arXiv:0901.0207v1l [math.PR] 2 Jan 2009

Conditions for certain ruin for the generalised
Ornstein-Uhlenbeck process and the structure
of the upper and lower bounds

Damien Bankovsky

Mathematical Sciences Institute, Australian National University, Canberra,
Australia

Abstract

For a bivariate Lévy process (&, n:)i>0 the generalised Ornstein-Uhlenbeck (GOU)

process is defined as
t
V, = et (z +/ e_gsdns> , t>0,
0

where z € R. We present conditions on the characteristic triplet of (£,7) which
ensure certain ruin for the GOU. We present a detailed analysis on the structure of
the upper and lower bounds and the sets of values on which the GOU is almost surely
increasing, or decreasing. This paper is the sequel to [2], which stated conditions
for zero probability of ruin, and completes a significant aspect of the study of the

GOU.
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1 Notation and Theoretical Background

For a review of publications and applications for the GOU, see [2]. In Section
2 of this paper, we state results on certain ruin for the GOU. Theorem 3.1 of
Paulsen [10] gives conditions for certain ruin for the GOU in the special case
in which ¢ and 7 are independent. In [2] it is shown that this theorem does
not hold for the general case. Theorems [I] and [3] of Section 2 give the required
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generalization, stated in terms of the characteristic triplet of (£, 7). Section 3
begins with results, in particular Proposition [6land Theorem [0 which describe
the structure of the upper and lower bounds and the sets of values on which
the GOU is almost surely increasing, or decreasing. Section 3 then outlines
the ruin probability implications of these structural results, in particular with
Theorems [13] and [[4], which state conditions for certain ruin in terms of upper
and lower bound structure. Section 3 concludes with technical propositions
used to prove the major theorems. Section 4 contains proofs of the results in
Section 2 and 3, and concludes with a number of examples which illustrate
and extend certain results. For the remainder of this section we set up some
notation, which builds on that of [2], and outline some basic results which we
will need.

Let (§,7n) be a bivariate Lévy process on a filtered complete probability space
(Q,.%#,F, P) and define the GOU process V, and the associated stochastic
integral process Z, as

t
V, = e’ (z +/ e‘ssdns> , (1)
0

and .
Zy ::/ et dn,. (2)
0

To avoid trivialities, assume that neither & nor n are identically zero. It was
shown in [2] that

AV, = 2 (Any = Vi (72 = 1)), (3)

The characteristic triplet of (£,n) will be written ((Ye,7y), Xen, ley) . The
characteristic triplet of £ as a one-dimensional Lévy process will be written
(e, 02, Il¢), where

=7 +/ xlle ,(d(x,y)), 4
Ve =V | e en(d(@,y)) (4)

and 02 is the upper left entry in the matrix X¢,, and 7 is symmetric. The
random jump measure and Brownian motion components of (£,7) will be
denoted respectively by N¢,; and (Be, B,)).

For a Lebesgue set A define the hitting time of A by V' to be T, 5 := inf{t >
0:V; e A|Vy = 2z}, where T, 5 := oo whenever V; ¢ A for allt > 0 and Vj = z.
When the context makes it obvious we will simply write T. Define the infinite
horizon ruin probability for the GOU by

M@:PQ%W<N%:%:PQ%&<—%:P@hmm<m)

Note that for all ¢ > 0, V; is increasing as a function of the initial value z
and hence, if 0 < z; < 25, then ¥(21) > 1(22). For further explanation of the



above terms, as well as extra definitions and results for Lévy processes, see
Section 1 of [2]. We now outline notation and theory needed for the present
paper, which were not dealt with in Section 1 of [2].

The total variation of an R"-valued function over the interval [a, b] is defined
by

Vy(la, b)) = supi (8 — f (ti),

where the supremum is taken over all finite partitions a = tg < t; < -+ <
t, = b. A Lévy process X on R", with characteristic triplet (vy, Xx, Ix) and
random jump measure Ny, is said to be of finite variation if, with probability
1, its sample paths X;(w) are of finite total variation on [0, ¢] for every ¢ > 0. It
is shown in [5], p.86, this occurs iff ¥x = 0 and [, < |2|ILx(d2) < oco. Further,
if this occurs then we can write

X, :dXt+/ Nyo(dz) =dt+ 3 AX,,
Rn

0<s<t

where
dX =Yx — / 1ZHX<dZ) cR"=F (Xl —‘/]R ZNX,I('adZ)) (5)
z|< n

is called the drift vector of X. A 1-dimensional Lévy process X is said to be
a subordinator if X;(w) is an increasing function of ¢, a.s., and it is shown in
[5], p.88, that the following conditions are equivalent:

(1) X is a subordinator.

(2) X: >0 a.s for some ¢ > 0.

(3) Xi >0 a.s for every ¢t > 0.

(4) The characteristic triplet satisfies

ox =0, /( ]HX(dx) =0, /( )SL’Hx(dSL’) < 00, and dxy > 0.
—00,0 0,1

That is, there is no Brownian component, no negative jumps, the positive
jumps are of finite variation and the drift is non-negative.

A 1-dimensional Lévy process X will drift to oo, drift to —oo or oscillate
between oo and —oo, namely, one of the following must hold:

tlggo X; =00 as,; (6)

Jim Xy = —oco a.s.; (7)

— oo = liminf X; < limsup X; = oo a.s. (8)
t—o0 t—o0

Necessary and sufficient conditions for these cases are given in [6]. Whenever
the expected value of X7 is a well-defined member of the extended real num-
bers, cases ([@)), (7), and (8) equate respectively to F(X;) > 0, £(X;) <0, and



E(X;) = 0. For the case in which the expected value does not exist, we need
more notation. For x > 0, denote the tail functions of the Lévy measure by

My (2) == TIx((2,00)), Tx(x) :=x((=00,—x)), Tx(x):=Ty(w)+Tx(x).
Define, for x > 1,

A% (@) = max{TT5(1), 1} + /lxﬁ;(u)du
and

Az (2) = max{TTx (1), 1} + /Iﬁ)_{(u)du
1
and define the integrals

1= [ () M) and gz = [T () Mo

In [6] it is shown that if F(X7) is not well defined, that is, if

oo -1
/ oTx (dz) :/ || T (d) = oo,
1 —00
then (@) occurs iff Jy < oo, (@) occurs iff J{¥ < oo and (8) occurs iff Jy =
J¥ = oo.

It is shown in [4] that the GOU is a time homogenous strong Markov process.
In [7], necessary and sufficient conditions are stated for a.s. convergence of Z;
to a finite random variable Z, as t approaches co, whilst in [§], necessary and
sufficient conditions are stated for stationarity of V. We will need to use these
conditions, and to describe them we need some further notation.

For a bivariate Lévy process (X,Y") define the integral

In(y)

Ixy = /(e’oo) mlﬂy(dyﬂ

and the auxiliary Lévy process KXY by

KXY =Y+ > (e —1) AY, — tCov(Bx 1, By,),

0<s<t

where Cov denotes the covariance. Theorem 2 of [7] states that Z; converges
a.s. to a finite random variable Z,, as t — oo iff lim; ., & = oo a.s. and
I¢,, < oo. There is a special case in which, for some ¢ € R,

Zi=c (e_& — 1) and V, =€ (z—c) +e, 9)

a.s. for all ¢ > 0. Exact conditions for this degenerate situation, given in terms
of the characteristic triplet of (£,7), will be stated in Proposition 8. In this



situation, lim;_,., & = oo a.s. implies that Z; converges a.s. to the constant
random variable Z,, = —c as t — oo, and in [3] it is shown that this is the only
case in which Z, is not a continuous random variable. Note that, regardless
of the asymptotic behaviour of &, if (@) holds then V is strictly stationary iff
Vo = c. If ([@) does not hold for any ¢ € R, then Theorem 2.1 of [§] states that
V is strictly stationary iff the stochastic integral [;°eS~dK$" converges a.s.
or, equivalently, iff lim;,, § = —oo a.s. and I_¢ gen < 0o. In this case the
stationary random variable V,, satisfies Vi, =p [;° €5~ dK5".

2 Conditions for Certain Ruin

In Theorem 1 of [2], exact conditions were given on the characteristic triplet
of (¢, n) for the existence of u > 0 such that ¢ (u) = 0, and a precise value was
given for the value inf{u > 0 : ¢)(u) = 0}, where we use the convention that
inf{() N [0,00)} = co. It is a consequence of Theorem [ below, that when the
relevant assumptions are satisfied, there exists z > 0 such that ¢(z) < 1 iff
there exists u > 0 such that ¢(u) = 0. Thus, even though they are not stated
explictly, Theorem [I] implies exact conditions on the characteristic triplet of
(&,m) for certain ruin.

Statements (1) and (2) of Theorem [ are generalizations to the dependent
case of Paulsen’s Theorem 3.1, parts (a) and (b), respectively. Statement (1) of
Theorem [Tlalso removes Paulsen’s assumption of finite mean for &, and replaces
his moment conditions with the precise necessary and sufficient conditions for
stationarity of V. For statement (2) of Theorem [I] a finite mean assumption
and moment conditions remain necessary.

Theorem 1 Let m := inf{u > 0: ¢ (u) = 0}.

(1) Suppose limy oo & = —00 a.s. and I_¢ gen < 00. Then 0 < () < 1 iff
0<z<m<oo.

(2) Suppose E(&)) = 0, E(ef)) < 0o and there exist p,q > 1 with 1/p+1/q =
1 such that E (e77) < oo and E(jm|?) < oo. If, for all ¢ € R, the
degenerate case (9) does not hold, then 0 < ¥(z) <1 iff 0 <z <m < 0.
If there exists ¢ € R such that equation (9) holds, then (z) < 1 iff
¥(z) =0, which occurs iff 0 < ¢ < z.

Remark 2 (1) In proving [10] Theorem 3.1 (b), Paulsen discretizes the GOU
at integer time points and then uses a recurrence result from [I]. His ar-
gument uses the inequality P(V; < 0|V = z) > 0 for all z > 0, which
is true in the independent case if either £ or n has a Brownian com-
ponent, or can have negative jumps. However, even in the independent
case, this inequality can fail to hold when V; decreases due to a determin-



istic drift. For example, let N and M be independent Poisson processes
with parameter 1 and define & = —t + N; and 7, := —t + M,;. Let
T, :=inf{t >0:V;, <0[Vy =2} Then V; > (z +1)e % — 1 :=V/ on
t < T, and P(V] < 0|V] = z) = 0 whenever z > e' — 1. In proving state-
ment (2) of Theorem [I] we get around this difficulty by discretizing the
GOU at random times 7; and then showing that the stated conditions
result in P(Vp, < 0|Vy = 2z) > 0 for all z > 0 in the general case.

(2) Assume £ and 7 are independent and 7 is not a subordinator. In this case,
whenever ¢ drifts to —oo a.s. or £ oscillates between oo and —oo a.s., it
is a consequence of Theorem 1 in [2], that ¢(u) > 0 for all w > 0, and
hence m = oco. Thus, by statement (1) of Theorem [ if lim; ,,, & = —o0
a.s. and I_¢ gen < 00, then 9(z) = 1 for all z > 0. This result is a
slight strengthening of Paulsen’s Theorem 3.1 (a). Further, statement (2)
simplifies exactly to Paulsen’s Theorem 3.1 (b). Since £ and 7 are indepen-
dent the conditions in statement (2) simplify to E(&) =0, £ (e'f”) < 00
and F(n;) < oo. Since m = oo, ¥(z) = 1 for all z > 0 whenever these
conditions hold. The simplification of conditions occurs because Holder’s
inequality is not needed in the proof, and a simpler argument using inde-
pendence suffices. When transferred onto the Lévy measure, these condi-
tions are equivalent to those in Paulsen’s Theorem 3.1 (b).

We now present Theorem [3] which is the generalization to the dependent case
of Paulsen’s Theorem 3.1, part (c). In addition, Paulsen’s assumption of finite
mean for £ is removed, and his moment conditions are replaced with the precise
necessary and sufficient conditions for a.s. convergence of Z; to a finite random
variable Z,,, as t — oo. A formula for the ruin probability in this situation
was given in Theorem 4 of [2], however no conditions for certain ruin were
found. Theorem [ gives exact conditions on the characteristic triplet of (£, 1)
for certain ruin. To state these conditions, we need the following definitions.

Let Ay == {(x,y) € R®: 2 >0,y > 0}, and similarly, let Ay, Az and A4 be
the quadrants in which {z > 0,y < 0}, {x < 0,y < 0} and {z < 0,y > 0}
respectively. For each 1 =1,2,3,4 and u € R let

B = {(z,y) cAty—ue®—1)> 0}

(2

and define
v inf {u <0:1II,(B}) > 0} . sup {u < 0: Il ,(BY) > 0}
V)0 I, (A\A) =0, | oo if I, (As\ Ag) =0,

o inf {u >0 : ¢, (BY) > 0} y sup {u > 0 : Tl¢ ,(Bf) > 0}
9 = =

4
oo if I, (Az \ As) = 0, 0 if e, (As \ Az) = 0.



Theorem 3 Suppose lim;_,o, & = 00 a.s. and I¢, < co. Then ¢(0) =1 if and
only iff —n is a subordinator, or there exists z > 0 such that ¥(z) = 1. The
latter occurs if and only if ¢ (A1) =0, 0y < 65, and there exists u € [0}, 5]

such that
1 —u 9
Sy = L 78 (10)
—u U
and
() == 7, + ue — luoj _/ (ux + y)e p(d(z,y)) <0 (11)
g T 777 75 2 £ {z2+y2<1} y & Y -

If there exists z > 0 such that ¥(z) = 1 and, for all ¢ € R, the equation (9)
does not hold, then the following hold:

(1) If 67 = 0 then ¥(z) = 1 for all z < m := sup {u € [0}, 605] : g(u) <0},
and 0 < (z) < 1 for all z > m;
(2) If 02 # 0 then (z) =1 for all z < m:= =24, and 0 < Y(z) < 1 for all
¢
Z > m.

If there exists z > 0 such that ¥(z) = 1 and there exists ¢ € R such that (9)
holds, then 0 < ¢ = 6, = 6, ¥ (z) =1 for all z < ¢, and Y(z) =0 for all z > c.

Remark 4 (1) When Il ,(A;) = 0, 0 < 6, and u € [0}, 05] the function
g(u) is a well-defined member of the extended reals. The existence and
finiteness of ¢ is fully analysed in point (1) of Remark

(2) Assume ¢ and 7 are independent. Then all jumps occur at the axes of
the sets A;, and o¢,, = 0. With a little work, Theorem B simplifies to the
following statement: Suppose lim;_,. & = oo a.s. and I¢, < oo. Then
¥(0) = 1 iff —n is a subordinator, or ¥(z) = 1 for some z > 0. The latter
occurs iff £ and 7 are each of finite variation and have no positive jumps,
and ¢g(z) < 0. Note that when (&,n) is finite variation, ¢ simplifies to
g(u) = d,, + udg, as explained in equation (I3]). Since & drifts to oo a.s.,
it must be that d¢ > 0. Thus, g(z) < 0 for some z > 0 iff d, < 0. In
particular, —n is a subordinator.

(3) In Paulsen [10], Theorem 3.1 (c), it is stated that when & and 7 are inde-
pendent, E (&) > 0, and a set of moment conditions hold, then ¥(z) = 1
iff & = at, ny = Bt and B < —az for real constants « and . This state-
ment contradicts the independence version of Theorem [3] stated above,
and is false. A simple counterexample is (§,n); := (t, —t — N;) where N
is a Poisson process. Paulsen’s moment conditions are satisfied trivially.
However, Theorem [ implies that ¢(z) = 1 for all z < 1, and this is
confirmed by elementary calculations. If we denote the jump times of NV,



by02T0<T1<T2<"' then

Ny
Vizl—i-et(z—l—Ze_Ti).

i=1
Thus, if z =1, then V5, = —e™>71 < 0 a.s. and so ¥(1) = 1.

The following proposition fully explains the ruin probability function for the
degenerate situation (). It will be used to prove that Theorems [I] and [
correctly allow for this case.

Proposition 5 Suppose that there exists ¢ € R such that V; = e%(z — ¢) + c.
If ¢ >0 then (z) = 0 for all z > ¢, and the following statements hold for all
0<z<ec:

(1) If & drifts to —oo a.s. then 0 < ¢ (z) < 1;
(2) If & oscillates between oo and —oo a.s. then ¥(z) = 1;
(8) If & drifts to oo a.s. then ¥(z) = 1.

If ¢ < 0 then the following statements hold for all z >0 :

(4) If & drifts to —oo a.s. then ¥ (z) = 1;
(5) If & oscillates between oo and —oo a.s. then ¥(z) = 1;
(6) If & drifts to 0o a.s. then 0 < (z) < 1.

3 Structure of the upper and lower bounds, and relationship with
certain ruin

Define the lower bound function 6 and the upper bound function T by
i(z) == inf{u eR: P<1itr>1(f)V; Su’VO :z) > O}

and

T(z) := sup{u eR:P <supV} > u‘Vo = z) > O},
>0
where we use the convention that inf{() N R} = oo and sup{@ NR} = —occ.
When V, = z, the probability that the sample paths V; will ever rise above
T(z), or below §(z), is zero. In particular, the ruin probability function
satisfies ¢(z) = 0 iff 6(z) > 0. Define the sets L and U by

L:={ueR:6u)=u} and U:={ueR:T(u)=u}.



It will be a consequence of Proposition [I7 that L and U must each be of the
form

0,{a},[a,b],[a,oc), or (—oo, ] (12)
for some a,b € R. The fact that L and U are both connected sets is of great
importance.

This section contains a detailed analysis of §, T, U and L and their relationship
with the ruin function. In particular, we are interested in which combinations
of L and U can exist. For each combination we are also interested in the
possible asymptotic behaviour of £, namely, whether £ drifts to co a.s., £ drifts
to —oo a.s. or & oscillates between oo and —oo a.s. We are interested in this
asymptotic behaviour because of its link with the conditions for convergence
of Z; and stationarity of V, as discussed in Section [II As well as being of
independent interest, the results contained in this section are essential for the
proofs of Theorems [l and Bl

We begin with comments on d, and L. The analogues for T and U are obvious
through symmetry. Firstly, note that §(z) < z for all z € R, whilst the fact
that V; is increasing in z for all ¢ > 0 implies that 6(z;) < 0(22) whenever
21 < zo. The following proposition explains the behaviour of the ¢ outside the
set L, and states that L is precisely the set of starting parts V) = 2z for which
almost all sample paths V; are increasing for some time period. Recall that
T, a:=inf{t > 0:V; € A}, and define L := R\ L.

Proposition 6 The following statements hold for L and §, and the symmetric
statements hold for U and Y:

(1) If z > sup L then 6(z) = sup L;

(2) If z < inf L then 6(z) = —o0;

(3) For z € L, P(V; is increasing on 0 <t < T, rc| Vo = 2) = 1;
(4) For z € L, P(V; is increasing on 0 <t < T, ;| Vj =2) < L.

In Section [1] we assumed that neither £ nor n are identically zero in order to
avoid trivialities. The following proposition explains these trivialities.

Proposition 7 (1) L =R iff§ =0 a.s. for allt > 0 andn is a subordinator.
(2) U=R iff & =0 a.s. for allt > 0 and —n is a subordinator.
(3) L=U=Riff & =mn =0 a.s. for all t > 0.

For the rest of this paper we again assume that neither ¢ nor n are identically
zero. The following proposition explains the degenerate situation described in
equation (9). Note that the deterministic case (§,n); := («, 5)t for non-zero
constants a and [ satisfies the conditions of this proposition for ¢ = —f/a.
Recall that a Borel set A C R is an absorbing set for V| if for all 0 < s < ¢,
P(V; € A|V; = x) =1 for all z € A. That is, whenever a sample path V; hits
A, it never leaves. The stochastic exponential will be denoted by e.



Proposition 8 The following are equivalent for ¢ # 0:

(1) LNU # 0;

(2) LNU = {c};

(3) Vi =e(z—c)+cand Z, :c(e—& _ 1);

(4) {c} is an absorbing set;

(5) Y, satisfies (I0) for u = ¢, I, = 0 or is supported on the curve
{(z,y) :y —c(e® —=1) =0}, and g(c) = 0;

(6) =% = e(n/c)r.

If the above conditions hold and X¢, # 0 then L = U = {c} and there exist
Lévy processes (&,m) for this situation such that & drifts to oo a.s., & drifts to
—00 a.s. or £ oscillates a.s. If the above conditions hold and ¥¢, = 0 then:

(a) U= (—o00,c] and L = [c,00) iff £ is a subordinator;

(b) L =(—00,c|] and U = [c,00) iff =& is a subordinator;

(¢) L =U ={c} iff neither & or —¢€ is a subordinator. There exist Lévy pro-
cesses (€,1n) for this situation such that & drifts to oo a.s., & drifts to —oo
a.s. or & oscillates a.s.

We present a theorem which describes all possible combinations of L and U
and the associated asymptotic behaviour of &, for the case in which LNU = ().

Theorem 9 Suppose that LNU = 0. If X¢, # 0 then only the following cases
can exist:

(1) L=U = 0;
(2) L ={a} for some a € R and U = {;
(3) U ={a} for some a € R and L = 0.

If 3¢ ;, = 0 then only the following cases can exist:

(a) If L =0 then U is of the form 0, {a}, [a,b], [a,00), or (—o0,b] for some
a,beR;

(b) If U = 0 then L is of the form 0, {a}, [a,b], [a,00), or (—o0,b] for some
a,beR;

(c) If L # O and U # O then there exist a < b such that L = (—o0,a] and
U= [b,o0), or U = (—o00,a] and L = [b, 00).

If U = (—o0,a] or L = [b,00) (or both) then £ is a subordinator. If L =
(—o00,a] or U = [b,00) (or both) then —& is a subordinator. For all of the
other combinations of L and U above, there exist Lévy processes (£,1) such
that & drifts to oo a.s., £ drifts to —oo a.s. or € oscillates a.s.

An absorbent set A C R is a mazimal absorbing set if it is not properly
contained in any other absorbing set. Note that if A is a maximal absorbing

10



set, then R\ A contains no absorbing sets otherwise we could take the union
of A with the absorbing set, and this would be an absorbing set properly
containing A. The following corollary is immediate. For each statement (1)-
(4), the claim that the sets A are maximal absorbing follows from Proposition
[6l The remaining statements follow immediately from Theorem

Corollary 10 There exist Lévy processes (£,n) with LNU = () such that the
associated GOU has the following maximal absorbing sets A :

(1) A=UUL, where U = (—o0,a] and L = [b,00);
(2) A =U, where U = (—o00,a] and L = {;

(3) A= L, where L = [b,00) and U = ();

(4) A = (a,b) where L = (—o00,a] and U = [b, c0).

If (§,m) has LNU =0 and does not have U and L satisfying one of (1)-(4),
then no absorbing sets exist.

We examine two striking cases of L and U structure, and state exact conditions
on the characteristic triplet of (£,7n) for such behaviour. Note that similar
conditions can be found for each of the other L and U structures stated in
Theorem [@, however, the statements are longer and unwieldy.

Proposition 11 Suppose LNU = (. Then U = (—o0,a] and L = [b,c0) for
—00 < a < b<ooiff (§n) is of finite variation and the following hold:

e There is no Brownian component (X¢, = 0);
o The drift of  is non-negative (dg > 0);
o The Lévy measure satisfies Il¢ ,(As) = Il ;,(Ag) =0, 8] > —o00, and O, < oco.

If these conditions hold then & is a subordinator and, for any Vo = z € R,
limy o | V3| = 00 a.s.

Similarly L = (—o0,a] and U = [b,00) for —oo < a < b < oo iff (&,n) is of
finite variation and the following hold:

o There is no Brownian component (X¢, = 0);
o The drift of £ is non-positive (dg < 0);
o The Lévy measure satisfies Il¢ ,(Ay) = 1l¢ n(A2) = 0, 8} < 0o and O3 > —oo.

If these conditions hold then —& is a subordinator, and V s strictly stationary
and converges in distribution as t — oo to a random variable V., supported
on (a,b).

We now present a theorem describing the relationship between the sets L and

U, and the upper and lower bounds of the limit random variable Z, of Z; as
t — oo.

11



Theorem 12 Let a,b € R and suppose Zy — Z, a.s. ast — 0o, where Z, s
a finite random variable. If, for all ¢ € R, the degenerate case (9) does not hold,
then a < sup U iff Zoo < —a a.s., whilst b > inf L iff Z.. > —b a.s. Further,
—supU = inf{u € R|Z,, < u a.s.} and —inf L = sup{u € R|Z, > u a.s.}.
Alternatively, if there ezists ¢ € R such that equation (3) holds, then Z., = —c
a.s. and inf L =supU = c.

The next theorem presents results on certain ruin which occur when L and U
are of a particular structure.

Theorem 13 Suppose that LNU = (). Then the following statements hold:

(1) If supU > 0 and LN [0,sup U] = 0, then ¥ (z) =1 for all z < sup U;
(2) If supL > 0 and UN[0,sup L] = 0, then 0 < ¥(z) < 1 for all 0 < z <
inf L. Ifsup L > 0 and UN[0,sup L] # 0, then ¥ (z) < 1 for all z > sup U.

Note that in statement (2) above, when sup L > 0 and L N U # (), Theorem
ensures that sup U < inf L, and statement (1) above ensures that ¢(z) = 1
for all z < sup U. Also, by definition of L, 1(z) = 0 whenever z > inf L.

We now present a major theorem which utilises Theorems 0 12 and [I3], and is
the major tool in proving Theorems [[land [Bl For the non-degenerate case, and
for (¢, n) which satisfies various asymptotic and stability criteria, this theorem
presents iff conditions for certain ruin, stated in terms of L and U structure.
In particular, it completely describes the L and U structures for which certain
ruin occurs.

Theorem 14 Suppose LNU = 0.

(1) Suppose limy_,oo & = —00 a.s. and I_¢ gen < 0o. There exists z > 0 such
that (z) < 1 iff LN[0,00) # 0. If this occurs then 0 < ¢ (z) < 1 for all
0<z<infL, ¥(z) =0 for all z > inf L, and one of the following must
hold:

(a) L =[a,b] and U =0, where —oo < a < b < o0, and b > 0;
(b) L = (—00,a] and U = [b,00) where 0 < a < b < 0.

(2) Suppose E(&) = 0, E(el&) < oo and there exist p,q > 1 with 1/p+1/q =
1 such that E (e‘p&) < 0o and E(|n|?) < oo. There ezists z > 0 such
that (z) < 1 4ff LN[0,00) # 0. If this occurs then L = [a,b] and U = 0,
where —oo < a < b < oo and b > 0, in which case 0 < Y(z) < 1 for all
0<z<aand¥(z) =0 for all z > a;

(3) Suppose limy_,oo & = 00 a.s. and I, < co. There exists z > 0 such that
W(z) =14fUN[0,00) # (. If this occurs then one of the following must
hold:

(¢c) U =la,b] and L =0, where —oo < a < b < 0o and b > 0, in which
case Y(z) =1 for all z < b and 0 < Y(z) < 1 for all z > b;
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(d) U = (—00,a] and L = [b,00) where 0 < a < b < 00, in which case
Y(z) =1 forall z<a,0<(z) <1 forala<z<bandp(z) =0
for all z > b.

Remark 15 The characteristic triplet conditions which equate to the iff result
in statement (3) above, are given in Theorem B, and are obtained using the
forthcoming Proposition 20l Further, exact characteristic triplet conditions
for the structure U = (—00,a] and L = [b,00) in case (d) above, are given in
Proposition [Tl

3.1 Technical results on the upper and lower bounds

We present a series of important technical propositions on o, L, T and U.
As well as being of independent interest, they are essential in proving the
previously stated theorems. The first proposition is obtained by combining and
restating parts of Proposition 6, Theorem 7 and Theorem 9 of [2], and no proof
is given. When put into this form the proposition completely describes the
relationship between the Lévy measure of (£,7) and the lower bound function
d. We recall some notation from [2]. For A; as in Section 2 define A} :=
{(z,y) € A; :y —u(e ™ —1) < 0}. For u < 0 define

0 sup {u < 0: Il ,(A}) > 0} 0 inf {u < 0: 1L, (A%) > 0}
1= 3=
—0o0 if Hg,n(Al \A4) = O, 0 if Hg’n(Ag \ A4) = 0,

and for v > 0 define

_Jsup{u = 0:1,(A3) > 0} ~Jinf{u > 0: 1, (A7) > 0}

2 = 4 =

0 if Mg (A2 \ Ar) = 0, 0o if e (A \ Ay) = 0.
Throughout, let W be the Lévy process such that e=% = ¢(W);.

Proposition 16 (lower bound) The following statements are equivalent:

(1) The lower bound 6(z) > —oo for some z € R;
(2) There exists u € R such that §(u) = u;
(8) There exists u € R such that the Lévy process n — uW is a subordinator.

Statements (2) and (3) hold for a particular value u # 0 iff the following three
conditions are satisfied: (i) the Gaussian covariance matriz satisfies equation
(I0); (ii) one of the following is true:

(CL) Hg’n(Agg) = 0, Hgm(Ag) §£ O, ‘92 S ‘94 and u € [92,94];
(b) Hgm(Ag) =0, H&n(Ag) 7& 0, 0, <03 and u € [91,93];
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(C) Hg’n(Agg) = Hg’n(AQ) =0andu € [‘91, 94],
and, (i), in addition, u satisfies g(u) > 0 for the function g in equation ([11).

From the definition of L it is an immediate corollary, firstly, that L = ()
iff none of conditions (1)-(3) of Proposition [I6 hold, and secondly, that 7
is a subordinator iff 0 € L. The next proposition adds further information
concerning L. Most importantly, it shows that the set L is always connected,
and gives concrete values for the endpoints.

Proposition 17 If ag # 0 and any of conditions (1)-(3) of Proposition
hold, then L = {=%4}. If 07 = 0 and any of (1)-(8) hold, then o} = 0 and
3

one of the following holds:

e 1) is a subordinator and condition (ii) of Proposition does not hold for
any u # 0, in which case L = {0};

e Condition (ii) is satisfied for some u # 0, in which case there erists —oo <
a < b < oo such that L = [a, b].

In the latter case, if condition (a) of Proposition holds then 0 < a =
max{fy, m1} and b = min{fy, my} for my := inf{u € R : g(u) > 0} and
my = sup{u € R : g(u) > 0}. If (b) holds then a = max{6,,m} and
b= min{0s, mao} < 0. If (¢) holds then a = max{6;, m1} and b = min{6y, ms}.

Define L* to be the set of starting values on which the GOU has no negative
jumps, namely

L* ={ueR:Vt>0P(AV, < 0|V, =u) =0}.

It is a consequence of Proposition [0l that L C L*. The next proposition de-
scribes L*. In particular, it shows that the set L* is always connected, and gives
concrete values for the endpoints. It also shows that whenever V,_ > sup L*
and a negative jump AV, occurs, then the jump cannot be so negative as to
cause V; < sup L*. Thus, L* acts as a barrier for negative jumps of V.

Proposition 18 (1) If L* # 0 then, for any t > 0, V,_ > sup L* implies
Vi, >sup L* a.s.;

(2) L* = {u € R:n—uW has no negative jumps};

(8) L* # 0 iff condition (ii) of Proposition[I8 is satisfied for some u # 0, or
n has no negative jumps;

(4) L* = {0} iff n has no negative jumps and condition (ii) does not hold for
any u # 0;

(5) If condition (ii) of Proposition[18 holds for some u # 0 then L* = [0y, 04],
[01,03] or [01,04], corresponding to conditions (a), (b) or (c) of Proposi-
tion [10.
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Remark 19 (1) If (£, 7) is an infinite variation Lévy process then, as noted

in Section ] [i 24,21y [(%,y)|Ilg,(d(x,y)) = oo. Thus, it may be the case
that for a particular u € R the integral [i,2 21y (uz+y)llg ,(d(z,y)), and
hence the function g(u) in (1), may not exist as a well-defined member
of the extended real numbers. However, it is a consequence of the proof
of Theorem 9 in [2], that if w € L* then g(u) is a well defined member
of the extended reals, and g(u) € [—00, 00). Under such conditions, it is
also shown that

Mg, ({y —u(e™™ =1) < 0}) =0

and so the domain of integration for the integral component of g can be
decreased to {z? +y? <1} N{y —u(e™ —1) > 0}.

Note that g is a linear function on R iff the Lévy measure of (§,n) is of
finite variation, namely

I, (d < 0.
/{x2+y2<1}‘(x’y)| 5777( (l’,y)) oo

In this case the drift vector (dg, d,,) is finite, and we can write

o)== [ o)+ u (e = o7 = [ atlan)

(_171)

1
=d, +u (dg — 5052) : (13)

where the first equality follows by converting (%e,%,) to (7e,7,) using
equation () and the symmetric version for 7, and the second equality
follows by converting (v, v,) to (de, d,) using equation (Bl). It will be a
consequence of the proof of Proposition [I7, that if a,b € L and a # b
then g is a linear function on R.

In Section [I] we stated exact conditions for a Lévy process to be a sub-
ordinator. When u # 0 the Lévy measure conditions in Proposition
are exactly the requirements for n — uW to be a subordinator. Equation
(IQ) is equivalent to the condition o,_,w = 0. The requirement that one
of the conditions (a), (b) and (c¢) holds is equivalent to the requirement
that there exists v # 0 such that II,_,w ((—00,0)) = 0. Note that this
implies that L*\ {0} is precisely the set of all u # 0 such n — IV has no
negative jumps. Finally, if u € L* then g(u) = d,_,w, and hence condi-
tion ([II]) is equivalent to the requirement that n — uWW has positive drift.
The fact that n — uW is of finite variation actually follows from the two
conditions II,_,w ((—00,0)) = 0 and d,_,w > 0. To see this, note that
when II,_,w((—00,0)) = 0, the equation (Bl simplifies to

dn—uW = Ynp—uW — ‘/(071) an—uW (d:(})
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and hence d,,_,w is a member of the extended reals regardless of whether
n—uW is finite variation. In particular, d,_,w € [—00,00), and d,_,w =
—o00 iff [ 1y 21w (dx) = oo which occurs iff n—uW is infinite variation.

Although the situation is symmetric, we explicitly state the parallel version
for U and T, to Proposition No proof is given. We state the parallel result
explicitly because some of the statements are not obvious, and we need to use
them for Theorem Bl Also, we will need to combine them with the statements
for L and 4 in order to prove Theorem [ [I3] and [I4l. If we define

U':={ueR:Vt>0P(AV, > 0|V, =u) =0},

then the symmetric versions of Proposition [I7, Proposition [[8 and Remark
also hold. We will need to use these results, however the parallels are obvious
in this case, so we do not state them explicitly.

Proposition 20 (upper bound) The following are equivalent:

(1) The upper bound Y(z) < oo for some z € R;

(2) There exists u € R such that Y (u) = u;

(8) There ezists u € R such that the Lévy process —(n—uW) is a subordina-
tor.

Statements (2) and (3) hold for a particular value u # 0 iff the following three
conditions are satisfied: (i) the Gaussian covariance matriz satisfies equation
(10); (ii) one of the following is true:

(a) Tle, (A1) = 0, T, (As) # 0, 6, < 0 and u € [6;,65):
(b) Tey(Ar) = 0, Te,,(A)) # 0, 64 < 6; and u € (65,6}
(¢) Tey(Ar) = ey (As) = 0 and u € [0}, 05):

and, (iii), in addition, u satisfies g(u) < 0 for the function g in equation (I1).

Remark 21 Symmetric statements to those for L and L* in Remark [19] hold
for U and U*. The following remarks relate to the combination of L and U,
and L* and U™.

(1) Parallel to 1 and 2 of Remark [[9) whenever v € U*, g(u) from () is a
well-defined member of the extended reals, g(u) € (—o0, 0], and —g(u) =
d_(p—uw)- Since d_—yw) = —d,—yw, we know that if uw € U* U L* then
g(u) is a well-defined member of the extended reals and g(u) = d,_,w.

(2) If a € L, b € U and a # b then g is linear and (£, n) is finite variation.
This statement is proved easily using similar arguments to those in the
proof of Proposition I

We state a proposition, describing the possible combinations of L* and U*,
which will be essential for proving Theorem [9
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Proposition 22 The following statements hold for L*, and the symmetric
statements hold for U* :

(1) L* =R then U* =) or U* = R;

(2) If L* = [a,b] for some —00 < a < b < oo, then U* = 0 or U* = L* =
{a} = {b};

(3) If L* = [b,o0) for some b € R, then U* = () or U* = (—o0,al] for some
—oo<a<b< oo

(4) If L* = (—o0,al] for some a € R, then U* = () or U* = [b,00) for some
—o0o<a<b<oo.

We end the section with two lemmas. No proof will be given. The first follows
by considering the definitions of 6; and @;. It will be used several times as
a calculation tool. The second gives conditions on the Lévy measure of &
and 1 which ensure that supg<,;<; |Z;| has finite mean. It will be needed to
prove statement (2) of Theorem [l The proof is similar to that of Lemma 11
in [2] and uses the Burkholder-Davis-Gundy inequalities, and various Doob’s
inequalities.

Lemma 23 (1) If g, (A1) # 0 then 0; < 6, <0;
(2) If g, (As) # 0 then 0 < 0 < 6y
(3) If e, (As3) # 0 then 03 < 0 < 0;
(4) If ey (Ag) # 0 then 0 < 0, < 6.

Further:

(a) Hﬁ,n(Al) 0 zﬁ@l = —00 and 91 = 0;
(b) Hgm(Ag) 0 Zﬁ 92 =0 and 9§ = OQ;
(c) Il¢ ,(A3) =0 iff 5 = 0 and 5 = —o0;
(d) Hﬁ,n(A4) =0 Zﬁ 94 =00 and 9:1 =0.

Lemma 24 Suppose there exist v > 0 and p,q > 1 with 1/p+1/q = 1 such
that E (e‘ max{l’r}pfl) < oo and E (|n1\max{1”"}q) < 00. Then

t max{1,r}
E ( sup / e~ %= dn, ) < 0. (14)
0

0<t<1

4 Proofs and Examples

The proofs are presented in mathematically chronological order rather than
the order in which the statements of the results are presented. For all proofs,
except the proof of Proposition [7] we assume that neither £ nor 7 are zero.
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PROOF. [Proposition [I8] We prove statements (1), (2) and (3). The proof
of statements (4) and (5) follows trivially from the proof of statements (2) and

(3).

(1) Suppose L* = (). Assume that condition (a) of Proposition [I6 holds and
L* = [0,,0,]. If condition (b) or (c) of Proposition [I6] holds then the proof is
similar. We use the following reformulation of equation (3)):

AV, = (e2% — D)Vi_ + 25 Ay (15)

Suppose V;— > 6. It follows immediately from the definitions of , and A}, and
from equation (IF), that there exists (z,y) € Ay~ such that (e*—1)044e"y > 0
and (e* — 1)Vi— + e*y < 0. Thus,

Vi=Vie + (e = 1)V,_ + €%y
=Vi_ + (" = 1)(Vie —04) + (6* —1)0, + "y
> Vi + (ex — 1)(‘/1«/_ — 94) > 0.

(2) It is a consequence of Proposition 6 in [2] that
A('f]t - UWt) = AT}t — U (G_A& - 1) .

Thus, equation (3]) implies that whenever V;_ = u, a jump (A&, An;) causes
a negative jump AV} iff A(n; — uW;) is negative. Hence L* is precisely the set
of all u such that n, — uW; has no negative jumps.

(3) By (1) above, L* # () iff n — uW has no negative jumps. If u = 0, this
occurs iff  has no negative jumps. If u # 0, it is noted in point (3) of Remark
M9 that this occurs iff u # 0 satisfies condition (ii) of Proposition O

PROOF. [Proposition [7] Assume that o7 # 0 and statements (1)-(3) of
Proposition [I6 hold for some u # 0. Then equation (I0) must hold for u, which
implies that u = —CE—Q”, and hence is the unique non-zero number satisfying

¢
statements (1)-(3) of Proposition 6l Since —Z4 satisfies condition (2), L =
¢
{—24} by definition.
¢

Now assume that o7 # 0 and statements (1)-(3) of Proposition [I6 hold for
u = 0. By statement (2), 0 € L. By statement (3), n is a subordinator, and

hence 0727 = 0¢y = 0. Thus, by the above, no non-zero number can satisfy
statements (1)-(3), and so L = {0} = {—25}.
3

Now assume that o7 = 0. If statements (1)-(3) of Proposition 6 hold for u = 0
then 7 is a subordinator by statement (3) and hence o7 = 0. Alternatively, If
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statements (1)-(3) of Proposition [I6] hold for some u # 0 then equation (I0)
must hold for u, which implies that o} = u*¢¢, and so o7 = 0.

Now assume that O'g = 0 and condition (ii) of Proposition [I6] does not hold
for any w # 0. This immediately implies that L N (R \ {0}) = 0. If, further, n
is a subordinator, then 0 € L, and hence L = {0}.

Now assume that o7 = 0 and condition (ii) of Proposition [ holds for some
u # 0. This occurs precisely when one of conditions (a), (b) or (c¢) of Proposi-
tion [T6 holds, and equation (1)) holds. Thus, inf . = a and sup L = b for the
values of a and b given in the proposition statement. It remains to prove that
the set L is connected. Since L* is connected, this occurs iff {u € R : g(u) > 0}
is connected, which follows from the analysis below.

As noted in point (1) of Remark M9, whenever v € L* we know g(u) €
[—00,00). There are three possibilities for behaviour of g on L*. Firstly, it
may be that g(u) = —oo for all uw € L*. Secondly there may exist v € L* such
that g(v) is finite and g(u) = —oo for all u € L* with u # v. We show that the
only other possibility is that g is linear on R. Suppose there exists uq,uy € L*
with u; # ug, such that g(u;) and g(ug) are both finite. Then

o) =) = (e~ 3ot = [l (i - )

is finite, which implies that [(,2, >4y 2llg,(d(z,y)) exists, and is finite. Since
g(uy) is finite, this implies that [i,2, 21y ylle,(d(z,y)) exists and is finite.
Thus, g is a linear function on R. O

PROOF. [Proposition 6] It is an immediate consequence of Proposition
that §(d(z)) = 0(2) and

d(z) =sup{u < z:60(u) =u}. (16)
Now the first statement of Proposition [0 follows immediately from ([I6]). To
prove the second statement, assume z < inf L. Suppose —oco < m := 4(z).
Since 0(z) < z, we have —oo < m < z < inf L. However, equation (I6]) implies
that m € L, which gives a contradiction. Hence §(z) = —oo. The third and
fourth statements follow immediately from the definitions of § and L. O

PROOF. [Proposition [[] Assume L = R. This implies, using Proposition
and point (2) of Remark [[9 that 3¢, = 0 and g is linear. Further, it must be
the case that Il¢ , (As) = Il¢ ,(A2) = 0 and L* = [0y, 04] = (—o0,00). Now 6, =
—oo iff I1¢ ,, ((0, 00) % [0, 00)), whilst 6, = —o0 iff ¢ ,, ((—00,0) x [0, 00)) = 0.
Hence ¢ can have no jumps and 7 can only have positive jumps. By Proposition
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6 g(u) > 0 on R. Since g(u) = d,, + udg, this implies that d¢ = 0 and d,, > 0,
thus proving one direction of the first claim. The converse is trivial since V'
simplifies to V; = z + n;. The proof of the second claim is similar. The third
claim follows immediately from the first two. a

PROOF. [Proposition 22] We prove statements (1), (2) and (3). The proof
of statement (4) is symmetrical to the proof of statement (3).

(1) Assume L* = R. Then condition (c) of Proposition [I6 must hold, and so
e (A2) = ¢, (As) = 0, and L* = [6;,6,]. Since ; = —oo and 6, = oo, it
must be that Il ,(A; \ A4) = 0 and Il , (A4 \ A1) = 0, respectively. Thus, if
Il ,(A1NAy) = 0 then IT¢ ,(R?) = 0, in which case condition (c) of Proposition
holds, and U* = R. Alternatively, if II¢ ,(A; N A4) # 0 then 7 has positive
jumps and so 0 € U*, and (ii) of Proposition 0 cannot hold. Hence U* = {).

(2) Assume L* = [a,b] for some —oo < a < b < oco. There are four ways in
which this is possible, namely, when (a), (b) or (c) of Proposition [I6] hold, or
when L* = {0}. For each case we show U* = () or U* = L* = {a} = {b}.

Suppose first that condition (a) of Proposition [[6 holds, and U* # (). The case
in which condition (b) holds and U* # (), is symmetric. Propositions [I6 and
08 imply that II¢,(As) = 0, ¢, (A2) # 0, 6, < 0, and L* = [0y, 60,]. Since
64 < oo, it must be that Il ,(As \ A;) # 0. Since 1l ,(As) = 0, this implies
that —n is not a subordinator, and so 0 ¢ U*. Thus, since we have assumed
that U* # (), it must be that condition (a) of Proposition 20 holds, and so
e, (A1) =0, 0} < 65, and U* = [0, 65]. However, statements (2) and (4) of
Lemma 23] state that 6, < 65 and 6, < ¢). Hence 6, = 0y = 04 = 0.

Now suppose that condition (c) of Proposition @@l holds. Then Il ,(As) =
¢, (As) = 0, and L* = [#y,6,]. Since 0, < oo and 6 > —oo it must be that
e, (As \ A1) # 0 and Ilg,(A; \ Asg) # 0, respectively. Hence condition (ii)
of Proposition 20 cannot hold, and so U* \ {0} = (). Further, —n is not a
subordinator, and so U* = (.

Now suppose L* = {0}, and U* # (). By statement (4) of Proposition [I8]
L* = {0} iff  has no negative jumps and at the same time IlI¢ (A3 N As) # 0
and Il ,(As N Ay) # 0. Hence, condition (ii) of Proposition 20 fails to hold,
which implies U*\ {0} = (. Thus, since U* # (), it must be that U* = L* = {0}.

(3) Assume that L* = [b,00) for some b € R and U* = (). We show that
U* = (—o00,a] for some —oco < a < b < oo. By the symmetric version of
statement (2) of Proposition 22] it is immediate that U* # {0}.

Since L* = [b,00), condition (a) or (c) of Proposition [I6 must hold, with
64 = oco. Thus, Il¢ ;,(A3) = 0, which implies that 5 = —oo. Also, since 0, = oo,
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it must be that Il¢, (A4, \ A1) = 0. Since U* # (), it must be that I, (A; N
Ay) = 0, and so Il¢,(As) = 0. This implies that one of conditions (b) or
(c) of Proposition 20l must hold, and so U* = (—o0,0}] or U* = (—o0, 6]
respectively. Now, if condition (a) of Proposition [I6] holds, then L* = [f5, 00).
Note that Lemma 23] states that 6] < 0 < 6, < 65, and hence the result is
proved for either form of U*.

Alternatively, if condition (c) of Proposition [[6holds, then L* = [f;, c0) where
¢y > —oo, which implies that II¢,(A; \ A4) # 0. Hence, condition (b) of
Proposition 20l must hold and U* = (—o0, #}]. Lemma 23] states that 6 < 6,
and so we are done. O

PROOF. [Proposition [§]

(1)<(2) Assume LNU # () and let 21,20 € LN U. We show 21 = 25 # 0. By
Proposition [16, z € L iff n — zW is increasing and by Proposition 20,
z € U iff n — zW is decreasing. Thus, n — 21W = n — 2W = 0, which
implies 21W = z,W. Since £ is not zero, W is not zero, and thus z; = z5.
Further, if z; = 2 = 0, then n must be both increasing and decreasing,
which requires that n be identically zero. Since we have rejected this case,
it must be that z; = z5 # 0.

(2)<(3) Suppose LN U = {c}. Then V; = ¢ for all t > 0 whenever V; = ¢, which
implies €% (¢ + Z;) = ¢, which implies V; = €% (2 — ¢) + ¢, as required.
Conversely, suppose V; = ¢ (z—c)+c. Clearly, c € LNU and so LNU # {),
which implies L N U = {c} by the above.

(2)<(4) By the definitions of § and Y, it is clear that ¢ is an absorbing point iff
d(c) = T(c) = ¢, and the definitions of L and U imply that this occurs
iff ce LNU.

(2)=(5) Assume L NU = {c} where ¢ # 0. Propositions [I6] and Proposition
immediately imply that equation (I0) is satisfied for u = ¢, and imply
respectively that g(c¢) > 0 and g(c) < 0, thus giving g(c¢) = 0. Finally,
since (2) = (3), the equation Z; = [}e %dn, = c(e_& - 1) holds,
which implies that e=%-An, = ¢ (e_& — 1) —c (6_5’5’ — 1) and so An, =
c (e‘Aft - 1) .

(5)=(2) Assume that the conditions of statement (5) hold for ¢ # 0. We prove
¢ € L. Since (I0) is satisfied for u = ¢, and g(c) = 0 holds, we know
that conditions (i) and (iii) of Proposition [I6l are respectively satisfied
for u = c. Thus it suffices to prove condition (ii) of Proposition [I6 is
satisfied for u = ¢, or equivalently, show ¢ € L*. If II¢,, = 0 then this is
trivial since L* = R. Now suppose that Il¢, is supported on the curve
{(z,y) : y—cle® =1) =0} for c € R. If ¢ > 0, Il¢,(A2) # 0 and
e, (A4) # 0, then 0y = 6, = c and so L* = {c}. If ¢ > 0, II¢,(A2) =0
and Il¢ ,(A4) # 0, then 6, = 0 and 64 = ¢, and so L* = [0,¢]. If ¢ > 0,
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¢, (A2) # 0 and Il¢, (As) = 0, then 6y = ¢ and 0, = oo, and so L* =
[c, 00). In each of these three cases, ¢ € L*. The proof for ¢ < 0 is similar
and we omit.

A symmetric argument proves that ¢ € U. Hence, ¢ € L N U which, by
the equivalence of statements (1) and (2), implies that L N U = {c}, as
required.

(2)&(6) LNU = {c} iff n — cW = 0 where e~ = ¢(W), which occurs iff e=¢ =
e(n/c)-

Now assume that the above statements (1)-(6) hold. If ¢, # 0 and both L

and U are non-empty, then Propositions and immediately imply that

L =U = {c} where ¢ = —Z5. For examples of Lévy processes (£, ) satisfying
¢

statements (1)-(6) and such that & drifts to oo a.s., £ drifts to —oo a.s. or &
oscillates a.s., see Example

If ¥¢,) = 0 then the statements (a), (b) and (c) follow immediately by examin-
ing the equation for V' in statement (3) above. For examples of Lévy processes
(&, n) satisfying statement (c) and such that £ drifts to oo a.s., £ drifts to —oo
a.s. or & oscillates a.s., see Example O

PROOF. [Theorem[d] Assume that LNU = (. Suppose, firstly, that 3¢, # 0.
We must show that (£, 7) exists such that (1), (2) or (3) occurs, and for each
of these cases, we must show that £ can satisfy each of the three asymptotic
behaviours. For case (1), this is obvious. Choosing (&, 7n) such that ¥, does
not satisfy equation (I0) implies that (£, n) fails both propositions, and so
L =U = (), regardless of the choice of (J¢,%,) and Il ,. Clearly, we can make
suitable choices for these objects to obtain the desired asymptotic behaviour
of &. For case (2), our existence claims are proven by Example 25 and case (3)
is symmetric. It follows from Proposition [[7] and the symmetric version for
U, that whenever L and U are non-zero, they are each equal to {—o¢,/0¢}.
Hence, no cases, other than (1), (2) and (3) of Theorem [0 can exist.

Now suppose that ¢, = 0. We must show that (&,7) exists such that (a),
(b) or (c) occurs, and for each of these cases, we must show that £ can satisfy
the specified asymptotic behaviours. Examples 28 and 29| present (£, 7) such
that L = ), whilst U may be of form 0, {a} or [a,b] for —00 < a < b < o0,
and for each of these combinations, it is shown that £ can satisfy the three
asymptotic behaviours. In Example B0l L = ), U is of form [b, 00) for b € R,
and ¢ drifts to —oo a.s. In Example B2, L = (), U is of form (—o0, a| for a € R,
and ¢ drifts to oo a.s. These four examples prove the existence claims for (a),
and the case (b) is symmetric. In Example BI, L = (—o0,a], U = [b, o0) for
—00 < a < b < oo and ¢ drifts to —oco a.s. In Example B3] U = (—o0, d],
L =1[b,00) for —o0o < a < b < 00, and ¢ drifts to co a.s. These two examples
prove the existence claims for (c).
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We now assume that ¥¢, =0, L # 0, U # 0 and LN U = (). We prove that
no cases, other than those listed in (c), can exist. As noted in point (2) of
Remark 211 it follows from our assumptions that (£, 7) is finite variation and
g is linear.

Suppose that L = [a,b] for some —oo < a < b < oo. We show that this
causes a contradiction with our assumptions. If L* = [¢,d] for some —oo <
¢ <a<b<d< oo, then point (2) of Proposition 22 states that U* = ) or
U*=L*={c} ={d}. Thus, U = 0 or U = L = {a} = {b}, both of which
contradict our assumptions. Hence, it must be the case that L* = ¢, 00) for
some —oo < ¢ < a, or L* = (—o0,d] for some b < d < 0.

Thus, we suppose that L = [a,b] and L* = [c,00) for some —oco < ¢ < a <
b < oo. The case in which L* = (—o0,d] for some b < d < oo is symmetric.
We know g(u) = d,, + ude. If d¢ > 0 then it must be that b = oo, which we
have rejected. Hence d¢ < 0, and we must have b = —Z—z > a. Thus, since U
is non-empty, LN U = ), and g(u) < 0 on U, it must be that U C [b,00).
However, point (3) of Proposition 22l implies that U* N [b, 00) = (). Hence U is
empty, and we have a contradiction. This completes the proof that L # [a, b]
for some —oc0 < a < b < 0.

We now assume that L = [b, co) for b € R. We first prove that £ is a subordi-
nator, which is another of the statements of Proposition [I7 and point (2) of
Remark [I9, imply respectively, that (£,7) has no Brownian component, and
(&,n) is of finite variation. Thus, we can write g(u) = d, + ude. Proposition
implies that g(u) > 0 on [b,00) and hence d¢ > 0. Finally, it must be
that L* = [¢,00) for some —oo < ¢ < b. It is a consequence of the proofs of
statements (1) and (3) of Proposition 22] that ¢ has no negative jumps. Thus
¢ is a subordinator.

Now, we assume that L = [b,00) for b € R and U = (. We prove that
U = (—o0,a] for some —oo < a < b < 0o. Note that L* = [c,00) for some
—o00 < ¢ < b, so statement (3) of Proposition 22 implies that U* = (—o0, d|
for some —oo < d < ¢. Since g(u) = d,, + ud¢ and d¢ > 0, U = (—o0, a for
some —oo < a < d. Since we have assumed LN U = (), a < b as required.

If we assume that U = (—o0,a| for a € R, it can be shown, using a method
of proof similar to the one above, that £ is a subordinator, and L = () or
L = [b,00) for some —oo < a < b < co. We omit the details.

Now, if we assume L = (—o0,a] for a € R, then symmetric proofs to the
ones above, show that —¢ is a subordinator, and U = () or U = [b,c0) for
—00 < a < b < oco. Similarly, if we assume U = [b,00) for b € R, then
symmetric proofs show that —¢ is a subordinator, and L = ) or L = (—00, a]
for —oo < a < b < 0. O
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PROOF. [Proposition[II] Assume LNU = (). In the above proof of Theorem
@ it was shown that if L = [b,00) for b € R then (£, n) is of finite variation,
Yen=0,de >0, Il ,(A3) =0, ¢ (A \ A1) = 0, and 6, < oo. It is clear from
Propositions and [I7] that the converse also holds. A similar proof shows
that U = (—o0,a] for a € R iff (£, n) is of finite variation, X¢, = 0, d¢ > 0,
e, (Ag) = 0, g (A3 \ A2) = 0, and ¢ > —oo. Combining these two sets of iff
conditions immediately gives iff conditions for the case in which U = (—o0, a]
and L = [b,o0) with —o0 < a < b < oo. Since V is increasing on L and
decreasing on U, and V is a strong Markov process, it is clear that in this
situation lim; .. |V;| = oo a.s. for any Vy = z € R.

It follows by symmetric methods that L = (—o0,a] and U = [b, 00) for —oco <
a < b < oo iff the stated conditions in Proposition [I1] hold. The only extra
proof needed is to show that in this situation, V' is strictly stationary. In [§]
it is shown that

t
Vi =p eftz+/ o dKCE,
0

By Theorem 2 in [7] it is shown that if lim; ., & = —oo and and the integral
condition I_¢ gen = 0o holds, then | f; s~ dKS"| —p 00 as t — oco.

As noted, if L = (—o0,a] and U = [b,00) with —o0 < a < b < oo then —¢ is
a subordinator and so lim;_, § = —o0 a.s. Now if I_¢ gen = oo then by the
above, and since lim; ., €% = —oco a.s, it must be that |V;| —p oo. However
this is impossible since V' is increasing on L and decreasing on U. Thus, we
must have I_; gen < 0o. Hence, by Theorem 2.1 in [§], V' is strictly stationary
and converges in distribution to [5° e®~dK$" := V.. Since V is increasing on
L and decreasing on U, and V' is a strong Markov process, it is clear that V
has support (a, b). O

PROOF. [Theorem[I2] Assume Z; — Z., a.s. ast — 00, where Z, is a finite
random variable. Suppose that for all ¢ € R, equation (@) does not hold. This
implies that Z., is continuous. As noted in Section [I a necessary condition
for the convergence of Z;, is lim;_,o & = 00 a.s., which implies that e% — oo

a.s. Since Z is finite a.s., and e — oo a.s., it is clear from the definition
Vi = e (2 + Z;), that

P(}H&Vt =oo|Vop =2) = P(Zy > —2). (17)

Now let a < sup U. By definition of U, P(lim;_, V; = oo|Vh = a) = 0 which
implies, by equation (I7), that Z,, < —a a.s., as required.

Conversely, let a > sup U. We prove P(Z,, > —a) > 0. Since we have assumed
that |Z,| < oo a.s., we can choose x > a such that P(Z,, > —xz) > 0. Note
that T(a) = oo and so there exists a fixed time 7" > 0 such that P(Vy >
z|Vo =a) > 0.
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Hence, using ([IT), the law of conditional probability and the Markov property,

P(Zy > —a)=P(lim V; = oco|Vh = a)
t—o00
> P(tli)m Vi =oo|Vpr > 2)P(Vp > |V = a)
> P(tliglovt =oo|Vo =2)P(Vr > z|Vh = a)

which is greater than zero by (I7) and the choice of x and T. Thus,
a<supU iff Z, < —a as. (18)

Now we prove —sup U = m where m := inf{u € R|Z,, < u a.s.}. By equation
(I8), Zs < —sup U and thus —sup U > m. By assumption, Z,, has no atoms
and so Z, < m a.s. Thus, equation (I8) implies that —m < sup U. The proofs
of the statements for L are symmetric.

Now assume that there exists ¢ € R such that equation (@) holds, and assume
that Z, — Z,, a.s. as t — oco. By equation (@) it is immediate that Z,, = —c
a.s. Further, since ¢ drifts to oo a.s., Proposition [§ implies that L = U = {c},
or U = (—o0,c] and L = [¢,00). In both of these cases, inf L = supU = c.
O

PROOF. [Theorem[I3] (1) Assume LNU = (), supU > 0 and LN|[0,sup U] =
(), and let 0 < u < sup U. We want to prove that ¢(u) = 1. Note that there
exists z > u such that z € U, and so Y(z) = z. Since ¥(u) > ¥(z), it suffices
to prove that ¢(z) = 1.

Since L N [0,sup U] = 0, we know 6(z) < 0, which implies that P, (inf;~o V; <
0) > 0. Thus, there exists a fixed time 7" € R such that P,(infoi<r V; < 0) :=
m > 0. Let n € N and let A be the distribution of V,,7 conditional on both
Vo = z and infocy<pr Vi > 0. Since Y(z) = z we know A < z a.s. Now

PZ< inf vt<0‘ inf mzo) :PA( inf v;<0) > m,
nT<t<(n+1)T 0<t<nT 0<t<T
where the equality follows from the Markov property and the inequality fol-
lows from the fact that A < z and V; is increasing in z. Define P" :=
P, (infoci<nr Vi < 0) for all n € N. By the law of total probability

P"+1:P”+PZ< inf V}<0} inf %20)(1—]3")
T 0<t<nT

nT<t<(n+1)

and so P"*t > P"+(1— P")m where P! = m € (0, 1). This implies that P" >
1—(1—m)™ which implies that lim,,_,o, P" = 1, and hence P, (info; V; < 0) =
1 by the continuity property of measures.
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(2) Assume LNU =0, supL > 0, and U N [0,sup L] = (). We let z > 0 and
prove that ¢(z) < 1. If 2 > inf L then ¢(z) = 0 by definition. Thus, it suffices
to assume 0 < z < inf L.

Suppose 1(z) = 1. By assumption, Y(z) > inf L and so, by definition, P(C') >
0 where C' := {sup,~, V; > inf L}. By definition of L, lim;,», V; > inf L a.s. for
all w € C. Let Ty := inf{t > 0|V, < 0} and T, := inf{t > T,,_1|V; < V,,_,} for
integers n > 1. By assumption, ¢(z) = 1 and so T3 is finite a.s. Further, the
strong Markov property of V' implies that {7} is a sequence of stopping times
increasing towards infinity as n — oo, and each 7; is a.s. finite. In particular,
each T; is a.s. finite on C. However Vi, < 0 a.s. which contradicts the fact
that lim; ,o, V; > inf L a.s. on C. Hence 9(z) < 1. The proof of the case in
which U N [0, sup L] # () is almost identical, and we omit. O

PROOF. [Theorem [[4](1): Assume LNU = 0, lim; ,, & = —oo a.s. and
I_¢ jcem < 00. Suppose that L N[0, 00) # 0. Since & drifts to —oo a.s., Propo-
sitions [§ and [@ imply that one of conditions (a) or (b) must hold. Further,
it follows from statement (2) of Proposition [I3] and the definition of L, that
0<¢(z) <lforall 0 <z<infL, and ¢(z) =0 for all z > inf L.

Now suppose that L N [0,00) = (). We let z > 0 and prove that 1(z) = 1.
Let N be a Poisson process with parameter A, let D; be an iid sequence of
1-dimensional exponential random variables and let C; = 1 for all 7. Suppose
that N, D; and (§,7n) are mutually independent and define the compound
Poisson process W; := Y-~ (C;, D;). Now define a new Lévy process (£2,77) :=
(&, m¢) + Wy, and denote the associated GOU by V°. For V°, denote the upper
and lower bound functions, the sets of upper and lower bounds, and the ruin
probability function by Y° §°, U®, L°® and 1° respectively.

Define T, := inf{t > 0 : V; < 0|V = z}. Since sup L < 0, we know d(z) < 0
and hence T, is finite a.s. Note that V) = V§ = 2. Also, whenever V,_ > 0,
every jump AW, causes a non-negative jump AV;. Hence V; < V° a.s. on
t < T,. This implies that ¢(z) > ¢°(z). Thus it suffices to show that ¢°(z) = 1.
To do this, we first need to prove that V¢ is strictly stationary.

We show that A > 0 can be chosen small enough such that lim; ,, & = —o0.
Since limy o0 & = —o00, either E(§) € [—00,0) or E(&) does not exist. If
E(&) € [—00,0) then E(&) = E (&) + A and so we can choose A small enough
such that E(£7) < 0, which implies that lim; . & = —oo. If E(&;) does not
exist then we know E(£7) does not exist. We show that lim,_,, £ = —oo holds
for any A > 0. Note that £ = £+ N and , as noted in Section [T} J; < 00 since
E(&1) does not exist and lim; o, & = —oo. Also note that ﬁg = ﬁg and so
Ag = Ag . Since § and N are independent we have ﬁ; = ﬁ; + ﬁ;\r,. Further

I, (z) = 0 for all z > 1. Hence Jé = J& and so is finite. As noted in Section
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[0, this implies that lim; . & = —o0.

We now show that (£°,7°) satisfies I_go geoe < 00. Since (£,1) and W are

independent, it is clear from the definitions in Section [ that Kfo’"o = K+
KV and e o (y) = Hyen(y) + Mgw(y). And, as above, AT.. = AT, Hence

ln(y) ) T
I_/Ko’no _I_ K,n‘l‘/ <7 HKW d .
& K¢ & K¢ (e,00) Ai_g(lll(y)) | ( y)|

By the choice of W it is clear that K]" has a finite expected value which
implies that [ ) y|llgw (dy)| < oco. Hence I_g geone < 0o. Thus V© is strictly
stationary.

For a Lebesgue set A define T} := inf{t > 0 : V,°* € A}. Note that 07 =
—oo and hence Proposition implies that Y°(u) = oo for all u € R, or
equivalently, U® = (). Also, 6 = 0, and so Proposition [I6 implies that L° N
(—00,0) = 0, whilst the fact that L N (0,00) = @ clearly implies that L' N
(0,00) = 0.

These facts imply that, for all ¢ and v in R, P (T(Q_w’a} < oo|Vy = u) >0

and P (T[‘;’OO] < oolVy = u) > 0. Since D is an exponential random variable,
it is clear that V,° has a continuous density with respect to Lebesgue measure.
Hence P (T§ < oo) > 0 for any set A with positive Lebesgue measure. This
result, and the fact that V' is strictly stationary, allows us to mimic the argu-
ment of Theorem 3.1 (a) in Paulsen [10]. Let S be an independent standard
exponential variable and define the resolvent kernel

K(z,A) = /OOO P.(V? € A)etdt = P.(VE € A).

Proposition 2.1 of [9] implies that V' is ¢-irreducible for the measure ¢ = AK.
Using the language of [9] p.495 and 496, it is clear that K has a continuous
nontrivial component for all z and hence is a T-process. Since V¢ is strictly
stationary it is clear that V° is non-evanescent, as defined in [9] p.494. Thus
Theorem 3.2 of [9] p.494 implies that V' is Harris recurrent, as defined in [9]
p490, which clearly implies that ¢°(z) = 1 as required.

(2) Assume that LNU = 0, E(&;) =0, E(e/&!) < oo and there exist p,q > 1
with 1/p+1/q = 1 such that E (e‘p&) < oo and E (|m]?) < 0.

Suppose that L N [0,00) # ). Since & oscillates a.s., Proposition [@ implies
that L = [a,b] and U = () where —o0o0 < a < b < oo and b > 0. Hence,
it follows from statement (2) of Proposition [I3] and the definition of L, that
0<9y(z)<lforal0<z<aandy(z)=0forall z>a.

Now suppose that L N [0,00) = (0. We let z > 0 and prove that ¢(z) = 1. We
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know that P (inf;~o Vi < 0|Vy = 2) > 0. However, it is possible that for some
z >0, P(Vi < 0|Vh = 2z) = 0. For example, this would happen if (£,7) has
no Brownian component and sup L* > 0. Let 0 = Ty < T} < Ty < ... be
random times such that T; — T;_; are iid with exponential distribution and
parameter A. Since T has infinite support it is clear that sup L < 0 implies
P (Vp, <0V = z) >0 for all z > 0. Equation (1) implies that a.s.

Tnfl Tn
Vi, = ¥ ¢ (6&"1 (Z +/ e‘ssdns>> + €fTn / e~%=dn,.
0 Tnfl

Thus, if we define A,, := 57 Tn-1 B, 1= efn fﬁil e~%-dn, and the stochas-
tic difference equation W,, := A, W,,_1 + B,, with W := V = z then W,, = V7,
a.s. for all n € N. Note that the term e*7» in B,, cannot be brought under the
integral sign because it is not predictable. Since a Lévy process has indepen-
dent increments it is clear that (A, B,) is an independent sequence. Now,

Ty
A2’B2 €12 —€my €€T2 ETlelefT 6—§sdns>
1

T
(65 —&ry €€T2 §T1/26—(56_§T1)d778>
T

T:
_ <€5T2 em | o / P 6_(55——§T1)d(’r]8 —nr ))

T

Ts
=p €11 ’ €11 e &s—11 dns—T1
T

T
= <€5T176§T1 /0 1 e_gsdns> = (Ah Bl)7

where the second equality holds because €71 is predictable with respect to
the integral, the third equality holds because a Lévy process has identically
distributed increments and the final equality is obtained using a change of
variables. The argument for general n is identical, and thus (4,, B,) is an iid
sequence.

Now Proposition 1.1 and Corollary 4.2 of [1] state that if P(A;2+B; = z) <1
forall ze R, E(InA;) =0, A; # 1 and there exists & > 0 such that

E ((| InAy| + In* \Bl|)2+“) < o0 (19)

then the discrete stochastic process W has an invariant unbounded Radon
measure 4 unique up to a constant factor such that the sample paths W,
with Wy = z, visit every open set of positive p-measure infinitely often with
probability 1, for every z € R. The first of these conditions follows from
our assumption that L N U = (), using Proposition 8 The second and third
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conditions follow respectively from our assumptions that F(£;) = 0, and &
is not identically zero. We will show later that our moment conditions on &
and 71 ensure equation (I9) holds. Note that the Babillot result implies that
¥(z) = 1 if we can show p ((—o00,0)) > 0. However by the definition of an
invariant measure,

p(=0,0)) = [

z€R

P(Ayz + B) < 0)u(dz) > / P(Viy < 0]V = 2)u(dz).
1S

Thus if x ([0,00)) > 0 then p ((—o0,0)) > 0 since P (Vy, < 0|V = 2) > 0 for
all z > 0. And if u ([0,00)) = 0 then p((—o0,0)) > 0 since p(R) > 0. Thus
we are done if we can prove equation (I9)).

To do this, it suffices to assume 77 = 1 and (A4, By) := (e§1,651 fol e_ES*dnS)
since we can choose the parameter A\ of the increments to be arbitrarily
small. Note that if x,y > 0 and o > 0 then there exists ¢; > 0 such that
(z4+y)* < e (2*4y*). Also In"(z +y) < In"(2) + In(y) and In™(zy) <
In™(x) +1n"(y). Finally note that whenever 0 < o < 1 there exists ¢y > 0 such
that In" (2)27® < cyz®. Using these four inequalities it is clear that equation

(19) is satisfied whenever there exists 0 < a < 1 such that £ (6“51) < 00,

E (J&1]*T®) < oo and E (‘fol e‘gs*dns‘a) < 00. By Proposition 24], and the fact
that the existence of an absolute exponential moment implies the existence of
absolute moments of all orders, the assumed moment conditions imply that
these conditions are satisfied for av = 1.

(3) Assume that lim, ,. & = oo a.s. and I, < oo. Suppose that —oo <
supU < z. Assume, for the sake of contradiction, that ¢ (z) = 1. Theorem
implies that P(C') > 0 where C' := {Z, > —z}. Since lim;_,,, & = 00, we
know that lim;_,., V; = 0o a.s. on C. Now, the same strong Markov property
argument used in the proof of statement (2) of Theorem [I3] gives a contra-
diction. Hence ¢(z) < 1.

Now suppose U N [0,00) # (). Since ¢ drifts to oo a.s., Theorem [ implies
that either U = [a,b] and L = () where —co < 2 < b < oo and b > 0, or
U = (—00,a] and L = [b, 00) for some 0 < a < b < co. In both of these cases,
statement (1) of Theorem [I3] implies that 1(z) = 1 for all z < sup U. Using
the definition of L, and the above result, it is clear that 0 < ¢ (z) < 1 for all
supU < z <inf L and ¢ (z) =0 for all z > sup L. O

PROOF. [Proposition f] Assume that V; = €% (2 — ¢) + ¢. By definition of L,
if ¢ > 0 then ¢(z) =0 for all z > ¢.

Let 0 < z < ¢ If € drifts to —oo a.s. then lim; . V; = ¢ a.s. Thus, the
strong Markov property of V' implies that ¢(z) < 1, using a proof similar to
that used for statement (2) of Theorem [I3] If £ oscillates a.s. then —oco =
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liminf, ,o V; < limsup,_, . Vi = ¢, and so ¢(z) = 1. If £ drifts to co a.s. then
lim; o V; = —o0 a.s. which implies ¢(z) = 1.

Let ¢ < 0 < z. If £ drifts to —oo a.s. then lim;_,, V; = ca.s. and so ¢(z) = 1. If
¢ oscillates a.s. then ¢ = liminf, ,,, V; < limsup,_,., V; = 0o, and so ¥ (z) = 1.
If ¢ drifts to oo a.s. then lim; o, V; = 0o a.s. which implies ¥(z) < 1, using a
strong Markov property argument. O

PROOF. [Theorem [I] Suppose that for all ¢ € R the degenerate case ()
does not hold. Then, by Proposition B, L N U = (. It follows immediately
from Theorem [I4] that 0 < ¥(z) < 1iff 0 < z < m < oo whenever the
assumptions for statement (1), or statement (2), of Theorem [I] are satisfied.
Now suppose that there exists ¢ € R such that equation (@) holds. Then it
follows immediately from Proposition Bl that 0 < ¥(z) < 1iff 0 <z <m < o0
whenever the assumptions for statement (1), or statement (2), of Theorem [
are satisfied. In both these situations, m = c. O

PROOF. [Theorem [] Assume lim; ,o & = oo a.s. and I¢, < co. Assume
that for all ¢ € R equation (@) does not hold, or equivalently, L N U = 0.
Theorem [ claims that (0) = 1 iff —n is a subordinator, or there exists
z > 0 such that 1 (z) = 1. This claim follows by combining two known results:
¥(z) = 1 iff supU > 0 and z < sup U, which is implied by statement (3)
of Theorem [I3} secondly, 0 € U iff —n is a subordinator, which is stated in
Proposition

Theorem [ also states conditions on the characteristic triplet of (£,7n) and
claims these are equivalent to the fact that there exists z > 0 such that
1 (z) = 1. However, using statement (3) of Theorem [I3] we know there exists
z > 0 such that ¢(z) = 1 iff sup U > 0. And Proposition 20 gives iff conditions
on the characteristic triplet of (£,n) for the case supU > 0 to occur. These
conditions are precisely the conditions stated in Theorem

Finally, statements (1) and (2) of Theorem [ contain values for sup{z >
0 : ¢(z) = 1}. However, these follow from the unstated parallel version of
Proposition [I7 which gives exact values for the endpoints of U.

Now, assume that there exists ¢ € R such that the degenerate equation ()
holds, and L = U = {c}. Since ¢ drifts to oo a.s., Proposition [ implies
that supU = e¢. Thus, Proposition [ implies that ¢(z) = 1 iff supU > 0
and z < supU. Theorem [ is proved for the degenerate case by combining
this statement with Proposition 20 Proposition 20l and the parallel version of
Proposition [I7 in an identical manner to the above. The only difference is that
the set {z > 0 : ¢(z) = 1} does not contain its supremum in the degenerate
case, since sup{z > 0:¢(z) = 1} = U = L, and is an absorbing point. O
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4.1  FExamples

Propositions [8, [0 and [l claim that Lévy processes (£,7) exist which sat-
isfy particular combinations of L and U, and particular asymptotic behaviour
for £&. We now present examples which prove these claims. We use the sim-
plest Lévy processes possible. The Lévy measures will always be finite activ-
ity, namely II¢ ,(R*) < co. Hence, we can write (£,7) in the form (§,n); =
(de, d)t + (Bes, Byi) + XN Y; where (B, B, ;) is Brownian motion with co-
variance matrix ¢ ,, N is a Poisson process with parameter A and {Y;}32; is
an iid sequence of two dimensional random variables with distribution Y.

Examples with Brownian component The first example is of a Lévy pro-
cess (&,n) for which L = {a}, U = (. The second example is of a Lévy process
for which L = U = {a}. For both examples we show how variables can be
chosen so that £ drifts to oo a.s., £ drifts to —oo a.s. or £ oscillates a.s.

Example 25 Let (£,7); := (de,2)t + (By, By) + X0 Y; where B is a one-
dimensional Brownian motion with variance 1, and P(Y = (10,10)) = 1/2
and P(Y = (—10,10)) = 1/2. The covariance matriz equation (10) is satisfied
for u = —1. Condition (ii) of Proposition 18 is satisfied for w = —1, whilst
condition (ii) of Proposition [20 is not satisfied. By equation (I3), g(—1) =
3/2 — dg, and so choosing de < 3/2 implies that L = —1 and U = (. However
E(&) = de soif 0 < de < 3/2 then & drifts to oo a.s., if de < 0 then £ drifts
to —oo a.s., and if d¢ = 0 then § oscillates a.s.

Example 26 Let (&,n); = (d¢, d,))t+ (B, —By). Equation {I0) is satisfied for
u = 1, whilst condition (ii) of Proposition[16 and condition (ii) of Proposition
are satisfied trivially. Equation (I3) implies g(1) = d, + de — 1/2. Thus,
choosing d¢ = 1/2 — d,, implies that L = U = 1. Note E(&) = de, so if
d, < 1/2 then & drifts to oo a.s., if d,, > 1/2 then & drifts to —oco a.s., and if
d, = 1/2 then £ oscillates a.s.

Examples with no Brownian component We now present seven examples
of Lévy processes (£,7n) with no Brownian component. In Example 27 L =
U = {a} and we indicate how the parameters can be changed in order to
obtain each of the three asymptotic behaviours for £. In Examples and
29, L = (), whilst U may be of form 0, {a} or [a,b] for —co < a < b < 0.
We indicate how parameters can be changed in order to obtain these different
sets, and for each set, to obtain the three possible asymptotic behaviours for
¢. In Example BO, L = @ whilst U is of form [b,00) for b € R. In Example
Bl L = (—o0,a] and U = [b,00) for —o0 < a < b < oo. For both these
examples we show that & drifts to —oo a.s. In Example B2l L = () whilst U is
of form (—o0,a| for a € R. In Example B3] U = (—o00,a] and L = [b, 00) for
—00 < a < b < oco. For both these examples we show that ¢ drifts to oo a.s.

31



Example 27 Let (£,7); := (d¢,d,)t + i, Vi where P(Y = (3,2¢7% — 2)) =
1/2 and P(Y = (-=3,2¢* —2)) = 1/2. Then 6y = 0, = 0, = 0, = 2 and
L* = U* = {2}. Note that g(u) = d,, + ude, so choosing d, = —2d¢ implies
that g(2) = 0 and hence L = U = {2}. Since E(&) = d¢, choosing d¢ > 0,
de <0, and d¢ = 0, 1mplies that § drifts to oo a.s., § drifts to —oo a.s. and §
oscillates a.s., respectively.

Example 28 Let (&,1); := (dg, d,))t + S04 Vi where P(Y = (4,-2)) = 1/3
and P(Y = (=2,-3)) = 1/3 and P(Y = (=2,1)) = 1/3. Then L = ) since
I, (Az) and Il¢ ) (As) are both non-zero, whilst U* = [0}, 0] = |25, 5] =
0.2,2]. Now U = {u € U* : g(u) < 0} and g simplifies to g(u) = d,, + ude.
Note that E(&) = de.

Choosing de = 0 and d,, > 0 implies that U = 0 and & oscillates a.s. Choosing
de > 0 and d,, > —0)d¢ implies that U = () and £ drifts to oo a.s. Choosing
de < 0 and d,, > —04de implies that U = 0 and & drifts to —o0 a.s.

Choosing d¢ = 0 and d,, < 0 implies that U = U* = (0.2, 2] and £ oscillates a.s.
Choosing d¢ > 0 and d,, < —04d¢ implies that U = U* = [0.2,2] and § drifts
to 0o a.s. Choosing de < 0 and d, < —0yde implies that U = U* = [0.2,2] and
& drifts to —oo a.s.

Choosing d¢ > 0 and d, = —0d¢ implies that U = {0} = {0.2} and § drifts
to 0o a.s. Choosing de < 0 and d,, = —0,de implies that U = {65} = {2} and
& drifts to —oo a.s.

Note that for Example 32 no adjustment of d¢ and d,, can result in U = {a}
with £ oscillating a.s. We now present a different example with this behaviour.

Example 29 Let (&,1); = (0, =2)t + XN, Y; where P(Y = (2,e72—1)) =
1/3 and P(Y = (=1,e—1))=1/3 and P(Y = (—1,—-2)) =1/3. Then L = (),
Oy =0, =0,=10, =1, and U* = {1}. Since g simplifies to g(u) = —2 for all
u € R we obtain U = {1}. Since E(&) =0, € oscillates a.s.

Example 30 Let (&,1); := (0, =2)t + XN, Y; where P(Y = (—1,2)) = 1/3
and P(Y = (—2,-3)) = 1/3 and P(Y = (0, —5)) = 1/3. Then L* = ) whilst
U* = [0),05] = [27,00) = [1.2,00). Since g(u) = —2 for all u € R we obtain

L=0 and U =U* Since E(&) = —1.5, £ drifts to —c0 a.s.

Example 31 Let (£,1); = (de,d,)t + SN Y; where P(Y = (=1,2)) = 1/2
and P(Y = (=2, -3)) = 1/2. Then L* = [6;,63] = (—00, ] = (—00, —0.5]
and U* = [0},05] = [25,00) = [1.2,00). Note that g simplifies to g(u) =
d, + ude and hence choosing de < 0 and d, = 0 gives L = L* and U = U*.
Since E(&;) = —1.5 + dg, & drifts to —oo a.s.

Example 32 Let (&,7), == XN, Y; where P(Y = (1,2)) = 1/3 and P(Y =
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(1,8)) = 1/3 and P(Y = (0,—-5)) = 1/3. Then L* = ) whilst U* = [0},0;] =
(—00, =] = (—00, —12.6]. Note that g(u) =0 for allu € R so L = L* and
U=U*. Since E(&) =1, £ drifts to oo a.s.

E

xample 33 Let (£,7), == SN Y; where P(Y = (1,2)) = 1/2 and P(Y =
(1,8)) =1/2. Then L* = [01,04] = [?2—1’00) = [-3.2,00) and U* = [05,01] =
(—00, =2—] = (—00, —12.6]. Note that g(u) =0 for allu € R so L = L* and

U=U*. Since E(&) =1, £ drifts to 0o a.s.
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