0.126

Whale periotica 2.520 0.85 0.10 0.05 2.142 0.252 0.126

Whale periotica 2.580 0.87 0.09 0.04 2.245 0.232 0.103

Whale t. bullaa 2.480 0.85 0.10 0.05 2.108 0.248 0.124

Table 3: Bone compositions from dehydration-demineralization experiments of Lees [2003]

Tissue W FHA WForg WFH2O ρec ρ∗HA ρ∗org ρ∗H2O

- - - [g/cm3 ] [g/cm3] [g/cm3] [g/cm3 ]

given given given Eq. (16) Eq. (14) Eq. (13) Eq. (15)

Horse metacarpal 0.54 0.25 0.20 1.784 0.981 0.446 0.357

Horse metacarpal 0.53 0.26 0.17 1.837 1.047 0.478 0.312

Horse metacarpal 0.54 0.26 0.19 1.793 0.986 0.466 0.341

Horse metacarpal 0.63 0.28 0.18 1.790 0.967 0.501 0.322

Horse metacarpal 0.62 0.26 0.12 1.957 1.213 0.509 0.235

Horse metacarpal 0.62 0.27 0.11 1.968 1.220 0.531 0.216

Horse metacarpal 0.64 0.26 0.12 1.957 1.213 0.509 0.235

Horse metacarpal 0.62 0.26 0.13 1.932 1.178 0.502 0.251

Horse metacarpal 0.66 0.25 0.13 1.946 1.206 0.486 0.253

Horse metacarpal 0.63 0.23 0.23 1.745 0.942 0.401 0.401

Horse metacarpal 0.54 0.24 0.23 1.733 0.919 0.416 0.399

Horse metacarpal 0.53 0.27 0.19 1.781 0.962 0.481 0.338

Horse metacarpal 0.54 0.22 0.15 1.938 1.221 0.426 0.291

Horse metacarpal 0.63 0.25 0.13 1.946 1.206 0.486 0.253

Horse metacarpal 0.62 0.26 0.12 1.957 1.213 0.509 0.235

Horse metacarpal 0.62 0.23 0.13 1.975 1.264 0.454 0.257

Horse metacarpal 0.64 0.26 0.12 1.957 1.213 0.509 0.235

Horse metacarpal 0.62 0.23 0.12 1.988 1.312 0.457 0.239

Horse metacarpal 0.66 0.24 0.13 1.960 1.235 0.470 0.255
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2.3. Dehydration-deorganification tests - Concentrations of hydroxyapatite, organics,
and water

According to the protocol of Gong et al. [1964a], bone samples with original
weight of Mair are dried at 80 for 72 hours, after which they exhibit mass Mdry.
Through Eqs. (3)–(5), these masses give access to the water concentration in the extra-
cellular bone matrices. Next, the samples are freed from fat and other organic material,
using, in a soxhlet apparatus, a mixture of 80% ethyl ether and 20% ethyl alcohol, as
well as an 80% aqueous solution of ethylene diamine, respectively.
After drying such a de-organified sample at 80 until a constant weight is attained,
one is left with the hydroxyapatite mass contained in the tissue, MHA. Through Eqs.
(9)–(10), this mass gives access to the hydroxyapatite concentrations in the extracellu-
lar bone matrices. Finally, when knowing MHA, Mair, and MH2O, Eq. (8), together
with Eq. (6) and (7), delivers the organic concentration. Corresponding apparent mass
densities are given in [Gong et al., 1964a], see Table 4.

Table 4: Bone compositions from dehydration-deorganification experiments of Gong et al. [1964a]

Tissue ρec ρ∗org ρ∗H2O ρ∗HA

[g/cm3] [g/cm3 ] [g/cm3 ] [g/cm3]

given given given Eq. (12)

Steer tibial shaft 1.995 0.486 0.252 1.257

Dog femoral shaft 2.003 0.519 0.223 1.261

Human femur and tibia 1.991 0.476 0.237 1.278

Monkey femur diaphysis 2.035 0.487 0.239 1.309

Steer atlas bone 1.93 0.51 0.28 1.14

Dog lumbar vertebral body 1.91 0.51 0.29 1.11

Human 12th thoracic, 1st and 2nd lumbar vertebral body 1.92 0.50 0.27 1.16

Monkey lumbar vertebrae 1.88 0.51 0.27 1.09

2.4. Dehydration-ashing tests - Concentrations of hydroxyapatite, organics, and water

According to the protocols of Burns [1929] and Hammett [1925], whole bones
of rats with fresh weight Mair are dried at 105-110 for 24 hours [Hammett, 1925;
Chick et al., 1926] and at 96 for seven days [Hammett, 1925, 1924], respectively.
Thereafter, the bones exhibit masses Mdry. Through Eqs. (3) and (4), these masses
give access to the water weight fractions WFH2O. Next, the dried bones are gently
incinerated until all organic matter is burned off. Subsequent weighing results in the
hydroxyapatite mass MHA, giving access to mineral and organic weight fractions ac-
cording to Eqs. (9), (8), and (6) . These weight fractions, in turn, provide access to the
mean mass density of the extracellular matrix of the investigated bones, through Eq.
(16). Together with Eqs. (16), Eqs. (13)–(15) deliver the apparent mass densities of
organics, water, and hydroxyapatite. Corresponding values are documented in Table 5.
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Table 5: Bone compositions from dehydration-ashing experiments of Hammett [1925] and Burns [1929];
THESE TISSUES WERE TAKEN FROM GROWING ORGANISMS, BEING IN THE STATES OF CHILDHOOD AND

ADOLESCENCE

Tissue WFHA W Forg W FH2O ρec ρ∗HA ρ∗org ρ∗H2O

- - - [g/cm3 ] [g/cm3] [g/cm3] [g/cm3]

given given given Eq. (16) Eq. (10) Eq. (7) Eq. (5)

Rabbit femur, fibula, tibia, humerus, radius and ulnaa 0.31 0.23 0.45 1.381 0.428 0.324 0.628

Rabbit femur, fibula, tibia, humerus, radius and ulnaa 0.21 0.20 0.59 1.250 0.266 0.246 0.737

Rat leg bonesa 0.42 0.25 0.34 1.54 0.64 0.38 0.52

Rat leg bonesa 0.37 0.24 0.40 1.45 0.53 0.35 0.58

Rat leg bonesa 0.42 0.24 0.34 1.54 0.65 0.38 0.52

Rat leg bonesa 0.40 0.23 0.36 1.52 0.62 0.35 0.54

Rat leg bonesa 0.40 0.24 0.36 1.50 0.59 0.36 0.54

Humerus of ratb 0.18 0.19 0.63 1.209 0.155 0.212 0.798

Humerus of ratb 0.18 0.19 0.63 1.213 0.169 0.225 0.784

Humerus of ratb 0.26 0.20 0.53 1.308 0.249 0.253 0.738

Humerus of ratb 0.32 0.21 0.48 1.372 0.379 0.290 0.668

Humerus of ratb 0.36 0.21 0.43 1.433 0.433 0.288 0.651

Humerus of ratb 0.42 0.22 0.36 1.524 0.509 0.311 0.610

Humerus of ratb 0.45 0.23 0.32 1.580 0.628 0.349 0.543

Humerus of ratb 0.17 0.18 0.65 1.199 0.169 0.233 0.779

Humerus of ratb 0.18 0.19 0.63 1.209 0.178 0.231 0.777

Humerus of ratb 0.23 0.20 0.57 1.273 0.300 0.266 0.711

Humerus of ratb 0.31 0.21 0.48 1.372 0.387 0.285 0.669

Humerus of ratb 0.34 0.21 0.46 1.398 0.475 0.301 0.629

Humerus of ratb 0.38 0.21 0.41 1.459 0.601 0.333 0.564

Humerus of ratb 0.42 0.22 0.35 1.532 0.666 0.364 0.520

Femur of ratb 0.14 0.20 0.66 1.180 0.205 0.215 0.779

Femur of ratb 0.15 0.19 0.65 1.186 0.213 0.230 0.766

Femur of ratb 0.24 0.21 0.56 1.277 0.299 0.253 0.721

Femur of ratb 0.29 0.21 0.50 1.341 0.432 0.288 0.652

Femur of ratb 0.34 0.21 0.45 1.404 0.471 0.290 0.637

Femur of ratb 0.40 0.22 0.38 1.497 0.552 0.314 0.594

Femur of ratb 0.43 0.23 0.34 1.550 0.650 0.340 0.542

Femur of ratb 0.13 0.18 0.68 1.165 0.212 0.234 0.763

Femur of ratb 0.14 0.19 0.67 1.178 0.218 0.234 0.761

Femur of ratb 0.20 0.20 0.59 1.240 0.345 0.268 0.695

Femur of ratb 0.28 0.22 0.50 1.337 0.432 0.287 0.652

Femur of ratb 0.32 0.21 0.47 1.372 0.519 0.300 0.614

Femur of ratb 0.36 0.22 0.43 1.429 0.640 0.334 0.550

Femur of ratb 0.41 0.23 0.36 1.520 0.713 0.361 0.506
a Burns [1929], these tissues were taken from growing organisms, being in the states of childhood and adolescence
b Hammett [1925]

According to the protocol of Biltz and Pellegrino [1969], bone samples with origi-
nal weight of Mair, are dried at 105 until a constant mass, Mdry, is attained. There-
after, they are incinerated at 600 , for sixteen hours, being transformed into ash with
weight Mash. Biltz and Pellegrino [1969] documented the volume fraction of water

fH2O =
(Mair −Mdry)

V ec
, (17)

as well as the weight fraction of ash in dried samples,
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WF dry
ash =

Mash

Mdry
. (18)

Gong et al. [1964b] showed that, at 600 , not only organic matter, but also part of
the hydroxyapatite becomes volatile during incineration. In quantitative terms, 6.6%
of the ash weight is the weight of volatile inorganic. Hence, the weight fraction of
hydroxyapatite in a dried bone sample reads as

WF dry
HA = WF dry

ash × 1.066. (19)

WF dry
HA gives access to the apparent mass density of hydroxyapatite, via

ρ∗HA = WF dry
HA × (ρec

exp − ρ∗H2O), (20)

with the apparent mass density of water following from

ρ∗H2O = fH2O × ρH2O. (21)

Finally, the apparent mass density of organic matter follows from Eq. (12). Corre-
sponding values are documented in Table 6.

Table 6: Bone compositions from dehydration-ashing experiments of Biltz and Pellegrino [1969]

Tissue ρec fH2O W F
dry
ash

WF
dry
HA

WF ec
HA W F ec

org WF ec
H2O ρ∗HA ρ∗org ρ∗H2O

Cortical bone of [g/cm3 ] - - - - - - [g/cm3] [g/cm3] [g/cm3]

femora and tibia: given given given Eq. (19) Eq. (14) Eq. (13) Eq. (15) Eq.
(20)

Eq.
(12)

Eq.
(21)

Fish 1.800 0.40 0.61 0.65 0.51 0.27 0.22 0.913 0.491 0.396

Turtle 1.810 0.37 0.62 0.67 0.53 0.27 0.20 0.958 0.482 0.370

Frog 1.930 0.35 0.66 0.70 0.57 0.25 0.18 1.103 0.475 0.352

Polar Bear 1.920 0.33 0.66 0.70 0.58 0.25 0.17 1.119 0.471 0.330

Man 1.940 0.15 0.67 0.71 0.66 0.26 0.08 1.275 0.510 0.155

Elephant 2.000 0.20 0.69 0.73 0.66 0.24 0.10 1.316 0.484 0.200

Monkey 2.090 0.23 0.69 0.73 0.65 0.24 0.11 1.364 0.496 0.230

Cat 2.050 0.24 0.69 0.74 0.65 0.23 0.12 1.336 0.478 0.236

Horse 2.020 0.25 0.69 0.74 0.65 0.23 0.12 1.309 0.461 0.250

Chicken 2.040 0.24 0.70 0.74 0.65 0.23 0.12 1.332 0.463 0.245

Dog 1.940 0.28 0.70 0.74 0.64 0.22 0.14 1.235 0.425 0.280

Goose 2.040 0.23 0.71 0.75 0.67 0.22 0.11 1.365 0.445 0.230

Cow 2.000 0.26 0.71 0.76 0.66 0.21 0.13 1.315 0.423 0.262

Guinea Pig 2.100 0.25 0.71 0.76 0.67 0.21 0.12 1.404 0.446 0.250

Rabbit 2.120 0.24 0.73 0.77 0.69 0.20 0.12 1.453 0.422 0.245

Rat 2.240 0.20 0.73 0.78 0.71 0.20 0.09 1.597 0.441 0.202
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3. ’Universal’ rules in bone fibrillogenesis and mineralization

The concentrations (apparent mass densities) of organics, mineral, and water, in
bone tissues from a great variety of species, organs, and ages [as determined through
Eqs. (1) –(21)], strongly correlate mutually, and they also correlate with the bone tissue
mass density, as seen in Figures 1–5, plotted on the basis of the data evaluated in Tables
1–6.
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Bovine tibia [Lees et al. (1979)]
Horse metacarpals [Lees (2003)]
Femur and humeris of albino rats [Hammett (1925)]
Bones from steers, dogs, humans, monkeys [Gong et al. (1964)]
Mineralized turkey leg tendon [Lees and Page (1992)]
Bones from rabbits, rats [Burns (1929)]
Bones from various vertebrates [Biltz and Pellegrino (1969)]
Otic bones of a fin whale [Lees et al. (1995)]

Figure 1: Relation between apparent mass densities of hydroxyapatite and organic matter in extracellular
bone matrix, across different species, organs, and ages (see Tables 1 to 6 for numerical values and specifica-
tion of bone types)

INTERESTINGLY, ALL THESE CORRELATIONS CAN BE REPRESENTED BY BILINEAR

FUNCTIONS, WHEREBY THE INCREASING BRANCH DEPICTED IN FIGURE 1 RE-
LATES TO TISSUES TAKEN FROM GROWING ORGANISMS (BEING IN THE STATES

OF CHILDHOOD AND ADOLESCENCE), WHILE THE DECREASING BRANCH RELATES

TO TISSUES TAKEN FROM ADULT ORGANISMS. As for the relationship between or-
ganics and mineral concentration, an increase of organic concentration with increasing
mineral concentration (up to a critical value ρ∗,crit

HA of about 1.20 g/m3) is followed
by a decrease of organic concentration with increasing mineral concentration (larger
than about 1.20 g/m3), see Figure 1. THE BILINEAR RELATIONSHIP CAN BE REPRE-
SENTED BY TWO LINEAR BRANCHES, AN ASCENDING BRANCH FOR LOW MINERAL

CONCENTRATIONS,

�ρ∗org
(ρ∗HA) = A× ρ∗HA + B FOR 0 < ρ∗HA � ρ∗,crit

HA , (22)

AND A DESCENDING BRANCH FOR HIGH MINERAL CONCENTRATIONS, WHICH IS A
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Figure 2: Relation between apparent mass densities of water and organic matter in extracellular bone matrix,
across different species, organs, and ages (see Tables 1 to 6 for numerical values and specification of bone
types)

FUNCTION OF THE PARAMETERS A AND B DEFINING THE ASCENDING BRANCH, AS

WELL AS OF THE CRITICAL MINERAL CONCENTRATION ρ∗,crit
HA , AND OF THE REAL

MASS DENSITY OF HYDROXYAPATITE, ρHA = 3 G/CM3 [GONG ET AL., 1964B;
LEES, 1987; HELLMICH, 2005],

�ρ∗org
(ρ∗HA) =

[
A× ρ∗,crit

HA + B
]
×

[
1− ρ∗HA − ρ∗,crit

HA

ρHA − ρ∗,crit
HA

]

for ρ∗,crit
HA < ρ∗HA < ρHA.

(23)

In Eq. (22) and (23), A, B, and ρ∗,crit
HA are determined such that the sum of squares of

the differences between the N experimental values ρ∗org,i (corresponding to hydroxya-
patite concentrations ρ∗HA,i) and corresponding fitted values�ρ∗org

(ρ∗HA,i), according
to Eqs. (22) and (23), is minimized,

F(A, B, ρ∗,crit
HA ) =

N∑
i=1

[
ρ∗org,i −�ρ∗org

(ρ∗HA,i)
]2

→ min. (24)

This yields A = 0.29 g/cm3, B = 0.17 g/cm3, and ρ∗,crit
HA = 1.18 g/cm3. The maxi-

mum apparent mass density of organic matter follows as�ρ∗org
(ρ∗,crit

HA ) = 0.51 g/cm3.
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Figure 3: Relation between apparent mass densities of water and hydroxyapatite in extracellular bone matrix,
across different species, organs, and ages (see Tables 1 to 6 for numerical values and specification of bone
types)

The quality of the bilinear representation expressed through Eq. (22) and (23) is un-
derlined by the coefficient of determination

R2 = 1−
(

SSerr

SStot

)
, (25)

with the total sum of squares

SStot =
N∑

i=1

(
ρ∗org,i −

1
N

∑
ρ∗org,i

)2

, (26)

and the sum of squares of residuals

SSerr =
N∑

i=1

[
ρ∗org,i −�ρ∗org

(ρ∗HA,i)
]2

, (27)

amounting to R2 = 0.94.
The apparent mass densities of hydroxyapatite and organics can be transformed into
volume fractions (volume of hydroxyapatite or organics within a piece of extracellular
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Figure 4: 3D representation of interrelations between hydroxapatite, organics, and water concentrations, in
terms of apparent mass densities ρ∗HA, ρ∗org, and ρ∗H2O

bone matrix, over volume Vec of this piece), through

fHA =
ρ∗HA

ρHA
, (28)

forg =
ρ∗org

ρorg
. (29)

Since the remaining space in the aformentioned piece of extracellular bone tissue is
occupied by water, the volume fraction of the latter follows as

fH2O = 1− fHA − forg, (30)

which gives acess to the apparent mass density of water as

ρ∗H2O = fH2O × ρH2O. (31)

When representing ρ∗org through function �ρ∗org
[see Eqs. (22) and (23)], Eqs. (28)

to (31) define bilinear relations involving the apparent mass density of water, ρ∗H2O,
depicted in Figures 2 and 3. These relationships are characterized by coefficients of
determination amounting to R2 = 0.75 and R2 = 0.95, respectively. FOR THE SAKE

OF A COMPACT ILLUSTRATION, THE BILINEAR RELATIONS OF FIGURES 1, 2, AND
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Figure 5: Apparent mass densities of water, hydroxyapatite, and organic matter, versus overall mass density
ρec of extracellular bone matrix, across different species, organs, and ages (see Tables 1 to 6 as in Figures 1
to 3

3, ARE SIMULTANEOUSLY DEPICTED IN A 3D PLOT, SEE FIGURE 4. Alternatively,
the apparent mass densities can be given as functions of the extracellular bone tissue
mass density

ρec = fH2O × ρH2O + forg × ρorg + fHA × ρHA, (32)

see Figure 5. Corresponding coefficients of determination for water, organics, and
hydroxyapatite amount to R2 = 0.97, R2 = 0.90, and R2 = 0.99, respectively.
Alternatively, with the help of Eqs. (28), (29), and (30), the extracellular mass density
ρec can be related to volume fractions of hydroxyapatite, organics, and water (see
Figure 6).

4. ’Universal’ relations between extracellular mass density and tissue elasticity

Recently, hierarchical material models for bone [Hellmich et al., 2004; Fritsch
and Hellmich, 2007; Fritsch et al., 2009a], developed within the framework of contin-
uum micromechanics [Zaoui, 2002] and validated through a multitude of biochemical,
biophysical, and biomechanical experiments [Bonar et al., 1985; Lees, 1987; Ashman
et al., 1984; McCarthy et al., 1990], have opened the way to translate the chemical
composition of extracellular bone material (i.e. the volume fractions of organics, wa-
ter, and hydroxyapatite, as seen in Figure 6) into the tissue’s anisotropic elasticity. In
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Figure 6: Volume fractions of hydroxyapatite, organs, and water in extracellular bone matrix, as function of
the mass density of the latter

the following, we will combine the aforementioned micromechanics models with the
relations depicted in Figure 6, as to provide ’universal’ relations between extracellular
mass density and tissue elasticity (such relations are of interest for biomaterial design
or simulation-based biomedical engineering, as discussed later, see Section 5). In more
detail, we employ the four-step elastic homogenization scheme reported in [Fritsch and
Hellmich, 2007; Fritsch et al., 2009a], see Figure 7, based on the tissue-independent
’universal’ elastic properties of the elementary building blocks of extracellular bone
material, namely hydroxyapatite, collagen, and water with some insignificant amount
of non-collagenous organics. These properties, given in [Hellmich et al., 2004; Fritsch
and Hellmich, 2007], are accessible through ultrasonic techniques [Katz and Ukrain-
cik, 1971; Cusack and Miller, 1979] or ab initio simultations [Ching et al., 2009].
The aformentioned multilevel homogenization scheme relates the stiffness of material
phases (i.e. quasi-homogeneous subdomains) within a representative volume element
(RVE) [e.g. molecular collagen within RVE of wet collagen in Figure 7(a), or miner-
alized collagen fibril within RVE of extracellular bone matrix in Figure 7(d)], to the
stiffness of the RVE itself, as a function of the phase stiffnesses and of the phase vol-
ume fractions in all RVEs. On a mathematical level, this is achieved by setting the
phase strains equal to those in ellipsoidal inclusions in infinitely extending matrices of
stiffness �0 subjected to remote strains, and by combining respective semi-analytical
relationships [Eshelby, 1957; Laws, 1977] with stress and strain average rules [Hashin,
1983; Zaoui, 2002]. For all four RVEs depicted in Figure 7, the phase elasticities are
related to the overall RVE-specific (”homogenized”) elasticity through the standard ex-
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pression of matrix-inclusion-problem-based continuum micromechanics [Benveniste,
1987; Zaoui, 2002]

Figure 7: Four-step homogenization scheme after Fritsch and Hellmich [2007], Fritsch et al. [2009a]

�
hom =

∑
r

fr�r : [�+�
0
r : (�r −�0)]−1

:

{∑
s

fs[�+�
0
s : (�s −�0)]−1

}−1

,

(33)

where fr and �r are the volume fraction and the elastic stiffness of phase r, � is the
fourth-order unity tensor,�0

r the fourth-order Hill tensor accounting for the character-
istic shape of phase r, and �0 is the matrix stiffness. Choice of this stiffness describes
the interactions between the phases: for �0 coinciding with one of the phase stiff-
nesses [Mori-Tanaka scheme, [Mori and Tanaka, 1973; Wakashima and Tsukamoto,
1991]], a composite material is represented [contiguous matrix with inclusions - see
Figure 7(d)]; for �0 = �hom (self-consistent scheme Hershey [1954]; Hill [1963]), a
dispersed arrangement of the phases is considered [typical for polycrystals - see Figure
7(a,b,c)]). In case of the extrafibrillar space [Figure 7(c)], with infinitely many crystal
phases oriented in all directions, the sums in Eq. (33) need to be replaced by integrals
over the unit sphere, as detailled in Fritsch et al. [2009a,b].

The volume fractions of the four RVEs of Figure 7 need to be derived from forg,
fHA, and fH2O: first, the volume fraction of collagen is determined from the organic
volume fraction, through the fact [Urist et al., 1983; Lees, 1987; Buckwalter et al.,
1995] that 90% of the organic matter in extracellular bone matrix is collagen,
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fcol = 0.9× forg. (34)

The volume fraction of the fibrils and the extrafibrillar space [see Figure 7 (b,c,d)], ffib

and fef can be quantified on the basis of the generalized packing model of Lees et al.
[1984b]; Lees [1987], through

ffib = fcol × vfib

vcol
, vfib = b× ds5D, (35)

where fcol is determined according to Eq. (34). In Eq. (35), vcol = 335.6 nm3

is the volume of a single collagen molecule [Lees, 1987]; vfib is the volume of one
rhomboidal fibrillar unit with length 5D, width b, and height ds; b = 1.47 nm is an
average (rigid) collagen crosslink length valid for all mineralized tissues [Lees et al.,
1984b],D ≈ 64 nm is the axial macroperiod of staggered assemblies of type I collagen
[Hodge and Petruska, 1963], and ds is the tissue-specific neutron diffraction spacing
between collagen molecules, which depends on the mineralization and the hydration
state of the tissue [Lees et al., 1984a; Bonar et al., 1985; Lees et al., 1994b]. For
wet tissues, ds can be given in a dimensionless form [Hellmich and Ulm, 2003], as a
function of ρec only

ds = const×m
1
3
0 ρec−

1
3 , (36)

for (const ×m
1
3
0 ) = 1.57× 10−10 kg

1
3 .

The volume fractions for scales below the ultrastructure can be derived directly
from ffib and fcol, on the basis of the finding of Hellmich and Ulm [2001, 2003] that
the average hydroxyapatite concentration in the extra-collagenous space of the extra-
cellular wet mineralized tissues is the same inside and outside the fibrils. Accordingly,
the relative amount of hydroxyapatite in the extrafibrillar space reads as [Hellmich and
Ulm, 2001, 2003]

φHA,ef =
1− ffib

1− fcol
. (37)

With this value at hand, the mineral volume fractions in the fibrillar and the extrafibril-
lar space follow as [see Figure 7 (b,c,d)]

f̆HA =
fHA(1− φHA,ef )

ffib
, (38)

f̌HA =
φHA,ef fHA

fef
. (39)
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Within the fibril, comprising the phases hydroxyapatite and wet collagen [see Figure 7
(b)], the volume fraction of the latter reads as

f̆wetcol = 1− f̆HA. (40)

Finally, the volume fraction of (molecular) collagen [see Figure 7(a)] at the wet colla-
gen level can be calculated from fcol, through

f̊col =
fcol

f̆wetcol

. (41)

Eqs. (33) and (36), together with Eqs. (34)–(41), deliver the extracellular elasticity
tensor componentsCec

ijkl as functions of the extracellular mass density ρec [see Figures
9(a) and 9(b)]. These elasticity tensor components give access to the transverse and
longitudinal Young’s moduli via

Eec
1 =

1
Dec

1111

, (42)

Eec
3 =

1
Dec

3333

, (43)

with compliance tensor �ec being the inverse of �ec, see Figures 10(a) and 10(b) for
mass density-moduli relations; the transverse and longitudinal Poisson’s ratios, as well
as the in-plane shear modulus of the bone material read as

νec
12 = −Dec

1122 × Eec
1 , (44)

νec
13 = −Dec

1133 × Eec
3 , (45)

Gec
12 =

Eec
1

2(1 + νec
12)

= Cec
1212, (46)

see Figures 11(a), 11(b), 10(a) and 10(b) for the dependencies of these quantities on
the extracellular mass density.
These mass density-elasticity relations can be independently checked through ultra-
sonic experiments at a frequency of 10 MHz [Lees et al., 1979b, 1983, 1995], reveal-
ing the elastic properties of extracellular bone matrix as [Carcione, 2001; Fritsch and
Hellmich, 2007]
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Cec
1111 = ρecv2

1 , (47)

Cec
3333 = ρecv2

3 , (48)

with v1 and v3 being the velocities of the longitudinal acoustic waves travelling in
the transverse and axial directions, respectively, see Tables 7 and 8 for experimental
values. The mean ē and the standard deviation es of the relative errors between N
stiffness predictions and experiments,

ē =
1
N

∑
ei =

1
N

∑ Cpred
ijkl − Cexp

ijkl

Cexp
ijkl

, (49)

es =
[

1
N − 1

∑
(ei − ē)2

]1/2

, (50)

are as low as +5.47 ± 10.17% [mean value ± standard deviation] for the transverse
normal stiffness Cec

1111, and +4.82± 8.81% [mean value± standard deviation] for the
longitudinal normal stiffnessCec

3333, see Figure 8 for a comparison of model predictions
and experiments. This is, to the authors’ knowledge, the highest predictive precision
ever attained in the field of bone microelasticity. The mass density-elasticity relation-
ship of Figure 9 can be suitably approximated through higher order polynomials with
mean relative errors below 0.25% (with respect to the micromechanical estimates). In
a dimensionless form based on the normal elastic stiffness and the mass density of
hydroxyapatite, CHA

1111 = 137 GPa [Katz and Ukraincik, 1971] and ρHA = 3 g/cm3

[Lees, 1987], such polynomials read as

Cec
1111(ρ

ec)/CHA
1111 �+ 4.6826× (ρec/ρHA)3 − 6.0171× (ρec/ρHA)2

+ 2.8081× (ρec/ρHA)− 0.4470,
(51)

with a relative approximation error of −0.17± 1.64% [mean value ± standard devia-
tion];

Cec
3333(ρ

ec)/CHA
1111 �− 6.8447× (ρec/ρHA)4 + 17.6300× (ρec/ρHA)3

− 13.5048× (ρec/ρHA)2 + 4.2118× (ρec/ρHA)
− 0.4573,

(52)

with a relative approximation error of +0.2± 5.5%;
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Cec
1122(ρ

ec)/CHA
1111 �− 11.0152× (ρec/ρHA)5 + 29.7474× (ρec/ρHA)4

− 28.7144× (ρec/ρHA)3 + 12.5870× (ρec/ρHA)2

− 2.3375× (ρec/ρHA) + 0.1188,

(53)

with a relative approximation error of −0.02± 0.69%;

Cec
1133(ρ

ec)/CHA
1111 �− 5.0088× (ρec/ρHA)4 + 13.7237× (ρec/ρHA)3

− 12.4876× (ρec/ρHA)2 + 4.8307× (ρec/ρHA)
− 0.6745,

(54)

with a relative approximation error of −0.05± 2.42%; and finally

Cec
2323(ρ

ec)/CHA
1111 �+ 4.1245× (ρec/ρHA)5 − 14.9352× (ρec/ρHA)4

+ 21.9578× (ρec/ρHA)3 − 15.1486× (ρec/ρHA)2

+ 4.9459× (ρec/ρHA)− 0.6169,

(55)

with a relative approximation error of −0.18± 5.02%.
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Figure 8: Extracellular tissue elasticity: Comparison between model-predicted stiffness values and data from
ultrasonic experiments at 10 MHz frequency
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Figure 9: Elasticity tensor components of extracellular bone matrix, as functions of the mass density of the
latter (3 . . . axial direction; 1,2 . . . transverse direction)
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Table 7: Experimental ultrasound data in transverse direction

Tissue ρec ν1 Cec
1111,exp Cec

1111,pred

[g/cm3] [m/s] [GPa] [GPa]

given given Eq. (47) Eqs. (33)–(41)

Bovine tibiaa 2.10 3.18 21.2 24.2

Bovine tibiaa 1.98 3.18 20.0 17.8

Bovine tibiaa 2.05 3.18 20.7 21.2

Bovine tibiaa 2.11 3.16 21.1 24.5

Bovine tibiaa 2.03 3.27 21.7 20.3

Bovine tibiaa 2.06 3.26 21.9 21.9

Bovine tibia b 2.07 3.32 22.8 22.5

Dugong rib b 2.02 3.00 18.2 19.7

Elephant radiusb 1.94 3.05 18.0 16.0

Human femur b 1.93 3.13 18.9 15.8

Whale malleus c 2.49 4.85 58.6 56.8

Whale malleus c 2.53 4.89 60.5 61.5

Whale malleus c 2.51 4.55 52.0 59.5

Whale malleus c 2.45 4.61 52.1 52.4

Whale incus c 2.50 4.79 57.4 58.1

Whale incus c 2.46 4.70 54.3 53.6

Whale stapes c 2.40 4.15 41.3 47.6

Whale stapes c 2.48 4.60 52.5 56.1

Whale perioticc 2.50 4.53 51.3 58.1

Whale perioticc 2.52 4.65 54.5 60.1

Whale perioticc 2.58 4.84 60.4 68.0

Whale perioticc 2.54 4.60 53.7 62.9

Whale perioticc 2.50 4.53 51.3 58.1

Whale t. bullac 2.53 4.53 51.9 61.5

Whale t. bullac 2.54 4.54 52.4 62.9

Whale t. bullac 2.49 4.48 50.0 56.8
a Lees et al. [1979b]
b Lees et al. [1983]
c Lees et al. [1995]

Table 8: Experimental ultrasound data in axial direction

Tissue ρec ν3 Cec
3333,exp Cec

3333,pred

[g/cm3] [m/s] [GPa] [GPa]

given given Eq. (48) Eqs. (33)–(41)

Bovine tibiaa 2.06 3.92 31.7 34.6

Bovine tibiaa 2.05 3.92 31.5 33.7

Bovine tibiaa 2.02 3.81 29.3 31.5

Bovine tibiaa 2.02 3.86 30.1 31.5

Bovine tibiaa 2.00 3.90 30.4 30.2

Bovine tibiaa 2.05 3.88 30.9 33.7

Bovine tibiaa 2.10 3.88 31.6 38.0

Bovine tibiaa 2.08 3.92 32.0 36.0

Bovine tibia b 2.07 4.18 36.0 34.6

Elephant radiusb 2.02 3.89 29.2 25.6

Human femur b 1.94 3.76 27.7 27.5
a Lees et al. [1979b]
b Lees et al. [1983]

26



1 1.2 1.4 1.6 1.8 2
0

2

4

6

8

10

12

14

16

18

20

Extracellular mass density ρec [g/cm3]

E
ec 1

, E
ec 3

, G
12

 [G
P

a]

 

 

Eec
1

Eec
3

G
12

(a) Low mass density

1.9 2.1 2.3 2.5 2.7 2.9 3.1
0

20

40

60

80

100

120

Extracellular mass density ρec [g/cm3]

E
ec 1

, E
ec 3

, G
12

 [G
P

a]

 

 

Eec
1

Eec
3

G
12

(b) High mass density

Figure 10: Young’s and shear moduli of extracellular bone matrix, as functions of the mass density of the
latter (3 . . . axial direction; 1,2 . . . transverse direction)
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Figure 11: Poisson’s ratios of extracellular bone matrix, as functions of the mass density of the latter (3
. . . axial direction; 1,2 . . . transverse direction)
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5. Discussion

This contribution revealed inter-relation between the mineral, organics, and water con-
centrations in extracellular bone materials, inherent to tissues across different species,
organs, and ages, see Figures 1–6. In this context, it is particularly noteworthy that
the positive progression along the ρ∗HA-axis in Figure 1, as well as along the ρec-axis
in Figure 5, RELATES FIRST TO GROWING AND ADOLESCENCE (UP TO THE MAXI-
MUM ORGANIC CONCENTRATION), AND THEN TO FURTHER AGING OF THE BONE

TISSUES DURING ADULTHOOD OF THE RESPECTIVE ANIMALS OR HUMANS. In fact,
the data of Hammett [1925] for rat femur and humeris allow for computation of an
organic apposition rate, as (dρ∗org/dt) = 0.0317 g/cm3 per month, see Figure 12(a),
which is even constant throughout the time of animal growth, as is the growth rate in
rat tail tendon, see Figure 12(b) for data of Parry and Craig [1978].
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(a) Humeris and femur of an albino rat [Hammett,
1925]
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(b) Rat-Tail Tendon [Parry and Craig, 1978]

Figure 12: Age-related organic apparent mass density

Thus, while organic matter is accumulated during animal or human growth (see e.g.
rising branch in Figure 1), it may be continuously reduced once adulthood is reached
(see e.g. declining branch in Figure 1). This reduction, however, may be consider-
ably delayed, i.e. occuring only at very high age in specific organs, since it is known
from imaging techniques, such as computerized quantitative contact microradiography
[Boivin and Meunier, 2002], quantitative backscattered electron imaging [Roschger
et al., 2003], Raman microscopy [Akkus et al., 2003], and Synchroton Micro Com-
puter Tomography [Bossy et al., 2004], that the chemical composition of adult bone
matrix (when averaged over a millimeter-sized domain) remains, for a long time, con-
stant throughout specific organs, and in particular with age [Hellmich et al., 2008].
During this time span, measured mechanical properties of the extracellular bone ma-
trix, such as indentation modulus and hardness, appear also as time-invariant [Weaver,
1966; Hoffler et al., 2000; Wolfram et al., 2010; Rho et al., 2002; Burket et al., 2011],
while such mechanical properties increase during animal (or human) growth [Feng and
Jasiuk, 2011; Weaver, 1966]. It is interesting to discuss the mineral-organics concen-
tration relation of Figure 1 from the viewpoint of cell biology: During growth, the
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mineral-to-organic mass apposition ratio in extracellular bone tissue is a constant

dρ∗HA

dρ∗org

=
1
A

= 3.5 for 0 < ρ∗HA � ρ∗,crit
HA , (56)

”universally” valid throughout different tissues of different growing species at different
ages, see Figure 1. This constant reflects the working mode of osteoblasts (CUBOIDAL

OR POLYGONAL BONE CELLS WITH SEVERAL TENS OF MICROMETERS CHARAC-
TERISTIC LENGTH [AARON, 1976; PARFITT, 1983; ROHOLL ET AL., 1994; JILKA

ET AL., 1998; ZHU ET AL., 2001; NOBLE, 2008; BONEWALD AND JOHNSON,
2008]. PRE-OSTEOBLASTS [PARFITT, 1983; ENGLER ET AL., 2006; LEMAIRE

ET AL., 2004] DEPOSIT NEW OSTEOID, IN THE FORM OF SEAMS OF SOME 8 TO

10 MICRONS THICKNESS, MADE OF PROTEOGLYCAN GEL REINFORCED BY FAIRLY

RANDOMLY ORIENTED COLLAGEN FIBRILS [ENGLER ET AL., 2006; ZAJAC AND

DISCHER, 2008; BUXBOIM AND DISCHER, 2010], SEE FIG. 13(A).

(a) Pre-Osteoblasts lay down an osteoid seam, rein-
forced by randomly oriented collagen fibrils

(b) Primary mineralization: Osteoblast order the
collagen fibrils through cell-driven stretch, and me-
diate, through budding of matrix vesicles from cell
processes, the precipitation of hydroxyapatite

(c) Secondary mineralization: crystals grow with-
out control of local biological cells

Figure 13: Working mode of pre-osteoblasts and osteoblasts: Primary and secondary mineralization of an
unmineralized osteoid

THEREAFTER, OSTEOBLASTS ORDER THE COLLAGEN FIBRILS THROUGH

STRETCHING [ENGLER ET AL., 2006], AND MEDIATE, THROUGH BUDDING OF
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MATRIX VESICLES FROM CELL PROCESSES, THE PRECIPITATION OF HYDROXYA-
PATITE, SEE FIGURE 13(B). THIS RESULTS IN THE SO-CALLED PRIMARY MIN-
ERALIZATION [PARFITT, 1983], WITH A CHARACTERISTIC TIME OF HOURS TO

DAYS [WERGEDAL AND BAYLINK, 1974]. FROM A CHEMICAL VIEWPOINT, SPE-
CIALLY SYNTHESIZED MATRIX MOLECULES, SUCH AS BONE SIALOPROTEIN, OS-
TEOPONTIN, OR OSTEOCALCIN (WIESMANN ET AL, 2005), INDUCE MINERAL

FORMATION, AND SUCH NON-COLLAGENOUS ORGANIC MOLECULES TYPICALLY

MAKE UP 10% OF THE OVERALL ORGANIC VOLUME FRACTION [URIST ET AL.,
1983; LEES, 1987; BUCKWALTER ET AL., 1995], REGARDLESS OF THE MAGNI-
TUDE OF THE LATTER. ACCORDINGLY, ONE WOULD EXPECT THE MORE MIN-
ERAL PRECIPITATION, THE MORE NON-COLLAGENEOUS ORGANICS PRESENT, THE

AMOUNT OF THE LATTER BEING PROPORTIONAL TO THAT OF THE OVERALL OR-
GANIC MATTER – AND THIS IS PERFECTLY CONSISTENT WITH THE TISSUE- AND

SPECIES-INDEPENDENT, “UNIVERSAL” MINERAL-PER-ORGANICS APPOSITION RA-
TIO OF 3.5 IN EQ. (56), SUGGESTING, THEREFORE, PRIMARY MINERALIZATION

AS THE DOMINANT MINERALIZATION MECHANISM IN GROWING ORGANISMS. IN
THIS LINE, CALCIUM AND PHOSPHATE CONCENTRATIONS ARE NOT ONLY TIGHTLY

REGULATED IN HUMANS AND OTHER VERTEBRATES, BUT THEY ARE PROBABLE TO

FOLLOW EVEN SPECIES-INDEPENDENT CONCENTRATION RULES.
THESE ARGUMENTS, REFERRING TO PROPERTIES DEFINED PER VOLUME OF EX-
TRACELLULAR BONE TISSUE, ARE DECOUPLED FROM THE QUESTION ON HOW

MUCH NEW OSTEOID IS LAID DOWN. TURNING TO THE LATTER ASPECT, THE MOST

ABUNDANT BIOLOGICAL BONE CELLS, WHICH ARE THE OSTEOCYTES [BAYLINK

AND WERGEDAL, 1971; AARON, 1976; PARFITT, 1983; TEITELBAUM, 2000; NO-
BLE, 2008; BELL ET AL., 2008; BONUCCI, 2009] RESIDING IN THE LACUNAR

POROSITY OF EXTRAVASCULAR BONE MATRIX, COME INTO PLAY. ORIGINITAT-
ING FROM OSTEOBLASTS WHICH WERE BURIED IN THE COURSE OF ONGOING

OSTEOID FORMATION AND MINERALIZATION, OSTEOCYTES MAINTAIN A WIDELY

SPREAD NETWORK, THROUGH CHANNELS CALLED CANALICULI, AMONG THEM-
SELVES AND WITH THE OSTEOBLASTS LOCATED AT THE BONE TISSUE SURFACE.
THIS NETWORK IS THOUGHT TO EFFECTIVELY TRANSFER MECHANICAL STIM-
ULI RELATED TO TISSUE DEFORMATION, TO THE OSTEOBLASTS [COWIN, 2007;
BONEWALD AND JOHNSON, 2008], SO AS TO TRIGGER THEIR BONE FORMATION

ACTIVITY, AS DESCRIBED BEFORE.
IN ADDITION TO MECHANOSENSING, OSTEOCYTES MAY INHIBIT MINERALIZA-
TION AROUND THEIR LACUNAE [BONUCCI, 2009], AND THEREFORE SET AN UP-
PER LIMIT TO THE ASYMPTOTIC MINERAL CONCENTRATION WHICH MAY BE AT-
TAINED DURING THE PROCESS CALLED SECONDARY MINERALIZATION. THIS PRO-
CESS EXHIBITS A CHARACTERISTIC TIME OF WEEKS TO MONTHS [BALA ET AL.,
2010], SEE FIGURE 13(C), AND BEFORE REACHING ITS ASYMPTOTE, SECONDARY

MINERALIZATION IS NOT CONTROLLED BY THE LOCAL BIOLOGICAL CELLS, BUT

BY THE DIFFUSION AND COMPOSITION PROPERTIES OF THE FLUIDS SATURATING

THE EXTRACELLULAR BONE TISSUE [PARFITT, 1983]. HOWEVER, AT HIGHER

AGES, THE AFOREMENTIONED INHIBITIVE ACTIVITY OF OSTEOCYTES STEADILIY

DECREASES, SO THAT, IN THE END, EVEN THE LACUNAE THEMSELVES MAY BE

FILLED WITH MINERAL, AS EVIDENCED BY FROST [1960], JOWSEY [1960], AND
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BELL ET AL. [2008]. AS A CONSEQUENCE, THE ORGANIC-TO-MINERAL CONCEN-
TRATION RATIO DECREASES, AND EQ. (56) IS NOT VALID ANY MORE. AT THE

SAME TIME, OSTEOBLASTIC ACTIVITY ALSO DECREASES AT MORE ADVANCED

AGES [AARON, 1976], LEADING TO A REDUCTION OF THE (ABSOLUTE) ORGANIC

CONCENTRATION IN EXTRACELLULAR BONE MATRIX. THIS COMBINED EFFECT

OF BOTH OSTEOBLASTIC AND OSTEOCYTIC ACTIVITY REDUCTION IS EXPRESSED

BY A (NEGATIVE) MINERAL GROWTH-TO-ORGANIC-REMOVAL RATIO,

dρ∗HA

dρ∗org

= −3.6 FOR ρ∗,crit
HA < ρ∗HA � ρHA, (57)

SEE FIGURE 1, WHICH REVEALS SECONDARY MINERALIZATION AS THE DOMI-
NANT MINERALIZATION MECHANISM IN ADULT, AGING ORGANISMS. WE ALSO

REMARK THAT FIGURES 1–6 REFER TO PHYSIOLOGICALLY NORMAL CONDITIONS,
WHILE DRUG TREATMENTS [LEES ET AL., 1994A] MAY LEAD TO CONSIDERABLE

DEVIATIONS FROM THESE RULES FOR FIBRILLOGENESIS AND MINERALIZATION.
WE OBSERVE A DECREASED ORGANIC-TO-MINERAL RATIO IN FIGURE 14,
WHEREBY THE EXTENT OF THE DECREASE DEPENDS ON THE ADMINISTERED

DRUGS: THE MAXIMUM DECREASE IS OBSERVED FOR FLUORIDE, FOLLOWED BY

THOSE RELATED TO CORTISOL AND BAPN (β-AMINOPROPIONITRILE).
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Figure 14: Mineral-to-organic concentration relations in extracellular bone tissue of drug-treated rabbits of
Lees et al. [1994a]
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6. Outlook

WE ENVISION THE DISCOVERED CONCENTRATION RELATIONS OF FIGURES 1–
6 AND 9–11, TO BE USEFUL IN VARIOUS CONTEXTS, SUCH AS (I) DEFINING THE

SUCCESSION OF LIFETIME-VARIANT EXTRACELLULAR TISSUE COMPOSITIONS RE-
LATED TO BONE REMODELING EQUILIBRIUM UNDER NORMAL PHYSIOLOGICAL

CONDITIONS, WHICH COULD CONSTITUTE AN INTERESTING INPUT TO CORRE-
SPONDING MATHEMATICAL BIOLOGY MODELS [LEMAIRE ET AL., 2004; PIVONKA

ET AL., 2010]; AND (II) ENHANCED EXPLOITATION OF COMPUTER TOMOGRAPHIC

(CT) DATA [KOMLEV ET AL., 2010] FOR BIOMECHANICAL ENGINEERING. Regard-
ing the latter item, the volume fractions of the tissue’s constituents can be related to the
X-ray attenuation coefficients quantifiable in a micro Computer Tomograph [Jackson
and Hawkes, 1981; Hellmich et al., 2008; Scheiner et al., 2009]

μec = fH2O × μH2O + fHA × μHA + forg × μorg, (58)

with μH2O = 5.33 cm−1, μorg = 5.71 cm−1, μHA = 142 cm−1, as the attenuation
coefficients of water, organics, and hydroxyapatite, at a photon energy of 10 keV, which
is typically used in bone micro CT imaging. The values for μH2O , μHA, and μorg are
accessible from the NIST database1. Combination of Eq. (58) with the miromechanics
model Eqs. (33)–(41) yields attenuation coefficient-elasticity relations, see Fig. 15.
They open interesting possibilities for CT-based, micromechanics-supported biomate-
rial design [Bertrand and Hellmich, 2009]: Voxel-specific gray values guide the way
to individuum- and location-specific elastic properties, which an implant is required
to exhibit, as not to disturb the physiological force field, necessary for undisturbed
biophysical functionality of the organism.

1NIST XCOM database, US National Institute of Standards and Technology,
http://physics.nist.gov/PhysRefData/Xcom/html/xcom1.html, 2010
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Figure 15: Elasticity tensor components as functions of attenuation coefficient μec at 10 keV photon energy
(3 . . . axial direction; 1,2 . . . transverse direction)
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� organic and mineral concentrations in bone tissue follow bilinear relationship 
 

� micromechanics provides experimentally validated  mass density-elasticity 
relationships 

 
� this opens new routes for evaluation of Computer Tomographic data 




