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Abstract
Laser assisted machining (LAM) is one of the most efficient ways to improve the machinability of difficult-
to-cut materials (e.g. Nickel-based superalloys). In the conventional LAM process, the laser beam is 
focused ahead of the cutting area at a fixed location, which leads to a series of restrictions, e.g. small 
heating area and non-uniform heat distribution due to the limitation of beam size and energy distribution. 
In this paper, a novel spatially and temporally (S&T) controlled laser heating method was proposed, in 
which a large area can be heated up with a small laser spot by controlling the beam scanning, i.e., laser 
power, path and speed of scanning. The laser configuration for the prescribed HAZ (heat affected zone) 
was achieved by solving the inverse heat conduction problem where the laser power together with either 
laser path or laser speed were optimised to achieve a particular temperature distribution in the chip to be 
removed by the following milling cutter. The proposed S&T laser heating method was thoroughly validated 
both for the direct and, the more important, inverse heating models by performing extensive temperature 
experiments by both infrared thermal camera and thermocouple array and further verified by laser 
assisted milling (LAMill) tests of Inconel 718 for large widths of cuts. The results showed that by applying 
path-optimised LAMill based on the inverse solution of the thermal problem, the peak and mean principal 
cutting forces were reduced by 55% and 47.8% respectively compared with the conventional dry milling 
process while the surface roughness improved by at least 14%. Moreover, after controlling the HAZ using 
the inverse thermal problem, a microstructure analysis of the machined surface showed that the proposed 
laser heating method avoids overheating of the workpiece below the planned depth of cut for the milling 
operation. 
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On modelling of laser assisted machining: forward 
and inverse problems for heat placement control

Abstract
Laser assisted machining (LAM) is one of the most efficient ways to improve the machinability of difficult-
to-cut materials (e.g. Nickel-based superalloys). In the conventional LAM process, the laser beam is 
focused ahead of the cutting area at a fixed location, which leads to a series of restrictions, e.g. small 
heating area and non-uniform heat distribution due to the limitation of beam size and energy distribution. 
In this paper, a novel spatially and temporally (S&T) controlled laser heating method was proposed, in 
which a large area can be heated up with a small laser spot by controlling the beam scanning, i.e., laser 
power, path and speed of scanning. The laser configuration for the prescribed HAZ (heat affected zone) 
was achieved by solving the inverse problem where the laser power together with either laser path or 
laser speed were optimised to achieve a particular temperature distribution in the chip to be removed by 
the following milling cutter. The proposed S&T laser heating method was thoroughly validated both for 
the forward and, the more important, inverse heating models by performing extensive temperature 
experiments by both infrared thermal camera and thermocouple array and further verified by laser 
assisted milling (LAMill) tests of Inconel 718 for large widths of cuts. The results showed that by applying 
path-optimised LAMill based on the inverse solution of the thermal problem, the peak and mean principal 
cutting forces were reduced by 55% and 47.8% respectively compared with the conventional dry milling 
process while the surface roughness improved by at least 14%. Moreover, after controlling the HAZ using 
the inverse thermal problem, a microstructure analysis of the machined surface showed that the proposed 
laser heating method avoids overheating of the workpiece below the planned depth of cut for the milling 
operation. 
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Nomenclature
, the acceleration of the laser spot, unit ;𝑎𝑏 m/s2

, the heat capacity of the workpiece material, unit J/(kg K);𝑐
, the cost function;𝐶

, the minimum distance from cutting tool profile to the laser beam edging, unit m;𝑑𝑏𝑡

, feed rate of the cutting process, unit m/s;𝑓𝑦

, the thermal conductivity of the workpiece material, unit W/(m K);𝑘
, the minimum laser trajectory overlap amount along the feed direction;𝑚
, the number of mesh nodes of the discretised cutting cross section;𝑀

, power of the laser system, unit W;𝑃
, heat source term for the laser spot, unit ;𝑞''' W/m2

, heat flux strength of heat source, unit ;𝑞0 W/m2

, , laser spot radius along x and y direction, unit m;𝑟𝑏𝑥 𝑟𝑏𝑦

, effective cutting radius, unit m;𝑅𝑏

, the radius of the cutting tool, unit m;𝑅𝑡

, time, unit s;𝑡
, laser scanning period, unit s;𝑇𝑏

, scanning speed of the laser beam, unit m/s;𝑣𝑏

, thermal diffusivity, unit ;𝛼 m2/s
, the Dirac delta function;𝛿
, laser heat absorption ratio by the workpiece material;𝜂
, temperature, unit ;𝜃 ℃
, the targeted temperature, unit ;𝜃0 ℃

, density of the workpiece material, unit .𝜌 kg/m3
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1 Introduction
Due to their superior thermo-mechanic characteristics such as high-temperature strength and corrosion 
resistance, nowadays more and more high-strength advanced engineering materials (e.g. Ni/Ti based 
superalloys [1, 2], ceramics matrix composite [3]) are being developed and used in industries for higher 
product performance, especially in the aerospace industry. They are however often difficult-to-cut by 
conventional machining methods [4] because of their physical and mechanical properties such as low 
thermal conductivity [5, 6], high strength at elevated temperatures and high work hardening rate [7]. This 
leads to a series of technical challenges for the manufacturers such as low productivity, short tool life [8, 
9], vast use of cutting fluid and high machining cost. 

Thermally assisted machining (TAM) methods have been proposed to enhance the machinability of these 
difficult-to-cut materials, in which a local heat source (e.g. laser beam, plasma beam [10]) is placed ahead 
of the cutting area to preheat the workpiece material locally and thereby reduce its strength during the 
machining process. With the rapid development of laser technology, laser assisted techniques now have 
many advantages over other pre-heating techniques, e.g. cost-effective and productive [11], while 
enabling higher energy intensities and making it easier to control the heating location and size [12] when 
compared with other methods (e.g. plasma, gas torch, electrical current heating). Laser assisted 
machining (LAM) has been reported to offer many advantages, such as reducing cutting forces [13, 14] 
and specific machining energy [15, 16], suppressing chatter [17], increasing material removal rates [18], 
extending tool life [19, 20], minimizing residual stresses[21, 22], generating crack-free machined surfaces 
[23], and diminishing environmental impact [24]. Accordingly, the LAM process is a very promising way 
to make these difficult-to-cut materials easier to machine [25]. 

Laser assisted turning (LAT) and laser assisted milling (LAMill) are the two most commonly used LAM 
processes. In LAT, the laser beam spot is placed ahead of the cutter to preheat the cutting volume locally 
[11] and the distance from the laser spot to the cutter is often fixed. LAMill is similar to LAT [26, 27] as 
the laser spot can be also projected on the cutting area [28] – this is the conventional way to use LAMill. 
Nevertheless, the fixed location of the laser spot relative to the cutting tool in the conventional LAMill 
process leads to a series of very challenging problems. Firstly, it is usually difficult to heat up the cutting 
volume in a homogeneous manner. Secondly, the maximum cutting width or depth in LAMill are 
constrained by the laser spot diameter, which becomes a very significant impediment when the width of 
cut is bigger than the laser spot size; hence, not surprisingly, LAMill has usually been demonstrated only 
for small cutting widths [29-32] comparable with the spot size of the laser. In addition, the optics system 
has to be changed to adapt to different cutting widths or depths, which is always time consuming. 

More recently, Kang and Lee [33] heated up a workpiece surface in a region slightly wider than the spot 
diameter by applying a back and forth scanning method parallel to the feed direction. In their study, the 
location of the laser spot was fixed relative to the cutting tool and the workpiece was heated in two steps: 
first, they preheated the workpiece by one back and forth scan without cutting; then, when the laser spot 
had moved back to the cutting area together with the cutting tool, they performed conventional LAMill. 
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Nonetheless, very limited improvement can be achieved by this kind of scanning method in terms of 
covering large areas (i.e. width of cut for milling) and homogeneity of the HAZ. 

To heat up an area far wider than the laser spot diameter effectively and with a homogeneous 
temperature distribution, a novel spatially and temporally (S&T) controlled laser heating method is 
proposed in this study. In our method, the laser spot oscillates along a specific trajectory to generate the 
targeted/predefined HAZ. Although a similar oscillatory heating method has been proposed by 
Bermingham et al [34], they neither gave any information on how to configure the laser scanning (e.g. 
laser power, scanning path and speed) nor presented results from this heating strategy. 

In our study, we demonstrate the scientific derivation of the proper laser configuration by solving two heat 
conduction problems, i.e., the forward problem and the inverse problem. The forward problem is to 
determine the temperature distribution in the workpiece for a given laser beam configuration (i.e. laser 
power and motion), but the more important problem is the inverse problem, which is used to find the 
optimal configuration of the laser system (i.e. laser power, beam trajectory and scanning velocity) that 
results in a controlled 3D heat distribution within a zone of the workpiece that is to be cut, to enable the 
softening of the workpiece material and hence the improvement of its machinability. 

The forward problem is the foundation for solving the inverse problem and its solution must be cheap to 
compute so that it can be used on real machine tools efficiently. Unlike the LAT process, in which the 
forward problem is relatively simple (as the laser spot has fixed position relative to the cutting edge) and 
has already been solved by both analytical [35] and numerical [36] methods, the forward problem in 
LAMill  is more complex. Woo et al [37] and Van et al [38] derived a three-dimensional (3D) transient 
heat conduction model individually for a travelling heat source with uniform heat distribution for laser 
surface processing. However, the laser beam usually has a Gaussian distribution of heat flux [39]. 
Although Araya et al [40] developed a generic 3D transient heat conduction model of a moving Gaussian 
distribution plane heat source for a finite domain; it is too computationally expensive for our purposes. 
The finite element method (FEM) is another widely used technique [41, 42], but unfortunately is also too 
computationally intensive to be used to find the optimal solution. 

To this end, the solution of the forward problem in LAMill enabling lightweight computation of transient 
3D temperature distributions for an elliptic Gaussian distribution heat source moving with arbitrary 
trajectory, is still needed and is derived in this paper. 

To the authors’ best knowledge, there is no published research on the inverse problem for laser assisted 
machining. In this paper, the inverse thermal problem in LAMill was solved by two different methods: i) 
optimising the laser scanning speed and power for a predefined laser trajectory, i.e. the speed-optimised 
inverse problem; and ii) optimising the laser trajectory and power for a fixed laser scanning speed, i.e. 
the path-optimised inverse problem. Modelling results indicated that both methods are effective, but only 
the path-optimised trajectory was verified by experiment due to limitations of the laser scanning system. 
The solution of the inverse problem in LAMill , with high widths of cut compared with laser spot size, has 
been extensively validated by evaluating the surface and bulk temperatures in the HAZ as well as by 
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cutting experiments (with evidence of significant decrease of cutting forces) and metallurgical analysis of 
cut surfaces.

2 Novel spatial and temporal controlled heating method for laser assisted 
milling (LAMill)

In conventional laser assisted milling, the position of the laser spot relative to the cutting tool is fixed, 
which leads to significant non-uniformity of temperature in the HAZ, limiting its industrial application to 
widths of cut comparable to the laser spot diameters. It is therefore no surprise that LAMill is mainly 
reported for small diameter cutting tools.
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Fig. 1 S&T controlled laser heating method in LAMill: (a)schematic diagram on the S&T controlled laser 
heating method and ideal temperature distribution, and theoretical temperature distribution improvement on 

the cutting cross-section from (b) the conventional laser heating method - fixed spot position and (c) the 
proposed S&T controlled laser heating method – inversely optimised laser scanning trajectory
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In the method proposed in our work (as shown in Fig. 1(a)), the laser spot scans ahead of the cutter along 
the cutting direction (perpendicular to the feed direction), which allows an area far wider than the spot 
size to be heated to an almost homogeneous temperature by optimising the laser scanning trajectory for 
given cutting parameters and material properties; note that the path of the laser scanning is not 
predefined and it can take any trajectory which is governed by the solution of the inverse problem (to be 
presented later). Fig. 1 (b) and (c) illustrates the theoretical temperature distribution for the conventional 
(i.e. fixed position of the laser spot) and proposed (i.e. optimised laser path) methods for LAMill. Although 
a similar approach has been proposed in [34], the scientific derivation of the real problem is still missing, 
i.e. optimise the laser parameters and path of the laser ahead of the cutting tool to ensure that a specified 
temperature distribution is achieved when the edges of the milling cutter engage the workpiece. This is 
the inverse problem, and in the following we solve it for the first time and clarify, in a scientific way, how 
the process should be controlled to achieve the required performance regardless of specifics of the setup.

3 Modelling of laser heat placement 
3.1 Forward problem: temperature distribution by freeform laser trajectory

The forward heat conduction problem is to calculate the temperature distribution in the workpiece for an 
arbitrarily prescribed laser trajectory, which is the foundation of laser heat placement control. We assume 
that the workpiece bulk is initially in thermal equilibrium with ambient, treat the bulk volume as semi-
infinite in the  direction, and neglect heat losses from the upper surface because they are small 𝑧
compared to the laser heat absorbed by the workpiece (i.e. an diabatic upper surface boundary). The 
governing equation of three-dimensional transient heat conduction [43] is

∂2𝜃

∂𝑥2 +
∂2𝜃

∂𝑦2 +
∂2𝜃

∂𝑧2 +
1
𝑘𝑞'''(𝑥,𝑦,𝑧,𝑡) =

1
𝛼

∂𝜃
∂𝑡 (1)

where  is the temperature at time ,  are Cartesian coordinates fixed in the 𝜃 = 𝜃(𝑥,𝑦,𝑧,𝑡) 𝑡 (𝑥,𝑦,𝑧)

workpiece (as shown in Fig. 1(a)),  is the Gaussian laser spot heat source (shown in Eq. 𝑞'''(𝑥,𝑦,𝑧,𝑡)

(A2)),  is the thermal diffusivity in , , ,  are thermal conductivity ( W/(m K) ), density (𝛼 = 𝑘/𝜌𝑐 m2/s 𝑘 𝜌 𝑐

) and heat capacity (J/(kg K)) of the workpiece material, respectively. Eq. (1) was solved by the kg/m3

Green’s function method (a more detailed derivation is given in the Appendix) and the solution is 
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𝜃(𝑥,𝑦,𝑧,𝑡)

=
2𝛼
𝑘 𝑞0

𝑡

∫
𝜏 = 0

1

(4𝜋𝛼(𝑡 ‒ 𝜏))
3
2

4𝜋
4

𝑟 2
𝑏𝑥

+
1

𝛼(𝑡 ‒ 𝜏)
4

𝑟 2
𝑏𝑦

+
1

𝛼(𝑡 ‒ 𝜏)

× exp ( ‒
(𝑥 ‒ 𝑥𝑏(𝜏))2

𝑟 2
𝑏𝑥 + 4𝛼(𝑡 ‒ 𝜏))

× exp ( ‒
(𝑦 ‒ 𝑦𝑏(𝜏))2

𝑟 2
𝑏𝑦 + 4𝛼(𝑡 ‒ 𝜏)) × exp ( ‒

𝑧2

4𝛼(𝑡 ‒ 𝜏))𝑑𝜏

(2
)

where , in which  is the laser heat absorption ratio by the workpiece material and  𝑞0 = 𝜂𝑃/(𝜋𝑟𝑏𝑥𝑟𝑏𝑦 ) 𝜂

 is the laser power,  and  are the semi-length of the major axis and the minor axis of the elliptic 𝑃 𝑟𝑏𝑥 𝑟𝑏𝑦

laser spot respectively,  is the transient position of the laser spot. We evaluated the integral (𝑥𝑏(𝑡), 𝑦𝑏(𝑡))
in (2) using Gauss-Legendre quadrature. Because there is no limitation on the laser beam path, (2) is 
suitable for arbitrary laser beam trajectories.

3.2 Inverse problem: method for controlling laser heat placement

The inverse problem is to find the optimal laser configuration (laser power, laser speed and location) for 
the target temperature distribution (which is related to the need to soften the workpiece material when 
the cutting takes place in LAMill). Regarding the LAMill process, the cutting volume (as shown in Fig. 1 
(a)) should be heated up to a specified temperature  which depends on the material properties so that 𝜃0

the cutting volume can be effectively softened. Additionally, the temperature distribution needs to be as 
homogeneous as possible along the cutting cross-section to make the cutting process stable and obtain 
a uniform machined surface. 

The inverse problem can be transformed into a continuous optimization problem, in which the 
appropriateness of the current laser configuration is expressed by the cost function

𝐶 =
1
𝑀

𝑀

∑
𝑖 = 1

(𝜃𝑥𝑖,𝑦𝑖, ‒ 𝑎𝑝
‒ 𝜃0)2

, (3)

Which is to be minimized, with  the target temperature,  the temperature caused by laser  𝜃0 𝜃𝑥𝑖,𝑦𝑖, ‒ 𝑎𝑝

heating at the position   at the depth of cut and   is the number of mesh nodes (as shown in (𝑥𝑖,𝑦𝑖) 𝑀

Fig. 1 (a)) for the evaluation of the temperature distribution. 

To make the laser scanning physical achievable and avoid overheating of the workpiece, the following 
constraints should be satisfied:

 Avoid overheating of the residual workpiece material that would affect its microstructure. As 
shown in Fig. 1 (a), this is the main constraint for the inverse problem which requires that the 
HAZ that can cause phase change, should be shallower than the depth of cut, so that 
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𝜃(𝑥,𝑦, ‒ 𝑎𝑝,𝑡) < 𝜃1 (4)

in which  is the critical temperature for the material to change the metallic crystal by laser 𝜃1

heating. 

 Laser power should be within the power supply range of the laser source. This can be expressed 
as

𝑃𝑚𝑖𝑛 ≤ 𝑃 ≤ 𝑃𝑚𝑎𝑥 (5)

where  is the laser power, and  and  are the lower and upper bounds on the power of P Pmin Pmax

the laser system. 
 Laser speed cannot exceed an upper bound allowed by the laser scanner. This can be 

formulated as 

𝑣𝑏 ≤ 𝑣𝑏 ‒ 𝑚𝑎𝑥 (6)

with   and  the transient speed of the laser spot and the max scanning speed that 𝑣𝑏 𝑣𝑏 ‒ 𝑚𝑎𝑥

can be achieved by the laser system, respectively, and . 𝑣𝑏(𝑡) = (𝑑𝑥𝑏

𝑑𝑡 )2
+ (𝑑𝑦𝑏

𝑑𝑡 )2

 Laser scanning acceleration should be physically achievable by the laser system. This gives

𝑎𝑏 ≤ 𝑎𝑏 ‒ 𝑚𝑎𝑥 (7)

where  and  are the laser acceleration and corresponding max value respectively.𝑎𝑏 𝑎𝑏 ‒ 𝑚𝑎𝑥

From simulations, we found that for rapid, periodic scans of the laser beam, the temperature distribution 
becomes quasi-static after several cycles (for example, 20 scans in our simulation). By using a periodic 
laser trajectory we significantly reduced the computation time because only one period needs to be 
optimized. 

The laser beam configuration is defined by the fixed power and position as a function of time, namely 
, where  is the index of the discrete laser trajectory, and can be optimised in two ways:(𝑃,𝑥𝑏𝑗,𝑦𝑏𝑗,𝑡𝑗) 𝑗

 Laser speed optimization for a fixed scanning path. In this case, the laser scanning path 
 was predefined and  which is equivalent to laser speed was optimised.(𝑋𝑏𝑗,𝑌𝑏𝑗) 𝑡𝑗

 Laser scanning path optimization for fixed laser speed. In this case,  was optimised (𝑋𝑏𝑗,𝑌𝑏𝑗)
while  was fixed as a linearly increasing function of its index  in order to obtain the required 𝑡𝑗 𝑗

fixed period,  (see below). 𝑇𝑏

We used a standard interior point algorithm (fmincon in MATLAB) to solve the optimization problem. In 
the following, we take the high feed milling process as an example to demonstrate the solution procedure 
for the inverse problem.
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3.2.1 Inverse problem: by laser scanning speed optimization

In this case, the laser path is defined before optimising the laser speed. The laser path was defined by 
the parametric equation

{ 𝑥𝑏 = 𝑥𝑏0 + 𝑅𝑏sin (𝜙𝑏)          
𝑦𝑏 = 𝑦𝑏0 + 𝑓𝑦𝑡 + 𝑅𝑏cos (𝜙𝑏) � (8)

which consists of a series of smooth arcs with a similar shape to the cutting area of the milling tool, where 
 is the position of the laser beam,  is the initial scanning centre of the laser spot,  is (𝑥𝑏, 𝑦𝑏) (𝑥𝑏0, 𝑦𝑏0) 𝑓𝑦

the feed rate of the cutting process, ,  is the period of the laser scanning,  is 𝜙𝑏 =‒ 𝛾cos (2𝜋𝑡/𝑇𝑏) 𝑇𝑏 𝛾

the central angle of the cutting area (shown in Fig. 1 (a)),  is the effective cutting radius.  is 𝑅𝑏 𝑇𝑏

determined by the minimum number of overlaps between the laser traces. For example, if the minimum 
overlap amount is , then we will have , where  is the laser spot size along feed 𝑚 𝑇𝑏 ≤ 𝑑/(𝑓𝑦𝑚) 𝑑

direction. Because Eq. (8) has infinite order continuous derivatives, the laser path is very smooth 
everywhere (as illustrated in Fig. 2). In addition, there are more points at the corners of the laser path (as 
shown in Fig. 2 (b) and (c)) when we discretise the time  in Eq. (8) into a linearly increasing series of its t
index, which is good for describing the laser path precisely. 
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Fig. 2 Inverse problem with predefined laser trajectory for speed optimization: laser scanning path (a) and 
enlarged view at left corner (b) and right corner (c) area for  to  scanning𝑘𝑡ℎ (𝑘 + 3)𝑡ℎ

We must now solve an optimization problem which can be summarized as minimizing the deviation from 
the target temperature distribution (shown as Eq. (3)) by optimising the laser power  and the laser 𝑃
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scanning speed at each point of the predefined laser path (defined by Eq.(8)) subject to the constraints 
Eq. (4) to (7). 

Since the laser configuration is defined by , the series  specifies the laser speed as long (𝑃,𝑥𝑏𝑗,𝑦𝑏𝑗,𝑡𝑗) 𝑡𝑗

as the laser scanning path is predefined. Thus the control parameters are the laser power  and time 𝑃
series  in the inverse problem by laser scanning speed optimization. 𝑡𝑗

In order to give a representation of our simulations, we present a set of results from modelling using the 
parameters: cutting width=19mm, cutting depth=0.26mm, feed rate=948mm/min (0.5mm/tooth) and laser 
beam diameter=3mm. After optimization, the new time series and laser scanning speed were compared 
in Fig. 3 while the initial and optimised temperature distribution were shown in Fig. 4 and Fig. 5, 
respectively. The optimised HAZ has a similar shape to the cutting area (Fig. 5 (a) and (b)) and 
dramatically, the temperature distribution becomes much more homogeneous along the cutting cross 
section (Fig. 5 (c)).
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Fig. 4 Predicted temperature distribution for the initially chosen laser trajectory: on the top surface (a), on the 
depth of cut plane (b), along the cutting cross section(c) and the 3D view (d). Parameters used were: cutting 
width=19mm, cutting depth=0.26mm, feed rate=948mm/min (0.5mm/tooth) and laser beam diameter=3mm.

-10 -5 0 5 10
x (mm)

10

15

20

25

30

35

y 
(m

m
)

100
100

100
100

300
300

300
300

600 600

600
600

800 800

800

800
13

30

0

200

400

600

800

1000

1200

-10 -5 0 5 10
x (mm)

10

15

20

25

30

35
y 

(m
m

)
100

100

100
100

300
300

300
300

600 600

600
600

800
800

800

800

0

200

400

600

800

1000

1200

(a) (b) 

(c) (d) 

Fig. 5 Predicted temperature distribution for the speed-optimised laser trajectory: on the top surface (a), on the 
depth of cut plane (b), along the cutting cross section(c) and the 3D view (d). Parameters used were: cutting 
width=19mm, cutting depth=0.26mm, feed rate=948mm/min (0.5mm/tooth) and laser beam diameter=3mm.



ACCEPTED MANUSCRIPT

 12 / 30

3.2.2 Inverse problem: by laser scanning path optimization

The second way to solve the inverse problem is to optimize the laser path while limiting the variation of 
the laser scanning speed. In this case, the laser trajectory  and laser power were the control (𝑥𝑏𝑗,𝑦𝑏𝑗)
parameters to be optimised while the time series  was fixed as an independent variable. To limit the 𝑡𝑗

variations of the laser scanning speed, we imposed the constraint

max (|𝑣𝑏 ‒ 𝑣𝑏

𝑣𝑏
|) ≤ 0.05

(9)

where  is the transient laser scanning speed and  is the average speed during one scanning cycle.𝑣𝑏 𝑣𝑏

Besides the constraints described by Eq. (4) ~ Eq. (7) and Eq. (9), the safe distance between the laser 
spot to the cutter (as shown in Fig. 6) also has to be considered to avoid damage of the tool by the laser 
beam. This distance can be obtained from Eq. (10) and this safe distance constraint can be described by  

𝑑𝑏𝑡 = min ( (𝑥𝑏𝑝 ‒ 𝑥𝑡𝑐)2 + (𝑦𝑏𝑝 ‒ 𝑦𝑡𝑐)2) ‒ 𝑅𝑡 (10)

𝑑𝑏𝑡 ≥ 𝑑𝑏𝑡 ‒ 𝑚𝑖𝑛 (11)

where  is the minimum distance from one point at the cutting tool border to another point at the laser 𝑑𝑏𝑡

beam edging,  is the point at the edge of the laser spot and   is the cutting tool center (𝑥𝑏𝑝,𝑦𝑏𝑝) (𝑥𝑡𝑐,𝑦𝑡𝑐)
(Fig. 6),  is the radius of the cutting tool,  is the required safe distance.𝑅𝑡 𝑑𝑏𝑡 ‒ 𝑚𝑖𝑛

𝑑𝑏𝑡

cutting tool
workpiece

laser spot

(𝑥𝑡𝑐,𝑦𝑡𝑐)
point at laser 
spot profile

minimum distance

(𝑥𝑏𝑝,𝑦𝑏𝑝)

𝑅𝑡

Fig. 6 Illustration of the safe distance between laser spot and cutting tool from top view during laser 
scanning

Starting from the trajectory defined in Fig. 2, the path-optimised laser trajectory is shown in Fig. 7, in 
which the laser scanning path becomes a freeform curve but the laser speed is constant. The 
corresponding temperature distribution was presented in Fig. 8, where the temperature distribution in the 
cutting volume is almost homogeneous. 
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 Fig. 7 Laser scanning path of one scanning cycle from the path-optimised inverse problem, the red line showed 
the forward scanning path while the blue one is the backward path
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Fig. 8 Temperature distribution for the path-optimised laser trajectory: on the top surface (a), on the depth of cut 
plane (b), along the cutting cross section(c) and the 3D view (d). Parameters used were: cutting width=19mm, 

cutting depth=0.26mm, feed rate=948mm/min (0.5mm/tooth) and laser beam diameter=3mm.
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4 Experimental validation and discussion
4.1 Experimental setups
A series of experimental tests was conducted on the platform shown in Fig. 9, where a 5-axis milling 
machine tool integrating a 10kW diode laser system (LDF mobile laser power made by LASERLINE Inc., 
laser spot diameter is 3mm) was used. The 2-axis laser beam deflection unit SUPERSCAN-LD-30 which 
was mounted on the spindle head was employed to control the laser location. The surface temperature 
was measured by FLIR A325 infrared (IR) camera (IR resolution 320×240 pixels, image frequency 60Hz, 
spectral range 7.5~13µm and measure temperature range -20~2000 ) beside the workpiece while the ℃
temperature inside the workpiece was recorded by a K-type thermocouple array (sheath diameter 
0.25mm, respond time ca. 15µs and measuring range -270~1372 ) embedded into the workpiece. ℃
Considering the drilling depth error of holes for thermocouples mounting, the depth of each hole was 
carefully calibrated before fixing the thermocouples in. Thermocouple signals were logged by an NI-
1102B unit, which has a maximum multiplexing sampling rate 333kS/s with 0.012% error. Square bar 
samples of precipitation hardened Inconel 718, of which the relevant physical and thermal properties are 
shown in Table 1, were cut by the high feed milling tool (32 mm R217.21-3232.0-LP06.4A tool shank with 
four LPHT060310TR-M06 MS2050 type inserts) made by SECO TOOLS. The cutting forces were 
captured by an ATI dynamometer (model Omega191 IP65/IP68) with 36 kHz sampling rate.

Fig. 9 Experimental set-up for the LAMill, in which the temperature on the top surface was captured by thermal 
camera while inside was logged by thermocouple array, and cutting forces was monitored by ATI multi-channel 

dynamometer
Table 1 Relevant physical and thermal properties of Inconel 718[16]

Property Value
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Density 8193~8220 kg/m3

Melting range 1260~1336℃

Specific heat capacity 1e3(0.0002*T+0.4217) J/(kg K)

Thermal conductivity 0.015*T+11.002 W/(m K)

4.2 Forward problem verification
Verification of the forward problem is to test the prediction error of the forward heat conduction model for 
different laser trajectories. To achieve this, two laser scanning tests were conducted, i.e. linear and cosine 
trajectories during which the temperature on the top surface was measured by the IR camera.
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(d) 

Fig. 10 Experiment results on direct problem for linear laser path scanning: measured (a) and simulated (b) 
temperature on the top surface, photo of the sample surface (c) and comparison between experimental (exp) 

and simulated (sim) temperatures at four selected points (P1~P4) (d)

The linear moving laser beam is the simplest case of a moving heat source problem, so this test can test 
the basic ability of the forward heat conduction model. The laser power and laser feed speed were 2000W 
and 900mm/min respectively in the test. The laser heat was concentrated around the laser spot which 
left a “comet tail” like heat distribution (as Fig. 10 (a)) as well as a melted ribbon area (as Fig. 10 (c)). The 
shape of the simulated temperature distribution shown as Fig. 10 (b) matched well with the thermographic 
image, and to further estimate the error range, temperature change at four points (shown in Fig. 10 (c)) 
were compared in Fig. 10 (d). Results showed that the simulated temperature change is very close to the 
measured and the average error range of the peak temperature is within 15%. However, the simulated 
temperature cools down faster than the measured temperature (as shown in Fig. 10 (d)). This is because 
the workpiece was assumed to be semi-infinite thus the laser heat was dissipated to the infinite volume. 
However, the real case is that the laser heat is accumulated in the workpiece and then dissipated to the 
ambient environment. The thermal conductivity from the workpiece to ambient can be approximated as 
the conductivity of air (0.0262 W/(m K) which is far smaller than the internal heat conductivity of the 
workpiece (11.302 W/( m K)) thus the real cooling-down speed is slower than the simulated. 

A cosine wave trajectory is the simplest possible periodic trajectory, which can also capture the dynamics 
of the laser galvanometer. Parameters of the cosine wave trajectory are amplitude=15mm, period=1.2s 
and wavelength=24mm and the laser power used was 2000W. Similar to the linear scanning case, the 
simulated and measured temperature distribution were compared in Fig. 11. The results showed that the 
temperature distribution matched well between simulation and measurement and the errors of the peak 
temperature of the selected points is within 10%. Again, the simulated temperature decreases a little 
faster than actual for the reasons noted above. For example, cooling time from the peak temperature to 
500  in simulation is 0.1968s while this value was measured as 0.2343s.℃
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Fig. 11 Experiment and simulation results of cosine wave scanning: measured (a) and simulated (c) 
temperature on the top surface, photo of the sample surface (b) and comparison between experimental (exp) 

and simulated (sim) temperatures at four selected points (P1~P4) (d)

The accuracy of the forward heat diffusion model is within 15% for both linear and cosine wave scanning 
tests, and better for the cosine wave scanning. This suggests that the forward heat conduction model 
can predict the temperature distribution for both simple and complex laser scanning trajectories with 
similar accuracy, which is a good foundation for the inverse problem.

4.3 Inverse problem verification
The proposed S&T controlled laser-heating method was verified by laser scanning tests. Both the path-
optimised and speed-optimised trajectories from the inverse thermal problem were scanned while the 
upper surface temperature distribution was captured by the thermal camera and the inner workpiece 
temperature by thermocouple arrays. 

To demonstrate the verification of the inverse problem, we take the high feed milling process of Inconel 
718 as an example (cutting width, depth and feed rate are 19mm, 0.26mm and 0.5mm/tooth respectively 
with the laser beam diameter 3mm ). The target temperature  in Eq. (3) was set as  according θ0 800℃

to the high-temperature mechanical properties of Inconel 718 [44] when the material softening effect 
occurs, while the overheating temperature  in Eq. (4) was selected as its melting point of 1260  [45]. θ1 ℃

Trajectories from the inverse problem by both methods, i.e. speed-optimization and path optimization, 
have been tested by scanning the laser beam using the galvanometric device. However, it was found that 
the laser galvanometer could not cope with the sudden changes in velocity that are required by the speed-
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optimised trajectory. The laser beam was stuck at some discrete positions as illustrated in Fig. 12(a) and 
these stagnations can also be seen from the sample surface presented in Fig. 12(c). To this end, the 
temperature distribution by the speed-optimised trajectory was found inappropriate for our hardware, i.e. 
the galvanometric scanner, because it doesn’t have the speed control mode and the speed was input manually 
point by point leading to the discontinuous error. 

For the path-optimised trajectory, the temperature distribution shape on the top surface (shown in Fig. 
12(b)) was very close to the simulation result (shown in Fig. 8). To evaluate the error range of the inverse 
problem quantitatively, the temperature inside the sample was captured by thermocouple arrays (as 
shown in Fig. 9) and the results of TC1-8 were shown in Fig. 13 (a). The measurement error of these 
thermocouples is found about  which stem from two factors: the accuracy of the thermocouples ± 2.69%
which is calibrated as , and the assembling error of thermocouples which is around  ± 0.75% ± 1.94%
by calculating the temperature with the measurement error ( ) of the hole depth. And as a ± 0.02mm
comparison, the expected temperature was also presented in Fig. 13 (b), from which the temperature 
change inside the sample during scanning the trajectory form the inverse problem matched well with its 
expectation. To further demonstrate this, the peak temperature during the scanning was compared in Fig. 
14. The results showed that the maximum temperature deviation between measured and simulated 
distributions is within 10%. 

The sample surface after scanning was shown in Fig. 12(d), from which the upper surface of the sample 
was dioxide homogeneously, particularly in the centre area while the edge area (about 3mm at each side) 
was a bit worse. This is because the sample was assumed as semi-infinite during modelling to simplify 
the problem, and this assumption led to the actual temperature at the edge area to be higher than that 
from simulations. This can be overcome by employing the forward conduction solutions for a finite bulk if 
necessary; however, this will inevitably increase the computation cost.

(a) (b) 
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(c) (d) 
Fig. 12 Temperature distributions when scanning the two trajectories from the inverse problem (without 
machining): temperature distribution when scanning with the speed-optimised trajectory (a) and path-

optimised trajectory (b) as well as workpiece surface after scanned by speed-optimised trajectory (c) and path-
optimised trajectory (d). Note that the speed-optimised trajectory, (a) and (c) could not be implemented on the 

machine due to the limitations of the galvanometric scanner.
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Fig. 13 Temperature change inside the sample during scanning of path-optimised laser trajectory: captured by 

thermocouple arrays (TC1~TC9 were shown in Fig. 9) (a) and comparison with simulation results (b)

   

Fig. 14 Comparison of the peak temperature during scanning the laser trajectory from the inverse problem with 
its expectation

4.4 Laser assisted milling tests
Machining tests were also carried out to demonstrate the effectiveness of the proposed S&T controlled 
laser-heating method and cutting parameters were shown in Table 2. The reduction of the principal cutting 
force, which is the axial thrust force  along the cutting tool for high feed milling, due to laser heating 𝐹𝑧

was selected as the key performance indicator (KPI) to evaluate the benefits obtained by laser heating. 
Considering the impacts of tool wear condition on the cutting force, laser assisted milling and the 
benchmark conventional dry milling were conducted sequentially in one single milling pass and the tool 
wear condition was checked after each cutting pass to make sure that the tool presented very limited 
wear. Meanwhile, surface roughness and subsurface microstructure were analysed to make sure that the 
machined workpiece quality was not deteriorated by using LAMill process. 
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Table 2 Machining parameters employed to demonstrate LAMill process
Cutting width

 [mm]𝑎𝑒

Cutting depth
 [mm]𝑎𝑝

Feed rate
 [mm/tooth]𝑓𝑟

Cutting speed
 [m/min]𝑣

19 0.26 0.5 41

Laser scanning speed and laser power were 1.5m/s and 4800W respectively in the path-optimised LAMill. 
The measured and simulated temperature within the workpiece are presented in Fig. 15 (a) and (b) 
respectively while the deviation between the simulated and measured peak temperature are shown in 
Fig. 15 (c). From the results, the deviation is at the same level (lower than 10%) with the laser scanning 
case shown in Fig. 13 though the machining heat was ignored. This is because the machining generated 
heat, which can be estimated by cutting force and speed, is relatively low (ca. 274W in this case) due to 
material softening by laser and only a small portion (e.g. 17% [46] ) was conducted to the workpiece. In 
addition, the additional heat losses on the upper surface due to the air turbulence induced by cutting tool 
might also neutralize the contribution of machining generated heat. These heat losses ( ) can be Φ
estimated as 163.9W by the product  of projection area of the HAZ on the upper surface (Φ = 𝐴𝛥ℎ𝛥𝜃)
(A) with the increase of the heat convection coefficient compared with laser scanning case ( ) and the 𝛥ℎ
temperature difference of the upper surface to the ambient environment ( ). To this end, both the heat 𝛥𝜃
convection on the upper surface and the cutting heat effect were ignored in the modelling of the forward 
problem.
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(c)
Fig. 15 Temperature change inside the sample LAMill of path-optimised laser trajectory: captured by 

thermocouple arrays (TC1~TC9 were shown in Fig. 9) (a) and comparison with simulation results (b) and the 
errors of the peak temperature (c)

Cutting forces during the test are presented in Fig. 16, where the first half was for LAMill and the second 
half was for dry milling. The mean and peak value of the cutting force during the stable cutting period of 
both LAMill and dry milling were calculated individually (shown in Fig. 17). Results showed that there was 
a 55% and 47.8% reduction of peak and mean principal cutting forces respectively by the proposed S&T 
controlled laser-heating method. The peak and mean feed force  were also decreased by 26.3% and 𝐹𝑥

26.1% respectively. Consequently, the cutting power dropped off by 35.4%.

From the cutting force profiles in Fig. 16, the standard deviation of all cutting force components were also 
reduced by laser heating, which is good to obtain a better surface quality. This can be further verified by 
surface topography. To get the surface morphology, two areas (5mm×19mm) on the machined surface 
by LAMill and dry milling respectively were observed. ,  and  were selected as KPIs to show the  𝑆𝑎 𝑆𝑧 𝑆𝑞

roughness change of the machined surface due to laser heating. Results showed that the mean surface 
roughness  in dry milling and LAMill were 5.67 µm and 4.87µm respectively, and the maximum height  Sa

 and root mean square height  decreased from 41.2 µm and 7.1 µm in dry milling to 31.7 µm and 𝑆𝑧 𝑆𝑞

6.08 µm in LAMill respectively. This means that there is an at least 14% improvement in the surface 
roughness by using the proposed laser-heating method. 
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Fig. 16 Cutting forces of path-optimised LAMill 

Fig. 17  Cutting force reduction in path-optimised LAMill:  and   reduced by 55% and 26.3% in peak 𝐹𝑧 𝐹𝑥
value and 47.8% and 26.1% in mean value respectively

Subsurface microstructure was also investigated to further check the machining quality by path-optimised 
LAMill. The edged of the sample and centre area were observed because the side area is more likely to 
be overheated while the centre area tends to be heated insufficiently according to the modelling results 
(as shown in in Fig. 8). As a comparison, microstructure at the same areas on the workpiece obtained by 
dry milling are presented in Fig. 18. It was found that HAZ which can cause the base material to change 
its phase was totally removed by the following milling process and no evident residual HAZ appeared. In 
addition, from Fig. 18 (a) and (b), both the edge area and the centre were heated well (without overheating 
or insufficient heating respectively). It is important to note that white layers and micro-cracks could be 
avoided by using the proposed laser-heating method (as compared in Fig. 18 (b) and (d)), which is 
essential to the part performance.

20kV    x1,000    10 μm

Edge area got by path-optimised LAMill

20kV    x1,000    10 μm

Edge area got by dry milling

(a) (b)
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20kV    x1,000    10 μm

Centre area got by path-optimised LAMill

20kV    x1,000    10 μm

Centre area got by dry milling

White layer Micro crack

 (c) (d)
Fig. 18 Microstructure of path-optimised LAMill and dry milling subsurface: at edge area gotten by path-

optimised LAMill (a) and dry milling (b), at center area gotten by path-optimised LAMill (c) and dry milling (d)

Through the above observations, the machining quality in path-optimised LAMill was kept the same if not 
better than the dry milling process while the principal cutting force dropped off by more than half. To 
further demonstrate the advantages of the our proposed S&T controlled laser-heating method, the 
conventional laser-heating method, where the laser spot is fixed with the cutting tool, was also 
implemented. A lower power (i.e. 3.6 kW) was employed in this test because the higher power would 
over burn the material severely. The conventional LAMill, path-optimised LAMill were conducted in 
successive and continuous order under the same laser power followed by the dry milling in one cutting 
pass and the results were shown in Fig. 19. Because the heating energy was concentrated around the 
laser spot (Fig. 19 (e)) in the conventional heating method, the area nearby the laser spot was melted 
while the remaining area was not heated up sufficiently which results in a burned cutting surface and 
rarely decreased the cutting force (less than 17% reduction in mean principal cutting force). This can be 
seen from Fig. 19 (a) where the cutting force falls to zero when the insert engages with the laser heated 
area but remains the same when dry milling the remaining area. In addition, the non-homogeneous HAZ 
leads to a bad surface roughness (shown in Fig. 19 (h)).
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Fig. 19 Comparison of the conventional and S&T controlled laser-heating method: cutting forces in conventional 
LAMill were rarely decreased while the workpiece surface was burned

5 Conclusions
LAMill process is a promising method to significantly improve the machining productivity of difficult-to-cut 
materials. In the conventional approaches reported up to now, i.e. the conventional LAMill process, to 
soften the material before cutting, the laser beam is projected ahead of the cutting area at a fixed location 
relative to the cutting tool. However, the fixed laser beam leads to a series of restrictions on the application 
of this process, for example on the cutting width, which must be comparable to the laser spot diameter 
and consequently, the optics system needs to be changed frequently to adapt to different cutting widths. 

To overcome these difficulties, a novelty spatially and temporally controlled laser-heating method was 
put forward, in which the laser beam oscillates ahead of the cutting area along the longitudinal direction 
(perpendicular to the feed direction). 
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A 3D transient heat conduction model which can predict the temperature distribution caused by a freeform 
laser trajectory was built as the foundation of the inverse problem. The laser configuration for the desired 
temperature distribution was obtained by solving the inverse problem. The laser configuration was 
defined by laser beam power, trajectory and scanning speed and represented by a quadruplet 

. To reduce the computational cost, the laser trajectory was designed to be periodic and so (𝑃,𝑋𝑏𝑖,𝑌𝑏𝑖,𝑡𝑖)
that just one period of the cycle was optimised. The laser power was optimised to a fixed value during 
the whole scanning to further reduce the optimization scale. Two methods were developed for solving 
the inverse problem: the first one is to optimize the laser scanning speed for a predefined scanning path 
while the second one is to optimize the laser scanning path for a fixed laser scanning speed. Good 
temperature distributions can be obtained by both methods according to our modelling results. This is the 
first report on a scientific approach to laser assisted milling, solved appropriately by addressing the 
inverse problem in heat placement.

The proposed S&T controlled laser-heating method was verified by experiments in two steps. The 
temperature distributions measured after scanning using the two trajectories obtained by the above two 
methods were verified in the first step. However, only the path-optimised trajectory was validated because 
the speed-optimised trajectory cannot be interpreted properly by the laser scanning system due to 
technical limitations of the galvanometer. The temperature distribution on the top surface was recorded 
by a thermal camera and the internal temperature was measured by a thermocouple array embedded 
inside the workpiece. Good agreement obtained between the shape of the HAZ on the top surface and 
the simulated temperature also matched well with the temperature logged by thermocouples (less than 
10% errors in peak temperature). In the second step, the optimised laser heating trajectory was tested 
during the high feed milling process of Inconel 718. The results showed that the principal cutting force 
was reduced by 55% while the machining quality was better than that obtained using the conventional 
dry milling process.

To further demonstrate the advantages by the proposed S&T controlled laser-heating method, the 
conventional LAMill with a fixed laser spot was also conducted as a comparison. Results showed that 
cutting forces were hardly reduced and the workpiece surface was burned by the conventional laser-
heating method, which is unacceptable for the performance of the machined part. 

Our proposed S&T controlled laser heating method provides an efficient way to heat up an area far bigger 
than the laser spot size to the required temperature distribution. And the application scenarios of the 
method are very wide, such as any laser heating treatment, laser bending, 3D printing, etc. However, 
there are many questions still open regarding to the specific application cases. Take the LAMill 
demonstrated in our paper as an example, though the proposed S&T laser-heating method narrowed the 
gap of the LAMill method between laboratory research and industrial applications, there are serval 
questions still need to be solved to further improve the LAMill process, such as the mechanics involved 
in the cutting force reduction and process optimization to control the workpiece surface integrity, as well 
as theoretical questions concerning the solution of the inverse problem and the paths obtained thereby. 
In addition, the comprehensive evaluation of the influences on the original process by introducing the 
laser should further be explored, such as the surface integrity, tool life, total machining cost, etc. for LAMill. 
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Appendix: forward problem derivation
The solution of forward heat conduction problem, which is the temperature distribution for a given laser 
configuration, will be derived in this section. The temperature distribution in the workpiece during the 
LAMill  process can be described by the three-dimension transient heat conduction equation shown in 
Eq. (1) [43], in which all material property parameters (e.g. density, thermal conductivity) were treated as 
constant to simplify the problem [16]. We reproduce this here as

∂2𝜃

∂𝑥2 +
∂2𝜃

∂𝑦2 +
∂2𝜃

∂𝑧2 +
1
𝑘𝑞'''(𝑥,𝑦,𝑧,𝑡) =

1
𝛼

∂𝜃
∂𝑡 (A1)

The heat flux of a TEM00 mode laser beam can be modelled by a Gaussian distribution function [39] as

𝑞'''(𝑥,𝑦,𝑧, 𝑡) = 𝑞0exp ( ‒
(𝑥 ‒ 𝑥𝑏(𝑡))2

𝑟 2
𝑏𝑥

)exp ( ‒
(𝑦 ‒ 𝑦𝑏(𝑡))2

𝑟 2
𝑏𝑦

)𝛿(𝑍) (A2)

Because the laser head is usually fixed on the spindle and the laser beam is focused before machining, 
the depth of the cut can change the actual size of the laser spot. The new laser spot radius can be 
evaluated by Eq.(A3), in which  is the Rayleigh length of the laser beam. However, noting that  in 𝑧𝑅 𝑎𝑝

LAMill is usually very small (i.e. 0.26mm) compared to  (i.e. 20.5mm for our laser system), the size 𝑧𝑅

change of the beam would be negligible (i.e. 0.008% in our case).

𝑟𝑏𝑒 = 𝑟𝑏
1 + (𝑎𝑝

𝑧𝑅
)2

(A3)

The heat affected zone is usually small compared to the workpiece size and hence the workpiece can be 
treated as semi-infinite in the  direction and infinite in the  and  directions. Furthermore, because heat 𝑧 𝑥 𝑦
losses on the surface are small compared to the laser heat absorbed by the workpiece, the convective 
and radiative heat losses at the upper surface are ignored and the upper surface is treated as adiabatic, 
and at the initial time , the workpiece is in heat equilibrium with the ambient environment so we have

�∂𝜃
∂𝑧|

𝑧 = 0
= 0 (A4)

𝜃(𝑥,𝑦,𝑧,0) = 0 (A5)

The Green’s function (GF) method is a powerful tool for solving linear heat conduction problems, in which 
the GF can be interpreted as the temperature distribution corresponding to an impulsive heat source [43]. 
The Green’s function corresponding to the above initial and boundary conditions is
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𝐺(𝑥,𝑦,𝑧,𝑡|𝑥',𝑦',𝑧',𝜏) =
2

(4𝜋𝛼(𝑡 ‒ 𝜏))
3
2

exp ( ‒
|x ‒ 𝐱'|2

4𝛼(𝑡 ‒ 𝜏)) (A6)

with ,  and .𝐱 = (𝑥,𝑦,𝑧) 𝐱' = (𝑥',𝑦',𝑧') |x ‒ 𝐱'| = (𝑥 ‒ 𝑥')2 + (𝑦 ‒ 𝑦')2 + (𝑧 ‒ 𝑧')2

There are two physical interpretations of Green’s function. The first one is that a Green’s function is the temperature 
distribution caused by a particular initial condition and the second interpretation is the temperature distribution for 
an instantaneous heat source. Thus the temperature distribution caused by the laser beam in LAMill can be 
obtained by the following integral:

𝜃(𝑥,𝑦,𝑧,𝑡) =
𝛼
𝑘

𝑡

∫
𝜏 = 0

∞

∫
𝑥' =‒ ∞

∞

∫
𝑦' =‒ ∞

0

∫
𝑧' =‒ ∞

𝐺(𝑥,𝑦,𝑧,𝑡|𝑥',𝑦',𝑧',𝜏)𝑞'''(𝑥',𝑦',𝑧',𝜏)𝑑𝑥'𝑑𝑦'𝑑𝑧'𝑑𝜏 (A7)

Performing the spatial integration analytically leads to the final form of the temperature distribution, 

𝜃(𝑥,𝑦,𝑧,𝑡)
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Highlights
1. Proposed a novel Spatially & Temporally controlled laser heating method for LAMill
2. Solved the direct heat conduction problem for arbitrary laser scanning path
3. Solved the inverse heat conduction problem for laser heat placement
4. Achieved heating up a wide area homogeneously by a small laser spot 
5. Reduced 55.04% principal cutting force by the proposed laser heating method


