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Abstract

Let G be a compact connected Lie group and H a closed subgroup of G. Suppose the homogeneous
space G/H is effective and has dimension 3 or higher. Consider a G-invariant, symmetric, positive-
semidefinite, nonzero (0,2)-tensor field T"on G/H. Assume that H is a maximal connected Lie subgroup
of G. We prove the existence of a G-invariant Riemannian metric g and a positive number ¢ such that
the Ricci curvature of g coincides with ¢I" on G/H. Afterwards, we examine what happens when the
maximality hypothesis fails to hold.
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1 Introduction and statement of the main result

The primary objective of the present paper is to produce a global existence theorem for Riemannian metrics
with prescribed Ricci curvature on a broad class of compact homogeneous spaces. After stating and proving
this theorem, we examine what happens when its key assumption is violated. Let us briefly discuss the
history of the subject and describe our results in greater detail.

Suppose M is a smooth manifold. Finding a Riemannian metric g on M whose Ricci curvature Ric(g)
coincides with a prescribed symmetric (0,2)-tensor field T is a fundamental problem in geometric analysis.
DeTurck proved the local existence of ¢ in the paper [11] assuming T' was nondegenerate on M; see also [2]
Chapter 5] and [18, Section 6.5]. Jointly with Goldschmidt, he obtained an analogous result for T' of constant
rank in [I4]. That result required analyticity and several other conditions on 7.

Many mathematicians have investigated the global existence of Riemannian metrics with prescribed Ricci
curvature. The papers [10, 22| 211 23] provide a snapshot of the recent progress on this topic. We refer to [2]
Chapter 5] and [Il Section 9.2] for surveys of older work and to [6] for a sample of the research done in the
Lorentzian setting. Most global existence results proven to date deal with open manifolds. However, there
are a number of notable exceptions. For instance, Hamilton offered a series of theorems regarding metrics
with prescribed Ricci curvature on spheres in [16]. DeTurck and Delanoé obtained more general versions of
one of those theorems in [I3] and [9]] Note that many of the global existence results referenced above share
a common feature. Namely, their proofs rely on various forms of the implicit and inverse function theorems.

As far as impact and applications are concerned, DeTurck’s work on the paper [11] led him to the discovery
of the DeTurck trick for the Ricci flow. Rubinstein showed in [24] that, under natural hypotheses, a sequence
of Kéhler metrics (g;)52, such that Ric(g;+1) equals g; for all i € N must converge to a Kéhler-Einstein metric.
He also established a link between (g;)$2, and discretisation of geometric flows. Subsequently, he conjectured
(personal communication, 30 April 2013) that similar results held for Riemannian (g;)$2,, at least in some
special situations.
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Suppose the manifold M is closed. In this case, instead of trying to prove the existence of a metric g
with Ric(g) equal to T, one should search for a metric g and a positive number ¢ such that

Ric(g) = cT. (1.1)

This paradigm was originally proposed by Hamilton in [I6] and DeTurck in [I3]. To explain it, we consider
the problem of finding a metric on the 2-dimensional sphere S? with prescribed positive-definite Ricci curva-
ture Tg2. According to the Gauss-Bonnet theorem and [16, Theorem 2.1] (see also [12, Corollary 2.2]), such a
metric exists if and only if the volume of S? with respect to Ty equals 47. Consequently, it is always possible
to find g and ¢ such that (II) holds on S? with T replaced by Ts2. The value of ¢ is uniquely determined
by Ts2. Hamilton suggests in [16, Section 1] that the purpose of ¢ is to compensate for the invariance of the
Ricci curvature under scaling of the metric.

Consider a compact connected Lie group G and a closed connected subgroup H < G such that the
homogeneous space G/H has dimension n > 3. Let the manifold M coincide with G/H. For simplicity, we
assume G acts effectively on M. The following theorem is the main result of the present paper. We prove it
in Section

Theorem 1.1. Suppose H is a maximal connected Lie subgroup of G. Let T be a symmetric G-invariant
(0,2)-tensor field on M. Assume T is positive-semidefinite but not identically zero on M. There exist a
G-invariant Riemannian metric g and a number ¢ > 0 such that equation (L)) holds true.

Let us make a few remarks. For a comprehensive discussion of concrete examples of homogeneous spaces
satisfying the hypotheses of Theorem [T} see [25, pages 185-186]. As far as conditions on T are concerned,
the majority of global existence results for metrics with prescribed Ricci curvature, including the results
in [16, 13 @], require that the prescribed tensor field be positive- or negative-definite. Sometimes, this
requirement is implicit. For instance, it is automatically satisfied if the prescribed tensor field is assumed to
be “close” to a non-Ricci-flat Einstein metric. Theorem [[LT], on the other hand, applies when T is positive-
semidefinite and nonzero. Our arguments break down when T has mixed signature. Specifically, one cannot
take advantage of Lemma [2.4] in this case; see Remark for details. Note that, according to Bochner’s
theorem, there are no G-invariant metrics on M with negative-semidefinite Ricci curvature.

Section [l explores the case where the isotropy representation of M splits into two inequivalent irreducible
summands and the maximality assumption on H is violated. Our main result in this section, Proposition B3]
provides a necessary and sufficient condition for the existence of a G-invariant metric g and a positive number
¢ satisfying (LIJ). When this condition holds, the pair (g, c¢) is unique up to scaling of g. Proposition B1]
implies that it is always possible to choose the tensor field T" in such a way that ¢I' cannot be the Ricci
curvature of any G-invariant metric for any number ¢. Homogeneous spaces whose isotropy representations
split into two irreducible summands were carefully studied by Dickinson and Kerr in the paper [15] and by
He in the paper [I7]; see also Buzano’s work [5].

2 Proof of the main result

The method we use to prove Theorem [[LT] may be thought of as the method of Lagrange multipliers. Our
reasoning stands on two pillars. The first one is the interpretation of metrics satisfying (I.1]) for some ¢ € R as
critical points of a functional subject to a constraint. This interpretation, given by Lemma 2.1l below, differs
from the variational principle proposed by Hamilton in [16]. The second pillar is the technique invented
by Wang and Ziller in [25] to prove the existence of Einstein metrics on homogeneous spaces obeying the
hypotheses of Theorem [Tl This technique was further developed in [3,4]. To make it work for our purposes
will require a new estimate on the scalar curvature of a G-invariant metric on M. This estimate is given by
Lemma 2.4] below.

We begin with a few preparatory remarks. Let M be the space of G-invariant Riemannian metrics on M.
This space carries a natural smooth manifold structure; see, e.g., [I9, pages 6318-6319]. The scalar curvature
S(g) of a metric g € M is constant on M. Therefore, we may interpret S(g) as the result of applying a
functional S: M — R to g € M. Note that S is differentiable on M; see, e.g., [2, Corollary 7.39].

If the dimension of the space of G-invariant symmetric (0,2)-tensor fields on M is equal to 1, then the
assertion of Theorem [l is easy to prove. In this case, any metric g € M satisfies formula (II) for some



¢ € R. Using Bochner’s theorem (see [2, Theorem 1.84]), one concludes that ¢ must be positive. In the
remainder of Section 2] we assume the dimension of the space of G-invariant symmetric (0,2)-tensor fields on
M is 2 or higher. Let T be such a tensor field. Suppose T is positive-semidefinite but not identically zero.
Denote by try T' the trace of T" with respect to g € M. We write My for the space of all g € M such that
try T'= 1. The smooth manifold structure on M induces a smooth manifold structure on M. In fact, My
is a hypersurface in M. Denote by S| a4, the restriction of the functional S to Mp. As we will demonstrate
below, S|am, attains its largest value when the conditions of Theorem [[1] are satisfied. Further variational
properties of S|, are discussed in Remark below.

Lemma 2.1. A Riemannian metric g € My satisfies equation [ILI)) for some ¢ € R if and only if it is a
critical point of S|amoy-

Proof. Fix a G-invariant symmetric (0, 2)-tensor field A on M. Let us compute the derivative dSy(h) for
g € M. In order to do so, we consider the Einstein-Hilbert functional E on the space M. By definition,

E(g) = / S(g)dp = S(g)u(M),  geM,
M
where p is the Riemannian volume measure corresponding to g. Consequently, the equality

1 d(p(M))g(h)
S, (h) = ——dE, (h) — DWW ey e,
holds true. The well-known first variation formula for F (see, e.g., [2, Proposition 4.17] or [8] Section 2.4])
yields

d@aw=ﬂ;<%?g—RumJ§du=<%§g—RM@J§u@ﬂ

The angular brackets here denote the scalar product in the tensor bundle over M induced by g. It is easy
to see that

(M), (1) = 519, B (M)
cf. [8 Section 2.4]. Thus, we have
a5y = (22~ Rict) 1) - L. 1) = ~(Riclo) 1), g€ M.

The space tangent to My at any point consists of G-invariant symmetric (0,2)-tensor fields h such that
(T',h) = 0. Together with the above equality for dS,(h), this observation implies the assertion of the
lemma. O

Our next objective is to state a formula for the scalar curvature of a G-invariant metric on M. We will
use this formula to prove the existence of a critical point of S|aq,.. First, we need to introduce more notation.
Namely, let g and § be the Lie algebras of G and H. Choose an Ad(G)-invariant scalar product @ on g.
Suppose m is the @Q-orthogonal complement of h in g. We standardly identify m with the tangent space of
M at H. Consider a @-orthogonal Ad(H )-invariant decomposition

m=m & - Sm, (2.1)

such that Ad(H)|m, is irreducible for each ¢ = 1,...,s. It is unique up to the order of summands if Ad(H)|m,
is inequivalent to Ad(H)|m, whenever i # k. In the beginning of Section 2] we assumed the dimension of
the space of G-invariant symmetric (0,2)-tensor fields on M was 2 or higher. Therefore, s must be greater
than or equal to 2.

Our formula for the scalar curvature of a G-invariant metric will involve arrays of numbers, (b;);_; and
(”yfk)f k.1=1, associated with the scalar product @ and the decomposition (2.I)). To introduce the first one,



suppose B is the Killing form on the Lie algebra g. For every i = 1,...,s, because Ad(H)
there exists a nonnegative b; such that

m, is irreducible,

(2.2)

To introduce the second array, fix a Q-orthonormal basis (e;)7_; of m adapted to the decomposition (2.I]).
Given i,k,l =1,...,s, define

F)/z%k = ZQ([eLi7€Lk]’ebl)2' (23)

The sum is taken over all ¢;,¢; and ¢ such that e,, € m;, ¢, € my and ¢, € m;. Note that ”yék is
independent of the choice of (ej)?zl and symmetric in all three indices. Our further arguments will require

the following property of the array (”yfk)f k.1=1 due to Wang and Ziller (see the first paragraph in [25, Proof
of Theorem (2.2)]).

Lemma 2.2. Suppose H is a mazimal connected Lie subgroup of G. There exists a constant a > 0 depending
only on G, H and Q such that the following statement holds: for each non-empty proper subset I C {1,...,s},
it is possible to find i,k € I andl ¢ I with %41@ > a.

Recall that our objective is to state a formula for the scalar curvature of a G-invariant metric on M. Let
g lie in M. Modifying the decomposition ([ZT)) if necessary, we can write g as the sum

ZxZQ X,pr, V), X,Yem, (2.4)

for some x; > 0; see [25] page 180]. The notation pr,,, here means projection onto m;. The scalar curvature
of g satisfies

2.
Z ’szxlxk ( 5)

1kl 1

Slo) = 5 > 2
i=1 "

with d; the dimension of m;. The reader will find the derivation of this formula in, e.g., [25] and [2] Chapter 7].
Throughout Section 2] we assume 1 < --- < z, without loss of generality. The next two lemmas provide
estimates on S(g). The proof of the first one relies on ([2.35]).

Lemma 2.3. Suppose H is a mazximal connected Lie subgroup of G. Then the formula

d;b; a o
<
Sl9) = 2Z ;. 4(s—1) — i,

holds true.

Proof. Let us choose I = {1} in Lemma We conclude that ,772]91 > a for i1, k1 equal to 1 and some [y
between 2 and s. Because z1 < --- < x4, the estimate

dibi 1 ! z s—2
S = — — 31 [ N 1
(g) 2 ; x; 4(5 — 1)’711]61 Ti, T, 4(8 — 1)711161 7 Ikl Z’Ylkx "

1 < d;b; a x a(s— x,
< Z _ e
-2 ; zi  A(s—1)z? 4(s— 1 )z xp, 4 Z ka iTh
holds true. The sums without bounds here are taken over all the indices i, k,l = 1,...,s with (i, k,1) #
(i1, k1,01)-

Choosing I = {1,2} in Lemma [Z2] yields ”yfj,w > a for some ig, ko equal to 1 or 2 and some I3 between 3
and s. If (ig, k2, l2) coincides with (i1, k1,11), then

d;b; a T a ] a(s —3) x
S < - Te 2 _ 1
(9) = ; T (s—1) 22  4(s—1)zpan, 4(s—1)z,zn 4 Z iy
1 <~ d;b; a Ty T3 a(s —3) xy,
< - (229
-2 ; T (s—1) (x% + x%) 4(s —1) :zrllzzrkl Z%kxzxk

k

k




As before, the sums without bounds are taken over i,k,l = 1,...,s with (¢, k,1) # (i1, k1,11). If (i2,ka,l2)
differs from (i1, k1,11), then

1< d;b; a o 1 1 Xy
Sy et

—~ 4(s—1)az? 4(s—1) Tk,
s=2 4, m,  a(s=2) w1 LT
4(s — 1)%2]“2 TinThy A(s—1)mjzp, 4 ki,

1< d;b; a ) Z3
< = S e M)
_2Z ri  4(s—1) <x%+x§>

i=1
a(s —2) xr, xr, 1 7
4(s—1) (xizku + Tiy Thy 4 Z%k Tk
Now the sums without bounds are over i,k,l =1,...,s with (i, k,1) # (i1, k1,01) and (i, k, 1) # (i2, ko, l2).

Consecutively choosing I = {1,2,...,m} form=1,2,...,s — 1 in Lemma [2.2] and arguing as above, we
conclude that

1 dibi a u €T;
< Z — — ..
Sl =3 Z,_ (s — 1) & a2 ’

i—2 Ti-1
where the dots represent some nonnegative quantity. The required estimate on S(g) follows immediately. [
Define the number b > 0 by setting
b=—inf B(X,X)+1,

where the infimum is taken over the set of all X € m with Q(X,X) = 1. It is clear that b; < b for all
t1=1,...,s.

Lemma 2.4. Suppose H is a mazximal connected Lie subgroup of G. If x1 < 17 and xs > 7o for some
positive numbers T and To, then the estimate

b,

__o9s—1 1
S(g) < D) S a<x1 e "’3382511)

holds with the constant o > 0 depending only on G, H, Q, 11 and 7.

Proof. Lemma 23] implies

Sl9) = 2177”1 N 8(sa— -t 8(sa— T (26)
where
x x = = T
Si=Ftlay ScXla tar
We claim that
S1> o (s):vs27+’1 (2.7)

for some a1(s) > 0. The proof proceeds by induction in s. Indeed, it is obvious that estimate ([2.7) holds
when s = 2. Fix a natural number m > 2 and assume this estimate holds for s = m. We will now prove it
for s = m + 1. By the inductive hypothesis,

1
om—-1_1 Tm+1
S1 > ag(m)xm, T m2
xm



with ag(m) > 0. We treat the expression in the right-hand side as a function of x,,. This function attains
its minimal value when

0 T, Tmtl a1 (m) *;mn%ﬁ 2T 41
— | ar(m)x - = T = =0,
8azm< 1(m)zm + x2, gm—1_ 17" a3,
that is,
om—1_4
om _ 9 2 1 2”‘7;1—1
:Em — m2+171
v (m)
This minimal value is
mo_ mo_ 1
1) 7 (2 — )7+ (2m )

Therefore, the estimate

1
2 —1

S1>ar(m+ 1)z, 5

must hold with

2m—2 2 —2

ar(m+1) = al(m)ﬁ(@m —2)7T=T 4 (27— 2)‘%),

This concludes the proof of ([2.7]).
Let us demonstrate that

2s—1

Sy > ag(s)z, = (2.8)

for some as(s) > 0. Again, we proceed by induction. The case s = 2 is trivial. Given a natural m > 2,
assume estimate ([Z.8]) holds for s = m. We will prove this estimate for s = m + 1. The inductive hypothesis
implies

m—1
Z2 —moTo1
SQZ P-FOQ(WL)IQZ -
1
with az(m) > 0. The derivative
0 (o 2 1 ag(m)2m—t — 25+
— = ta(m)z, ™ =5 - ——Z—a, " !
0xo (a:% 2(m)z x? gm-1_1 "2
is equal to 0 when
om—1_

. om—1 _ 1 _Wﬂ::?
2=\ —7F7 57— .
ag(m)2m—1 !

This yields

om
T 2m—1

Sy > Ozz(m + l)iEl s

where

m—1 m—1

2 —1 2
om—1_4 mel — 1\ 7T 2m71 —1\2™—1
az(m+1) = ag(m) 77T <<W) + <W) )

Thus, estimate (Z38)) is proven. The assertion of the lemma immediately follows from 26)), (27) and 28). O




Proof of Theorem [l We will show that the functional S|aq, has a critical point. Lemma 1] will then
imply the existence of g € My and ¢ € R satisfying equality (I.I). In the end, we will prove that ¢ must be
positive.

Let us fix a Q-orthonormal basis in m. Given u,v > 0, suppose M™" is the set of metrics g € M such
that

u<g(X,X)<w

for all X € m with Q(X,X) = 1. Tt is easy to see that g € M lies in M™*" if and only if the eigenvalues
of the matrix of g at H in our fixed basis belong to the interval [u,v]. This observation implies that M"Y
is compact. The intersection M™? N Mr is a closed subset of M*". Consequently, it must be compact as
well. We will prove that, when u and v are chosen appropriately, the maximum of the functional S|, over
MY N Moy is also its global maximum. This will enable us to conclude S|aq, has a critical point.

Suppose g is a metric in M. We write down formula (2.4 and assume, without loss of generality, that
21 < -+ <z, Lemma 24 yields an estimate for S(g). To produce this estimate, consider a @-orthonormal
basis (e;)j—; of m adapted to the decomposition ([2I]). Define the numbers 71,75 > 0 by setting

1 n
71 =nsupT(X, X), Ty = ;ZT(ej’ej)’ (2.9)

Jj=1

where the supremum is taken over the set of all X € m with Q(X,X) = 1. It is clear that x; cannot be
greater than 7;. Indeed, the equality tr, 7' = 1 implies

1=y fetlny s

j:1

S~

\]
&
&|\1

Also, x5 cannot be less than 7. To see this, fix a natural number p between 1 and n such that

T(ep,ep) = ]Erllaan(e], €;)-

It is clear that T'(ep,e,) > T2. Using the equality try 7' = 1 one more time, we find

o - T(ejvej) T(ep’ )
-y M), T 2

2|9

g(ep, €p)
Lemma 2.4 implies the estimate
bn ~r
S(g) < 2t e (2.10)

and the existence of @ > 0 depending only on G, H, ) and T such that

1
s

S(g)<a—az® "t
It is clear that S(g) < 0 if
2 21
infg(X,X)=x1 < (bn)

or

& 2°7 -1
supg(X, X) =zs > (—
«



(The infimum and the supremum here are taken over all X € m with Q(X, X) = 1.) Therefore, S(g) < 0 if
g € Mr is outside the set M™"? with

2a 257171 d 257171
u = _— v = — .
bn ’ a

Obviously, the space M carries a G-invariant metric with nonnegative scalar curvature. Multiplying this
metric by a constant if necessary, we may assume that it lies in Mp. Consequently, the compact set
M®?P N Mo is nonempty, and the maximum of S|, over M™Y N My is the maximum of S|, over M.
It becomes clear that S|aq, must have a critical point.

Lemma 2Tl yields the existence of g € My and ¢ € R satisfying (ILT)). According to the Bochner theorem
(see [2| Theorem 1.84]), the group G would have to be abelian if ¢ were nonpositive. However, since s > 2,
this would contradict Lemma 2.2l Thus, the formula ¢ > 0 must hold. O

Remark 2.5. Theorem [[.1l requires that the tensor field T' be positive-semidefinite. Let us explain the role
this hypothesis plays in the proof. If T" had mixed signature, we would have been unable to establish the
positivity of the number 7 defined by (2.9). This would have prevented us from applying Lemma 2.4] and
obtaining estimate (2.10).

Remark 2.6. Let M denote the set of all g € M such that the volume of M with respect to g equals 1.
According to [25, Theorem (2.2)], the functional S|4, is bounded from above and proper if and only if H is a
maximal connected Lie subgroup of G. It is natural to ask whether an analogous result holds for S|a¢,. The
above proof of Theorem [[LT] demonstrates that S|aq,. is bounded from above and proper if H is a maximal
connected Lie subgroup of G. We will not discuss the converse statement in the present paper.

Remark 2.7. The conditions of Lemma [2.4] are satisfied with 73 = 75 = 1 for metrics in Mj. By repeating
the reasoning in Section 2] with minor modifications, one concludes that, when H is a maximal connected
Lie subgroup of G, the map S|4, is bounded from above and proper. This yields a new proof of one of the
implications in [25 Theorem (2.2)].

3 What if H is not maximal?

The purpose of this section is to explore the situation where the maximality hypothesis in Theorem [l is
violated. We assume m admits a Q-orthogonal Ad(H )-invariant decomposition

m=m; O mo (3.1)

such that Ad(H)|m, and Ad(H)|m, are irreducible and inequivalent. In this case, the space of G-invariant
symmetric (0,2)-tensor fields on M is 2-dimensional. Let T be such a tensor field. Assume T is positive-
semidefinite but not identically zero. The formula

T(X,Y) = 21Q(pry, X, pry,, Y) + 22Q(pry,, X, pr,,,Y), X, Y em,

holds for some z1, zo > 0. The numbers z; and z; cannot equal 0 simultaneously.
Suppose the group G has a connected proper Lie subgroup K such that H < K < G and H # K. Denote
by ¢ the Lie algebra of K. It will be convenient for us to assume £ = h & my. This does not cause any loss

of generality.
2

ik, l=1"
Q and the decomposition (B.I). The equality v7, = 0 holds true. This equality follows from the inclusion
m; C € and the fact that € is orthogonal to my. We assume 73, # 0 when stating Proposition B.1] below.
If 73, = 0, then all the metrics in M have the same Ricci curvature; see, e.g., [20, Lemma 1.1]. Other
consequences of this equality are discussed in [25] Proof of Theorem (2.1)] and also [5, Remark 4.1.2].

Fix a Q-orthonormal basis (w;)i_, of the Lie algebra h. Given i = 1,2, the irreducibility of Ad(H)|m,
implies the existence of a nonnegative constant (; such that

_<iadwj Oa,d'LUj> (X)=GX

j=1

Formula (23] defines an array of nonnegative constants, (vék) associated with the scalar product



for all X € m;. Note that ¢; = 0 if and only if Ad(H)|n, is trivial. It is easy to verify that ¢; and (s cannot
equal 0 simultaneously. According to [25], Lemma (1.5)], the formula

2

dibi =2diGi+ Y v, i=1,2 (3.2)
ki=1

holds with b; given by ([2:2)) and d; the dimension of m,.
Proposition 3.1. Assume v3, # 0. The following statements are equivalent:
1. There exist a metric g € M and a number ¢ > 0 such that the Ricci curvature of g coincides with cT'.

2. The inequality

(Cz + 122 + ?2)21 > (Cl + chil) (3.3)
is satisfied.
When these statements hold, the pair (g,c) € M x (0,00) is unique up to scaling of g.
Proof. Given a metric g € M, it is easy to see that
9(X,Y) = 2:Q(pry,, X, pry,, Y) + 22Q(pry, X, pry, Y), X, Y em,
for some x1,z2 > 0. The Ricci curvature of g coincides with ¢TI if and only if

bi  vh ’7_212 ’722 Ty

2 4d1 2d1 4d1 LL‘%

= Cz1,

see, e.g., [20, Lemma 1.1]. Using [32), we rewrite these equalities as

2 ?
Gty <<+722+@—c@) — ez =0,

4d1 dl’y22 4d2 d2
2d ”Y22 7212 L1
= - = —, 3.4
V32 <<2 T, 4ds N do =2 T2 (3:4)

Our objective is to show that (B3) is a necessary and sufficient condition for the existence of x1,z2,¢ > 0
satisfying ([3.4). This will prove the first assertion of the proposition. It will be clear from our arguments
that the ratio fc—; and the number ¢ are uniquely determined by ([B.4)). This fact implies the second assertion.

Suppose z = 0. Then z1,z9,c¢ > 0 satisfying (84]) obviously exist. Inequality (83) inevitably holds.
The second line in (34 yields a unique value for ;—;, and the first line determines ¢. Thus, the proposition
is proven. In what follows, assume 29 # 0.

Let us show that the existence of z1,x2,¢ > 0 satisfying ([B.4]) implies (B.3]). Transforming the first line

in (34), we find

4 z5¢® — (nazo + 21) ¢ + 411, (13 +2m) =0,
dl’Y%z 4d§
where
Qd% 7111 ng ”Y22 7212
771—(117212 <C1+4—dl ; 772_6517212 <2+4d2+d_2 .

This is a quadratic equation in ¢ with discriminant

D = (n2z2 + 21)° — (3 + 2m) 73



Its solutions are given by the formula

. 173y (n222 + 21 £ VD)

e . (3.5)

Substituting this into the second line in (4] yields

L N5)) (3.6)

€2 dozy

Because the ratio i—; is positive, the expression in the right-hand side must be positive. As a consequence,

we obtain

nz2 < N221, (3.7)

which is equivalent to ([B.3]).

The above arguments demonstrate that, when 1, z2,c > 0 satisfying (84 exist, the ratio fc—; and the
number ¢ are given by ([B.6) and (3X]). In both formulas, the sign before the square root must be a minus.
Thus, i—; and ¢ are determined uniquely.

Let us now assume that ([33)) holds. We will produce 1, z2,¢ > 0 satisfying [B.4). This will complete
the proof of the proposition. Observe that the discriminant D is inevitably positive. Indeed, formula (31,
which is equivalent to ([B3]), yields

D =22 + 22129 — 2125 > 22 > 0. (3.8)

We define ¢ by ([B.3]) with a minus in front of the square root. It is easy to check that c¢ is positive. The first
equality in ([B4]) holds true. Next, we define

d
3:1:——1(2“1—\/5), xo = 1.
The positivity of x; follows from (B.8]). An elementary computation shows that the second equality in (4]

holds true. O

Remark 3.2. Rather than arguing as above, one may prove Proposition 3.1l by exploiting Lemma 2.1 and
examining the functional S|r,.. Note that this functional is bounded from above unless z; = 0 and ¢ +71; >
0.

Acknowledgements

I express my gratitude to Yanir Rubinstein and Godfrey Smith for the stimulating discussions on metrics
with prescribed Ricci curvature. I am also thankful to Wolfgang Ziller for suggesting several useful references
to me.

References

[1] T. Aubin, Some nonlinear problems in Riemannian geometry, Springer-Verlag, Berlin, 1998.
[2] A. Besse, Einstein manifolds, Springer-Verlag, Berlin, 1987.
[3] C. Bohm, Homogeneous Einstein metrics and simplicial complexes, J. Diff. Geom. 67 (2004) 79-165.

[4] C. Bohm, M.Y. Wang, W. Ziller, A variational approach for compact homogeneous Einstein manifolds,
Geom. Funct. Anal. 14 (2004) 681-733.

[5] M. Buzano, Ricci flow on homogeneous spaces with two isotropy summands, Ann. Global Anal. Geom. 45
(2014) 25-45.

10



[6]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

G. Calvaruso, Three-dimensional homogeneous Lorentzian metrics with prescribed Ricci tensor, J. Math.
Phys. 48 (2007) 123518, 17 pages.

J. Cao, D.M. DeTurck, The Ricci curvature equation with rotational symmetry, Amer. J. Math. 116
(1994) 219-241.

B. Chow, P. Lu, L. Ni, Hamilton’s Ricci flow, Amer. Math. Soc., Providence, RI, 2006.

Ph. Delanoé, Local solvability of elliptic, and curvature, equations on compact manifolds, J. reine angew.
Math. 558 (2003) 23-45.

E. Delay, Studies of some curvature operators in a neighborhood of an asymptotically hyperbolic Einstein
manifold, Adv. Math. 168 (2002) 213-224.

D.M. DeTurck, Existence of metrics with prescribed Ricci curvature: local theory, Invent. Math. 65
(1981/82) 179-207.

D.M. DeTurck, Metrics with prescribed Ricei curvature, in: S.-T. Yau (Ed.), Seminar on differential
geometry, Princeton Univ. Press, Princeton, NJ, 1982, pages 525-537.

D.M. DeTurck, Prescribing positive Ricci curvature on compact manifolds, Rend. Sem. Mat. Univ.
Politec. Torino 43 (1985) 357-369.

D. DeTurck, H. Goldschmidt, Metrics with prescribed Ricci curvature of constant rank. I. The integrable
case, Adv. Math. 145 (1999) 1-97.

W. Dickinson, M. Kerr, The geometry of compact homogeneous spaces with two isotropy summands,
Ann. Global Anal. Geom. 34 (2008) 329-350.

R.S. Hamilton, The Ricci curvature equation, in: S.-S. Chern (Ed.), Seminar on nonlinear partial
differential equations, Springer-Verlag, New York, 1984, pages 47-72.

C. He, Cohomogeneity one manifolds with a small family of invariant metrics, Geom. Dedicata 157
(2012) 41-90.

J.L. Kazdan, Applications of partial differential equations to some problems in differential geometry,
lecture notes, 2006, |http://hans.math.upenn.edu/~kazdan/japan/japan.pdf, accessed on 19/03/2015.

Y.G. Nikonorov, E.D. Rodionov, V.V. Slavskii, Geometry of homogeneous Riemannian manifolds,
J. Math. Sci. (N.Y.) 146 (2007) 6313-6390.

J.-S. Park, Y. Sakane, Invariant Einstein metrics on certain homogeneous spaces, Tokyo J. Math. 20
(1997) 51-61.

R. Pina, L. Adriano, M. Pieterzack, Prescribed diagonal Ricci tensor in locally conformally flat mani-
folds, J. Math. Anal. Appl. 421 (2015) 893-904.

R. Pina, K. Tenenblat, On solutions of the Ricci curvature equation and the Einstein equation, Israel
J. Math. 171 (2009) 61-76.

A. Pulemotov, The Dirichlet problem for the prescribed Ricci curvature equation on cohomogeneity one
manifolds, to appear in Ann. Mat. Pura Appl., larXiv:1303.2419 [math.AP].

Y.A. Rubinstein, Some discretizations of geometric evolution equations and the Ricci iteration on the
space of Kédhler metrics, Adv. Math. 218 (2008) 1526—-1565.

M.Y. Wang, W. Ziller, Existence and nonexistence of homogeneous Einstein metrics, Invent. Math. 84
(1986) 177-194.

11


http://hans.math.upenn.edu/~kazdan/japan/japan.pdf
http://arxiv.org/abs/1303.2419

	1 Introduction and statement of the main result
	2 Proof of the main result
	3 What if H is not maximal?

