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PAbstract

Solidification of Aluminum alloys is modeled on uneven surfaces characterized by sinusoidal curves. Wavelengths
and amplitudes of these surfaces are varied to study the effect of changing surface topography on fluid flow, macroseg-
regation and inverse segregation in the solidifying alloy. Solidification is initiated by convective heat removal from the
uneven surfaces and simulations are carried out in both vertical and horizontal configurations. Stabilized finite element
methods, recently used for modeling solidification in the presence of shrinkage and buoyancy driven flows, are used to
discretize and solve the governing transport equations derived by volume averaging. The effect of varying amplitudes
and wavelengths is observed in heat transfer, fluid-flow, macrosegregation and inverse segregation processes. In vertical
solidification, inverse segregation, that usually occurs at the bottom of the cavities, is studied for different sinusoidal
topographies quantified by a particular wavelength and amplitude. The fluid flow here is driven by a combination of
shrinkage and thermosolutal buoyancy. Shrinkage driven flow arises due to different densities of solid and liquid phases.
During horizontal solidification of an Aluminum alloy from uneven surfaces, thermosolutal buoyancy plays a dominant
role in fluid flow and the effect of shrinkage is neglected by assuming the individual phase densities to be equal. Con-
vection in this case is much stronger than that in the vertical case and large scale redistribution of the solute element
occurs. To measure variation in macrosegregation with changing surface topography, global extent of segregation and
difference between maximum and minimum solute concentrations are calculated for different amplitudes and wave-
lengths. In both the cases, the main aim is to quantify changes in macrosegregation due to changing surface topography
accomplished by varying amplitudes or wavelengths or both.
� 2005 Published by Elsevier Ltd.

Keywords: Fluid flow; Surface topography; Sinusoid; Macrosegregation; Solidification of alloys; Volume-averaging; Inverse segreg-
ation
U
N

C

31

32
33
34
35
36

0017-9310/$ - see front matter � 2005 Published by Elsevier Ltd.
doi:10.1016/j.ijheatmasstransfer.2005.06.008

* Corresponding author. Tel.: +1 607 255 9104; fax: +1 607
255 9401.

E-mail address: zabaras@cornell.edu (N. Zabaras).
URL: http://www.mae.cornell.edu/zabaras (N. Zabaras).
1. Introduction

Transport phenomenon during solidification of
alloys is a major cause of casting defects such as segrega-
tion, microvoids, hot tears, porosity, internal and sur-
face cracks. Heat flow across metal and mold surfaces
directly affects the phase change process and plays an

mailto:zabaras@cornell.edu
http://www.mae.cornell.edu/zabaras
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Nomenclature

A amplitude of sinusoidal surface
C0 reference concentration
cs, cl solid/liquid specific heats
C solute concentration
Ce eutectic concentration
Cl0 initial concentration in the melt
d secondary dendrite arm spacing
Dl liquid solute diffusivity
eg unity vector in direction of gravity
f liquid mass fraction
g gravity constant
GES global extent of segregation
h enthalpy
hconv convection heat transfer coefficient
hf latent heat of fusion
kl thermal conductivity of the melt
ks thermal conductivity of the solid
K0 permeability constant
Ls projected length of sinusoidal surface
mliq slope of the liquidus line
msol slope of the solidus line
p pressure
Ti initial temperature of the melt
Tm melting temperature
Tamb ambient surrounding temperature

Te eutectic temperature
T0 reference temperature
T temperature in the domain
v averaged or superficial velocity
jvjmax maximum velocity magnitude

Greek symbols

bT coefficient of thermal expansion
bS coefficient of solutal expansion
� volume fraction of liquid
C boundary of the physical domain
CT part of the boundary subjected to Dirichlet

conditions
Cq part of the boundary subjected to Neumann

conditions
j partition coefficient
l viscosity of the liquid
k wavelength of the sinusoidal surface
X physical domain
ql0 reference liquid density
ql liquid density
qs solid density
q density
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the metal. Solidification of alloys invariably leads to
non-uniform distribution of solute known as macroseg-
regation, which refers to the large scale non-uniformity
in the local average composition in a solidified casting
or ingot. Convection significantly affects the final solute
redistribution and macrosegregation in solidified cast-
ings. Different types of macrosegregation found in alloys
are inverse segregation, banding segregation, centerline
segregation, under-riser segregation, top-end segrega-
tion, ghost bands, freckles, channel segregation and A-
or V-segregation. For an alloy solidifying upwards in a
vertical cavity, the redistribution of solute is caused by
the flow of solute rich liquid in the mushy zone due to
solidification shrinkage. In this case, concentration of
solute is higher near the bottom surface from where
solidification initiates and this phenomenon is called in-
verse segregation. Inverse segregation is a leading cause
of defects in castings solidified from below. In [1,2], The-
vik and Mo modeled surface segregation in Aluminum
alloys driven by exudation and solidification shrinkage.
Air-gap formation in their model was expressed through
a variable convective heat transfer coefficient at the
boundary. Shrinkage driven flow was shown to play a
significant role in inverse segregation observed near the
end of the castings. In Refs. [3–6] too, shrinkage driven
flow was shown to play an important role in inverse seg-
regation during vertical solidification of Aluminum–
Copper alloys. Xu and Li in [7,8] modeled horizontal
solidification of an Aluminum–Copper alloy under the
influence of shrinkage and buoyancy driven convection.
They were the first to use a continuum model to incorpo-
rate density changes occurring during alloy solidification
and employed finite difference methods in all their
numerical examples. In Ref. [9], the authors studied
the combined effect of thermosolutal buoyancy and con-
traction driven flow on macrosegregation during the di-
rect chill casting of a round Al–Cu ingot. They also used
a microscopic grain growth model where solid back-dif-
fusion, solutal undercooling in the liquid and the effect
of different grain densities was incorporated. In [10,11],
modeling of directional solidification of binary and mul-
ti-component alloys is reported in a vertical cavity
including an investigation of the effect of gravity and
variable cavity width on macrosegregation.

Surface unevenness or imperfections play an impor-
tant role during early stages of solidification. They influ-
ence heat transfer rate and fluid flow in the melt, which
in turn affect solute redistribution, and morphology of
the evolving mushy and solid zones. Very often in the
casting industry, mold surfaces are given an artificial
topography to enhance heat transfer andwettability char-
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ot
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f ðx; tÞ

� �

¼	rpðx; tÞþpðx; tÞ
�ðx; tÞr�ðx; tÞ

þr� l
ql

ðrðqðx; tÞvðx; tÞÞþðrðqðx; tÞvðx; tÞÞÞT Þ
� �

	 �ðx; tÞl
Kð�ðx; tÞÞ

qðx; tÞ
ql

vðx; tÞ	 �ðx; tÞql0
g½bTðT ðx; tÞ	T 0Þ

þbSðClðx; tÞ	Cl0Þ�eg; x2X ð2Þ
oðqðx; tÞhðx; tÞÞ

Fig. 2. A mold surface with periodic �groove� topography to
control heat extraction during directional solidification (cour-
tesy ALCOA Inc.).
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acteristics. In [12], experiments were reported involving
direct chill and continuous casting to study surface defects
in cast Aluminum alloys. Both smooth and sand blasted
molds were used to carry out casting experiments and
the effect of roughening the mold surface on the growth
front morphology was studied. Fig. 1 shows the impact
of both the molds on the front morphology and grain
structure in continuously cast ingots. The top left portion
shows ahighly non-uniform shell thickness since the freez-
ing frontmorphology exhibits waviness or �humps�.When
this ingot is inverted, the planar side of the ingot, which is
in contact with the mold, shows a columnar grain struc-
ture that is undesirable for subsequent metal processing
operations. This ingot was cast with a smooth mold sur-
face. The freezing front morphology becomes nearly par-
abolic as shown in the lower left when a sand blastedmold
is used. Equiaxed grain structure forms on the planar side
of the ingot as shown in the lower right half ofFig. 1. In the
upper right portion of the same figure, non-uniformities
are observed, which finally lead to the appearance of var-
ious defects on and just below the ingot surface. An engi-
neered mold surface, used to control heat extraction in
directional solidification, is shown in Fig. 2. The periodic
groove topography allows multi-directional heat flow at
the mold/shell interface. To obtain anticipated benefits
the pitch or wavelength must be on the millimeter scale.
Topographies generally range from unidirectional
grooves to discrete recessions or cavities. Hector et al. in
[13] derived analytical expressions correlating the effect
of mold surface wavelength on contact pressure and gap
nucleation at the mold–metal interface during solidifica-
tion of pure Aluminum. The effect of uneven surface
topography on solute redistribution and fluid flow during
solidification of an alloy is an important theme that has
not been previously investigated.
U
N

C
O

R
R

Fig. 1. Top shows non-uniform front and undesirable colum-
nar grain structure on bottom side of ingot, respectively
(smooth mold surface). Below shows parabolic front and
desirable equiaxed grain structure on bottom side of ingot,
respectively (sand blasted mold) (courtesy ALCOA Inc.).
RBox I. Governing transport equations for solidification
of alloys
ot
þr�ðqðx; tÞvðx; tÞhlðx; tÞÞ

¼r� ½ð�ðx; tÞklþð1	 �ðx; tÞÞksÞrT ðx; tÞ�; x2X ð3Þ
oðqðx; tÞCðx; tÞÞ

ot
þr�ðqðx; tÞvðx; tÞClðx; tÞÞ

¼r� ðqðx; tÞf ðx; tÞDlrClðx; tÞÞ; x2X ð4Þ
Initial conditions :

vðx;0Þ¼ 0; hðx;0Þ¼ hi; Cðx;0Þ¼Ci;

qðx;0Þ¼ ql0
;

qðx;0Þ
qlðx;0Þ

¼ 1.0 x2X ð5Þ

Boundary conditions :

vðx; tÞ¼ 0; x2C ð6Þ
hðx; tÞ¼ hs; x2CT ð7Þ

a
oh
on

ðx; tÞ¼ 0; x2Cq1 ð8Þ

a
oh
on

ðx; tÞ¼ hconvðT 	T ambÞ; x2Cq2 ð9Þ

oC
on

ðx; tÞ¼ 0; x2C ð10Þ
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Stabilized finite element models have been increas-
ingly used in the recent years to model fluid flow and
solidification problems. In Refs. [14–16], Tezduyar
et al. used SUPG-PSPG based finite element methods
to model fluid flow. In [17], Sampath and Zabaras used
the SUPG-PSPG method to model fluid flow in complex
solidification problems. In [18], the authors extended a
stabilized finite element model, previously developed in
[19], to simulate alloy solidification problems where fluid
flow was driven by the combined influence of buoyancy
and shrinkage and the mushy zone permeability was
either isotropic or anisotropic. Our main objective here
is to model horizontal and vertical solidification of an
Aluminum–Copper alloy on uneven surfaces using stabi-
lized finite element methods. Surfaces from where solid-
ification initiates are modeled as sinusoids characterized
by an amplitude, A and wavelength, k. Changes in sur-
face topography are accomplished by varying ampli-
tudes and wavelengths. Therefore, changes in heat
transfer, fluid flow, macrosegregation and inverse segre-
gation, arising due to changes in surface topography, are
studied and quantified for few limited cases.

The organization of the paper is as follows. In Sec-
tion 2, the mathematical model along with governing
transport equations are discussed in brief. Derivation
and details of the volume averaged model, discussed
elsewhere, are omitted here. This is followed by the sec-
tion on numerical examples. First, vertical solidification
of an Aluminum–Copper alloy from sinusoidal surfaces
is simulated. Inverse segregation is observed in all these
examples. The effect of varying surface topography on
inverse segregation that occurs at the bottom of the cav-
ity is studied and quantified for few amplitude–wave-
length combinations. Variation in midplane solute
concentration profiles and vertical velocities are ob-
served with changing surface topography. Next, hori-
zontal solidification of the same alloy in cavities, one
of whose sides is sinusoidal, is simulated. Here, convec-
tion caused by thermal and solutal buoyancy dominates
and shrinkage driven flow is neglected by assuming den-
sities of both phases to be equal. In this case, fluid flow
affects solute redistribution significantly and causes mac-
rosegregation in the cavity. Changes in surface topogra-
phy induce changes in heat transfer rate that affects
processes like phase change and convection in the cavity.
The resulting variation in macrosegregation with wave-
length and amplitude is studied by using specific quanti-
tative measures described in Section 3. Finally,
important observations and conclusions drawn from
the current analysis are summarized in Section 4.
U 227

228
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2. Mathematical model

A single domain model based on volume averaged
governing transport equations is used for modeling
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solidification of alloys on uneven surfaces. The model,
used here, was derived in [20] from individual micro-
scopic transport equations and is very similar to contin-
uum solidification models discussed in [21–24]. The
governing equations are derived by volume averaging
the microscopic transport equations of each phase and
are listed in Box I. Some of the important assumptions
invoked in the model are:

• The solid phase is stationary.
• The flow is Newtonian and laminar.
• Thermal properties are constant and do not vary with
temperature.

• The densities of the solid and liquid phases are con-
stant (may be different) except in the buoyancy term
in the momentum equation due to Boussinesq
approximation.

• There is conservation of mass and volume and no
pore formation occurs in the domain.

• Air gap formation is not modeled and perfect contact
between the mold and metal is assumed at all times.

• Local equilibrium is assumed and linearized phase
diagram along with lever rule is used in the mushy
zone.

Details of the mathematical model, given in [20–22],
and description of the numerical scheme, given in
[18,19], and are not repeated here. The mushy zone per-
meability is assumed to be isotropic for all problems
solved here and is given by the Kozeny–Carman relation
as:

Kð�Þ ¼ K0�
3

ð1	 �Þ2
ð11Þ

where � denotes the volume fraction of liquid. K0 is re-
lated to the secondary dendrite arm spacing, d, as
K0 = d2/180. The density in the mushy zone is given by

q ¼ ql�þ qsð1	 �Þ ð12Þ

where qs and ql denote densities of solid and liquid
phases, respectively. When the individual phase densities
are taken to be equal, shrinkage driven flow does not
arise and thermosolutal buoyancy is the only driving
force in the fluid flow problem. Stabilized finite element
solution methodologies are used for discretizing fluid
flow, heat and solute equations. The stabilized finite ele-
ment method for discretizing the fluid flow problem in
alloy solidification systems was previously developed in
[19]. In [18], the authors extended the previously devel-
oped model to include the effects of shrinkage and aniso-
tropic permeability in the mushy zone while solving the
fluid flow problem. Stabilizing terms and parameters
were developed in a more general framework in [18] to
incorporate effects of different phase densities and differ-
ent types of mushy zone permeability expressions. The
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formulation developed is suited for a wide class of prob-
lems. Solidification of Lead–Tin alloys was modeled to
study the combined effects of shrinkage and buoyancy
driven flow on macrosegregation. Results obtained were
compared with those obtained for a similar problem dis-
cussed in [25]. The stabilized finite element methodology
developed in [18] is therefore used in all the numerical
studies here. Thermal and solute species governing equa-
tions are discretized by SUPG based finite element method.
Closure of the model is obtained using a linear phase
diagram shown in Fig. 3 and thermodynamic relation-
ships for the two phase region, which are listed below:

h ¼ hlf þ hsð1	 f Þ ð13Þ
C ¼ Clf þ Csð1	 f Þ ð14Þ

f ¼ 1	 1

1	 j
T 	 T liq

T 	 Tm

ð15Þ

Cl ¼
T 	 Tm

mliq

ð16Þ

Cs ¼ jCl ð17Þ
j ¼ mliq=msol ð18Þ

where hl and hs denote the solid and liquid phase enthal-
pies given by

hs ¼ csT ð19Þ
hl ¼ clT þ ðcs 	 clÞðT 	 T eÞ þ hf ð20Þ
The update formulae depend on whether a particular
node lies in one of the four regions shown in Fig. 3. In
a two phase region Eqs. (13)–(17) are used to obtain sec-
ondary variables like temperature and liquid solute con-
centration. When densities of solid and liquid phases are
different, the liquid volume fractions are obtained from
the mass fractions by the following expression:

� ¼ qf
ql

ð21Þ

Due to conservation of both mass and volume, the solid
mass and volume fraction are given by 1 	 f and 1 	 �,
respectively.
U
N

C
O

Fig. 3. The phase diagram for Al–Cu binary alloy. Individual
values are given in Table 1.
The multistep predictor–corrector scheme is used for
thermal and solute problems, while the Newton–Raph-
son scheme along with a global line search method is
used for the fluid flow problem. Linear systems arising
from finite element discretization of governing equations
are solved by the parallel matrix free GMRES solver.
This eliminates the need to assemble global matrices
and significantly speeds up the solution process. The
reader is referred to [18,19] for details of the transient
solution methodology.
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Solidification of an Aluminum–Copper alloy is simu-
lated in cavities, one of whose surfaces is in the form of
sinusoids characterized by an amplitude, A and wave-
length, k. As mentioned previously, heat is removed
from this boundary by convection. Our main emphasis
is on the early stages of solidification and events near
this boundary which influence phenomenon occurring
in the whole domain. The simulations are carried out
in both vertical and horizontal configurations and the
respective problem domains are shown in Fig. 4. The fi-
nite element mesh is constructed from bilinear quadrilat-
eral elements for all examples that will be discussed in
the following sections. The depth of the sinusoids is
2A. For both horizontal and vertical solidification exam-
ples, the initial melt temperature, Ti, is taken to be
660 �C. The projected length of the sinusoidal side, Ls,
is determined from the length of the straight line joining
the two end points of the sinusoidal side.

3.1. Vertical solidification of an Aluminum–Copper

alloy

Vertical solidification of an Aluminum–Copper alloy
is simulated in a cavity with a sinusoidal bottom surface.
The problem domain along with the boundary condi-
Fig. 4. Domain and the mesh for the solidification of Alumi-
num alloy.
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Table 1
Important physical parameters for Aluminum–Copper alloy

Symbol Value Units

ks 0.19249 kW m	1 �C	1

kl 0.08261 kW m	1 �C	1

cs 1.0928 kJ kg	1 �C	1

cl 1.0588 kJ kg	1 �C	1

hf 397.5 kJ kg	1

j 0.17
bT 4.95 · 10	5 �C	1

bS 	2.0
qs 2650 kg m	3

ql 2400 kg m	3

l 0.003 kg m	1 s	1

Te 548.0 �C
Tm 660.0 �C
Ti 660.0 �C
Tamb 20.0 �C
Cl,0 0.041
Ce 0.332
g 9.81 ms	2

mliq 	337.35 �C
Dl 3 · 10	9 m2 s	1

hconv 1.0 kW m	2 �C	1
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tions is shown in Fig. 4. No slip conditions are assumed
on all boundaries. Heat is removed from the sinusoidal
boundary by convection. The projected length, Ls, of
the sinusoidal boundary is taken as 0.01 m for all exam-
ples in this section. The finite element mesh near this
boundary is skewed slightly because of the presence of
higher thermal gradients. Important physical parameters
for all examples in this section are summarized in Table
1. The composition of the alloy under consideration is
4.1% Copper and rest Aluminum. This alloy is charac-
terized by a wide freezing range of about 68 �C and con-
sequently a wide mushy zone. The vertical dimension of
the cavity is assumed to be long enough to prevent the
mushy zone from reaching the top surface. The volume
change arising due to different densities of solid and li-
quid phases is compensated by moving the top surface
downwards like a rigid lid. The rate at which the lid
moves downward is calculated from the volume change
and this procedure has been discussed originally in [10].
The main aim here is to study variation in fluid flow and
inverse segregation due to varying mold topography. In-
verse segregation, usually found in vertically solidified
castings, is caused primarily by shrinkage driven flow.
The change in surface topography is accomplished by
first varying amplitudes of the surfaces from 0.25 mm
to 1 mm, keeping the wavelength constant at 10 mm,
and then varying the wavelengths from 2.5 mm to
10 mm keeping the amplitude constant at 0.5 mm.

For each amplitude–wavelength (A–k) combination,
evolution of the two-phase mushy zone and solid along
with the solute distribution and fluid flow are studied.
The reference problem consists of solidification of the
U
N

C
O

R
R

E

Fig. 5. (a) Isotherms, (b) liquid volume fraction, and (c) liquid conce
shrinkage in Section 3.1 (k = 10 mm, A = 0.5 mm).
E
Dsame alloy in a perfectly rectangular cavity. Amplitude

and wavelength for this case are taken as 0 and 1,
respectively. Figs. 5, 6 and 8 show the isotherms, liquid
mass fraction and liquid solute concentrations at two
different times (t1 = 66 s and t2 = 121 s) for few A–k
combinations. Fig. 9 shows same quantities for the ref-
erence problem. During the early stages, some distor-
tions in the solid shell are observed. With progressive
ntration lines at t1 = 66 s and t2 = 121 s for solidification with
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Fig. 6. (a) Isotherms, (b) liquid volume fraction, and (c) liquid concentration lines at t1 = 66 s and t2 = 121 s for solidification with
shrinkage in Section 3.1 (k = 10 mm, A = 1 mm).

Fig. 7. Midplane (x = 0.005 m) solute concentration profiles at t1 = 66 s and t2 = 121 s for different amplitudes at a fixed wavelength
for solidification with shrinkage in Section 3.1 (k = 10 mm).
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Csolidification these distortions disappear. Fluid flow in
all these cases is driven by a combination of buoyancy
and shrinkage. Figs. 7 and 10 summarize midplane
(x = 0.005 m or mid-point of a trough) concentrations
of Cu for varying amplitudes and wavelengths, respec-
tively. Both these figures clearly reveal a zone of positive
segregation near the bottom of the cavity followed by a
zone of negative segregation. This is known as the in-
verse segregation phenomenon. From Fig. 7, it is ob-
served that at constant wavelength the degree of
midplane segregation, defined as the difference between
the maximum and minimum midplane solute concentra-
tions, increases with increasing amplitude. Similarly,
from Fig. 10, it is evident that at constant amplitude
the degree of segregation increases with decreasing
wavelength. The zone of negative segregation clearly
magnifies with increasing amplitude or decreasing wave-
length. Similar trends are observed for maximum veloc-
ity magnitudes, jvjmax, listed in Tables 2 and 3 at a
particular time for increasing amplitudes and wave-
lengths, respectively. jvjmax increases with either increas-
ing amplitudes at constant wavelength or decreasing
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Fig. 8. (a) Isotherms, (b) liquid volume fraction, and (c) liquid concentration lines at t1 = 66 s and t2 = 121 s for solidification with
shrinkage in Section 3.1 (k = 5 mm, A = 0.5 mm).

Fig. 9. (a) Isotherms, (b) liquid volume fraction, and (c) liquid concentration lines at t1 = 66 s and t2 = 121 s for solidification with
shrinkage in Section 3.1 (k =1, A = 0, perfectly rectangular cavity).
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Uwavelength at a constant amplitude. Fig. 14 shows the
vertical midplane velocities, vy, at a particular time for
increasing amplitude and wavelength. Here too, like in
the previous cases, vy magnitudes are higher for smaller
wavelengths and larger amplitudes. Difference between
maximum and minimum solute concentrations, DC,
for varying amplitudes and wavelengths are given in
Tables 4 and 5, respectively. DC shows the same behav-
ior as jvjmax for varying surface topography. All these
observations can be attributed to the fact that with
increasing amplitude or decreasing wavelength, contact
surface area between the mold and the solidifying metal
increases. This increases the heat transfer rate which in
turn enhances the fluid flow in the melt. Fluid flow
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Fig. 10. Midplane (x = 0.005 m) solute concentration profiles at t1 = 66 s and t2 = 121 s for different wavelengths at a fixed amplitude
for solidification with shrinkage in Section 3.1 (A = 0.5 mm).

Table 2
Maximum velocity magnitudes (jvmaxj), at t = 84 s with varying
amplitudes and constant wavelength in Section 3.1 (k = 10 mm)

Amplitude (mm) jvmaxj (mm/s)

0.0 0.536
0.25 0.570
0.5 0.571
1.0 0.629

Table 3
Maximum velocity magnitudes (jvmaxj), at t = 84 s with varying
wavelengths and constant amplitude in Section 3.1
(A = 0.5 mm)

Wavelength (mm/s) jvmaxj (mm/s)

2.5 0.729
5 0.678
10 0.570
1 0.536
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C
Oenhances solute redistribution through convection and

this contributes to higher segregation when amplitudes
are increased or wavelengths reduced. Due to the higher
rate of heat removal, the amount of solid formed at a
given time is higher for a bigger amplitude and smaller
wavelength. This is clearly evident after comparing Figs.
5b, 6b, 8b and 9b. For the reference case at time t = t1,
the amount of solid formed is almost negligible when
compared with other cases.

To examine the role of shrinkage driven flow in in-
verse segregation, some of these examples were repeated
after assuming phase densities of solid and liquid to be
equal. In this case, the driving force was thermal and sol-
utal buoyancy and shrinkage driven flow was absent.
Figs. 11 and 12 show the isotherms, liquid mass frac-
E
D

Ptions and liquid solute concentrations for both these
cases. Fig. 13 shows the midplane concentration of Cu
for two wavelengths. From Fig. 13, it is evident that in-
verse segregation is practically negligible and solute dis-
tribution is far lower than in the preceding cases
involving shrinkage driven flow. This establishes the
importance of shrinkage driven flow in causing inverse
segregation in castings solidified vertically from below.
3.2. Horizontal solidification of an Aluminum–Copper

alloy

Solidification of the same alloy in a horizontal cavity,
one of whose sides is of sinusoidal shape, is simulated
here. The effect of shrinkage driven flow is neglected
here due to the dominance of thermosolutal buoyancy
driven flows. Important physical properties are summa-
rized in Table 1 and the density is taken as an average of
solid and liquid densities. Fig. 4 shows the problem do-
main and the boundary conditions. The projected
length, Ls, of the sinusoidal surface is taken to be
0.02 m for all numerical studies reported here. Heat is
removed from the uneven boundary through convec-
tion. The finite element mesh is skewed near this bound-
ary similar to that in the vertical solidification examples.
The reference case here corresponds to the example
where solidification occurs in a perfectly rectangular
cavity with same dimensions as the uneven cavities.
Fluid flow, driven by thermal and solutal buoyancy,
leads to redistribution of solute in the cavity. In this
example both thermal and solutal buoyancy aid each
other. Solute depletion occurs prominently at the top left
half of the cavity and solute enrichment at the left bot-
tom half. Segregated zones increase in size rightwards
as solidification progresses. Figs. 15(b)–20(b) illustrate
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Fig. 11. (a) Isotherms, (b) liquid volume fraction, and (c) liquid concentration lines at t1 = 66 s and t2 = 121 s for solidification without
shrinkage in Section 3.1 (k = 10 mm, A = 0.5 mm).

Fig. 12. (a) Isotherms, (b) liquid volume fraction, and (c) liquid concentration lines at t1 = 66 s and t2 = 121 s for solidification without
shrinkage in Section 3.1 (k = 5 mm, A = 0.5 mm).
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Uthis effectively for few A–k combinations at times
t1 = 66 s and t2 = 121 s. Isotherms, liquid solute concen-
trations and liquid mass fractions for the corresponding
cases are summarized in Figs. 15(a), (c) and (d)–20(a),
(c) and (d), respectively. Effect of convection, much
stronger here than in the vertical solidification examples,
is clearly evident in these fields which are distorted. Var-
iation in macrosegregation caused by changes in surface
topography is measured by the global extent of segrega-
tion (GES) and difference between the maximum and
minimum solute concentrations, DC. GES is defined
using nodal variables as follows:



N
C

O
R

R
E
C

T
E
D

P
R

O
O

F

435435

436
437
438

439
440
441
442
443
444
445

Fig. 13. Midplane (x = 0.005 m) solute concentration profiles at t1 = 66 s and t2 = 121 s for different wavelengths at a fixed amplitude
for solidification without shrinkage in Section 3.1 (A = 0.5 mm).

(a) (b)

Fig. 14. Midplane vertical velocities, vy, at t = 66 s for solidification with shrinkage in Section 3.1: (a) varying amplitudes (k = 10 mm),
(b) varying wavelengths (A = 0.5 mm).

Table 4
Difference between maximum and minimum solute concentra-
tions (DC), at t = 84 s with varying amplitudes and constant
wavelength in Section 3.1 (k = 10 mm)

Amplitude (mm) DC (wt.% Cu)

0 0.561
0.25 0.623
0.5 0.624
1.0 0.640

Table 5
Difference between maximum and minimum solute concentra-
tions (DC), at t = 84 s with varying wavelengths and constant
amplitude in Section 3.1 (A = 0.5 mm)

Wavelength (mm) DC (wt.% Cu)

2.5 2.096
5.0 0.628
10.0 0.624
1 0.561
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GES ¼ 100

C0

XN
j¼1

ðCj 	 C0Þ2=N
 !1=2

ð22Þ

where N denotes the number of nodal points in the do-
main. Tables 6 and 9 show GES and DC with varying
amplitudes and fixed wavelength at t = 120 s. Tables 7
and 10 show the same quantities for varying wavelength
and fixed amplitude at t = 120 s. From these tables one
can observe that at fixed wavelength, higher the ampli-
tude, greater is the extent of segregation. This means
that there are more points in the domain where the con-
centration is different from the initial value. This can be
attributed to higher heat transfer rates that increase fluid
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(a)
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Fig. 16. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 121 s in Section 3.2 with
k = 10 mm and A = 0.5 mm.

(b)

(a)

(c)

(d)

Fig. 17. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 66 s in Section 3.2 with
k = 10 mm and A = 1 mm.

(a)

(b)

(c)

(d)

Fig. 15. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 66 s in Section 3.2 with
k = 10 mm and A = 0.5 mm.

(a)

(b)

(c)

(d)

Fig. 18. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 121 s in Section 3.2 with
k = 10 mm and A = 1 mm.
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Fig. 20. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 121 s in Section 3.2 with
k = 5 mm and A = 0.5 mm.

Table 6
Comparison of GES with varying amplitudes in Section 3.2
(k = 10 mm)

Amplitude (mm) GES (%) (t = 120 s)

0.0 1.006
0.25 1.619
0.5 1.903
1.0 2.472

(a)

(c)

(b)

(d)

Fig. 19. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 66 s in Section 3.2 with
k = 5 mm and A = 0.5 mm.

Table 7
Comparison of GES with varying wavelengths in Section 3.2
(A = 0.5 mm)

Wavelength (mm) GES (%) (t = 120 s)

4 2.686
5 2.650
10.0 1.903
1 1.006

Table 8
Maximum GES values for various A–k combinations in Section
3.2

Amplitude (mm) Wavelength (mm) GESmax (%)

0.0 1 1.006
0.25 10.0 1.619
0.5 10.0 1.903
1.0 10.0 2.472
0.5 5.0 2.650
0.5 4.0 2.686

Table 9
Comparison of DC with varying amplitudes in Section 3.2
(k = 10 mm)

Amplitude (mm) DC (wt.% Cu) (t = 120 s)

0 1.369
0.25 1.719
0.5 1.592
1.0 1.562

Table 10
Comparison of DC with varying wavelengths in Section 3.2
(A = 0.5 mm)

Wavelength (mm) DC (wt.% Cu) (t = 120 s)

4.0 1.389
5.0 1.533
10 1.592
1 1.369
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flow prior to phase change, thereby causing redistribu-
tion of solute over a larger area. This in turn is because
of larger contact surface areas that magnify heat transfer
rates, when surface unevenness increases.
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Table 12
Maximum velocity magnitudes (jvmaxj) with varying wave-
lengths at t = 60 s in Section 3.2 (A = 0.5 mm)

Wavelength (mm) jvmaxj (mm/s)

4.0 6.033
5.0 6.137
10.0 6.117
1 6.104

Table 11
Maximum velocity magnitudes (jvmaxj) with varying amplitudes
at t = 60 s in Section 3.2 (k = 10 mm)

Amplitude (mm) jvmaxj (mm/s)

0.0 6.104
0.25 7.633
0.5 6.117
1.0 6.112

(a)

(b)

(c)

(b)

Fig. 21. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 66 s for a horizontal cavity with
even left surfaces in Section 3.2.

(a)

(b)

(c)

(d)

Fig. 22. (a) Isotherms, (b) solute concentration distribution, (c)
liquid solute concentration, and (d) liquid volume fraction and
velocity distribution at time t = 121 s for a horizontal cavity
with even left surfaces in Section 3.2.
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However, with increasing surface unevenness accom-
plished either by increasing the amplitude or decreasing
the wavelength, DC tends to decrease, barring the refer-
ence case. Higher heat transfer rates accelerate the phase
E

change process and this leads to suppression of convec-
tion, once phase change occurs. Maximum velocity mag-
nitudes shown in Tables 11 and 12 for varying
amplitudes and wavelengths, respectively, at a particular
time, also emphasize this observation. As a consequence,
solute redistribution is relatively inhibited due to in-
crease in surface unevenness, barring the reference case.
GES on the other hand indicates the overall extent of
macrosegregation. For all cases, GES increases mono-
tonically from the initial stages and reaches a final value
beyond which it does not change. This is because, in la-
ter stages, convection in the cavity is negligible due to
the presence of mushy zone and solid phase. Table 8
shows maximum GES values for different A–k combina-
tions. In the reference example, consisting of horizontal
solidification in a perfectly rectangular cavity, the ampli-
tude is taken as 0 and wavelength 1. Figs. 21 and 22
summarize results for this case. Figs. 21(b) and 22(b)
show macrosegregation patterns for this example at
two different times. They are very similar to those ob-
served previously during solidification from uneven sur-
faces. From Tables 6 and 7, it is obvious that GES for
this case is the lowest in both categories. This implies
that under the current assumptions, increasing the sur-
face unevenness in the form of sinusoids increases the
overall extent of segregation, while the degree of segre-
gation, DC, first increases and then decreases.
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4. Conclusions

The effect of surface topography on solidification of
an Aluminum–Copper alloy was examined for sinusoi-
dal curves of different wavelengths and amplitudes.
The main aim here was to study the effect of uneven sur-
face topography on heat transfer, phase change, fluid
flow and macrosegregation in the solidifying alloy. Sim-
ulations were carried out in both horizontal and vertical
configurations. Inverse segregation was found in all ver-
tical solidification examples and the extent of segregated
zones increased with increasing surface unevenness. This
was attributed to higher shrinkage driven flows in the
mushy zone, due to higher rates of phase change, which
in turn was because of increase in contact surface areas
between the mold and metal. The growing solid shell is
distorted in the vicinity of the sinusoids, but these distor-
tions disappear as solidification progressed. When densi-
ties of both solid and liquid phases were equal, inverse
segregation was negligible. This was attributed to the ab-
sence of shrinkage driven flow in the casting.

During horizontal solidification of the same alloy,
convection, driven by thermosolutal buoyancy, was
much stronger and the effect of shrinkage was neglected.
The extent of macrosegregation increased with increas-
ing surface unevenness. This was because of greater fluid
flow prior to phase change, due to increase in surface
unevenness. This also led to higher heat transfer rates,
which increased phase change rates and consequently
suppressed convection, once phase change occurred.
As a consequence, the degree of segregation, obtained
from the sum of deviations from the initial solute con-
centration, decreased with increasing surface uneven-
ness, barring the reference case.

The studies reported here may be useful in the design
of optimal mold topographies for control of the solid
shell growth and microstructure. Dynamic coupling of
the simulation tools reported in this work with air-gap
modeling is currently in progress.
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