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RESUME

Ce mémoire présente un modèle analytique pour prédire

l'influence des non-1inéarites associées A l'écoulememt sur

le comportement dynamique de l 'ensemble de la structure

formée par la coque et le milieu fluide environnant. Sa

formulation a nécessité l'emploi de deux opérateurs

linéaires régissant respectivement l'équilibre de la coque

et le potentiel des vitesses, d'une condition -frontière

d'imperméabilite linéaire, et d'une condition -frontière

dynamique non-1inéaire.

Il s'agit d'une méthode hybride basée sur les théories

des coques minces et des écoulements -fluides irrotati onnel s

non-visqueux et sur la méthode des éléments -finis. Elle

s'applique A des coques cylindriques minces anisotropes,

non-uniformes et soumises à différentes conditions aux

n ves.

Les -fonctions de déplacements de la paroi et de la

colonne fluide sont dérivées respectivement des équations de

Sanders et du champ de vitesse associé à la colonne.

L'ensemble des matrices quantifiants leurs contributions

relatives à l'équilibre sont déterminées par intégration

analytique exacte.



La résolution des équations couplées a été effectuée

pour un régime d'écoulement stagnant. Pour un régime avec

écoulement, quelques adaptations analytiques sont proposées

pour le ramener à l'analyse modale conventionnelle.

Les équations non-1inéaires du mouvement sont

solutiannées par une méthode numérique; le Runge—Kutta

d'ordre quatre.

Les variations des fréquences sont alors déterminées en

•fonction de l'amplitude du mouvement. Les tendances des

non~linéarités sont du type "softening".



ABSTRACT

Th i s report présents an analy-bical mode l for predicting ~bhe

influence of non—l inearities associated w i th fluid f l ow on 1:he

dynamic behaviour of a structure consisting of shel l s and a

surrounding fluid medium. The mode l requires use of two tinear

operaiors goveming she l l equiiibrium and ve l oc i iy po-tential, a

l jnear boundary condition of impermeabi lity and a non-linear dynamic

boundary condi'tion.

7he mode! cons's-fcs of a hybrid me'thod, bssed on th i n she!i -fcheory

and -ihe non—rotational f l ow of non-v i scous f lu i ds plus "bhe f in i te

élément method. The me-fchod is applicable to non-uniform thin

anisotropic cyl inders subjected 'fco différent boundary conditions.

The dispiacement func-fcions for -fche wal l and liquid cotumn are

derived from Sanders' équations and from the veloci-by field

associated w i-bh the column, respect l ve l y. The set of matrices

describing their relative contributions to equi l ibrium is determined

by exact analyticat intégration.



The coup ted équations are sotved for the no—f low problem. For'

cases where -there is fluid flow, certain analytical modifications are

proposed to bring -the situation back to conventional modal analysis.

The non-linear équations of motion are solved by -bhe 4th-order

RUNGE-KUTTA numencal meihod.

The frequency variations are then determined w i th respect 'bo 'fche

amp l i tude of -bhe motion. The non-1inearity trends are of the

sofien i ng type.
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CHAPTER l

INTRODUCTION

l.l Généra l

Shells are highl y efficient éléments of bearing structures.

Their outstanding structural properties have been exploited since

ancient iimes in shipbuiIding, for example. Nowadays, thin shetts

are ihe bas i e structural componen-ts in aeronau+icat and aerospace

manufacture.

Many théories have, therefore, focussed on •fche analysis of thin

shelIs subjected -fco sta'fcic or dynamic loads. I+ is généralty agreed

thai vibration studies of this type of structure are ctassified

according to factors such as: curvature, anisotropy, residual

s-fcresses, variation in -bhickness, large displacements, roiary

inertia, effect of ihe environmen-fc, shape of 'fche shelt's edges and

the type of boundary condition involved.



Most of thèse studios have invotved linear analyses of th i n

she l Is bo-fch w i th and wi-fchout interaction between "bhe s'bruc'fcure and

the surrounding fluid medium. Resu l-bs proved io be satisfactory

where wal l deflections are very smal l comparée! to -fche wa l l

thickness. Hence, a knowtedge of the dynamic characierisiies of a

shel t coniaining a stationary or flowing ftuid is of considérable

interest to "bhe engineer who is concerned w i-bh averting any

destructive effec'bs which could occur durinq indus'brial use of the

she i i s .

In th i s "type o"f investigation, the surrounding ftuid medium is

ciassified in "fcerms of the foiiowing characterisTics: 'fcype of fiow,

number of phases involved, ihe densi-ty, viscosi-by and compressi b i l i ty

of the fluid, and the free surface mo'bion.

Me owe the f i rst a-btempt at an analytical formuta'fcion of 'fchè

fluid medium's influence on -fche dynamic behaviour of an e lastie she l l

~bo Rayleigh, in 1883. This was foltowed in 1909 by Nicolai. Since

-fche end of Wortd War II, -fchis area of investigation has seen a large

number of linear analyses of ihe free vibra-bion characieristies of

"fchese s-fcruc'fcures (C13 •to C73 ) . The characteris~fc ies of the damped



vibrations have been studied by Mizoguchi C83 and Lakis <E9], C253 -bo

E303).

In a large number of prac-fcical applications, a linear analysis is

inadequate to predic'b "fche dynamic behaviour of structure/fluid

sys-tems. Analytical solution of the équations of motion for

non-uniform ihin shel l s is générally difficul-fc, however, and on l y

approximating methods are used. The fluid-shelt wal l interaction

further complicates the analysis. Thus, s'fcudying •bhe influence of

non—l ineari'fcy associated either with •the strain—displacement

relations for an emp-ty shell C313, w i th -the defini-fcion of f l ow or a

combination of "fche •two offers "the investigator a multi'bude of avenues

4;o explore for an ftnhanced understand i ng of •the dynamic behaviour of

thèse structures.

Among "fche approximating methods used for non—l inear analysis of

free vibration characieristies, we would mention the variational

formulation C113, Galerkin's me-thod <L123 and C133> and the Rayleigh-

R i-fcz me-bhod E143. The true •tes't of a me'bhod is whether it is ab l e -bo

détermine the whole set of vibration frequencies and modes with the

same précision and within reasonable processing time.



Galerkin's method does not meet •this standard, in light of the

l oss in accuracy at -the high shell frequencies. The Rayleigh-Ritz

method sa-bisfies ihe cri-fcerion by turning the vibration problem

around into one involving solution of a symme-bncal ma-brix System of

e i genvalues .

There are a number of disadvantages associated with the

Ray ! e igh—Ri tz me"thod, however: it requ i res a large number of 'kerms "fco

express the disptacements; the accuracy provided for ihe displacemeni

expressions is inconsisten-b with the accuracy associa-fced with the

energy and deforma-bion expressions and, finally, -fchere are concems

reqarding the compatibi li •fcy of the assumed d jsplacement functions

wiih the boundary conditions L153.

Référence F113 describes the free surface mo-fcion as governed by:

a d i-fferen-t i a l linear operator, a i inear boundary condition and •bwo

o-fcher non-linear boundary conditions. Never-fcheless, this mode t says

no~bh i ng abou'b dynamic i n'beract i ons between •bhe she l l wa l l and •the

fluid.

Références 0123 and C133 report a dynamic stability study -bhat

was conducted using -fche non-linear équations in -fch i n wa l l -bheory

coupled with an équation giving a lin.ear définition of -fche fluid

veloci-fcy potential. The intrinsic drawback in this approach is that

a shetl of révolution is approximated by a set of curved plates.



Ramachandran s study C43 dealt with the effect of large

cleftections in a shel l immersed in incompressibl e fluid. Thèse

non-linear disptacement équations came from Donnei l. Analysis of the

résulta was défi eient never-fcheless due to insufficient rigour: he

normalized the frequencies obtained by combining géométrie

non-linearities of the wal l s and the fluid interaction "bo resu l ts

obtained with an empty shel !.

1-2' Research Objectives

This report présents a généra! approach "fco the non-i inear

analysis of thin cylindrical anisotropic shells partially or

complète J y filled wi-fch l iquid under f low or no-flow conditions. It

i s a hybrid methocl, combining f inite élément and classical thin shel

thc-ory < L.SJ , C253 to L32J ) . The fini te élément chosen was

cylinciricai <cf. Figure 5) and bounded by -two e i rcu i ar nodes. There

were four degrees of freedom ai each node: axial, radiai,

e jrcumferen'fc iai displacement and rotation. The geometry of the



f i ni-be élément made it possible to use Sanders' equa-fcions of motion

C16H in their en-fcirety to détermine the displacement functions. This

method therefore turns out to be more accurate -fchan the usual

polynomial functions that are chosen. Furthermore, •bhe method is

free of the disadvantages in the Rayl eigh—Ritz method and satisfies

the fi nite élément method convergence criteria as wel l E243.

In the présent research, we investigaied the effect of

non-1 i neari t i es associated w i th the Bemoulli équation on the na-fcural

frequencies of an interac'tive f lu i d—she t l System. The fotlowing

expérimental parameters were used in •fche analysis: eircumferentia l

mode, struc-tural slenderness raiio, Reyno l ds number, vibraiion mode

coupling and uncoupling and -bhe effect of composi-be materials. Me

considered only -the shet i ' s brea-fching modes (i.e. where the

longitudinal axis of the shel l remains immobile during struc-bure

exc i tat ion).

The analytical solution was performed in two stages:



(l) Us i ng -fche linear strain-displacement and stress-s-fcrain

re lationships wh i ch were inserted i nto "bhe Sanders theory

équations of equilibrium, we determined •the d i sp t acement

functions by solving •fche linear équation sys'fcem. Next we

de-bermined -bhe mass and stiffness matrices for a f inite

élément, then assembled -fche matrices for the complète shel l

E24-J .

(2) The pressure exerted by the fluid was given by us i ng a

non-tinear devetopment of the Bernoutli équation. From our

solu-Uon of the veloci'fcy poi;en~bial équation we derived an

©xDr'fâssion of* non— ! !n©3F Dr°ssur'G HS a 'func'tion of^ l) "fchç[^- . vu-u l V.. -w. •• -u- r > r • .• T^-l—. ^r.-^-r<^^/-u.T^ »—^^ »- . -u...^ » . ^.. —, —•.

nodal displacements of -fche fluid élément, 2) the inertiat,

centrifugal and Coriolis forces and 3) a combination of

non-tinear effects. Through the usuat f i n i-fce élément

procédure, we ob-bained -fche l inear mass, damping and

stiffness matrices for the fluid C93 as we l l as the

non-linear matrices for damping and stiffness and a

combination of -fche iwo.
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l . 3 Ou 11 Lne of Jbhe Rejîort

A brief overview of the contents of the eight chapters comprising

this report is given below.

Chapter 2 con-fcains a description of linear -th i n she l l theory and

a s-fcatemeni' concerning -bhe hypothèses underlying the research.

In Chapter 3, we give the three equa'fcions of mo'fcion with respect

~fco the displacements and the elasticity matrix. Solving •fche

characteris-fc ie équation gives -fche format of -fche disptacement

functions. We construct the mass and stiffness matrices for the

shel t .

Chapter 4 présents a developmen-t l ead i ng -fco a ma-brix formulation

for linear mass, damping and stiffness and which gives non—linear

effects for a fluid élément.

Chapter 5 deals with the dynamic analysis of f low and no-flow

conditions. For •the lat'ber case, we suggest a method for solving •the

coupled and non—linear équations of motion.



Chapter 6 discusses the numerical algorithm used in computing "bhe

différent steps requ i red in ~bhe mode l predicting "bhe influence of

Bernoull i reiated non-t ineari-by on the natural •frequencies of a

fluid-shel! sys-fcem.

Chapter 7 repor-fcs the numerical resul •fcs obtained and, finally,

Chapter 8 contains the générai conclusions of the s'tudy.
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CHAPTER II

BASIC THEORY

2.l Hypothèses

In order 'to study •the equilibrium of a cylindrical shel l

inctuding the membrane and bending effects on -bhe référence surface,

we used firs-t-order Sanders équations C163. Thèse équations are

based on Love's firs-fc approximation C173 and yield zéro déformation

for rigid—body motion, which is no't -brue of other formu l a'fci ons •

The hypothèses for the analysis were as fottows:

The shel l is made up of one or more layers of iso'fcropic or

orthotropic material.

Displacements of the wal l are suffieiently smal l to obtain

geome-fcric linearity.

The terms for rotary inertia and shear déformation are

neg t ected.

Fluid characteristies : non—viscous

i ncompress i bl e
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F low a-fctributes: non—rotational

posent i a l

fri et i on l ess

The constants for internat pressure and surge pressure are

i gnored.

2.2 Me-fchod

The l i near ma'fcrices were constructed using the procédure

described in références [-93 and C243. The non—l inear matrices were

de'bermined by developmeni: o"f the second—order Bemoul l i équation.

Through modat analysis we transformed our equa'fcion of motion

according -bo the axes of the natural coordina-fces. This analysis

varies w i th "the type of vibration encountered. Standard procédure

was used for undamped free vibrations. For damped free vibrations,

we propose a method which consis'ts of considering al l information

con-fcained in the eigenvalues and doing post-processing on -fche

eigenvector ma-brix.
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The coupled équations of motion were solved by means of the

method used in référence L18-1.
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CHAPTER III

MATRIX CONSTRUCTION: N0 FLUID

3.1 Equations of Motion

Applying the vir-fcual work principle to an infinitesimal élément

(cf. Figures l and 2) of a deformed average surface, we obtain the

five équations of equilibrium describing the behaviour of a shel l of

arbitrary shape (Appendix A-l>. Me reduce -fchem down to -fchree

équations by eliminating shear forces Q^ and QQ. In the absence

of extemal forces, the équations of motion are as given in Appendix

A-l <d7 -fco d9>.

Disp!acemen'fcs of a point on the sheil are reiated to the

déformation vector by the strain-displacement re lationships, which

are given in détail in Appendix A-l <dl0 •to dl5). In its abbrevia-fced

forrn, the vector is written:

^° = ^^^2^^K^2^~ <3'n

where: ^ g . &__. 2Ï . are s'trains;" * Exxt teeï ^Ex9 »-^-°-—.

* ^xî<* eet xô are changes in curvature and torsion;

* Subscrip-ts x and 0 designate the axia l and
eircumferential coordinates.
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The de-Pormat i on vector 15 reiated to the stress vector by -bhe

5 ïr-ess - 5 tf-a i n re . at s onshi ps.

^>-<N^,N^,N^,M^,M^,M^ît» CP3 <0 (3.2)

where: N_ , N^^, N\.^, «„„ , M^^ , M..^ are resuit.ant cc-nstra i n'bs'xxT "QQV "xoT "KXT "ee* "xe

Eléments pj j ;n EP1 describe •fche aniso'tropy of •t h e sheil.

Subst i-eut-, ng (3.1) and (3.2:) in (A-l, d7 to d9), we express -che

equi i i bi-s um équations in terms o-f the d i sp i acernent func t i ons £24^.

Th re e d i l'-Ferenfc i a J i i near opérât ors are obtained < L,, i = 1,2,3)

an d are given in TU'f de ta. il in Append i ;•; A-2.

L^ <u,v,w,p^ ) = 0

L^ (u,v,w,p^) «= 0 (3.3)

L^ (U,V,W,P > a 0

yhere; u,v,w are the a;; iai, tansentia! a.nd radiai

d i sp i acemen-ts .

Ai i va-iues re-fèr to the re-ference surface.
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3.2 El a s t i e i ty Ma t r i x

The elasticity matrix dépends solely on ihe mechanical properties

of the shell material. Me will timit our analysis here to the

an i so-brop i e case of a shell of révolution commonly called

or-thotropy: the mechanical character i st i es are invariant in rotation

around a fixed axis.

For anisotropic material, EP3 is générally written as C233:

CP3

pll

P21
0

P41

P51
0

P12

P22
0

P4Z

P52
0

0

0

P33
0

0

p.

P14

P24
0

P44

P54
0

P15

P25
0

P45

P55
0

0

0

p

0

0

p36

3ô

66

(3.4)

For a shel l composée) of a number of symmetric layers of iso- or

ortho-bropic maierial arranged as in Figure 4, éléments pjj of CP3

are expreseed in "fche format given in Appendix A-3.
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3 • 3 D_i_s_& iacement F un_ç_t i ons

The sheil o-f revo ! ut i on is a de-formabie com: i nuous rned i urn with an

\nfin j te number o-F degrees o-F freedom. Its state o'f equi i ibr i i-im is

governed by equa-c j uns (3.35. The original sheil is partitioned int.o

a nurnber o-P T'! ni te éléments having, there-*o--e, a fi ni •ce nurnber of-

desr-ses •:<-' t'reedom. E;y carefuliy choosins the .J isplacsment

functions, we transforrn i:"ur d i T-erent i ai part'ai équations o-f

squi.ibr-ium i nto a System of l s nea-r aigebraic équations.

As d i 5p i acernents are per iod i e in the e i rcum+'erent i a i direction,

w° assume that the dispiacement -Functions can be e^pressed by

expansion intc- a Fourier- séries L'3'31.

t 00 t

€u(x,e>,w(x,e),V(N,O)J =ECT(n,Q)3Cu^<x),w_(x),v_(x)} (3.5)
n»l n -• n -n

wh e re n: nurnber ci-f e i re umf ère n t i a ! modes

CT 3 : square diagonai matrj >; given in Appendix A-5.

The procédure for solving the (3.5) System of equa-fcions is

described in Appendix A-4.
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The resulting displacement becomes:

t 00 (<i,
{u,w,vî = E CN] </

î;=0"" \&^ (3-6>

with CN3 = CT3 CL] EX] CA-13

where CN3 : 3X8 matrix
Exact nodal interpolation function defining
displacement of point M.

CA3, CL3, CX3: matrices given in Appendix A-5
degrees of freedom associated with nodal

i'' disptacements at boundary i.

3.4 M a s s• anà S-fciff^rLess Matri ces

The déformation vector {€) <3.1> is expressed in •fcerms of the

nodal displacements (3.6).

00

{0 = E EB] ^^ <3.7)
n=0

where LB3 = ET1] CJ3 EX3 TA-1]

with CT13 = | 1:T3 0
o m J

CJ3 is given in Appendix A-5.

The stress vector {aî <3.2> is also expressed in terme of the

nodal displacements (3.6).

iaï = CP3 CEÎ

00

Cff> = E CP3 CB3 {^} (3.8)
n=0
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We have •forrnuia.'fced our equiiibrium equatiuns and our

stra. : n-d i sp i ac&rnent and si;r9ss-stra i n re i at i ûnshi ps in terms o-f •bhe

noda! dispiacements. Thèse dispiacements are determined by appiying

the Lasrangian equat'uns to the discretized domain. Thus, the matr-i ;<

•Format o+ the équations OT motion ;s obtained as foi iciws;

• 0

im 1 tSÎ + Ck 3 €i> = 0. (3.9)

wh e re L m^ 1; rnass mat ri;-; +'or a T'! n i te élément

Lkg3: sti-ffness rnatr i K for a -fi nite élément

Both are S X S.

»

Thèse matrices are siven by:

Cm-3 s p_t LcN3t CN3 dA
S ' S «(H.:

(3.10)

[k 3 = LCB] CP3 CB3 dA
•s" JA;

l

where dA = Rd;<d6

Using (3.6) and (3.7), we integrate (3.10) wirh respecî to 9 over-

the [:0,2Tr3 intervai, then to >; over the C0,l3 intervai, which gives

us s
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Cm 3 •= nRp t EA~ 3 CR'3 ÇA"1]

(3.ii)

[k 3 = nR l:A~13t CBB'] [A~13

where the <p,q> term in CR'-l is expressed by:

(?s_+^_)l/R
L'(p,q) Ce p q - 13 if \,+ ^ 0
<^_+\_>

R'(p,q)= p q (3.12)

L-(p,q) .1 if ^ + \,= 0

and in CBB '3 is given by:

<A_TÂ_>1/R
J'(p,q) Ce p q -13 if Â_+ \_^ 0^^gy- - -- "p- -q.

P q
BB'(p,q)= (3.13)

J' <p,q) . l if ^_+ ?s_= 0,^, . . - "p- "q

where CL•3 = EL3i CL3

CJ'H = EJ3'fc CP3 CJ3

1s f iniie élément lengih
P^i density of shell ma-fceriat

Inspecting relations O.ll) to <3.14>, we can see tha-b the mass

and stiffness matrices for a f in i "te she l l élément are therefore real

and symmetric.
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CHAPTER IV

ANALYTICAL FORMULATION: WITH FLUID

4.1 Dy n am i e P re s su re

Me are considering a cylindrical shel l with a vertical generator

axis. Me shall use the procédure outlined in section 1.2 within the

constraints of the hypothèses listed in section 2.1.

For idéal, frictionless flow, vel oci -fcy potential C193 is governed

by:

V20 =1-^ C V0 . (V(6 . V) V0 + 0,^^ + 2 V0 . V0,^3 (4.1)
e'

where e: speed of sound in the f lui d medium

0; velocity potential

( ) s ô( >
Tt at

Appendix B-l gives the development of -th i s 3rd-order non-linear

équation in <8'

The linear form of the relation in <4.1) is expressed by:

72a • i2 [ "-tt + 2 UKB-»t + u^-..:' <4-:z>
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Furthermore, for steady flow, "fche velocity potential must satisfy

•fche Laplace. This relation is expressed according -fco a cylindrical

coordinate référence point through;

2 0,,

V 0 = l (rtf, ),^ + —^- + 0,^^ <4.3)

r r

Me define the velocity field associated with this f low by:

v
x

ve

V.

= u.
x

0,

r

= 0,

+

e

r

0'x

(4.4)

where LJ)( : Ve ioc i ty associaied with the f low rate by

considering the fluid inviscid

A fut l définition of the f l ow requ i res two conditions applying -fco

•fche shell—fluid interface. The impermeability condition ensures

contact be-tween the shell surface and the fluid. This should be:

VI = 0,_ l = (W + U^W) l <^5>
Y l r=a - ylr l r=a ->< l r=a



•Z.Z

i ne u'yna.m i e cc'nu i î i on i 5 y i v'Bn ûy t n e oemou i i i ecjUB.'s ', on •

(0'e)A ... .2.

PU = ~^u{0tt + u.u<Bt>< + e c<0t><^ + -2- + <^^>-"| ^

(4.6)

where u : subscrip? r-epresent i ng "in" or "i:iut" as the case may

be.

!-f u = i then E"=a^ = a - t/2

'•: f u = e t h e n
F = a_ = a + t/2

Tha deve ! oprnent for the expression in <4.ù) 15 given in Appendi ;;

(see aiso réf. L 93).

The d i-F+'erent ' a i opera.tor is sc'tved us i ng the va.r j a-b l e sepa.ra.î i c'n

meîhod. We -first set the TCirrnat TC.r the radiai d i sp •• acernent a.nd

velocity potential E 93, as:

i <nô + À, ^ + wt)
wk c cke K a (4-7>

8 8
0 = E 0^ = E R,,(r) S,,<e,x,t) (4.8)

ksl" k=l'

uhere : kth root o-f the charac'fceristie équation
M

\ i natura.1 angular -Prequency
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Applying the impermeability condition, we détermine 5^(©,x,,t)

explicitly. If we set relations (4.2.) and (4.3) as equal, we will

obtain the ordinary homogeneous differen-fcia l Bessel équation:

r2d2R. (r) + rdR,.(r) + R,,(r> I:i2m^r2 - n2] = 0 (4.9)
k

d r2 d r

where m, = ( ^ ) -^ < w + U,., '^ î <4.10)
k au c^ ><u au

Me carry the Bessel équation solution back into <4.8> to obtain

the final expression of the velocity potential evatua-fced at the

e y ! i n de r wa i ! .

^(r,e,.,t), = a^Z, ^(i^a,) C W, ^ . U^W, ^ 3 (4.11)

where zk u<imkau> = ^' J^^^ (im»<au) if u = i
n - im,.a

k-u J^ <imkau) (4.12)

if u = e

Z, (im,a..) = •" •—'—^—7T
-k u—k-u- - _ _ Y^^ <i"'«au)

n - im. a
k°u Y^ (in,^)
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Substituting <4.11> into the non-linear boundary condition

expression <4.6>, we obtain the équation for pressure on the cylinder

wal l. It 15 useful to partition total pressure into its linear and

non-linear terme:

p=<p -p >+{p -p } (4.13)

i n out L in out NL

Q n
p.. l = -p^.. ^ a..Z_ ..CW_ ^^ + 2U....W_ ..^ -4- U"..W_ ..3 (4.14)where r'u L riu ^_7"^P """Pi^'t ^"xu"p,xt ' "xu"p,xx" '-r'

Pr.. Q 8

p.. ^>, = - — E E < «x_(x._I: W_ ..^W_ ..^ + 2U....W_ ._..W.
u NL 2 ^_, ^_; "P"q~ "p,xt"q,xt '"~xu"p ,xx"q ,xt

+ U _.W W_ 3 +
xu p ,xx q ,xx

P_P_Î: W- ^^_ ^ + 2U....W_ ^W_ .. + U"..W_ ..W_ ..3J (4.15)'pr'q~ "p,t"q,t ~'~xu"p,t"q,x "~xu"p , K"q , x

where <x_ = a.. Z_ .. P_ = l - nZ.
p u pu ' p p u

p_ = l + nZ.
q - -q u
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4.2 Linear Matrices for the F lui d Column

Me introduce the nodal interpolation functions for the fluid

which are compatible with -fche functions for -fche she l l 0.6) into the

dynamic pressure expression in <4.14> and exécute a séries of

intermediate matrix opérations made necessary by our choice of

me-fchod. The mass, damping and stiffness ma'brices for the fluid are

obtained by evaluating the following intégral C93:

f:N^t t p. } dA

Fi na!l y; we have:

Cm 3 ^ CA~^3t CS^3 CA~^3 (4.16)

Ce 3 = CA~^3t ED^3 !:A~^3 (4.17)

tk 3 = t:A~^3t 1:0^3 I:A~^3 (4.18)

^here S,(p,q) = n C-^y^ ,1^ , . ^2^ ^ ,3 (4.19)

D,(p,q) = 2i^nC-ô,Y,U,Z^ ,Ip^ ,^^U^ ^1^

G,<p,q) = -^n C-^Ù,Z^ ,Ipq ,+ ^U^ ^1

and p^ q s l,. . .B

Pq

.3 (4.20)

3 (4.21)
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u

u

a

t
"_p

l p

u.
xu

u.
0

•fu

l

In équations (4.19) to <4o21> we define the following

non-dimensional quantifies:

.2 _ Pd,l,l>
u°" "^-tl

K U ^ wU^ = —— Yy = -7y

where p : density

•t : thickness of -the first f inite élément of the she l t

r : radius

p(l,l,l> : Ist élément of CP3
l,

i (^_ + ^_) ~-L
P q a.u

e - l

Ipq u = —F(?. + ^) — if ^p+ \ ^ °

(4.22)

l, - l,

I__ .. = —J-—3— if Â_+^_ = 0
pq u e^ - p q

4.3 Devetopment of -the Non-linear Ma-fcrices

Me use the procédure outlined in •fche previous section, ignoring

•the cross produc'ts in the non—linear dynamic pressure expression

(4.15). Me obtain the following matrices for the non-linear effects;
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Ce, 3 = CA713 CD, 3 CA^ 3 (4.23)
NL T T NL

l:kc,3 = CA7l3t 1:GD,3 [AT1] (4.24)
NL T TNL

Ek, 3 = CAÏ 3 CG, 3 [AÏ ] (4.25)
NL ' ' NL

where:

e6"in - l - . - .-2 -2 . .2.
D^.(p,q) = -s—T-T^—— < 3;y,J__ .E î^ .En" + ^^3 - l 1-f^7'1' 6in • "i'i'pq i~ ~q i ~" "q

<S_Y-J-_ _C Z2 _En2 + >23 -13} (4.26)
e'e pq e q e q

ôrrin , . .
<e~"~" - D A^i -

GD^(p,q) = —^-r-z —a— <3.U.J__ . CZ^ .[n" + ?^^3 - 13'f^'M' 3in "'i~i*"pq i "q i ~" "q

- <S_0_J__ _CZ2 _Cn2 + \21 - 13 (4.27)
e e pq e q e q

6rdn . , , 2 2
-(e-"-" - l ) Â~ . r,'

'q . <siui . ..2 .2 . .2.
G/(p,q) = - 7-^—— [ —J— J__ .CZf .Cn" + Àf3-13'fNF^' 6in ^ Yi "pq i'"*"q i""' "CI

e e J__ _EZ2 _l:n + ?<23-13J (4.28)
y^ -pq e--q e- - q
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l
i <^_ + 2^_)

P q a
e r ' -" -i

where: J__ — — . ••.." ——,„„„ „ „„_ ___
'pq u - i (\_ + 2?s ) ^ ~ if Àn+2À,

P q
(4.29)

. - ^~ li
'pq u ~ a- if ?s_+2À_=0

~u P q
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CHAPTER V

ANALYSIS 0F FREE VIBRATIONS

5.1 Global Matrices

The motion of a shell élément interacting with a fluid column is

govemed by the équations of motion in généralized coordinates.

• • • .2.2

CCm3-[:m33<:<5}-Cc3<:3}+CEk3-[k33<:<S}-I:c3<:3î-I:kc3<:33î-t:k3<:<S}=<:OJ
5f f 5f f f f

L L L NL NL NL

where subscripts s and f refer to the shell and fluid,

respectiveiy.

•CAÎ is the degrees of freedom vector for the total nodes, and

total structure motion is governed by an analogous équation which we

shal l wri te:

» n <a n A. »

CI:M3-CM33{AÎ-CC3<:A}+C[K3-[:K33<:A}-l:C3<:AÎ-CKC]{AA5-I:K3(A}=ÎOî
SF F SF F F F

L L L NL NL NL
B

Thèse global matrices are obtained by assembling the élément

matrices. The assembl y opération must satisfy -two conditions however

C203:
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Continuity of nodal displacements at the boundary between

•two adjacent éléments, such that:

"i+l} • "J'

External forces and moments applied at a given node must be

equal, respectivel y, to the internai forces and moments,

such that:

<f?e = ^jî + <^i+lî

Assembling the matrices is donc using the overlay method C243, as

illustra-bed in Figure 6. The global matrices are square, of order

4<N+1), where N is the number of fi nite éléments.

5.2 Equations of Motion

After the boundary conditions are applied, thèse matrices are

reduced to square matrices of order 4(N+1)-J.

where J: number of restriciions imposed.

To abbreviate the expression, we set:

CM 3 = t:CM3-CM]3 et CK 3 = 1:CK3-EK33
T S F T S F

L L

r .. r . r r .2 r . r 2

CM 3tA>-CC 3<:AÎ+[K 3<:AÎ-[:C3<A>-CKC]€AAÎ-CK3CAÎ=<OÎ (5.3)
T L F T F F F

where r means reduced.
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r
Let us set < A î = C03 if}'> (5.4)

where C03:: square eigenvector matrix in the symmetric l inear

ma-fcrix System

: displacement vectors expressed as natural and
<1

généralized coordinates, respect!vel y•
r

C 3: ... matrix ... généralized coordinates

Me f i rst substi-tu'fce expression (5.4) into <5.3), then multiply

(5.3) by C03t- to obtain, finally:

D .. D . D t __ 2_.2

CM ~ 3(Tiî-EC 3<riî+I:K li^-L^Î-C 3C0 3 <TI?
T ' L T NL

t 2 . t 22

-E031
NL NL

CKC 31:0 3<:Tiri>-E03CK 3C0 3 <TI? = <OÎ <5-5>

D t
wi-fch CM 3 = C03 EM 3 C03

T
D t

CC 3 = C03 CC 3 E03
F

D t
CK 3 = C03 CK 3 C03

T
where D stands for diagonal

D
3s ... matrix ..„ natural coordinates
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The matrices quantifying the f luid column contribution to the

ma'fcrix équations of motion are non—symmetric. To facilitate

analysis, therefore, we consider on l y the symmetric portion of •the

matrices. Me will be seeing ta-fcer on -fchat th i s s imp l if i ca-kion is

justif i éd.

5.21 No-flow Condi tions

Under s-fcagnant conditions, équation (5.2) reduces to:

.2

[M3 <AÎ + CKJ ÎA> - E:C3 <:A} = t0> (5.6)
T F

Firs-t we soive for the iinear case -fco obtain the 4*<N+1)-J

eigenvalues and eigenvectors. Mi "fch this eigenvector matrix, we then

develop the coupled équations of motions in natural coordinates.

5.22 Flow Conditions

As mentioned in section 2.2, we make some modifications to -fche

procédure described above.

Due to the présence of a non—proportional damper, we reduce the

2nd-order linear sys-fcem to a Isi-order System. Me again consider

only the symmetric portions of the fluid matrices, as given in the

equation:
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[M3 <q> + CC3 <qî + CKJ tqî = <0> (5.7)

which may be represented by -fche following form C213:

CA3 {yî + EB3 <yî = (Oî (5.8)

where: CA3 =

CB3

<yJ

[ 0 CM]
[M3 CC3

|tcp
|<qî

]
-CM] 0
0 EK3

Me assume i:he form of the homogeneous soiution •to be:

<:y(t)J = e Ât <»î (5.9)

Relation (5.7) becomes:

>, CA3 €*} = - CB3 <:<'> (5.10)

From the solution of <5.10>, we obtain a séries of 2n eigenvalues

and 2n eigenvec-fcors. For each given eigenvalue, ^n» the

correspond i ng e i genvec-bors are developed as follows:

{*_>
n

Â €0nî

<0nî
n = l, 2,...N <5.11>
where N: number of degrees of

freedom



34

The eigenvalues are complex and always occur in conjugate pairs.

The dimensional incompatibility between the eigenvector matrices

defined in <5.4) and <5.11) and the absence of any weighted

orthogonat relationships between the CM], CC3 and CK] ma'trices in

(5.7) are difficulties which have to be overcome.

Me attempt to détermine the m ; ; , e j j and kj, for each of

the uncoupled équations of motion. To -th i s end we have -fcwo pièces of

information (concerning the state of -the damped System) for each

e i genvalue pa i r.

Me have:

^ = ot. + ip (5.12)

According to (5.9) and <5.12>, we also have:

^_ t (x._ t ip^ t
y_ (t) =((,_ e n = * e n e '" (5.13)
n Tn~ Tn"

Now, for a damped System, the displacement is defined by [-213:

-ç w t iw_, t

y_ (t) = ¥„ e n e a (5.14)
n a
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where y ; initial amplitude
0

ç g critical damping coefficient

wp 8 natural angular frequency

w^ ; damped angular frequency

Me then, by analogy, associate the terme in relations (5.13) and

<5.14> -bo find our unknowns. Finally, we obtain:

^__ = (ix.2+ p2)m__ (5.15)
nn "n ^n nn

c__ = 2 a_ m__ (5.16)
nn n rm

The m^p are taken from the orthogonal relation;

{t} CB3 W = 0 (5.17)

The first n diagonal terms of the resulting matrix are "the n

éléments of diagonal EM3.

The e i g-envecior matrix is conetructed by selecting and assembling

side-by-side the n column vectors f.ftnî in <5.11> associated with each

pair of eigenvatues ?I*N . Wi-bh th i 5 C(83 , we 'fchen go on •fco couple

-the motion equa'fcions in natural coordinates <5.5>.
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5.3 So l v i no the Coup led Equations

During the modal analysis, we have to consider coupling between

the différent modes since products of the form C03^ CM3 E0=3 do not

générally give diagonal matrices.

A typical sys-fcem équation therefore would be of -bhe form:

NREDUC
» • • • • a

m,. T], - e..; r|; + k,^ ri, - E€C; ;TI.TI; + KC. ;TI;T|; + K; ;TI;TI;>=O"ii ''i *~ii ''i "ii''i '*~~ij'li''j "~ij''i''j "ij''i''j

j=l (5.18)

Let us set:

TI^(T) = A^ f (^.) (5.19)

which satisfies the initial conditions
•

-f.(O) = l and f.(0) = 0 (5.20)
i l

where Aj ï vibration amplitude

Relation (5.18), afier simplifying by A, and dividing by m,,

becomes:

NREDUC
tt»^» <£» n* • • •

f, - 1 f, + u, f, - E(-J-xr, ,f, f, + a, ,f,-f, + n. ,f,f.î = oi T^ "i ' "i 'i ^* ^'"ij'i'j "ij'i'j "ij'i'j"

(5.21)
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If, however, we ignore non-linear coupling between the natura

coordinates, équation <5.21) will -fcake the form:

< A ~

i\--i^ ^f^ ~ <-j-»^iifi + aiiffi + niifi }=0 <5-22)
T, ' ' * t

The solution fj<T> of thèse ordinary non-Sinear differential

équations which satisfies the initial conditions <5.20> is

approximated numerically by a fourth—order Runge—Kutta. The linear

and non—linear natural angular frequencies are evaluated by a

systematic search for -fche fj<T> roots as a function of •time.

The UNI/UI. ratio is expressed as a func-fcion of non—dimensional

rat i o A ; /t.
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CHAPTER VI

THE ALGORITHM

Numerical application of -bhe analytic formulations described in

-fchis report required four computer programs. Thèse programs were

written in Fortran versions IV and V and were run on a CDC CYBER 855

031:1.

The initial cylindrical shell was subdivided into a sufficient

number of f in i-te éléments to ensure convergence with -fche method. For

each finite élément, the cal eu lations were divided in"to three

stages: -bhe f i rs-b relates io -fche linearity of -bhe

strain-displacemeni relationships, -the other two -to the linearity and

non-1 i neari ty , respecti ve l y , associa+ed w i-th -fche Bernoulti équation.

Exécution of the algorithm required input of the following

i nformat i on :

i> number of fi nite éléments

ii) geometry of each f inite élément: length, radius, thickness

iii) mechanical properties of each distinc-t shel l section:

Young's modulus, Poisson's ratio and density
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iv> boundary conditions

v> characteristies of the fluid column: density, f low

cond i tions

vi) number of eircumferential modes

Below is a list of -the main s-fceps in the cal eu l ati ans -that were

done for each n harmonie.

The procédure the algorithm follows involves determining:

a) for each f inite shel l élément:

i) the characteri s-ti e équation coefficients as given in

Appendix A—6

ii> the 8 \i roots of* the characteristie équation. They

are determined by -the Laguerre me-thod with -fche help

of IMSL's ZPOLR subrou-tine.

iii> coefficients (x-i and (î ; defined by the relations

given in Appendix A—4

iv> mairix CA3 défined in Appendix A-4 and its inverse,

by -fche LINV2F subroutine from IMSL

v> matrices CR•3 and CBB'3 defined by 0.12) and 0.13)

vi> the elemental mass Cm3 and stiffness Ck3 matrices

defined by <3.11>
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b> for each f inite fluid column élément:

i) the CAp] matrix compatible with the matrix defined
\

in Appendix A-5 and its inverse, by IMSL's LEQT2DC

subrout i ne

ii> matrices [Sf- t-3, CD»^ i-3» CG^ i_3 and

[Dr- ^.L.3, CGD,- ^3, CG^ ^.39'ven by the équation

Systems in (4.19) to (4.2l) and (4.26 io <4.28),

respect i vel y

iii> the elemental mass CmF-3 > damp i ng Cci-3 , and

stiffness Ck»»3 matrices plus the second-order

non-linear effects [Cp], CKC^3, CKp] given,

respectively, by <4.16) to <4.18) and (4.23) to

<4.25>

c> the global matrices <corresponding to the matrices defined

above) for the complète shel l, -bo be assembled

d) the matrices reduced by application of -fche boundary

cond i t i ons

e) the mass and stiffness matrices of the shell-fluid System,

by overlaying "fche corresponding matrices

f) the natural vibration frequencies and the main modes

associated with them. The EIGZF program from IMSL is used

for that purpose C93.

g) -fche diagonal terms in the mass, damping and stiffness

matrices, using the methods described in section 5.2



4l

h> products of the form C0t:3 EA3 C023 from system (5.5>

i) the influence of non—linearity in •fche f low définition on the

na-bural frequenciee of équation sysiem (5.2l). the RUNGE

program is used to quantify the influence.
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CHAPTER VII

CALCULAT lONS AND DISCUSSION

7.1 Introduction

This chapter will be describing applica-fcion of the new method

proposée) -to a number of cases.

First, calcutations were done to demonstrate •the val i d i ty of the

simplifying hypothesis we described in <5.21). Next, we conduc-ted a

sysiematic investigation in-bo the influence of the non-l inearities

associated with the Bernou!! \ equa'fcion by consider'ng "fche

exper i men-ba l parameters tisted in section 1.2. Finalty, we will

briefly discuss "fche stabi l ity problem inhérent in the dynamic

behaviour of -fche equa-fcion sys-fcem s-tudied.

7.2 Val i d i-tati on of the Simptifying Hypothesis

Developmen-fc of the anatyticat mode l required an additional

hypo-bhesis. Indeed, w i-fch the présent state of our knowledge, we are

unable -fco apply the orthogonality properties of -fche modal vectors to

a général eigenvalue problem <C213, C223 > . Me are -bhus simplifying

-bhe parameters and limi'fcing our dynamic analysis stric'bly to

considération of shell-fluid Systems tha-t lead to a symmetric matrix

system of eigenvalues.
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This simplifying hypo-fchesis is validated if -fche résultant

eigenvalues subs'fcantia lly approach the original System. Tables l to

4 show the variance between •the eigenvalues in the original and

simplifiée) sys-bems, correspond i ng to cases of damped and undamped

free vibration. A -fcrend was observed toward minimum variance at the

ex-fcremal modes and maximum variance (15% and 19.5% for a damped and

undamped case, respec'b ively> a-t -fche médian modes.

The s imp l if i ca-bion iherefore seems to be righ-fc since it describes

both Systems as having comparable dynamic behaviour.
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7.3 Analysis of Resul-fcs

We used four cylindrical shel l mode l s to investigate ihe

influence of a fluid medium. The shel l had the properties given in

référence L13-1.

E = 20.6B5 x 10 MPa (^^-\\ '
v = 0.29

R <= 193.675 mm •» R a

t = 1.29117 mm ' t

/'sbeU = 7-8125 x 103 KS / m3 , ^ water _
B

Pwater = 1 • 000° >î 103 ^ / m3 ' p she11

The boundary conditions were for a sheli simply supported at both

ends, such that V=M=0.

The parameters of -fche investigation took the following values:

- n = 3 and 6 corresponding io the 3rd and 6th

eircumferentia l vibration mode

structural slendemess ratio

L/R = 3 and 6

- Reynolds number

RM = 0 (undamped vibration)

RN = l.OE+06 and 2.0E+06 <damped vibration)

Young's modulus of elasticity

E gteel and E steel/100
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parameters of our study, in descending order, is: the eircumferentia l

vibration mode, composite material effect and s'tructural slenderness

rat i o .

A gtance at -bhe synopsis in Table 5 reveals the large amplitudes

required to ob-tain any -tang ib l e ef-fec-fc. An amplitude of -th i s

magni-fcude corresponds -bo a pump discharge puise or "water hammer

effec-b!

I-b woul d be of interest neverthetess to explore the possible

influence of composite materials further, since the order of

magn i •bude for the non—dimensiona! amp t i'bude rat i o 's the e ! oses+ "to

un i ty.

There are two other avenues of investigation which ho l d out

inviiing prospects - -bhe boundary condition and compressibiiity

effec-fcs. Common in -fche aviation industry is a particular structure

tha-fc falls perf-ectly inio our analy-tical mode l : -fche jet engine

nozzle, which is a clamped-free structure. It also involves -fche

possibili-ty of coupling occurring be-bween -the modes associated wi-fch

floating i ns-fcabi l i-bi es and the non-1 i near i ty studied when Mach number

verges on 0.30.
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Our investigation to date has thus confirmed the hypothesis

sta-bing that -fche influence of Bernoulli équation non-1inearity on the

dynamic behaviour of -the shetl-fluid struc-fcure is negtigible.

7.4 Numerical Stabi lity

We had some difficutty in s-tab i l iz ing solution of the non-linear

équations of motion under one particular condition. This condition

re lated to the magnitude of "fche contribution by the non—l inear

effects to sys-fcem iner-fcia. Furthermore, damped s-bructures also

présent greater numerical s'tability -than undamped Btruc+ures.

The i ns-fcab i l i -fcies were character i zed either by ose i l l a-bi ons whose

frequencies varied substant i al t y -through time or by an inconsistency

between the frequency and ra~ke of thèse osci l la-bions around the

balanced position. This occurred right from -bhe initial puise.
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Me adopted a convergence cri-fcerion which woul d keep us within

"the realm of s-tab i l ity. The criterion involved making sure "fchat the

solution woul d repeat by considering a frequency response accep'fcable

if it fell within a band under 1% of i -bs nominal value.

7.5 Processing Time

The computer program was run on a Cyber 855 computer in 'fche

University of Montréal Compu'ter Cen'bre. This CDC product al lows for

an internat 60-bi-fc single-precision représentation of numbers in

f loating-poin-fc mode <48 bits for the man-fcissa, 11 for the exponent

and l for the sign).

In 1:he fo! iowing paragraph is the running "fc ime and memory

required for -fche case described betow:
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Shet l mode! No. l subdivided into 5 f inite éléments with a fluid

column vel oc i-ty correspond i ng to RN = 1.0 E+06.

CPU time : 100 sec.

Memory space : 134000 bytes

Cost : $35.00 <Cdn>

Me would mention however -that the program was designed "to ensure

compatibility with existing programming. Structured programming of

the master program and •the option of dynamic memory allocation are

improvements -fchat cou l d be considered for a more flexible and

higher—performance machine code.
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CHAPTER VIII

ÇQNÇLUSIQN

For -fche purposes of our analysis, a method based on Sanders" -fchin

she l t équations, équations for non—rota'tional and friction less fluid

f l ow and on -fche f inite élément method as i-bs basic skeleion was

developed- The meihod predicts -fche influence of non-t ineari-fcy

assoc i ated w i'bh the f l ow définition on the dynamic behaviour of

vertical cylindrical shells partially or comple'tely filled with a

stagnant or flowing l iqui d.

The fini te e lemen-t was cylindricat and geometriça l l y

axisymmetrie. The displacemen'b functions were therefore derived from

the équations of motion for the she! l. The mass and siiffness

matrices were deiermined by exact anBtyiical iniegraiion. The

displacemeni funciions for -fche f lui d column were derived from the

velocity field associated with the column and from the non—l inear

impermeability and dynamic conditions applied to the she l t—f l ui d

interface. The matrices for -bhe fluid column con-fcribution were

d e ~be rm ined in a mariner similar •to the ma'trices for •the shell walt.
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Conventional modal analysis was used to -treat a shell wi-bh

undamped free vibrations and vibrations damped with a

non—propor'bional damper. Th i s latter vibration case required

-bherefore a simplifying hypo-bhesis which proved justified as wel l as

a few analytical modifications.

The non—l inear équations of motion expressed in natural

coordinates were solved using a numerical time-based intégral

me-fchod: the four-fch-order Runge-Kuiia.

This area of investigation is siill wide open and there is a

dear-th of literature on the subject. Me are unable, therefore, at

ih i s s-tage in our research -bo confirm whether, in the coniex-t of a

dynamic analysis, we are jus-fcified in comple-fcel y neglecting the

influence of the non-linear boundary condition at the shell-fluid

i n'berface .

The présent -bheory was formulated and app l i ed to straigh-fc

cy l indrical she l Is w i-th circular sections. It can however be used •bo

analyze a shel l of révolution with arbi-fcrary curva-fcure by proper

assemb l y of -bhe cylindrical, conical or spherical éléments to

approximate -fche geome-fcry desired.
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l-b wou l d be i nterest i ng -bo appl y the method developed -fco

investigations of forced vibrations in a cylindrical shel l subjected

-fco dynamic loads. It woul d also be interes'fcing 'fco ine lude phenomena

of flotation and buckling instabiliiy in our analysis.

Finally, the logical extension •fco •bhe work of our group wout d be

to investigate -fche effec-b of géométrie non-1 inearities of the wa t l s

on ihe dynamic behaviour of the shell-ftuid i n-beract i on .
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APPENDIX A-l

SANDERS' THIN SHELL THEORY

Gène rs ! eqiiat j ons of_ ^qu i ! i bri uîu

In final format, here are the five differential équations of
motion given by Sanders C163:

6 (A^) ^ ô (fi^N^) ^ N^ôfi^ _ N^ô A^ ^ A^ 0^
+ " • ::——— + —"— ~

0 Ei ô Ç2 ô Ç2 â El Rl

-1—— ^ l- - 5-) M17:I + A,A^,p, - 0 <al)
2 0 F ^ Rl R2'

à <A^) ^ ô (A^N^) ^ N^ô A^ N^ô A^ ^ A^ Q^
4. —=—=.=— 4- —=-=-—— — —— +

à ç ô ç-^ ô ?^ à ç^ R^

:2__ c( ^- - ^) M^3 + A^A^p^ " 0 <a2)
2 à ^ ^' Rl R2'

ô (A^,Q<) à <A,Q^> N,, N,

S-^- + 5-^ - fliA2 < ^i+^2 ' + fil^n - ° <-3>

ô (A^M«) ô (A<M^> _ ô A, ô A.
5-^u- + a t,1"12' + "12 S^ - "22 ^ - filfi2Gl-° <a4)

ô <A<M^> à (A,M^> _ ô A^ ô A^
^^2_ , ^1^_ . M,, 3-^ - "„ 5-^ - A,AA-0 <a5>

with N^= 1/2 (N^ ^ N^>

N12 = 1/2 (M12 + M21)
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b>

Figure l contains an illustration of -thèse components by

unit length of membrane and shear forces and the moment,

with respect •bo the surface of référence.
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ô(A^u^) ô(A.u.)
0 e _^ * ; — [ ,_ *- *• _

2A1A2 ' ÔFl~ ÔET

Boundary conditions

The boundary conditions are given by:

Nll = Nll or ul c ul

N12 + ( ^ - ^ ) -i2= :rl2 or U2 = U2

ÔM^ - =
Dl + ^Ô?^= vl or w c w

Mll 8= Mll or 01 c 01

for a boundary with constant ?» , •bhe doub l e—barred terms

correspond to the boundary values. For the constant ç-z»

boundary, subscripts l and 2 are simply interchanged.

Parameters for a cvlindrical shel l of révolution

F = x A^ = l R^ = oo u^ = U

Ç = e A^ = R R^ = R u^ = V

w = W

Substituting thèse parameters in-fco the f jve equilibrium
équations <A—1, .1 to .5), we get:
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ON.... , ON.., . ÔM.
->i2i ^ l ~"xe _ _J_ ~"x®

ôî— '*' R ô6~ ~ ZZ2 ôe~~~ + px c ° <dl>

lôNee_âNKe__lôM><e_De_, _,
R ôe~ T ôïï— " 2R ô^— "R-"' re = u (dz)

âDx, lôQe_ Ne^
ÔÏÏ- + ^ ôT- - F- + pn = ° <d3>

ÔM.... . ÔM'XX . l ""KO

ô— + i ôi— - Dx c ° <d4)

l âMee . ÔMxe
R ô6~ + ô>~~ ~ Qe = ° <d5>

Elimination of shear forces Q^ and 09 by means of
squations <d4, d5> reducee +he number of équations of motion

from 5 down to 3. In the absence of external loads, thèse

équations become:

ÔNXK . L à^± - J- ÎMiie. - 0 <d7>
ôT; + R 5e~ ^2 êô

lâNM.aN>Ll+-^âM}ie+—^ee »0 (d8)
R ae ôîî-2R ôx p2 ôe

<32M.x , 2 ô2Mxe , _ ô^ee _ N^i = o <d9)
^2- + R ôïïôe- T -^2 ^ R
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Substituting -thèse parameters into the déformation vector we

get:

(0 =

ou
ôx

l / ôv
R < àt+w >

ôv
ôx

-62w

+ l
R

ou
ôe

ôx'

\

(dlO to dl5)

\

l

R2

2

R

<â2a'^

ô w +

ÔKÔQ

êr,
ô6

3 ôv

2R ex

l

2R

ou

2Ôê

The référence surface geomeiry of the she l l s-tudied together

with ihe coordinates used are illustrated in Figure 3.
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APPENDIX A-2

EQUATIONS 0F MOTION

This appendix centaine the équations of motion for a thin cylindrical
anisotropie shell which were referenced in the différent chapters of
th i s paper.

-,<u,v,w,p.,> » p., Ô2_y + P12 ( Ô2_^ ^ ÔW ^ _ p ô3W
l'"'VT"'p'J' ° pll ^~32 + ~R~ ( ôîTôi + 5^ ) ~ P14 ~§

ôx'
Q ^2. R • ôxôO ôx ' '14 ~^S

^ <-âl^ *É,ï>.<pj3-p6^><t^-lê2y>R2 l ôxae2 T ô^ôe / " l -R-- -^2 ) ( 5^1 - ^ ^t >

p 36 _P66 , , _ 2<33W , 3 ô2V l ô2U
Rr ~ 2^ ' ' - ^^~ * 5 5;ie -5R ;,? ' •"

4<^.".^>-<p-Ji-!^>Ù^,<pj2.p^>

<ê+^>-<pj4-PS> <êh>^'pi5+?js>

-î

»2f 3P^-r ..2,, ,2,
<-<q' . ê^ > ^ p,, . ^3> < É^ , a2u
~ôo3+Ôe2 ) + ( p33 +-2^) ( ;^+ R^ie ) +

^ ( p_+ Ïj^ ) ( _2 Ô3W + 3 Ô2V <ÔLR ' P36+ 5R== > < -2 ^ + 5 ^ - IR^ ' <2>
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OU . P42. , ô V . ô W < _ ô W
4<U,V,»,p^> . p., ^ . ^ < ^ -^ > - P,< ^

P45
'-l

R"
( _ô!

ôx

w

2de 2
+

Ô3V

àx^àQ
> +

2 P63
R (

Ô3U
Rôxôe

+
a3

ôx

v

2ïe
)

2p

R

66
2

ô4W ^ 3 ô3V _ ô3U , , P51 ô3U , P52 / â3V
2..2 + 2 ~. 2.. ~ ~..2 ) + Z?" -.2 + ~T~ ( """t 4'

ôx^àQ^ ^ ôx^ôô 2Rôxôe^ R^ ôxô6^ R^ ôe'

2W , , P55 / ô W . ô3V , P21 OU P54 ô4W P22 , ÔVô^W

ae2 ' ' R4 ' 6e4 ' ae3 ' R à>< R2 aAe2 R2 l ôe

+">+KP24&-|5<-ê+^>
àx~~ R" 09"
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APPENDIX A-3

Matr i x of Elast i e i ty

The elasticity matrix dépends solely on the mechanical properties of
-fche material making up the shel t. Me shall limit our analysis to "fche
particular anisotropic case of a shell of révolution commonly cailed

or-thotropy, where the mechanical characteri st i es are invariant in
rotation around a fixed axis•

For aniso-fcropic material C233, CP3 is générally written in the form:

CP3 =

11

21

4l

51

12

22
0

p,

p,

0

42

52

0

0

P33
0 P

36

14

24

44

54

15

45

55

36

66

For a shel l made up of a number of symme-fcric layers of iso- or
orthotropic ma-berial arranged as in Figure 4, éléments Pj , of CP3

are expreseed as follows:

for number of layers 2v:

v
p.. = 2 E Bs,(ô_-6_. . )-ij - ;^ij--s -s+l'

pi.i

w i -th = l to 3 and j = l to 6

v
2 E Bs
3 s=ll~3'J-3

^(<53-33
s+1

with i = 4 to 6 and j =4 to 6
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for number of layers 2v + l :

v+1 v

p.. ==2 [ B. .<5.^, + E Bs,(<5..-i^, )3ij " " ^ij~v+l ^_7iJ'~s ~s+l

with i =1 io 3 and j = l to 6

pu - j[ Br^.j-3^i + ^B;-3,j-i<^-^i>]

wi-th i = 4 to 6 and j =4 to 6

where : ^-

B:2-

^-

^;3-

BL-

(l

^

<1

0.

0

^_
s^s- v^)

V2E1

' - <1 - v^;>

_^_
.s..s,

- y^v^

^Î2

elsewhere

ss i coordinate of -the s^ layer with the average
surface as référence.
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- <E^^>, <E^^>:'2' 2 Young's modulus and

Poisson s ratio, respectivel y, with respect to
axes x and ©-

GT_ ; shear etastic modulus

For an isotropic cylindrical shel l made up of a layer of constant

thickness t, we have:

EP3 =

D
vD

0

0
0
0

vD

D
0

0
0
0

0
0

<l-v)D

2
0
0
0

0
0
0

K
vK

0

0
0
0

vK

K
0

0
0
0

0
0

(l-v)K

w i-bh D : membrane stiffness

K : bending stiffness

D-^l - V"

K
E t'

12 <1 - v )
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APPENDIX A-4

Np d a l Inter polation Functions

The shelt of révolution is a continuous deformable medium with an

infini-fce number of degrees of free<lom. Its state of equilibrium is

govemed by the équations in Appendix A-2. The original shel l is
partitioned into a number of fini te éléments having, •fcherefore, a

f inite number of degrees of freedom. By carefully setecting -the

displacement functions we convert our differentiat partial
equilibrium équations into a System of tinear algebraic équations.

As displacements are periodic in -the eircumferentia l direction, we

assume that the displacement functions can be expressed by expansion

into a Fourier séries.

00 . . . ..t

(u(x,e> ,w(x,e> ,v(x,e)>l-=EI:T(n,e)3<:u <x) ,w^(x) ,v^(x)}~ (a)
n=l

where n: eircumferentia l mode number

CT3: square diagonal matrix given in Appendix A—5.

Let us sets

_ÂX/R
u(x) «= A e'

.^x/R (b)
v(x) = B e

_ÀX/R
w(x) = C e

Inserting the expressions for displacement functions given in <a> and

<b> into the (App. A-2> System of équations, we obtain a sysiem of
algebraic équations of •fche for'm:

.t .„ (c>
cm {A,B,C>" = <:oî

So that -fche solution is non—trivial, the CH3 déterminant must be
zéro. This gives us the characteristie équation:
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4 . .2
det(I:H3) « hg^w-h^"+h^Â'-h^~+h^ (d)

The h; expression in this fourth—degree polynomial in ^2 jg gjven
in Appendix A-5.

Each ' ^ roo-fc gives a displacement tu (K),w (K),y_(x)î .

The complète solution is obiained by linear combination of thèse
eight displacemen-fcs. This -fcherefore gives us:

u (x
n

v (x
n

w <x
n

)

>

)

e
= E

ps

8
E
ps

8

A_e
-ïp"

B_e
=ïp~

= E C_e
p=ïp-

^_K
p

\,xp

\,xp

/R

/R

/R

(e)

Constants Ap, Bp and Cp are in-fcerconnected by <c).

Bu are usuaiiy ëxpressèd in terms of Cp.

Let us set:

An and

^C^ and Bp » PpCp-p pwp with P Bs l» • • • 8 (•f)

The <XD and Pn expressions are obtained from the following

re l at i ons :

Hll H12 l
H21 H22 p.

-H 13
-H23

<g)

where the H|( j coefficients are given in Appendix A-5
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Equation (a) 'is then expressed in -berms of the eight Co constants

by expressions <e) and <f>. Me then obtain:

<u(K,e),w(x,e),v(x,e» CT3 CR3 <C> <h)

where: LR3 3X8 matrix given in Appendix A-5
<C) column vector for the eight Co constants

Se-fcting CR3 = CL3 CX3, the <h> équation becomes:

<u(x,e>,w(x,e>,v(><,e)5t » CT3 CL] EX] <cî (i)

For particutar eircumferentia l mode n, displacement of any physical
point m<x,0> may be expressed in •fcerms of degrees of freedom •î^, ï

and {.S. } of nodes i and j on the f j ni te élément on which the point

is located.

The nodat displacements at élément boundary i <x = 0) and j <x = l)
wil l be:

w}&J\

ôw ,
ni

:<uni'wni< ô~. 'vnilunjtwnjt 0?iV ,,U_ ^,W_ ;

ôw_,
^- ,v^ î = CA3CCÎ (j)

where "fche CA3 terms, given in Appendix A-5, are obtained by
successive applications of the boundary conditions -fco ER3.

Multiplying (j) by CA~^3, we obtain:

Œî CA-13
<î,

d,
J

(k>

The <j> relation is then writ-fcen:

(u,w,vî CT3 CL3 [X3 [A~ 3
•îi

&,
(l)
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-that is: <u,w,vît CN3
s,
l

(m)

with CN3 = CT3 CL3 CX3 CA-13

where CN3 : 3X8 ma-fcrix
Exact nodal interpol ation function defining
displacement of point M.

The résultant displacement is therefore:

{u <w ,v?t
00

E CN3
n=0

i5,
l

J
(n)
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APPENDIX A-5

MATRICES

This appendix contains the matrices which were referenced in the

course of the various analytical developments.

The matrices are classified as follows:

[H] (table l)

[A] (table 2)

CT3 , CL3 , CX3 (table 3)

[j] (table 4)

The eight roots of the characteristie équation (Appendix A-6) are
représentée! by ^ <P=1» ••., 8). The values for «x. and (îp

are defined by équations <A—4,g>.

The t and R terms are the length and radius, respectivel y, of each
f in i -te el ement.



TABLE l

MATRIX CH3
(3,3)

72

cm

A

B

e

<0> î cm'

Hll H12 H13

H21 H22 H23

H31 H32 H33

Here, we will on l y be giving the coefficients appearing in équation
<A-4,g).

Hll = n2hl - À pll

H12 = -nÂh3

H21 = H12

H22 s -n2h7 + >2h9

^p 14
H13 = -^<n'h5 + P12) + -R-

H 23
2. P25

- n (l + n~) R" - "P22 - n
3 P55

R
t- + nÂ-hll

w i th hl = P33
'36 '66

R 4R-
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h3 = P12 + P3.3 +
(P15 + P36) 3P66

4R'

h5 =
( P15 + 2P36 - -R

66

h^ = p^ +
J55 2p25

3p 36 9p 66

'11

P33

<2P36

-R-

+ P24 +

~^2~

^66
R

. -P5±+ ~r -)

R



TABLE 2

MATRIX ÇA 3
(8,8)
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(i,

CA3 Œî
(8,8) (8,1)

with <C> = <C^ , C^, ' C8Î

s,

ôw ôw , t
<^U_. W_. ':," V. U, W, —— V,}

i 'i ôx ^ 'i ~j "j ôx , 'j

A(l,q) = a,

A(2,q) = l

A(3,q) = R

A(4,q) = p^

A(5,q) = Ad,q) a.

A(6,q) = A(2,q) a.

A(7,q) = A(3,q) a
q

A(8,q) = A(4,q) s

a = e
q

^_ l
.SL

R
and q = 11 • . . , 8



TABLE 3
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U(K,Ô)

W(x,ô)

v<x,e)

MATRICES ET3 , CL3 , CX3
(3,3) <3,8) (8,8)

ET] CL3 CX3 <C>
(3,3) (3,8) (8,8) (8,1)

withCCî = <:C^ , C^, . . . , C î

[T] =

cas ne 0 0

0 cas nô 0

0 0 sin n®

L(l,q) = oc,

L(2,q) = l

L<3,q) = p.

q = l, •••» B

?^_ x

.a-

X(p,q) =

X(p,q) = 0

ifP = q

ifP ^

p,q = l , . . . , 8



TABLE 4

MATRIX CJ 3
(6,8)
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{E.:} =

CT3 C03
CJ3 [X3 ÇA" 3

<5.
J1:03 CT3

(6,6) (6,8) (B,8) (8,8) (8,1)

with 'J<l,q> = oc^q ^

J(2,q) = s <"?„ + 1>
q

J (3,q) = ^ (p^^ - noc^)

À 2
j<4,q) = -<-R:d->

q = Iç sas^ S

J(5,q) = -^ ln2 + v

J (6,q) = -^ (2n^ + J p^ + ^ noc^)
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APPENDIX A-6

CHARACTERISTIC EQUATION COEFFICIENTS

The charac-fceristie équation (A-4,d> is:

h8>s - h6À6 + h4^4 - h2>2 + h0 •E °

h9 . 2
where: hg = —^- (P^P^^ - P^î

r

_2

h6 = -B2- ch9(hlP44 + 2PllP45 + 4Pllp66 - 2h5rPl4) +
r

h7<pllp44 - Pl4) - r hllpll - h3p44 + 2rh3hllpl4:l

T~ h9(pllp24 - Pl4Pl2)

_4

h4 = <-a?-) chlh7P44 + h9pllP55 + (2P45 + 4Pôô) (hlh9 +
r

h7pll - hl) + (P25 + -7—) • (2h3pl4 - 2hllpHr>

h^r2(2h^hg - h^h^) - rhg <2h^p^ + rhghç)3 +

2 h-çp,

(—) . C2 <p^ . rp^) ((—^-) - h^,)
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2pl2(h5h9r + h7pl4 ~ h3hllr) ~ 2P24 <h3 ~ hlh9 ~

h7pll) + 2h9pllp253 + h9 <P11P22 - P12>

h2 = <-^> l:hlh7(2P45 + 4P66) + P55(hlh9 + ^11 - hÏ)

_ 2^ 2 '55
^h5h7 + (P25 + -T^) • <-2rhi^i + Zrh^hg - p^p25

P11P55- n4
^3 . __ C2h^^p^ . 2p^(h,h^ . h^- h^)

h3p55
2pl2<rh5h7 - h3p25 - — - 2 <P25 + rp22) •

P1 lp'
•hihu + ^1P5'

P11P55
~T~ ~ h3h5)3

.2^ /..... _ .2, _ (P25 + rp22)
n~'CP22<hlh9 + h7pli - h3) - —=—

( (
Pllp25

Pllp22 - 2h3pl2) - h7PÎ2:]

-4, , ,_ , 2n-p25 . n 'P55 , _ _2,
h0 = n lhlh7 CP22 + —— + —T-3 ~ n~hl

[ <-s-> <"25 + ^55-> + <—> "'25 + r"221 ]2
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APPENDIX B-l

Equation for Non—ro-fcational and Non-viscous Flow

Here we have:

V2<? = 1-^E V0 . (V0 . V) V0 + 0,^^ + 2 V0 . V(6,^3 <a)
c~

and v = vtf

In terms of its components, the ve l oc i ty vector is wri-fcten:

0 = (u. + 0'.) ex + ?ee + 0trer <b)

Substi •fcuting relat'on <b> snto <a>, we ob'tain:

V2<?= ^2 { <u. + 0'X>2 0'KX + ^2 <UK + 0'X> ^e0'Ke

+ 2(u. + <é'x> 0Y0'rx + \ ^^r^r^ + (-t) ^r2 '^'^"^ • ' r4' "ee

^ <0,C>2 -^ <<^Y)20'rr + <&'tt +

2 C0,^(U^ ^ 0,^> -^ -^ 0,^ ^ 0,^,^3 > <c>

Me extract "the linear component from •th i e last expression in order to

ob-bain the expression given in <4.2>.
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APPENDIX B-2

BernoLd LL E-qjua't ^ on f or Idéal F l ow

This is the Euler idéal f low équation where the contribution by the
extemal forces is considered equal to the scalar potential of the

grad i ent.

^^ (Û . V) G = - ? - VU, <a)
at - - p

Mhere (J s vector area for f low velocity

p : scalar pressure area
d) : scalar poten'bial associated with extemal forces
P : f lu i d dens i ty

Me ob-fcain the Bernoulli équation by integrating relation <a> along a
streamline allowing for the hypothèses stated in Chapter 2.

IS.^.^K

where K is an arbitrary constant.

In the absence of external forces, we revert to the usuat form of the

Bemoul l i équation.

00 , U"
ÔÏ 4 2- + ? = ° <c)

Me thus obtain expression <4.6) by associating the velocity fields
defined in (4.14) with [j and substituting this expression i nto
re l at i on ( e ) .
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APPENDIX C



B2

Model

Axial
mode

m

l

2

J

A

5

6

7

8

9

10

11

12

No- l î Reynolds Number:

Eigenvalue
^..

l

(asymmetric case)

0.33135 x i0">

0.11101 x 104

0.23497 x 104

0.39835 x 10

•:). 12058 x 10

0.14969 x 10

0.21754 x 10

0.29544 x 10

0.32166 x 105

0.32497 x 10

0.32605 !< !0

0.33631 x 10

-RNS_1L°_>

Eigenvalue
À..

(symmetric '

0.33139 x

0. 1109'? x

0.23480 x

0.39739 x

0.12002 x

0. 14668 x

0.20016 x

0.25143 x

0.28751 x

0.29926 x

0.33276 x

0.33282 x

,106-

case)

10°

104

104

104

lu5

105

105

105

105

105

105

105

7.

vari-ance

0.012

0.018

0.072

0.241

0.464

2.011

7.990

14.90

10.62

7.912

2.056

1.037

Table l: Validation of the proposée! model for flow

conditions
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Mode l

Axial
mode

"!

l

2

3

4

5

6

7

8

9

10

1,1

12

No. 2 i Reynolds Number: R^c 1.0 x 10'

Eigenvalue

^..

(asymmetnc case)

0.95365 x 10

0.10471 x 104

0.13394 x 10

0.18845 x 10

0.31266 x 104

0.4139'? x 10

0.60470 x 104

0.91640 x 10

0.14379 s 105

0.18409 x 10

ù.27930 x 105

0.28057 x 105

Eigenvalue

>.

(synmietric case)

0.95422 x 10

0,10470 x 10

0.13391 x 10

0.18841 x 10

0.31263 x 10

0.41382 x 10

0.60411 x 10

0.91412 x 10

0.14277 ?i 10

0.18175 x 10

0.28033 x SO

0.28099 x 10

ï

variance

0.060

0.010

0.022

0,021

0.010

0.041

0.098

0.249

0.709

1.270

0.369

0.150

Table 2: Validation of the proposed mode for flow
conditions
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Model

Axial
mode

s

l

2

3

4

5

6

7

B

ç

10

11

12

No. 3 ; Reynolds Number: R^= 0.0

Eigenvalue

^
(asymmetric case)

0.10960 x 104

0.36149 x 10

0.68349 x 104

0.10127 x 105

0.33425 x 10

0.34021 x 105

0.35865 x 10

0.3594B x 10

0.36050 îs 10

0.36221 x 105

0.36497 x 105

0.36801 x 10

Eigenvalue

>.
l

(symmetric case)

0.1095B x 104

0.36032 x 10

0.67494 x 104

0.98589 x 10

0.26910 x 10

0.27880 x 105

0.30030 x 10

0.31801 x 10

0.32021 x 105

0.32259 x 10

0,38303 x 105

0.39870 x 10

ï

variance

0.018

0.324

1.251

2.647

19.49

18.05

16.27

11.54

11.1B

10.94

4.950

8.340

Table 3: Validation of the proposée! model for no-flow

conditions
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Model

Axial
mode

m

l

2

3

4

5

6

7

8

9

10

11

12

No. 4 } Reynolds Number:

Eigenvalue

^.

(asymmetric case)

ù.33156 x 10"

0.11102 x

0.23498 x

0.39836 x

0.12058 x

0. 14969 x

0.21755 x

0.29544 x

0.32153 x

0.32496 x

0.32547 x

0.3.3990 x

103

103

103

104

104

104

104

104

104

1.04

104

_RN8_°L

Eigenv
^

(symmec
sïSEaassïss;

0.33156

0.11101

0.23482

0.39742

0.12002

0.14668

0.20017

0.25143

0.28752

0.29927

0.32276

0.33276

0

•ali

l
.rii

x

x

x

x

x

x

x

x

x

x

X

x

ne

e case)

102

103

103

103

lu4

104

lu4

104

104

104

104

104

•l.

variance

0.000

0.009

0.290

0.236

0.464

2.011

7.990

14.92

10.58

7.912

0.833

2.10Û

Table ^»: Validation of the proposed model for no-flow
conditions



SYNOPTIC TABLE

Mode!

No.

t

2

3

4

Expérimental parameters

n

3

6

3

3

L
R

6

6

3

6

Young's

modulus

E
steel

E
steal

E .

steel

Esteet

100

Reynolds
number

RN

0. x 10°

l. x 106

2. x 106

0. x 10°

l. x 106

0. x 10°

l. x 106

0. x 10°

l. x i06

Axial mode coupling

Range of values

UNL

"L

0.875 î 1.000

0,990 8 1.000

0.997 8 1.000

0.935 8 1.000

0.992 î 1.000

0.900 f 1.000

O.??0 l 1.000

0.900 î 1.000

0.998 S i.000

A
t

108 l IOU

1013 0 10"

1013 ( 1023

>09 l 1014

1017 « 1022

1012 ( 1017

10" ( 1031

108 <1014

108 S 1018

3rd
axiat
mode

10-12-9

1-3-2

1-3-2

11-10-12

1-3-7

12-9-7

2-9-11

10-12-9

1-3-2

Axial mode uncoupling

Range of values

V
UL

0.800 ? 1.000

0.935 8 1.000

0.950 < 1.000

0.800 î 1.000

0.?25 ? 1.000

O.BOO ? 1.000

0.910 i 1.000

0.900 î 1.000

0.900 ? 1.000

fi
t

109 ? 10'8

101< f I027

1013 8 t026

109 ? 1017

1017 0 1026

1012 0 1023

102< ( 1031

109 l 1018

10? t 1023

3rd
axial
mode

9-7-10

1-3-7

1-3-7

12-10-11

1-3-7

12-10-7

2-11-10

9-7-10

1-3-2

Table 5: Influence of différent expérimental parame-fcers on iheir relative
con-tri buti on to variations in -the frequency ratio

s
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l DURE l; Differential élément for a thin shell
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(a) Résultant constraints and displacements

(b) Résultant couples and external loads

FIGURE 2; Differential élément for a cylindrical shell
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FIGURE 3; Référence surface geometry for a cylindrical shell



90

FIGURE 4; Shell made up of an cdd number of anisotropic layers
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FIGURE 5: Displacements and degrees of freedom at a node
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