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We study the perturbative unitarity of noncommutative scalar field theories. Field
theories with space-time noncommutativity do not have a unitary S-matrix. Field theories
with only space noncommutativity are perturbatively unitary. This can be understood
from string theory, since space noncommutative field theories describe a low energy limit
of string theory in a background magnetic field. On the other hand, there is no regime
in which space-time noncommutative field theory is an appropriate description of string
theory. Whenever space-time noncommutative field theory becomes relevant massive open

string states cannot be neglected.
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1. Introduction

Noncommutative field theories are constructed from conventional (commutative) field
theories by replacing in the Lagrangian the usual multiplication of fields with the x-product
of fields. The *-product is defined in terms of a real antisymmetric matrix 6*¥ that

parameterizes the noncommutativity of Minkowski space—timeﬁl
[zt x¥] =" w,v=0,...,D—1. (1.1)

The x-product of two fields ¢ (z) and ¢o(x) is given by
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The noncommutativity in ([[.I]) gives rise to a space-time uncertainty relation
v 1 v
Azt Az” > §|9” | (1.3)

which leads to number of unusual phenomena such as the mixing of the ultraviolet with
the infrared as well as apparent acausal behavior [I]-[[].

These field theories are non-local and this nonlocality has important consequences
for the dynamics [[[J-[]. The structure of the product in ([L2) leads to terms in the
action with an infinite number of derivatives of fields which casts some doubts on the
unitarity of noncommutative field theories. In this paper we will check the unitarity of
scalar noncommutative field theories at the one loop level and show that theories with
0% = 0 are unitary while theories with #° # 0 are not unitary.

Noncommutative field theories with space noncommutativity (that is 6% = 0) have
an elegant embedding in string theory [H|[B][L0]. They describe the low energy excitations
of a D-brane in the presence of a background magnetic fieldB. In this limit Q] the rel-
evant description of the dynamics is in terms of the noncommutative field theory of the
massless open strings. Both the massive open strings and the closed strings decouplea.
The consistent truncation of the full unitary string theory to field theory with space non-

commutativity leads one to suspect that these field theories are unitary. Moreover, these

L Throughout the paper we will use the (+,—,..., —) convention for the signature of space-
time.
2 We will sometimes refer to these theories as magnetic theories.

3 In [[7)-[13] one-loop string theory amplitudes were shown to exhibit this decoupling. See also
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field theories are nonlocal in space but are local in time. Therefore, a Hamiltonian can be
constructed and it gives rise to unitary time evolution of noncommutative magnetic field
theories.

Theories with space-time noncommutativi’cyIa (that is 8% # 0) have an infinite number
of time derivatives of fields in the Lagrangian and are nonlocal in time. The commutator
in ([L.1)) leads to noncommutativity of the time coordinate. Noncommutativity of the time
coordinate and the corresponding nonlocality in time results in theories where it is far
from clear whether the usual framework of quantum mechanics makes sense. As such,
noncommutative field theories with space-time noncommutativity are excellent laborato-
ries in which to test the possible breakdown of the conventional notion of time or the
familiar framework of quantum mechanics in string theory at the Planck Scaleﬂ. In this
paper we will test in these exotic field theories one of the basic principles of quantum
mechanics, the existence of a unitary S-matrix. We explicitly show that several one loop
amplitudes in noncommutative scalar electric field theory are not unitary which demon-
strates that noncommutative field theories with space-time noncommutativity clash with
quantum mechanics.

This field theory result meshes very nicely with string theory expectations. 0% # 0 is
obtained by studying string theory in the presence of a background electric field (recent
work in this direction has recently appeared in [R0]-[RZ], see also [B3]). There are three
important parameters that characterize the open strings [B4][R9][L0]: o', the metric G,
and the noncommutativity matrix ##”. One must also keep in mind that there is an upper
critical value on the magnitude of the background electric field E. [R]-[BY], beyond this
value the string vacuum becomes unstable. It can be shown [B0][RT][23] using the relation
between these open string parameters with the closed string metric and background electric
field that it is impossible to take a consistent limit of string theory in which #*¥ and
G, are kept fixed while o/ — 0. Therefore, unlike the case of strings in a background
magnetic field, it is impossible to find a limit of string theory in which one is left only
with a noncommutative field theory with fixed background metric G, and space-time

noncommutativity parameter §%. It is possible to find a limit of string theory [20] 1]

4 Likewise, we will sometimes refer to these theories as electric theories.
® In recent years, several examples of the breakdown of the conventional notion of space at
very short distances have been found in string theory such as in topology changing transitions

M)[Ld]. It seems, therefore, imperative to address the issue of possible breakdown of time.
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with nonvanishing 6 in which the closed strings decouple. However, 8% ~ o/ making
it impossible to decouple massive open string states and keep #°' finite. Thus, there is
no sense in which the electric field theories give an approximate description of a limit of
string theory. The lack of decoupling of the massless open string modes from the massive
ones gives very strong indication that the noncommutative field theory truncation to the
massless modes is not unitary. This is consistent with what we find from our field theory
analysis.

The paper is organized as follows. In section 2 we compute several one loop amplitudes
in noncommutative scalar field theory and show that Feynman diagrams of space-time
noncommutative theories do not satisfy the usual cutting rules and the S-matrix does not
satisfy unitarity constraints. We also show that one loop amplitudes are unitary in the
presence of only space noncommutativity and the Feynman diagrams satisfy the cutting
rules. We conclude in section 3 with a discussion of our results and their relation to limits

of string theory in electromagnetic field backgrounds.

2. Unitarity of Noncommutative Scalar Field Theory

In this section we examine one loop diagrams of noncommutative ¢ and ¢* theories
to see if they satisfy constraints from unitarity. For on-shell matrix elements unitarity
implies that

2Im My = Y Moy My (2.1)
n

where M, is the transition matrix element between states ¢ and b. The sum over inter-
mediate states on the right hand side includes phase space integrations for each particle
in n. Quantum field theories actually satisfy more restrictive relations called generalized
unitarity relations or cutting rules. These state that the imaginary part of a Feynman
diagram can be obtained by the following procedure: First, “cut” the diagram by drawing
a line through virtual lines such that the graph is severed in two. Next, wherever the cut
intersects a virtual line, place that virtual particle on-shell by replacing the propagator

with a delta function:
1

Summing over all cuts yields the imaginary part of the Feynman diagram. Cutting rules

are a generalization of (B.])) to Feynman diagrams. Unitarity of the S-matrix (B.]) follows

3



from the cutting rulestl. Note that the cutting rules are more restrictive than the constraint
of unitarity since they apply to off-shell Green’s functions as well as S-matrix elements.
We will first show that the two-point function of the noncommutative ¢ theory does
not obey the usual cutting rules when there is space-time noncommutativity (6% # 0). In
the case of space noncommutativity (6% = 0, 0% # 0) the cutting rules are satisfied. Next,
we consider 2 — 2 scattering in noncommutative ¢* theory. The S-matrix is nonunitary at
one-loop if % # 0, but is unitary if the noncommutativity is only in the spatial directions.
It is somewhat surprising that Feynman diagrams of space-time noncommutative the-
ories do not obey the usual cutting rules. Since the Feynman rules for the vertices of
noncommutative theories are manifestly real functions of momenta, one would expect that
Feynman graphs could only develop a branch cut when internal lines go on-shell. This
would imply that the imaginary parts of Feynman diagrams would be given by the same
cutting rules as ordinary commutative field theories. The resolution of this puzzle requires
an examination of the high energy behavior of the oscillatory factors that typically arise
in these theories. We will find that a necessary condition for one-loop Feynman integrals

to converge in these theories is that the following inner product
pop=—p'0.,p", (2.3)

be positive definite. This inner product is positive definite when p,, and 0,,, are analytically
continued to Euclidean space. In Minkowski space pop can be negative if 8% # 0. Feynman
integrals can be defined via analytic continuation, but the resulting amplitudes will develop
branch cuts when pop < 0. These additional branch cuts are responsible for the failure of
cutting rules and unitarity in noncommutative theories with space-time noncommutativity.

For p o p = 0, the S-matrix does not suffer from lack of unitarity, but is ill-defined
because of infrared divergences. p o p = 0 is possible whether the noncommutativity is
space-time or space-space. Obviously an outstanding problem in noncommutative field
theory is to construct the infrared safe observables of the theory. This may require all
order resummation of infrared divergent terms in the perturbative series. We will not
atttempt to address this issue in this paper, and focus only on perturbative unitarity

constraints for matrix elements which do not suffer from infrared singularities.

6 This assumes of course that the poles of the propagators correspond to physical states. In
gauge theories unphysical states can propagate in loops and one must demonstrate that these
states decouple from the physical S-matrix. This will not be a concern for the scalar theories

considered in this paper.



2.1. Noncommutative ¢> two-point function
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Fig. 1: Generalized unitarity relation for ¢* two-point function.
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The cutting rule for the noncommutative ¢ theory two-point function at lowest order
is displayed in fig. 1. The propagators of fields in noncommutative field theories are
identical to those of commutative field theory. The Feynman rule for the vertex in this

theory is
k
—1i A\ cos (%) ., kNqg=k,0"q,. (2.4)

where k£ and ¢ are any two of the momenta flowing into the vertex. Because of conservation
of momentum and the antisymmetry of 6,, it does not matter which two momenta are

chosen. The amplitude for the one loop diagram appearing in fig. 1 is:

2 D
zM:)\—/ d”l 14 cos(pAl) 1 . 1 . (2.5)
2 ) (2m)P 2 12 —m?2+ie (I +p)? —m? +ie
while the expression for the right hand side of fig. 1 is
A1 dP=1k dP~1q 1+ cos(p A k)
MP == P (p—k— : 2.6
SR = G s [ St e k= (26)

The mass of the ¢ quanta is m and p denotes the external momentum which is not required
to be on-shell. In both (R:5) and (B-§) we have used the identity cos?z = (1+cos(2z))/2 to
separate the planar and nonplanar contributions [29]-[B])]. We will focus on the nonplanar
terms since it is obvious that the planar parts satisfy unitarity constraints.

First we compute the one loop graph. We combine denominators using Feynman
parameters then represent propagators via Schwinger parameters to obtain

2
M=
8

le 1 o)
/ (270% / da:'/ do o (exp(—a(l% + (1l — as)p% +m? —ie) +ilg A pg) + c.c.) )
0 0
(2.7)



We have performed the usual analytic continuation [° = %, p" = ip%. The subscript
FE denotes Euclidean momenta. In addition, if there is space-time noncommutativity we
must analytically continue % — —i #%. In the string theory realization this can be easily
undertood since 6% is related to a background electric field. This continuation leaves the
Moyal phase invariant. Otherwise the phases appearing in (R.7) , exp(+ilg A pg), which
render the integral finite, become exp(+ig A pg) and the integral is no longer convergent.

Integrating over the loop momentum /g gives

)\2 1 1 00 B ’ pEop
:ZW/O dx/o do o D/Qexp<—a(x(1—x)p%+m2—ze)—u).

4o
(2.8)
We will now evaluate this integral for D = 3 and D = 4 space-time dimensions and

analytically continue back the answer to Minkowski space. The amplitudes are given by

2 1 B ————
Mp—3 = A da:exp( Vpop(m? —p?z(l —x) —ic)
32w Jo \/m2 _ p23;(1 - x) — ie)

, (2.9)

and
2

3272 /O dz Ko(+/p o p(m? — p?a(1 — x) — ic)), (2.10)

where K is a modified Bessel function. A crucial point to note is that the « integral

Mp—y =

is convergent only if pg o pp > 0. For Euclidean momenta this is always truell. On the
other hand, p o p need not be positive definite in Minkowski space when space-time is
noncommuting. Specifically, let us choose %1 = —0'0 = Of,0?% = —03? = Op with all

other components vanishing. Then

pop=0%(p: —pl)+ O%(p3 + pl). (2.11)

Therefore, in the case of only space noncommutativity pop is positive definite but for space-
time noncommutativity p o p can be negative. This fact has very important consequences
in the unitarity analysis.

We will now proceed to verify that the generalized unitarity relation (B.I)) is satisfied
for magnetic theories and violated for electric field theories. First we compute the imag-
inary part of the Feynman diagram when p? > 0 and pop > 0. It is then easy to show
that

Tm Mp_s = a2 e gy S8L/P opy/—m? + p?z(1 — x))

321 Ji) /2 v=m? +pPa(l - x)

S A XY ,
324/ p? 2

7 We will stay away from the region where p o p = 0 where infrared singularities appear.

(2.12)
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where v = /1 — 4m? /p2.
Using the fact that Im Ko(—ixz) = §Jo(z), where Jy is a Bessel function, one obtains for

D = 4 space-time dimensions

A2 +)/2
Im Mp—y = — dx Jo(v/popy/—m?2 + p2z(1 — x))

047 J(1-)/2
A% sin(yy/p2pop/2)

2 /p*pop

We will now evaluate the sum over final states (P.G). The integrals evaluate to

(2.13)

\? 2po
S [ ooy = ﬁj(w> (214

and for D = 4 space-time (2:6) gives

2 o3 /92 9
|MD 4|2_)\_L dQCOS(p/\k): )\ Sll’l("}/ b pop/ ) (215>
4 3272 16
™ \/p’pop

We see that for p o p > 0 the generalized unitarity relation (2.1]) is satisfied.
We will now consider the case pop < 0. From (R.1T]) it follows that this configuration
of momenta can only exist in the presence of space-time noncommutativity. Moreover p?

must be negative so it corresponds to space-like momentum. Then

o ", sin(y/[p o pl(m? + [p?[a(1 — ))

Im Mp_3 = — T 2.16
and
A2 ! 2 2
Im Mp_4 = 67 dx JO(\/|p opl(m? + |p?|x(1 — z))). (2.17)

which are obviously nonzero. However, the right hand side of the equation in fig. 1 is zero
because energy-momentum conservation (B.G) forbids a particle with space-like momenta
to decay into two massive on-shell particles. Therefore, when p o p < 0, the generalized
unitarity relation (B.0]) is violated.

Summarizing, we have shown that field theories with space-time noncomutativity
violate the equation in fig. 1 and that field theories with space noncommutativity satisfy

it for arbitrary momenta.



2.2. Noncommutative ¢* Scattering Amplitude

Next we consider the 2 — 2 scattering amplitude in noncommutative ¢* theory. The

Feynman rule for the 4-point vertex in this theory is

3 2 2
where the p; are momenta entering the vertex.

1 3 1 4

A p1 A P2 P3 A P4 p1 A\ p3 P2 A P4 P1 A P4 P2 A p3
—1— (cos T Ccos T —+-cos 2 Ccos —+-cos 2 CcosS

2 4 2 3

Fig. 2: One loop diagrams for 2 — 2 scattering

The one loop contribution to the 2 — 2 scattering amplitude are shown in fig. 2.
Evaluating these graphs leads to rather complicated expressions which involve integrals
over modified Bessel functions, but these simplify greatly if we expand the expressions in
powers of 6#¥. The optical theorem (B.]]) for this S-matrix element has to be true term by
term in a power series in §#*. The leading contribution in 6 to the right hand side of (B.1])

is the same as commutative ¢* theory, so

) YA?
D My My, = 16-O(s — 4m?) (2.18)

where ©(z) is a step function, v = /1 —4m?2/s and s = (p; + p2)? = (p3 + p4)*.
The leading contribution to the one loop scattering amplitude is

Mpl +p2—p3+ps —
2

_2(2\7;)2</01dx[ln(l_%x(l_x»+(s—>t,s—>u)]-i-%ln(%)-i—const.

4
1
(Z In(m? p; o p;) + gln(m2p12 o p12) + In(m*p13 o p13) + In(m’p14 o p14)> )
i=1

+

Wl =

(2.19)



Here we have defined t = (p; — p3)%, v = (p1 — p4)?, p12 = p1 + P2, P13 = p1 — p3, and
p1a = p1 — psa. The first line in (B.I9) includes the contributions present in ordinary
¢* theory, while the second includes logarithms that are unique to the noncommutative
theory. The first logarithm has an imaginary piece when s > 4m?2, corresponding to
threshold production of two ¢ particles, which gives the precise contribution so that (B-])
is satisfied to leading order in ## with the right hand side of (E-])) given by formula (P-I3).
The noncommutative logarithms In(m? p; o p;) and In(m? p12 o p12) do not contribute an
imaginary piece because p;, p12 are time-like, and hence p; o p;, p12 © p12 are positive
definite. However, p13 and py4 are space-like and therefore pi3 o p13 and pi4 o p14 can
be negative if there is space-time noncommutativity. In this case these logarithms have
imaginary parts which violate the unitarity relation (B.1) . Therefore, theories with space-
time noncommutativity do not have a unitary S-matrix. Moreover, since pop > is always
positive for space noncommutative theories there are no new imaginary parts and the

optical theorem is satisfied.

3. Discussion

In this paper we have investigated the unitarity of noncommutative scalar field the-
ories. The results we have obtained have a natural interpretation in string theory. We
have shown that field theories with space noncommutativity appear to have perturbatively
unitarity S-matrix elements and satisfy the generalized unitarity relations of field theory
Green’s functions. On the other hand, theories with space-time noncommutativity do not
have a unitary S-matrix and do not satisfy the cutting rules for Feynman diagrams.

We have done calculations for noncommutative scalar field theories. Even though we
have not checked the unitarity of noncommutative gauge theories we have strong reasons
to believe that the same results still hold, that is the magnetic theories are unitary while
the electric theories are not. This is because the structure of Feynman integrals is the
same in gauge and scalar theories. Both have oscillating phases in loop integrations. After
analytically continuing momenta and 6 to Euclidean spacetime, then performing loop

integrals one encounters integrals of the form: i

A~ /da o' P/ exp (3.1)

8 We are not including integration over Feynman parameters which are not needed for the

argument.



where p denotes some external momentum. In the Euclidean theory pop > 0 so that
1/p o p regulates (B.1)) and acts like an ultraviolet cutoff which renders the integral finite.
In the theory with only space noncommutativity, the Minkowski expression for pop > 0
is never negative. The only possible singularity arises when 6*p, = 0 which leads to
characteristic infrared singularities of noncommutative field theories [[J-[H]. On the other
hand when 6 # 0, the Minkowski expression for p o p can be positive or negative so
that when one analytically continues the Euclidean answer, one finds branch cuts in the
Feynman diagrams for Minkowski pop < 0. It is the presence of these extra branch cuts in
the loop diagrams of field theories with space-time noncommutativity that are responsible
for the failure of the cutting rules and lack of a unitary S-matrix.

The fact that the magnetic gauge theories are unitary can be easily understood from
string theory. They provide the appropiate effective description of a low energy limit of
string theory in the presence of a background magnetic field [§][PJ[I0]. In this limit, all
the massive open string states and the closed strings decouple and the relevant degrees of
freedom for the description of the dynamics are the massless open strings. One can build
up the effective action for these modes from string theory and show that they are described
by noncommutative field theory. Therefore, we expect the field theory to be unitary since
string theory in this limit can be appropriately described in terms of noncommutative field
theory, without the need of adding any further degrees of freedom. This is indeed what
we have found from our field theory analysis.

Field theories with space-time noncommutativity should appear from studying string
theory in the presence of a background electric field. This follows from constructing the
effective action of open strings in this vacuum. One might expect, based on analogy with
a background magnetic field, that there is a similar limit of the string dynamics which is
described just by the electric field theory. However, electric fields behave differently than
magnetic fields in that they lead to pair production of strings and these destabilize the
vacuum if the background electric field exceeds the upper critical value E. [BG][27][RY].
Consider for simplicity the electric field to be aligned in the x' direction and the metric
to be diagonal in the 2%, z! plane with each metric component given by g. Reality of the
brane action requires that the background electric field on the brane satisfy
g .

/

E < E,, where FE.= ——
2ra

(3.2)
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The open strings see a diagonal metric along the z°, 2! plane given by G and a noncom-
mutative parameter #°° = . In terms of the metric g and the background electric field,
these parameters are related by the following formula [20][21)[EZ]

1 FE

oG = %EQ (3.3)
In order to obtain a field theory of only the massless modes one has to go to the point
particle limit o/ — 0. From formula (8.3) this implies that, for finite GG, that the noncom-
mativity parameter must vanish. Therefore, if one wants a truncation of the full string
theory to the theory of only the massless open string modes this can be done but the
description of these modes is given by conventional field theory and not noncommutative
field theory. Thus, we expect the conventional field theory description to be unitary and it
is. Clearly, in order to have a finite noncommutativity parameter 6, o’ must be kept finite.
This is a string theory and not a field theory. Moreover, since 6 ~ o’ there is no scattering
process in this string theory which is accurately described only by noncommutative field
theory. For scattering processes involving massless open strings of characteristic energy
E < 6~1/2 conventional field theory is a proper description. Noncommutative field theory
becomes relevant for energies of the order of E ~ 6~1/2. However, since § ~ o/, the energy
scale where noncommutativity becomes relevant is precisely the energy scale at which the
massive open string states cannot be neglected. Thus, there is no regime in which space-
time noncommutative field theory is an appropiate description of string theory. Whenever
space-time noncommutative field theory becomes relevant massive open string states can-
not be neglected. This gives a very strong indication that noncommutative field theories
with space-time noncommutativity are not unitary, since they do not have all the relevant
degrees of freedom necessary for an approximate description of a unitary string theory.
This is what we found from our field theoretic analysis.

Recently, it has been noticed by several groups [R0][E]] that it is possible to define a
limit of string theory in a background electric field in which the full tower of open string
states decouple from the closed strings [ROJ[R1]. In this limit the background electric field
is sent to its critical value (see [BY] for previous analysis of this limit). There is a very
simple way of showing that indeed closed strings decouple in this limit. Quantization
of open strings with the modified boundary conditions due to the electric field lead to
familiar looking mode expansions [B5][B7] for the light-cone coordinates X*. In the limit

that E — E., the waves on the string for the X* directions become chiral, that is, they are
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either purely right moving or left moving waves. Therefore, in this limit, it is impossible
for such an open string to become a closed string, since closed strings require waves which
are left moving and right moving.

There is still a lot to learn about noncommutative theories, both field theories with
space noncommutativity as well as the recently discovered decoupled open string theories
with space time noncommutativity [BOJ[2]]. The infrared divergences in the magnetic
theories for pop = 0 certainly need to better understood within a field theory framework.
These theories, as they stand, have no infrared safe observables and the S-matrix is ill-

defined. Perhaps nonperturbative input will be required to address this problem.
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