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A porohyperéastic lubrication model for articular cartilage in the natural synovial joint
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1School of Mechanical Engineering, University of HegLeeds, LS2 9JT, UK.
2 Department of Aeronautics, Imperial College Londioondon, SW7 2AZ, UK.

Abstract

This work focuses on the proposed mechanismshiofubrication of synovial joints and applies them
to an idealised bearing geometry considering alpgrerelastic material (cartilage) rotating agamstationary
rigid impermeable surface. The model captures #teabiour of all lubrication regimes including flufdm
formation and boundary contact as the load capasityncreased, representing a major advancement in
modelling cartilage mechanics. Transient responséise fluid phase are shown to be faster thanetonghe
solid phase with the former decaying over timelais fis exuded from the material. The complex bétawof
fluid migrating to and from the lubricating film isaptured which leads to a better understandinghef
hydration and friction mechanisms observed.

Keywords: Poroelasticity; Lubrication; Finite StraArticular Cartilage.

1. Introduction

Mammalian articular joints have evolved to allow fong term cyclic and shock loading. These joints
are found at bone terminals and generally exhiddrge range of motion. The bone surface is covénea
relatively soft porous cartilage which is immersatl permeated with synovial fluid. This combinatican
more generally be described as a biphasic mateithl a deformable solid matrix structure and fldiited
pores. This lubricating system has produced intedawith remarkably low friction [1] and has gaetkithe
attention of the tribology community for many yeg®s4]. Under load the matrix structure deforms dhe
fluid plays an important role in the friction anolad carrying capacity of the joint [5, 6]. When ttertilage
layer is considered as a continuum the propert@sifiest as poroelastic or porohyperelastic whetebyporous
matrix structure frustrates the free movementuftiflincreasing the interstitial pressure, and teethe primary
load bearing component [7]. As the interstitialdlis only restricted and not fully contained iadrs from high
pressure regions creating a stress-relaxation nsgpahere the initial load corresponds to an iregéa stress
followed by a decay. This behaviour has been réedeexperimentally using compression and indemagsts
[8, 9] the results of which have been used to dernvaterial models. The process is complicated ley th
hierarchical cartilage structure causing the strelsation profiles to change with compressiontddp0, 11].
As the superficial tangential zone (the uppermegtan of the cartilage forming the articular sueptends to
contain fibrils that are orientated along the plafienotion, while at the bone-fibril interface thaye oriented
normally. More recently researchers have turnechdmerical methods to derive material properties and
mechanical behaviour for a range of cartilage samfl2-14].

The primary function of the articular cartilage ts allow for a smooth articulation of the bone
interfaces over prolonged periods of cyclic loadi@gg. walking). The mechanism that accomplishés th
appears to be closely tied to how the friction rfests in the joint. Contacting porous media offeoabination
of solid and fluid interactions, all of which cagal frictional phenomena. There is a strong caticei between
load increases causing a reduction in coefficidritiction values [15, 16] indicating a higher laagd of the
fluid phase. This relation suggests that a pressdrinterstitial fluid is desirable to support #yplied load by
minimising the load taken by the solid matrix.

It has been proposed that the relative solid-flaatl bearing capacity is driven by a migrating echt
phenomenon between the two sliding surfaces [6, B@f] a joint to maintain the interstitial pressation it
must operate at a sufficiently high Peclet numbérere the advective fluid transport, a pumping@ffaduced
by the relative motion of the bearing surfacesiige enough to mitigate the diffusive fluid migoat from high
to low pressure regions. Both the loading and margrtrends extend beyond biological joints and appebe
a general phenomenon arising from poroelastic ¢ation [18]. The realisation that the “pumping effeis
integral to poroelastic lubrication has spurred iaterest in designing textured surfaces to imprjniat
replacement [19], as well as more general apptinat{20]. Recently the role of tribological rehytilva, where
fluid is drawn into the converging wedge and exgreces very high pressure near the contact regiagohwh
forces fluid from the bath into the porous mediumas been identified as a means of returning flaidhe
porous medium after drainage [21-23].
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Flow through a poroelastic media was initially désed by Biot [24]. This has been expanded by
researchers to increasingly describe articularilaget [25-29]. The mechanics of biological tissuesl soft
poroelastic materials require a complex systemgofadons describing both the solid and fluid medat&nTo
model this systems authors have often used the feidement method which is well suited to asserghdind
solving these equations and applying a variety afemal specific constitutive equations. Large carcral
finite element codes have been used to create fidglity models of the biomechanics of a specifiin
including the poroelastic cartilage layers [30-3Bhese models are primarily concerned with undeditey
how the cartilage is loaded due to the geometryraation of the joint. There have also been develampmnin
creating finite element codes specifically built flomechanics simulations and material charaettois [34].
There has been less attention focused on incoipgrhtbrication phenomena into these simulation, [36].
These phenomena are necessary to determine thatiogefriction and the fluxes across the porousrioiauy.
This type of coupling between a porous interfacg afubricated boundary has already been utilisgtie role
of a lubrication film and how the generated pressyropagate into cracks within the solid bearurfgse [37-
39]. However, the significant difference here is ttomogenised description of the porous domaireasribed
by Darcy’s equation.

This study describes a dynamic porohyperelastidalyicated system. This is achieved within the
finite element software Comsol Multiphysics. We dscon the mechanical origins of soft porous flows a
neglect physiological and electro-chemical effe@ise solid components of the matrix of the poroustemal
are described by hyperelastic governing equatiohigtware coupled to the fluid components using acpa
flow representation. Volumetric changes are thesfinysically described by simultaneous solid dispments
and fluid pressure changes. By assuming a hypéielaslid phase the model can simulate the large
deformations commonly experienced by articular ileay¢ or other soft materials, and when couplech wit
Darcy’s equation these volumetric changes can ladsdue to fluid migration. The porous material lescpd in
lubricated contact with an impermeable wall. Thedeiface describes lubrication across all regimes
(hydrodynamic, mixed and boundary) using a commnadf Reynolds equation and contact mechanicss Thi
moves beyond models of the poroelastic lubricatégime alone [24-29, 35, 36], and allows a Stribac#lysis
to be conducted for the porohperelastic materihis Teflects the nature of articulating joints whiexperience
a range of lubricating conditions under normal agien [3]. In the case where lubrication is notsidered the
model derived reduces those where the poroelastipomhyperelastic material properties of cartilaage
investigated [30-34]. The model is demonstratedaogseries of simplified cases and a realistic ggdlec
highlighting the role of the solid and fluid in fugting applied loads and the friction each compbne
experiences.

2. Materialsand M ethods
2.1 Problem Definition

In this article the porohyperelastic lubricationeoficular cartilage rotating against a rigid impeable
surface is considered, allowing a simplified meafgonsidering lubrication mechanisms encounterea i
mammalian natural synovial joint and for direct g@rison of data found in the literature. For thisgose a 2D
cross-section through the contact was considerddtengoverning equations derived. The geometdefmed
in thex-y plane in which the size of the body considereth& out-of-planez direction is orders of magnitude
larger than in either of the or y directions. The contacting interfaces are assutmdx perfectly smooth, the
material properties are isotropic and do not vaithiw the porous media.

Figure 1 shows the geometry where the body ABCDresgnts a converging-diverging wedge of
cartilage, with outer and inner radii Bf andR; respectively, rotating at an axial speeddoégainst a rigid
impermeable surface EF. The boundaries AD and Bi@ieotartilage body extend far enough from thereeott
the contact such that they do not influence theltegenerated and represent conditions in theirengapart of
the cartilage (which is excluded from the model)sektor angle of-6 was specified for the geometry and the
domain is created with symmetry about the line Fhe cartilage forms a layer on the surface gid body
which itself is comprised of a solid material (bprighis is orders of magnitude stiffer than cagéasuch that
the boundary CD is considered to be rigid and im@able. The boundary AB represents the lubricated
interface of cartilage against the rigid impermeaburface EF in fully flooded conditions. This farm
conventional line contact problem with additionahstraints due to flow between the lubricating eagand
cartilage. The boundary AB is also in solid contaith EF. As such the mechanics of this must béughed in
the model, subsequently there is a transition fiamication flow to no flow in the contacting regioThe total
load carried by the contacting interfacés the summation of fluid load due to pressure swiil load due to
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normal stress on AB. In order to generate this |dhd boundary EF is deformed by an incremegnin the
surface normal direction, the varialvigis known as the penetration depth of the contact.

2‘

»
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Figure 1 — Sketch of the poroelastic lubricatiorhef curved articular cartilage body against arftit
impermeable surface, in the case shown the peiletidepthv, = 0 and deformation of the contacting
interface is not included.

2.2 Porohyperelastic Lubrication

In this model articular cartilage is consideredb® biphasic in which the solid matrix of material
deforms under load and a pressurised fluid inteahyi fills the pores. The poroelastic descriptioicartilage is
well-established in the literature as an accuratéams of determining the behaviour of the matenmlen load
[22]. Porohyperelasticity is of particular concéorthis model as the material undergoes significfibrmation
in the natural synovial joint which goes beyond #&sumptions of infinitesimal strain theory (e.ge t
deformations are of a similar magnitude to thathef material thickness). Models have been derigezhpture
this phenomenon [40-42] however these often nedleetlubricating pressure generated in a fully died
contact and it is this functionality which the fmNing model has been derived to capture. In theonireg
subsections the theory of porohyperelastic lubidcats outlined in which finite strain, porous floand thin
film flow theories are combined to form a mechanishich describes the functionality of the naturgievial
joint.

2.2.1 Solid Mechanics

Deformation is considered by implementing finiteast theory to derive the constitutive equation for
the solid phase of the porohyperelastic materihis T coupled to body forces generated due tgtasence of
a pressurised fluid. The model considers steadypeession-sliding at the contacting interface anduas the
effect of the body rotating is neglected in theédsphase and instead coupled to the fluid phasélitiddally,
due to the 2D nature of the problem outlined plstnain assumptions apply. The equation of statehi@rsolid
phase is given by Eqg. (1) which is derived from tlo@servation of energy of the solid phase in cowruion
with a poroelastic coupling to the fluid phase.sMfarmulation has been used by Simon [26] in previstudies
investigating hyperelastic and poroelastic matsyial

2

u
Ps 3z = V- (FS) —aVp 1)

whereu is the solid deformatiorp is the fluid pressurg, is time, pg is the drained solid density awndis the
Biot-Willis coefficient. The ternF = I+ Vu is the deformation gradient tensor a$ig- 2—"8\/ is the 2 Piola-

Kirchhoff stress tensor. Wheieis the identity tensorg = %(C —1) is the strain tenso = FTF is the right

Cauchy-Green deformation tensor, aMds the strain energy density. The Cauchy stressoteiss = | 'FSFT
in which] = det(F) is the volume ratio, the volume ratio relates edumetric straine,,; =] — 1 of the solid
and is used to couple changes in volume to therggae of pressure as described in Section 2.2tPelterm
related to pressure is neglected this formulatapresents the behaviour of a hyperelastic solidnztwhich
is often used to describe the response of non-gauaber-like behaviour under load.

In order to derive a suitable strain energy derfsitythe solid phase two terms must be considesed a
described by Eq. (2),

W = aWis, + (1 — )Wy (2
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where W, is the isochoric strain energy density affg,, is the volumetric strain energy density. The Biot-
Willis coefficient a varies between 0 and 1, with a value of 1 meattiatjany change in volume of the solid
directly produces a proportional change in thedflphase. Previous studies have explored this cgse b
neglecting the volumetric contribution to straireggy in Eq. (2) and only considering deformatioragsocess
which occurs under isochoric conditions [36]. Hie strain energy density is not limited in thispeada can
take any value between 0 and 1, implying that dmnge in volume leads to both changes in the fiidse
and volumetric compression/expansion of the soligtemal itself. In the case where approaches 0 all
deformation occurs volumetrically and the fluid plas not effected by volumetric strain, see Sa@i@.2.

As an example we use a metric to the most simplehygferealstic solid models to produce
representative strain energy densities for the Ipgrerelastic material. These can be replaced bysaitgble
definition so long as the constants used to desc¢hib response can be obtained by physical te&torghe case
specified here only the drained shear mod@wnd drained bulk modulus are required and both can readily
be obtained for the drained solid phase. The teslogy drained implies that these material properaee
measured for the solid phase when the fluid haa beérely exuded. Based on the compressible Neakekn
hyperelastic model the isochoric and volumetriaistenergy density functions are respectively deedrby
Egs. (3) and (4),

Wi = (1, - 3) @

Wvol = g(] - 1)2 (4)

wherel, =]~2/31, is the £ invariant of the isochoric part of the right CaydBreen deformation tensor and
I, = det(C) is the F invariant of the right Cauchy-Green deformatiomster.

2.2.2 Fluid Mechanics

The governing equation for pressure is describecdmgervation of mass in the fluid phase through th
porous material, this is coupled to the total dmrixe of the volumetric strain in order to descrithe
porohyperelastic response. The conservation of fioagke fluid phase is given by Eq. (5), which d#ses the
transient flow of fluid in a porous media coupledcchanges of the solid phase [26],

d(epr)
ot

D
+ V- (peq) = —anD—i (6)

wheree is the instantaneous porosity, is the fluid density ang is the fluid velocity. The fluid velocity is
related to the pressure gradient by defining a pahitity of the porous materialand dynamic viscosity of the

fluid n, such that we arrive at the viscous (or Darcy)niidn of flow, q = —EVp. In order to describe the

porous flow response the fluid is considered tditEarly compressible such that = p, exp(xp), wherep, is
the density at ambient pressure gnid the fluid compressibility. The time derivatiterm in Eq. (5) is rewritten

based on the drained porosiy and includes the effect of compressibility in bl fluid and solid phases.

(1-a)(a—¢p)

This leads to the definition of poroelastic stor&ge ex = eox + which is a constant based on the

fluid compressibility and solid bulk modulus (re@pal of compressibility in the solid phase) spedif
subsequentlg(;—‘zf) = pfS ‘;—’z.

The Biot-Willis coefficient controls the proportiaf the change in the fluid pressure due to voluimet
changes in the solid. At a value of 1 all changealume generates a proportionate change in the fitessure,
whereas at a value between 0 and 1 the changdumegaauses both some change in the fluid phases@né
deformation of the solid structure as previouslgalied. In Eg. (5) this change in volume is chemased by
the total derivative of the volume ratio which imdés rates of change in both time and space. Bhis i
subsequently expanded into two terms by Eq. (6),

—=—4v-Y (6)

wherev = vy + vy is the velocity of the bodwy is the translational velocity of the body, amg= Q x
(x — x,) is the rotational velocity of the body. In this eabe translation of the body is zerp = 0 and the

4
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rotation is defined by = (0,0,Q) as the axial velocityx is the position vector ang, = (0,R,, 0) is the
location of the centre of rotation. Analyses inipHasic materials often neglect th& 2erm of Eq. (6) by
removing the body velocity requirements, here wendbmake such an assumption and include a geoerati
pressure in the fluid from the effect of the voluot@nging as the body rotates into and out of tmact. For
general 3D body rotation, rather than the speé@ificcase examined, the notation is exactly the samdethe
only difference is that all components of the agjaed and will be non-zero in value.

2.2.3 Boundary Conditions

Boundary conditions for each field variable, sa&formation and fluid pressure, need to be spekifie
These must physically represent the behaviour eftibdy rotating under load in which the porohypeestt
material is under steady compression-sliding atdbmtacting interface. Table 1 summarises the émnsmt
applicable for botm andp on each of the boundaries defined in the model.

Table 1 — Boundary conditions for the porohypetétdabrication model of a natural synovial joint.

Boundary | Deformation, u Pressure, p
AB S Xp = —PcXp P = P

S Xt = Ks(S - Xp)
BC u-x,=0 q-x,=0
CcD u-x,=0 q-x,=0
AD u-x,=0 q-x,=0
EF u-X, =V, q-x,=0

Deformation on each of the boundaries BC, CD andig\bonstrained to zero in the surface normal
directionx,,, this represents the body rolling into and outhef contact as it rotates about the out-of-plang. ax
The boundary AB is free to deform under load, ie tontacting region where the porohyperelastic rizte
cannot penetrate the rigid surface EF contact nmechas applied. For this purpose a contact stf@ssoted by
a pressure term due to the physical significancéhefboundary condition implementatiop) is generated
based on the amount by which the material mustrdefim order for there to be no penetration, this is
subsequently applied to the boundary by constrgitiie solid stress contribution to this value ie Burface
normal direction. A force is generated in the steftangential directior, due to friction created by the bodies
coming into contact. For this purpose, a coeffitiefifriction g is specified for the interface between the
drained solid phase of the porohyperelastic mdtand the rigid impermeable surface under dry cioms.
The rigid impermeable surface EF is deformed inrthiemal direction by an amoung, this variable known as
the penetration depth is used to balance the laagling capacity of the contact (see Section 2.2.5)

On AD, BC and CD the pressure boundary conditiopliag represents no flux through the surface,
which is a zero surface normal gradient constr&iat.CD this represents no flow through the matevtzere it
is connected to another rigid and impermeable sarfaat is not modelled here. For the boundarieaBLCAD
this condition implies that no fluid is transporteelyond the edges of the annulus geometry deflPessure on
AB is described by lubrication theory and the dolutto the lubricating pressum,,, see Section 2.2.4 for
details. The rigid impermeable surface EF is camnséd to give zero flux generated through the serfan the
contact region between AB and EF this results imd@tmons consistent with a zero surface normal igratdfor
pressure. That is when the distance between theiwaces is zero and there can be no flux fronttimefilm
flow, therefore a switch from pressure calculatednt the Dirichlet conditionp = p;,, to the Neumann
conditionq - x, = 0 occurs in this region.

2.2.4 Thin Film Flow

To describe the lubricating pressure generatederfully flooded region between the surfaces AR an
EF thin film flow theory is applied. The assumptimwvoked is that the radius of curvature of the yoaifar
larger in size compared to that of the distancevben the two surfaces, and as such the lubricatgdm can be
treated as two nominally flat surfaces in relatimetion. This is known as the Reynolds assumptioth ian
subsequently used to neglect derivatives acrosdilthethickness to derive an equation for the lahting
pressure in the direction of relative motion. Where film thickness is defined by the pointwise verticgd
distance between the two surfaces AB and EF tesgyss — ygr) and relative motion is aligned with tlxe
axis. In this model, fluid transport across AB daeflow from the lubricated region into the porokyelastic
material or vice versa is required. This is accedrfor by an additional source term in the lubiaratransport
equation which describes the flow normal to thatedditive motion.
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The lubricating pressure is determined by the sgmiuto Egs. (7)-(8) on AB which describe the thin
film flow on the boundary [5] with an additionakte due flow into and out of the material,

d(p¢h) 4 a(psQ) _

ot ox, P (7)
h3 9 Uh

Q=-— Pwp  Uh (8)
12n 0%, 2

whereQ is the volumetric flux (per unit depth) generatedhe film andx, is thex component of the tangential
surface directiorx,. The flow normal to the direction of relative nmiiis obtained from the fluid velocity
acting on AB in the porohyperelastic materlak= q - x,,, where a positive sign implies flow out of theatirig
body. This assumes that the surface normal of AdB\eertical axis are aligned and that the normahtmonent
of body rotation is negligibley - x, = 0. The speed of relative motion is obtained from bloely rotation on
AB, U = v-x,, where a positive sign implies anticlockwise rimtatand herdJ = QR,. Here the assumptions
are that the tangential direction of AB and theizantal axis are aligned and that the tangentia ftomponent
is negligible,q - x, = 0. It is also assumed that the rigid impermeabléaseris at rest, the sliding motion of this
surface can be included in the model cumulativeti the speed of relative motidhat the interface. Boundary
conditions forp,,;,, are required which are consistent with Table briger to solve for the field, and as such
ambient pressurpy,, = 0 is specified at both A and B. In 3D the equationthe lubricating pressure would
also include derivatives due to flow in the outpddine direction which are neglected in the 2D e&asamined.

It is of note that the minimum film thicknehs,;, = ming(h) is always equal to zefg,,;, = 0 when
the two surfaces are in contact, however this doesiecessarily correspond to a positive penetratepthv,
as a pressurised film is formed between the twdases and surface deformation subsequently occurs.
Thereforeh,,;, remains positive until the total load cannot beantaned by the film alone and contact of the
two surfaces is onset. This also implies that thetact lengthb will become positive the instant thagt,;, is
zero and that this does not correspond with theebel penetration length of the contact (see Section 2.2.7).

The flow of fluid into and out of the porohyperstia material is that acting normal to the directif
relative motionV. When there is a full fluid film present this temets along the entire length of the body
allowing fluid to flow over the interface throughoithe film, when contact occurs this interfacialvil is zero
and fluid can only travel into and out of the megtieon either side of the contacting region. Thrltonass flow
in and out of the rotating body (per unit depthh sabsequently be derived by integrating this fidang the
length of AB. This can further be partitioned itib@t acting to the left and right hand side of¢batact leading
to Eq. (9), Eq. (10), Eq. (11) and Eq. (12),

Ro

M = — f oV H(=V) ds ©)
OZROG

My = — f oV H(=V) ds (10)
Ro6
Ro6

Mous = f oV H(V) ds (11)
OZRoe

Moutr = f oV H(V) ds (12)
RoH

wheres is the arc length of the undeformed boundary ABwwi= 0, R;6, 2R,6 occurring at locations A, O and
B respectivelyH(") is the Heaviside step functioM;,, is the mass flow per unit depth into the body tom left
hand side of the contadd,, - is the mass flow per unit depth into the bodylmmright hand side of the contact,
Moyt is the mass flow per unit depth out of the bodyttenleft hand side of the contact avig,., is the mass
flow per unit depth out of the body on the rightntlaside of the contact. These definitions fac#itain
assessment of how fluid is flowing as the load awrihl speed are varied over time. The total flowo ithe
material isM;, = M;,, + M;,, and the total flow out of the material 18,,, = Myy¢; + Moy, NOtiNg sign
convention the total flow on the left hand sidéis= —M;;,; + M, and the total flow on the right hand side
iS My = —Mj  + Mgyt . The total flow on the boundary is therefdfe= —M;, + My = M; + M,.. In 3D each
of these mass flow equations would become surfategyials representing the total mass flow on thetaming
boundary.
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2.2.5 Load Capacity

The total load capacity (per unit depth) for tbatactL, = Ls + L¢ has contributions due to solid stress
and fluid pressure acting on the porohyperelastidybwhile it is deformed. Each load contributiomdae
determined by integration on AB once the solutitmboth deformation and pressure fields have bééaired.
This results in Egs. (13)-(14),

2Ro0
Ls = f IS - X, | ds (13)
° 2R,0
L¢= f pds (14)
0

where L is the solid load per unit depth amhg is the fluid load per unit depth. The total lohd varies
monotonically with the surface normal displacemefthe rigid impermeable surface EF (i.e. the pextigin
depth),v,, therefore a relationship can be derived to satisfequired operational load capacity for the aont
L. This is defined by Eq. (15),

vy
ot A(L¢(vo) — L) (15)

whereA is chosen to be positive and constant. In the adsze the operational load capaditynd axial speed

Q vary with time the value dfis chosen such the response generated by Eq.q4blasi-static and converges
in a time period orders of magnitude smaller thary &ariance specified in the operational parameters
Therefore, at every measurable instance in timefandny steady-state solutions generated the kogal and
required operational load capacity are edyé¥,) = L. This corresponds to a specific value of the patien
depth leading to a variation of this parameter dirae depending on the operational conditions iregog-or

the 3D case the integral functions of Eq. (13) Bd (14) become surface integrals including thengetoy of
the contact in the out-of-plane direction.

2.2.6 Coefficient of Friction

In Section 2.2.3 a coefficient of frictiqn was specified for the dry contact between thengwhisolid
material and rigid impermeable surface. This diffter the coefficient of friction of the porohypeasiic contact
u which also includes the influence of shear stressethe fluid film. The porohyperelastic coeffinteof
friction is therefore determined by Eq. (16),

_E_us-l'ufr
L, 1+T

W (16)

whereT, = Ts + T; is the total tangential load; = pLs is the solid tangential load contributich, = p¢L¢ is
the fluid tangential load contributiopy is the coefficient of friction due to fluid shestresses, and = % is the
ratio of fluid to solid load acting along the boang The fluid tangential loa@ is given by integration of the

fluid shear stress acting along the surface of the body and itself obtained from thin film flow theory. Téi
results in Eqg. (17) and Eq. (18) respectively,

2R,
Tf=f tds (17)
0
hadp Un
e 18
T2k I (18)

whereh, is the limited film thickness used only in the ahstress calculation and is subsequently deschiged
Eqg. (19),

h‘r =h- H(h - hmin,‘r) + hmin,‘r ' H(hmin,‘r - h) + hmin,t ' 8(h - hmin,t) (19)
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in which 8(-) is the Delta impulse function, ang,;,. is a minimum film thickness used for the fluid ahe
stress calculation only. This approach is takerabge in the case whehe= 0 the true fluid shear stress (e.qg.

whereh, = h) becomes infinite. A maximum fluid shear stregs, = ™M is therefore obtained when the film

min,t
thickness is zert = 0 and there is contact of the surfaces. When h,,;, . the true fluid shear stress is given
and wherh,;, . < h < 0 there is a transition from the trueto t,,,,,. Conventionally it is appropriate to select
hmin based on the size of surface asperities which havé&een included in the current model. A numider o
other authors have used this assumption and prdposge complex solutions for problems investigating
asperity contact in the mixed and boundary lubidcabf elastic materials [43-45]. However, thesedeis
cannot be directly applied to materials also eximngia porous response and therefore the derivptbaph is
based on a suitable assumption for measuring tie dontribution to friction in this type of conta¢n the 3D
case the coefficient of friction is formulated letsame way but the shear stress calculation ésrdeted as a
surface integral over the lubricated boundary.

2.2.7 Contact Length

The penetration length is definedlas= 2.,/v,(2R, — v,) - H(v,) which gives the length of the body
as it penetrates the rigid surface when deformatibthe interface is not considered, see Figure T2as
subsequently allows an assessment how out of shapeontact lengtib, which includes deformation of the
interface, becomes in comparison to the size opteetration along,. The contact length is determined by
Eq. (20),

b = Ry sin(6;) + Rysin(6,) (20)

whered, and0, are the sector angles created by the contactrregiche left hand side and right hand side of
the vertical axis respectively. These can eachxpeessed in terms of the arc lengths within thetactrregion
given on the left hand side and right hand sidthefvertical axiss; ands,, respectively. These are each in turn
described by Eq. (21) and Eq. (22),

RoO

S| = f S(h) ds = Roel (21)
OZROG

S = f 8(h) ds = R0, (22)
Ro6

where integration over the arc lengtlof the Delta function of the film thicknesg€h) on either side of the
vertical axis defines the region in which the fillickness is zera = 0 and contact is onset. The contact length
must be calculated using this approach becausedfien over which the film thickness is zero is not
symmetrical about the vertical axis due to deforomabf the interface under load, as shown in FidseWhen
the penetration depth, is negative then botb andb, are zero and the surfaces are not in contact, with
h,in taking a positive value. As, is decreased beyond zero thgnis positive and is zero, eventually the two
surfaces contact such thiat;, is zero antb becomes positive. The latter two of these deflre ttansition
between full film lubrication including deformati@nd when the film can no longer support the Idadeasuch
that contact between the surfaces is onset. I13Ehease the penetration and contact length scalesniie the
penetration and contact areas by considering iategr in the out of plane direction that is negatethe 2D
model.

(a)
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Figure 2 — Sketch of the porohyperelastic bodyointact with the rigid impermeable surface showiegmetric
definitions of: (a) the penetration lendif where deformation of the contacting interfacedseonsidered; and
(b) the contact length where deformation of the contacting interfaceassidered.

2.3 Numerical Method

The problem was solved using Finite Elements (BE)implemented in the software Comsol
Multiphysics. The software facilitates complex chog between the solid, fluid and thin film compone of
the model derived. Solutions are generated to tigate the effects of load and axial speed vaniatiith time
for a range of representative operating conditions.

2.3.1 Discretisation

The domain ABCD was discretised using quadrilatetaiments, this was achieved by distributing
elements evenly along the lengths AB, BC, CD, Alkhwihe same number given on AB/CD and BC/AD. It was
found that grid independent results were achievhdnsthe number of elements on AB/CD was 300 and on
BC/AD was 30, giving a mesh with 9000 total elerseffthe rigid impermeable boundary EF required glsin
element (with no degrees of freedom). The porolsipstic domain was discretised with 2D elements Hndd
elements were applied to the lubricant domain.acheof these the governing equations were disetety 2°
order polynomial shape functions.

2.3.2 Solution Procedure

In order to solve the model numerically a seriesinifialisation steps were required to generate
solutions under transient operating conditions.sEhgteps were necessary to bring the initial smistcloser to
that of the final required solutions, this is commpractice in numerical modelling when solutionsrua be
generated without a series of solution which evdtweard the final desired result. This approach teken
specifically to avoid initialisation from zero wiiiavould lead to a worse level of convergence, wifiése steps
limit the modelling efficiency they are a neededuieement for the generating solutions. The stegsiired for
this procedure are given in Table 2.

Table 2 — Initialisation steps for the porohypesétalubrication model.

Step Lubrication | Load Time
Capacity Dependence

AWM
CRAX
LA X
XX X

In Step 1 it was found that the problem was nunadljicensitive to including the lubricating pressur
from the outset, therefore the pressure boundangdiion on AB is replaced in this step by a zeroxfl
Neumann boundary conditiog, x,, = 0. For the entire domain the deformation and pres8alds are initially
set to zero and an arbitrary value for the defoionatf the lower surface EF specifiegl, this value was chosen
to allow contact and pressurised film formationven the two surfaces without the load balanceireent
of Eq. (13) being satisfied. Steady-state conditimere applied such that the time derivatives in(Egand Eqg.
(5) were neglected.

Step 2 differs from the previous by the inclusidrihe Dirichlet boundary condition for the lubrigeg
pressure on AB and that the initial values for defation and pressure were set to the result of St&ieady-
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state assumptions were applied to the solutiomeflubricating pressure such that the time dereatierm in
Eq. (7) was neglected.

The load balance was then considered in Stepwhich the initial values to deformation and pressur
were specified from the result of Step 2. For thispose, the deformation of the surface EF wasvelibto vary
with time as according to Eq. (15) until the loadrging capacity matched the required value. Taeaghthis in
the software a time dependent solver was used tandotal time in which the load balance converges w
specified to be orders of magnitude smaller thanvamiation in the load defined transiently, seet®a 2.3.3.
For this purpose the value of the constant in Ef) (vas set td = 1x10° in all cases considered and the load
balance converged in 0.01 s. The time derivatineté governing equations were not included ansliah the
solutions calculated were quasi-static, all otlerditions remain consistent with Step 2.

Time dependence was considered in Step 4, in wihiehinitial values to deformation and pressure
were given by the result of Step 3 for a specoad capacity under quasi-static conditions. In shép the time
derivative terms of Eq. (1), Eqg. (5) and Eq. (7yevencluded and various cases specified in whidferdint
variations in the load and axial speed with timerevivestigated, see Section 2.3.3. All other ctowlé
remained consistent with Step 3.

2.3.3 Case Studies

Five different case studies were investigated liictv a range of different variations in load andabx
speed with time were considered. In each of thesertaterial properties and geometry of the articcdatilage
body were specified according to Table 3. This adlsdudes values required in defining the operating
conditions. It is of note from Table 3 that the gmtry defined considers a 1 mm thick layer of attc
cartilage rotating against a rigid impermeableatefunder load. These values were chosen to lpgesent the
material properties of articular cartilage andaperation in the natural synovial joint based anilsir studies
and experiments described in the literature [26, 36e value chosen for the solid-on-rigid coeffiti of
friction is pg was selected based on experiments conducted eoimgjddry cartilage against a hard metal
surface under sliding conditions [2, 46]. It ha®b assumed by these authors that high frictieuém contacts
is due to exudation of water within the contaciaaaed thus the best current value for ‘dry fictjaor' in other
words the solid coefficient of friction in drainednditions for a poroelastic material such as leay#i. The five
different case studies considered are given inerdbl

Table 3 — Material properties, geometrical paransed@d operating conditions for the case studiessitigated.

Name Symbol Value [Unit]
Oscillating frequency f 1 [Hz]
Drained shear modulus G 0.5 [MPa]
Minimum  film thickness (shear hp;, . 0.1 [um]
stress)

Drained bulk modulus K 5 [MPa]
Steady-state load per unit depth Lo 1.5, 0.3 [KN/m]
Outer radius Rg 100 [mm]
Inner radius R, 99 [mm]
Poroelastic storage S 2.08 [1/GPa]
Biot-Willis coefficient o 0.9

Drained porosity € 0.8

Dynamic viscosity n 0.001 [Pa.s]
Sector angle 0 n/36 [rad]
Permeability K 1 [um¥mm]
Coefficient of friction (solid/rigid) g 0.45

Fluid density at ambient pressure | p, 1000 [kg/m]
Solid density Ds 1100 [kg/n]
Fluid compressibility X 0.1 [1/GPa]
Steady-state axial speed Q, 1 [rad/s]

10
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Table 4 — Load and axial speed variation with respetime for the case studies specified.

Case Load Variation L | Axial Speed Variation Q
1 Constant Constant

2 Sinusoidal Constant

3 Constant Sinusoidal

4 Sinusoidal Sinusoidal

5 Gait cycle Sinusoidal

Case 1 represents steady-state conditions for endoad capacity and axial speed, this means that
because the operating conditions do not changeathdérivatives with respect to time in the modeg zero. In
Case 2 the total load varies with time accordindetp (23) and the axial speed is constant, thiditiEtes an
analysis of the contact as the load is increasddlanreased at constant speed. For Case 3 thespaiad varies
with time as described by Eq. (24) and the loadaiemconstant, this represents conditions undectwtiie
axial speed is increased and decreased for a tpeein The load and axial speed both vary with tamegiven
by Eq. (23) and Eqg. (24) respectively in Case 45 th representative of conditions where increaemeds
decreases in both parameters can be studied. Gageesents a 2D metric to the gait cycle expeddrduring
the operation of a natural synovial joint suchleship [47]. In this case the axial speed is aldwevary with
time as according to Eq. (24), the load remainsopér over one period of oscillation in which theaee two
peaks and one trough in the first 60% of the cttoém remains constant for the second 40% of theeclyt Eq.
(23) and Eq. (24) is the frequency of oscillation,, is the steady-state load afif is the steady-state axial
speed.

L=Lg (1 + %sin(Ztht)) (23)

Q = Q, cos(2mft) (24)

For each of Cases 2-5 solutions were generatedsoperiods of oscillation, it was found that afger
periods the results were periodic in time and a @nly this data is presented in the remaindghefarticle.
Figure 3a, Figure 3b, Figure 3c and Figure 3d retspady present the variation of load and axial expavith
respect to time as described for Cases 2-5 andpacates the values specified in Table 2 for therational
conditions. Case 1 is omitted because the valueaireas those specified in Table 2. In Cases ledsthady
state load per unit depth is 1.5 kN/m and in Ca#ei$0.3 kN/m which is based on values typicalsed to
simulate wear in the hip joint [47].

(a) (b)
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Figure 3 — Total load and axial speed variatiomwéspect to time illustrating a period of oscitiatat 1 Hz:
(a) Case 2 — Sinusoidal load with constant rotafjpnCase 3 — Constant load with oscillating riotat(c) Case
4 - Oscillating load and rotation; (d) Case 5 —t@gcle.

3. Results and Discussion
3.1 Model Validation

To validate our computational framework, a simptf porohyperelastic tribological model was also
implemented with the similar boundary and contaatameters as described by Graham, et al. [23] (see
Appendix A). Our observations are in line with thegsults in terms of: i) contact pressures whidh ia the
range of 150 — 200 kPa (although will be permebilependant); and ii) that tribological processestribute
to the re-hydration of porous cartilage. We havehir shown that tribological processes influenbe t
hydration processes with the location of hydrasimilar to that hypothesised by Moore and Burrig][2Dur
analysis has further shown that fluid flow in/odttbe body occurs at multiple points across thieolngical
contact. Our Stribeck type analysis (see Secti@drPBalso correlates well with that of Bonnevieakt{48] and
Moore, et al. [49], which are similar in terms b&étmagnitude of coefficient of friction (boundaigetficient of
friction 4 ~ 0.1 — 0.2, minimum coefficient of ftion u ~ 0.01) and lubrication transitions considgrscaling
factors associated with the use of the Sommerfetdber. In these experiments porous cartilage shgemst a
rigid impermeable surface and the lubricant usedhsavily viscous fluid (~ 0.1 — 1 Pa.s).

In addition to the comparison with literature asntioned above the high permeability case for a
column of porohyperelastic material was considesedl compared to the well-established theory. This
demonstrated that for the high permeability caaé tthe resulting surface load and strains are lieeagent with
the stiffness of the solid material, as is the lteésy volumetric change and fluid pressure fieldedo the
pumping of fluid out of the domain.

3.2 Steady-State Solutions

This section presents results relating to thedstessate operating conditions as described by Qase
Firstly, data is given to show how stress and presare distributed in the material as well as liowd flows
across the contacting interface. Secondly, a Stkikigpe analysis of the steady-state contact probie
conducted to analyse the effect of load and spaé&dtion, this demonstrates how the coefficienftriotion and
contact length vary as the regime of lubricationohianged.

3.2.1 Case 1: Constant Load and Axial Speed

Results are presented in this section for stegatg-sconditions described by Case 1 and were
calculated using the solution procedure given intiBe 2.3 (Steps 1-3). Figure 4 and Figure 5 retbpaly
illustrate distributions of von Mises’ stress anekgsure in the material domain under load. Wheeevtin
Mises’ stress is a measure of the magnitude ofChechy stress tensor (which includes both isochanid
volumetric stress). Higher values indicate thatsbkd phase is closer to its yield. The maximurtugeof the
von Mises’ stress and pressure are shown to be simdar order of magnitude demonstrating a strong
dependency between the two phases in this typermhact problem. It is also of note that the maximilud
pressure occurs where the material is deformedntbst on AB in the centre of the contact, whereas th
maximum solid stress occurs in the centre of CEhatback of the cartilage layer. This indicateg titathe
poroelastic-rigid interface fluid pressure is getted, a phenomenon driven here by lubrication amtact

12
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mechanics, while the resulting deformation resinta build-up of stress as the solid phase is cesgad. At
the extents of the domains BC/AD the solid deforamaand fluid pressure are both shown to be zech sue
material experiences no change in conditions, wiscbonsistent with the body rotating into and otithe
contact. On either side of the contact region tlagemal undergoes both compression and tensioraarsiich
there is a change in the gradient of solid strasthé material in these regions. Due to the cogptiatween
lubrication, rotation and volumetric strain thisués in an asymmetric distribution of pressurengl@B, in
which there is a build-up of pressure as the neltésideformed into the contact which then reachesnall
negative value where the material is moving ouhefinterface.
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Figure 4 — Distribution of von Mises’ stress in 8@id phase for Case 1 (steady-state solution).
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Figure 5 — Distribution of pressure in the fluidagle for Case 1 (steady-state solution).

The contact stregs. and pressurp,,;, on the interface AB are investigated in more détafFigure 6a
which shows distributions of these along the boupndiength. Figure 6b shows distributions on thetaoting
interface of the lubricating flux and flow into andt of the body. Moving from left to right, as thedy rotates
into and out of the contact three regions are @ééfirfi) the inlet region where fluid is moving intiee contact
and there is no penetration of material; (ii) tlomtact region where there the film thickness z#énere is no
lubricating flow and the material penetrates irte tigid impermeable surface; and (iii) the outigion where
fluid is moving out of the contact and there ispametration.
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Figure 6 — Steady-state solution for the contadtiteyface AB in Case 1. Showing distributions(ef} the
contact stres$., pressurep;,,. and film thicknesé; and (b) the lubricating flux in the thin filnQ, and flow
at the porohyperelastic surfade= q - x,, where a positive sign indicates flow out of tb&ating body.

In region (i) the contact stress is zero becauseetls no penetration (or contact) but the fluidgsure
increases as the film thickness is reduced. Theching flux, Q, is initially positive (flow moving in the
direction of body rotation) and near constant wtienfilm thicknessh, is large but reduces to zero at the onset
of contact. Corresponding to this the flow into thay,V, is initially zero when the film thickness is larput
increases as the film thickness reduces, befoueniag to zero when contact is initiated.

Fluid pressure is initially larger than contacess in region (ii) due to lubrication and no pesin in
region (i). As material is deformed and solid sirgenerated, pressure is also built-up and mam&itarger
value than the contact stress until the near orglgibn, over the entire length of region (i) file thickness is
zero. As the body rotates out of the contactingoreghe pressure is larger than solid stress addces at a
faster rate along the boundary length to maintam interface. This results in a negative pressunetw
subsequently changes the distribution of solidssteg the location where contact depreciates,ldadeiads to a
difference in behaviour of the outlet region whemgpared to the inlet. There is no lubricating fanflow into
or out of the body in region (ii) because of thggp@meable conditions imposed on the contactingfatte EF
and the fact that no fluid can flow through a géapgero thickness.

In the outlet region (iii) pressure is initiallygative at the location where contact no longeursand
there is zero contact stress in the entire regigntd no penetration. In the region far from thataot the film
thickness is large and there is a positive lubincaflux with a corresponding flow out of the bodys the film
thickness is reduced the lubricating flux is redlead reversed flow is observed when the film théds
reaches a small enough value. Subsequently the ritrns to zero with film thickness at contact.
Corresponding to this reduction in film thicknebs flow out of the body is initially increased befaeducing
until flow into the body is observed where the figxnegative. This also subsequently returns to néth the
film thickness where contact occurs. Pressure énatlitlet region is increased from the initial négawalue to
zero with increasing film thickness in the regidime negative pressure reached is significantlyelathan that
representing the saturated vapour pressure ofutee(+ -100 kPa) and therefore cavitation doesauziur.

The outlet demonstrates that to maintain the cdingdnterface there must be flow into the body
before flow and can leave the body. This generatemgative pressure at the location where the csfa
separate and reversed flow in the lubricating filinis observed around the outlet contact separat@nt there
is a significant flow out of the body whereas ambtine inlet contact point there is no flow. Thiglicates that
as the body initiates the contact fluid is drawnthmen there is no flow in the contact region ahe fluid
pressure and solid stress increase/decrease wittirpgon. At the outlet, to push enough fluid astthe body
leaves the contact some more is drawn in from ridggon which generates reversed flow into the badg
negative pressure. The movement of fluid into amd @f the body as it deforms under load causes the
instantaneous load carrying capacity of the floidbé larger than that of the solid with= 0.904 kN/m and.
= 0.596 kN/m. The mechanism shown indicates thatetlis more flow leaving the body than enteringvith
Mgy = 0.219 (g/m)/s andl;, = 0.185 (g/m)/s. The system remains mass consegviat both the lubricating
region and porohyperelastic material as accordirthe coupling between phases described in Se2tin
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3.2.2 Stribeck Analysis

In order to conduct a Stribeck type analysis eft¢bntact problem the penetration depjtwas varied
over a range of—10 um, 200 um] and the computational procedure given in Secti@did not include the
load balance (Steps 1-2 only). For negative vatfesg a full fluid film is imposed initially and the petration
lengthb, is zero. Wherv, and thereforé, become positive deformation of the interface rettrihe minimum
film thicknessh,,;, from reaching zero, ag, is increased further contact occurs in whigh,, is zero and the
contact lengttb is positive. It is of note that a penetration theptv, = 200 um represents a 20% strain of the
material along the ling = 0, this is a significant compression and requireddi strain theory (rather than
infinitesimal strain theory) to describe the sqglithse response under high loads. Figure 7a sh@ngatiation
of the coefficient of frictiony, the fluid coefficient of frictiony; and fluid-to-solid load ratid’ versus the

Sommerfeld numbe??U, and Figure 7b shows the variation of the contaogth b, penetration lengtlb,,

minimum film thickness,;, and absolute value of the penetration ddpjt as a function of the Sommerfeld
number. The Sommerfeld number is used to quanéfiation in both load and speed as the penetrapth is
varied over the imposed range.
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Figure 7 — Stribeck analysis of the contact showiagations in the following parameters a functafrihe
Sommerfeld numbe']LE: (a) The coefficient of frictiom, the fluid coefficient of frictionu, and the fluid-to-

solid load ratid"; (b) The contact length, penetration length,, minimum film thicknes,,;,, and absolute
value of the penetration depith,|.

Figure 7a demonstrates the different lubricatiegimes which the system undergoes as the total load
(or speed) is varied. This is only possible du¢h® inclusion of both the hyperelastic descriptidrihe solid
material deformation combined with interstitial pos flow within the material, coupled to the lulation
between the porohyperelastic material and fluich flia Reynolds equation. At high values of the Sarfeid
number a full fluid film is formed between the tworfaces and no contact occurs, as the Sommerdettber is
reduced the fluid film thickness is also reduced daformation of the interface is onset as an ased fluid
pressure is generated. This causes the full fildrdgynamic regime to transition into an elastohggramic
regime, which is evidenced in Figure 7b whhbyg, is positive. Wherév,| andh,,;, are similar in value there
is negligible deformation and the lubrication regim hydrodynamic. Whelv,| andh,,;, differ (andh;, #

0) there is significant deformation of the interfadige to fluid pressurisation invoking the elastalegtynamic
regime, wherey, is positive there would be penetration of the bedf deformation was not considered and
henceb, is also positive in value. Further to this Figufa shows that in the hydrodynamic region the
coefficient of friction has a linear negative grei as is expected. Additionally, in these regirtfes fluid
coefficient of friction is the main contributor tbe total coefficient and for which the fluid lo&l orders of
magnitude larger than that of the solid (high valafl).

As the Sommerfeld number is reduced further thal ffilm cannot support the total load alone and
contact is onset, in Figure 7b this is evidenceérah,,;, becomes zero andlis positive. Note that this does
not occur at the same instance as whgre- 0 due to deformation of the interface. This alsoresponds in
Figure 7a to an increase in both the total coefficof friction and fluid coefficient of frictiondi a reduction in
the fluid to solid load ratio. In this region whete gradient of the coefficient of friction is ¢gr and positive
this represents a transition to a mixed lubricatiegime. In such a regime, surface asperitieshelin contact
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and the gradient of this curve is likely to incred®yond that predicted here. However our apprai@mdor
calculating the fluid tangential load is shown ®agood initial solution as the result is as etguefor this type
of lubrication regime. In the mixed regime Figute $hows that the size of the contact length is fleas that
predicted by the penetration length, indicating tha fluid film supports a significant proportiofithe load.

When the Sommerfeld number is reduced beyond d¢igimn a boundary lubrication regime is reached
in which the gradient of the coefficient of friatiags small and positive in value, this correspottda reduction
in both the fluid coefficient of friction and fluitb solid load ratio. In boundary lubrication tlveotsurfaces are
in direct contact and the solid response domindedriction generated, this can be seen in Figaravhere the
fluid coefficient of friction is reducing since ttigm has less influence but the total coefficieffriction is still
increasing. Figure 7b indicates that at very lown8eerfeld numbers the contact length will becomgdathan
that expected due to penetration alone, which sulesdly indicates an increase of the load suppaatetthe
interface by the solid rather than fluid film.

For reference the Sommerfeld number of the reguktsented in Section 3.2.1 is 6.67%14nd are
therefore within the boundary lubrication regimethas value the contribution the solid loadLis= 0.59 kN/m
and fluid load isL¢ = 0.91 kN/m giving a ratio ol = 1.542. It is also of note than when either the mixed or
boundary lubrication regimes are reached (and thgact length is positive in value) that there s flow
through the contacting region. This is becausdilimethickness is zero and no flow can occur betwte non-
existent gap, instead fluid flows into and outluf tmaterial in order to satisfy mass conservati@r the entire
domain.

3.3 Transient Solutions

Results in this section have been divided intoe€&s5 to demonstrate the range of transient apgrat
conditions considered. These were calculated usiagolution procedure described in Section 2.8p&t-4).
Each set of solutions presents the variation aflfand solid load contributions and fluid flow indmd out of
the rotating body with respect to time. This fdailés an analysis of the poroelastic lubricationdehan
capturing the behaviour and mechanisms which umadéng operation of a natural synovial joints.dtaf note
that in each of the Cases presented contact afuffaces is onset and the minimum film thicknesaligys
zero throughout, boundary lubrication is expectedlen such conditions in the steady-state case agd a
variations observed from these results is relatetthe transient flow of fluid into and out of theaterial as the
operational parameters are varied.

3.3.1 Case 2: Sinusoidal Load and Constant AxiakSp

In Case 2 the body rotates in an anticlockwiseation with constant speed and the total load lased
with respect to time. Figure 8a demonstrates thafltid load is larger in magnitude than the sddiald for the
majority of each period and it exhibits a largerga of values. It is also observed that the soli Ivariation is
slightly out of phase with the fluid load, respamglimore slowly to changes in the total load appliguis is
linked to Figure 8b where the flow on the left- amght-hand-side of the body have significantlyfeliént
responses across the surface AB. As the body ateslfrom left to right there is a near constamwvfinto the
body on the left-hand-side and near zero flow duhe body in this portion. On the right-hand-sigdken the
fluid load is larger than the solid there is mdoavfout than into the body. Whereas when the dobd is larger
than the fluid there is more flow in than out oé thody. When the fluid and solid loads reach pedies so do
the flow out of and into the body on the right-hasidie respectively. Additionally, when the fluicalbis larger
than the solid then the solid load is near constadtvice versa.

As the body rotates in an anticlockwise directigith constant speed and under load, fluid is drawn
into the left-hand-side and pushed out of the rligmid-side. This is possible when the fluid loathiger than
the solid and there is enough pressure generatéet ifiuid to cause fluid to flow under. This meamsen the
total load is increased and decreased this caud&ed generation of fluid load. The solid loadalaries but
the response is slower and less in magnitude. Shredluid load changes faster than the solid Idhd,fluid
load becomes less than the solid while they ark Hetreasing, indicating that there is no longeugh fluid
pressure to push fluid out of the body and as sith must be drawn into the body while the solid is
greater to maintain conservation of mass. Becawsedtation is anticlockwise and the flow into and of the
body on the left-hand-side is near constant, thgelaflow rate changes are on the right-hand-sidkile this
occurs the total solid load decreases and the fibaid then begins to increase as the body is miessiby fluid
influx. This process then becomes cyclic with thpleed oscillating load.

Figure 8d shows that the contact length follovesnailar trend to the load carried by the contadiere
an increase or decrease in load causes the coegth to also increase or decrease. This imptiasa larger
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load can be carried by a larger contact regionr& iea slight phase difference between the peatrength
and contact length which indicates that the sizéhefcontact is controlled by the load variatiod amovement
of fluid within the contact region. Additionally,igure 8c shows that the coefficient of friction his opposite
response. Where an increase or decrease in thedtmadases or increases the coefficient of frictwnich is
exactly opposite to the trend demonstrated undmdgtstate conditions in the boundary lubricatiegime.
This shows the novelty in the transient responsesegmted, where the flow of fluid into and out lo¢ tbody
controls the magnitude of friction forces generatédthout this flow at the interface the behavimirthe
system would be exactly described by the Stribgpk tnalysis and as given in Section 3.2.2, whicheadoes
not describe the frictional responses observed tiver as presented.

@ ‘ ‘ ‘ (b)
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Figure 8 — Dynamic response for the body rotatimtickockwise at a constant speed with an osciltptoad.
Shown in (a) the fluid and solid load contributip(ts) the mass flow rates into and out of the pgpahelastic
material at the upstream (left) and downstreanhtyigides of the rotating body; (c) the coefficienfriction

and fluid-to-solid load ratio; and (d) the conthartgth and penetration length.

3.3.2 Case 3: Constant Load and Sinusoidal Axiak8p

For Case 3 the total load is kept constant andhxied speed is sinusoidal with respect to timehwai
maximum clockwise and minimum anticlockwise rotatiachieved during each period of oscillation. It is
shown in Figure 9a that as the axial speed is emiiom the maximum value to zero there is a redndn
fluid load and increase in solid load. These charage of a similar order of magnitude such thattéha load
remains constant. As the axial speed continuesteedse to the minimum value the fluid load inogsand the
solid load decreases, this process then repediseaaxial speed oscillates. Subsequently eachuad fbad
peaks and solid load troughs correspond to maximmumvhum axial speeds, and each of the fluid loadghs
and solid load peaks correspond to when the boihgiantaneously at rest.

Figure 9b indicates that there are three repedatatterns in terms of fluid flow which corresporad t
this case. When the axial speed is positive (aticlise rotation) there is a similar instantanemsponse as
shown for the steady-state solution in Section Bldid flows into the body on the left-hand-sidedarut of the
body on the right-hand-side, to provide enougtdffiair this there is an additional amount of flowoithe right-
hand-side and near zero out of the left-hand-sifiewever, as the axial speed tends to zero thera is
corresponding reduction in all flow contributiongect flow into the left-hand-side (direction opjmagpositive
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rotation) which increases. When the axial speedines negative the flow into the left-hand-sidensréases
along with flow out of the right-hand-side and flomto the left-hand-side, the flow into the righdsid-side is
near zero. This is the direct opposite of the aglsen axial speed is positive, this periodicity dmnseen in
Figure 9b where there is similarity of the flow goomentsM,,.; and Mg, ,; Mi,; and M;, . when the axial
speed oscillates.

The coefficient of friction is shown to vary in kg 9c between 0.175 and 0.205 over the duration of
one period, this is a significant difference giwbat the total load applied is constant. Correspandb this
variation the fluid to solid load ratio has the eixapposite trend, where any increase or decrea§gction
directly produces a decrease or increase in thieratto as was observed in Section 3.3.1. Figursh@avs that
there is also a significant variation in the cohtangth despite the load remaining constant. &stémgly, as the
load applied is increased or decreased this geyseeat increase or decrease in both the coeffioiefriction
and contact length. Which is in contrast to thaultepresented in Section 3.3.1 where the coefftaid friction
had the opposite response. This relates to theomofifluid into and out of the material which isiol lower in
magnitude for Case 3 than for Case 2 since thé ltdd is not changing and therefore less fluiddset® be
transported through the material to maintain masservation.
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Figure 9 — Dynamic response for a body with odiiifarotation and a constant applied load showfapthe
fluid and solid load contributions; (b) the massaflin and out of the porohyperelastic material e t
subscripted side of the contact region (left ohtjig(c) the coefficient of friction and fluid-ta$d load ratio;
and (d) the contact length and penetration lerigtite that the body is oscillating at 1 Hz and &t0 the body
is rotating anticlockwise at 1 rad/s;tat 0.5 the rotation has changed to -1 rad/s.

3.3.3 Case 4: Sinusoidal Load and Axial Speed

Case 4 considers sinusoidal variation of botH totad and axial speed with respect to time, conigin
the oscillatory aspects of both Case 2 and CaB&@re 10a indicates that as the total load oseslavith time
the fluid load responds in a similar manner, whereithin each period the solid load initially ineses to a
maximum but then decays (with some small deviajidasa minimum. This is in contrast to the behaviou
exhibited in Case 2 where both the fluid and sddidd contributions oscillated with the total loatijs
difference is caused by the variation in axial shaed is coupled to the flow into and out of thelyno
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Figure 10b shows that the response of the flow amo out of the body is complex but there are some
observations which can be made. Flow out of theylmd either side is largest when the fluid loadyieater
than the solid load, flow into the body on eithiglesis largest when the solid load is greater tienfluid load.
The flow into and out of the right-hand-side isglest when the axial speed is positive, flow intd ant of the
left-hand-side is largest when the axial speedegative. This behaviour shows the necessity inndefi the
lubricating film to provide the model with the cajis to predict such trends, the authors would tikgpropose
a challenge to the readers to better understarse tirechanisms and the use of a porohyperelastielnmod
describing the behaviour of such systems.

The variation of the coefficient of friction, fluig solid load ratio, contact length and penetragitven
in Figure 10c and Figure 10d show similar resporsek magnitudes to those presented for Case 2citin8e
3.3.1. However in each the maxima and minima ateeflattened out or steepened. For example cangpar
the coefficient of friction in Figure 8c and Figutec over one period shows that the minimum vadueached
in Case 3 with a smoother transition than for Chsehereas the maximum value is reached in Casih3aw
sharper transition than for Case 1. In Figure Ieddontact length is shown to be larger than theetpation
length at higher loads and lower than the penetrdéngth at lower loads, this suggests an exparnsidhe
material as load is increased and a contractiomaterial as load is decreased. Corresponding & by
inspecting Figure 10b it can be seen that whennthterial is expanding fluid is exhumed much moranth
absorbed and when the material is contractingfthiatis absorbed much more than it is exhumed.
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Figure 10 — Dynamic response for a body with ostiilh rotation while experiencing an oscillatingdo (a) the
fluid and solid load contributions; (b) the massaflin and out of the porohyperelastic material o t
subscripted side of the contact region (left ohtlig(c) the coefficient of friction and fluid-ta$d load ratio;
and (d) the contact length and penetration lerigtite that the body is oscillating at 1 Hz and &t0 the body
is rotating anticlockwise at 1 rad/s;tat 0.5 the rotation has changed to -1 rad/s.

3.3.4 Case 5: Gait Cycle Loading and Sinusoidak8pe

The total load varies according to a gait cycleetprofile and the axial speed variation is sindiabin
Case 5. Figure 1la demonstrates that during tlé diart of the cycle where the two peak total loads
achieved that there are also peak values of betffluid and solid load contributions. Comparing th® peak
values shows that the fluid load at the first imgéa than at the second and vice versa for thel dohd.
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Additionally, the range and rate of change of flladd are larger than that of the solid load. Thiicates how
the solid load reacts more slowly than the fluidddo variation in the total load applied. Durihg fpart of the
cycle where the total load is constant the solatics greater than the fluid load, also as thd total remains
constant the solid load reduces and the fluid lvadeases until they reach similar values at theé ehthe
period. Figure 11a also shows that the instanta@oid load can be negative in value, implyingttheessure
is applying suction at the interface to maintaimtest. For all instances the negative pressuresirsst are
significantly larger than the vapour saturationsgrtee, as was reported in Section 3.2.1 and there&vitation
does not occur.

Flow into and out of the body presented in Figutd Bnd shows an interesting periodic pumping
mechanism, peak values of each flow component aserged during the different stages of each cycle.
Corresponding to the first peak in total load tlmwfout of the right-hand-side reaches a maximuh ten
decays to zero for the remainder of the period.if@uthis time the rotation is anticlockwise andstlis
consistent with flow being exuded from the matewhEkn the fluid load is greater than that of thids®uring
the second peak in total load the flow out of tbf-hand-side reaches a maximum and then decaythdor
remainder of the period, in this time the rotatisrtlockwise and again this is consistent withdlmoving out
of the body when the fluid load is greater thangbkd load. Subsequently when the rotation is tiegand the
solid load is now greater than the fluid there ipeak flow in the left-hand-side, when the rotatmectomes
positive and the solid load remains greater tharstiid there is a peak flow into the right-handesi

Figure 11c shows that the variation of the coedfitiof friction is directly related to the fluid swlid
load ratio as observed in all Cases reported. Wherratio is increasing (and the fluid becomes moesl
carrying) the coefficient of friction is decreaseahd when the ratio is decreasing (and the solwbines more
load carrying) then the coefficient of frictionirecreased. This occurs regardless of the total t@aded by the
contact, such that over the first 60% of each gefireases and decreases of the total load gbeeto
decreases and increases in the coefficient ofdriciWhereas in the remaining 40% the total loazbisstant but
significant changes in the proportion of load @rby the fluid and solid which results in bothramses and
decreases in the coefficient of friction.

This is supported by Figure 11b and Figure 11d lwisicow that when the material expands and the
contact length is greater than the penetrationtfefigid is exhumed into the lubricating film, wieers when the
material contracts and the contact length is lbas the penetration length that fluid is absorbeanfthe
lubricating film. Fluid is exhumed mostly over tfiest 60% of each period and absorbed mostly oher t
remaining 40%, meaning that as fluid is exhumednftbe material to the film the coefficient frictimmanges
directly with the total load but when fluid is alked from the film to the material the coefficiaftfriction
decreases as fluid is supplied and increases asiffpdy is reduced. Therefore a hydration mechamsiormed
in which fluid flow across the interface changes ginoportion of load carried by the two phases.uRieg in:
an expansion and contraction of the material ad fiwoves into and out of the interface; and anease or
decrease in the coefficient of friction when theidlor solid carries more load than that of thédsor fluid
respectively.

L, L, (kN/m)

20



Tribology International, 2019.

(c)
05 _ _35

05 1 5 2 25
t(s)

0 0.5 1 15 2 25 3

t(s)
Figure 11 — Dynamic response for a gait cycle shgwfa) the fluid and solid load contributions; th¢ mass
flow in and out of the porohyperelastic materialtba subscripted side of the contact region (lefight); (c)

the coefficient of friction and fluid-to-solid loawtio; and (d) the contact length and penetrdéogth.

4. Summary and Conclusions

Lubricating porous media, such as natural syngeiaits, may deform in such a way that they can
accommodate a range of loads and motion. Whilartbitons can be steady state in man-made bearingg, t
are often oscillatory and dynamic in biological teyss. The resulting deformations may be of a simila
magnitude to the material thickness [43]. To sirrmulacomplex process of this nature one must caupiestem
of mathematical equations describing:

. the solid mechanics accounting for large straingedrnced under dynamic loading;
. the time dependant fluid flow within the porous rieed

. the thin film lubricating flow that forms betweédmetinterfaces;

. and contact mechanics for the region where thefilnindoes not form.

Here a dynamic hyperelastic model is used to desdhie deforming solid matrix. Previous studies
have also used hyperelastic representations ouparaterials [22, 40-42]. The fluid flow is desedbusing a
time dependant conservation equation which adofsray representation of flow in the porous med@][
These are coupled using source terms to createchyperelastic material. Reynolds equation is wkHdrmine
the pressure distribution at the lubricating bougdan approach commonly found in the study of mede
bearings [51]. Where the film does not form, cohiacassumed such that there is a zero-flux canditi he
addition of this boundary representation allowstfer simulation of bearings for mechanical purpcsss for
simple representations of articulating joints, ngtthat the case of two contacting porous mate(adsis the
case in natural articulating joints) requires faertidevelopment of this boundary condition. Howewartilage
moving against an impermeable boundary is commfanigd in experimental studies [52].

The results from Cases 4 and 5 are analogous tmitirating contact phenomena present in articulated
joints [6, 51]. When the joint is under oscillatimgotion the pressure contribution from the fluiddasolid
follow two different profiles with the fluid preseal reacting faster to changes in speed and directibis
corresponds to complex fluxes at the porous matdrimindaries. The resulting interaction produces a
rehydration process similar to that proposed in 58 whereby fluid is forced into the porous baatythe
downstream contact point. However, along most ef ibundary fluid is secreted into the thin film. $dais
conserved in the system by accounting for the ingjdtearing, which is saturated, and is forceddug to the
compression. The process is strongly dependenh@mlitection of rotation and the boundary fluxesiltae
accordingly. The load support mechanism also agp®abe dominated by the state of the fluid pressather
than solid stress, which exhibits similar direcibohanges (though they are delayed) but much snmaihnges
in magnitude. The fluid response falls into linghwexperimental studies that have found increaked foad
fractions with increased deformation rates [55]isToes to support the evidence presented showvaizigat
dynamic contact exhibits signficaitnly differeniction and load responses in comparison to a statitact
under the same compression and sliding conditiorsal the flow of fluid across the interface.

Steady-state simulations also showed that the costi@sses are of the expected order of magnitude
experiments published in the literature [23] anat tihe hydration occurs at the same locations asrabd by
Moore and Burris [21]. The Stribeck analysis coriddcalso produced a minimum coefficient of frictioh~
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0.01 and boundary coefficient of ~ 0.1 — 0.2 whidhrelate well with the experiments published [48]. This
also showed how the model is capable of modellgentire range of lubrication regimes from a fluiid film
through to boundary contact. Surface asperitie®weglected in the formulation and it remains feitwork to
include topological effects in the model of poralastic lubrication.

An important consideration to make is that thrematisional geometries must also be considered to
accurately represent natural synovial joints, tleeleh derived in this paper can be applied to suoblpms and
the behaviour under load concurrently describeds likely that the phenomena observed in this wedauld
extend to impulse loads, where the fluid absorbsagr component of the applied load compared todhthe
solid and subsequently dissipates over time, crgatidamping effect in the joint. It is envisaghdittthis type
of analysis will be furthered to deliver a means&pélysing the modes and location of damage inrabjmints.
The authors also highlight the need to reduce thmber of initialisation steps required in the st
procedure derived, this will improve computatioetficiency and ease of use for the model in general

Further development is required to address theiploggcal and electro-chemical phenomenon that
arise in natural joints. A fully predictive modedquires a coupling of the interactions that arigenf both
biological and mechanical systems and should kebksihed concurrently with the development of tlsib
mechanisms as undertaken in the present articlma@s pressures and the corresponding hydratiomnckatinn
mechanism would require significantly larger timess than investigated thus far. Viscoelasticityhef solid
phase would also not be observed until larger thales are considered. The shear-thinning dependehcy
synovial fluid, geometrical variations, anisotropnd cross-dependency of material properties willehaore
significant roles under the current timescales.
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Appendix A

In order to establish a validation of the porohwestic lubrication model a study was conducted to
compare results with experiments established iditt@ture. To do this a variation of the opergteonditions
used in the main body of this article was impleradniThis allowed solutions to be comparable withvjmus
studies, whereas the results presented in the bualg provide an investigation into representatigaditions
for the problem geometry and material in operatid.such, in this section the cartilage body domtsrotate
Q, = 0 and instead the rigid impermeable surface trasslat the horizontal direction with speédin turn this
implies that the source term of the fluid flow gavieag equation (Eq. (5)) is zero and the slidingexp at the
contacting interface in the lubricating flux eqoatiEqg. (8)) is maintained to k= 0.1 m/s as specified for the
steady-state case. All other operational conditemd material properties remain the same as pextéot the
steady-state case described in the main body.

The solution procedure described in Section 2.8qiired a change in order to account for numerical
relaxation of the axial sped®,, where in Step 2 solutions were found to be verystive to the axial speed
approaching zero. Hence an arbitrary small valueQgt 0.01 rad/s was specified for Steps 1 and 2,
subsequently in Step 3 this was linearly reducedeto over the solution time. This variation comest in a
time period much smaller than the time period awvbich the load balance was considered. Resultsrgttke
by this procedure are therefore at the same loddspeed as presented for the steady-state casetinrs3.2.1
of the main body but where the cartilage does otatte and instead the rigid impermeable surfadeslat the
same interfacial sliding speéd

In Figure Al and Figure A2 the distributions of vbtises’ stress in solid phase and pressure in the
fluid phase of the cartilage material are respebtigiven for this case. Additionally, Figure A3eopides the
solution to the contact pressure, lubricating press&nd film thickness at the contacting interfagith Figure
A3b showing the lubricating flux and flow into andt of the cartilage material at this boundary. Samtable
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differences to the corresponding results givenenti®n 3.2.1 are observed, where for example & ¢hse the
solid phase carriels, = 1390 N/m and the fluid only\.; = 110 N/m. This results in a significantly larger solid
stress and significantly lower fluid pressure tliathe case where the cartilage rotates and the sigrface is
stationary. Figure Al and Figure A2 clearly shows ttifference in comparison to Figure 4 and FigGre
respectively, with the addition that the contaetzais much larger in this case.
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Figure Al — Distribution of von Mises’ stress iretholid phase where the cartilage is stationarytlaadigid
impermeable surface slides (steady-state solution).
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Figure A2 — Distribution of pressure in the fluidgse where the cartilage is stationary and thd rigi
impermeable surface slides (steady-state solution).

The contact stress and film thickness in Figure Agaesent similar distributions to that of Fig6ie
whereas in this case the pressure is only incrgaairthe inlet of the contact region and then desge to a
minimum at the outlet of the contact region. Thidates to the lack of any source term in the fifiadv
governing equation caused by rotation of the @ayéil material into and out of the contacting intfahere
pressure is only generated as a result of thengligiterface in the thin film lubrication which dinishes to zero
when the film thickness is negligible. Correspoigdto this Figure A3b shows a similarities and difeces
with Figure 6b. In both cases fluid in the lubringtregion before the inlet of the contact is pusitwhich
provides a flow into the cartilage material, howeirethis case there is an additional flow out lod material
upstream of this to support this flow. For thise#s the contact region there is no flow and thetha outlet
flow enters the cartilage material providing a pesi lubricating flux in this region, upstream dfig fluid
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moves out of the cartilage material to support thigs differs to the rotating cartilage case whitoes into the

material was observed in the outlet region progdinnegative lubricating flux, subsequently follaney a
flow out of the material supporting a positive ligting flux downstream.
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Figure A3 — Steady-state solution for the contartirierface AB where the cartilage is stationarg #re rigid
impermeable surface slides. Showing distributioinga) the contact stresg,, pressurep;,,, and film
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Highlights

¢ A novel method for modelling the lubrication of natural synovial jointdeisved in which finite strain
and porous flow theories are combined to form a porohyperelastic descriptidicofar cartilage.

e Thin film flow is implemented to describe lubrication at the contacting interftave to and from the
cartilage material to the flooded region is included.

e The fluid load contribution responds much faster than the solidcloaitibution as fluid flows over the
contacting boundary.

e Observations made from the model are in line with the migrating contact ardfatty processes
described in the current literature.

e Stribeck type analysis shows that friction measurements can be mask attubrication regimes and
correspond well with experiments.



