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CERTAIN PRODUCT FORMULAS AND VALUES OF GAUSSIAN
HYPERGEOMETRIC SERIES

MOHIT TRIPATHI AND RUPAM BARMAN

ABSTRACT. In this article we find finite field analogues of certain product for-
mulas satisfied by the classical hypergeometric series. We express product of
two 2 F1-Gaussian hypergeometric series as 4 F3- and 3F>-Gaussian hyperge-
ometric series. We use properties of Gauss and Jacobi sums and our earlier
works on finite field Appell series to deduce these product formulas satisfied
by the Gaussian hypergeometric series. We then use these transformations
to evaluate explicitly some special values of 4F3- and 3 F>-Gaussian hyperge-
ometric series. By counting points on CM elliptic curves over finite fields,
Ono found certain special values of 2F1- and 3F>-Gaussian hypergeometric
series containing trivial and quadratic characters as parameters. Later, Evans
and Greene found special values of certain 3 F»-Gaussian hypergeometric series
containing arbitrary characters as parameters from where some of the values
obtained by Ono follow as special cases. We show that some of the results
of Evans and Greene follow from our product formulas including a finite field
analogue of the classical Clausen’s identity.

1. INTRODUCTION AND STATEMENT OF RESULTS

For a complex number a, the rising factorial is defined as (a)o = 1 and (a)r =
ala+1)---(a+k—1), k> 1. For a non-negative integer n, and a;,b; € C with
bi ¢ {...,—3,—2,—1,0}, the (generalized) hypergeometric series ,,41F,, is defined
by

ay, a2, ..., Gnp41 - (a’l)k e (a”n«+1)k :Ek
o = S MWk gk T 1.1
+1 ( bi, ..., by |‘T> k; bk (bp)e K (1.1)

which converges absolutely for |z| < 1. In 1980s, Greene [12] 3] introduced a
finite field, character sum analogue of classical hypergeometric series that satisfies
summation and transformation properties similar to those satisfied by the classical
hypergeometric series. Let p be an odd prime, and let F, denote the finite field

with ¢ elements, where ¢ = p",r > 1. Let Fy be the group of all multiplicative

characters on F. We extend the domain of each x € Fg to F, by setting x(0) =0
including the trivial character ¢. For multiplicative characters A and B on [y, the
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binomial coefficient (g) is defined by

(g);B( )(AB ZA ()B(1 — ), (1.2)

q z€lFy

where J(A, B) denotes the usual Jacobi sum and B is the character inverse of B.

For positive integer n, Greene [13] defined the ,,1F,-hypergeometric series over Fy
by

Ao, Ay, ..., A, > q <A0X> <A1X> (Anx)
n Fn T = — “ee €T s
+1 ( Bl, ey Bn | q— 1 Z/; X le BnX X( )

x€Fg

(1.3)
where Ag, Ai,..., A, and By, Bo, ..., B, are multiplicative characters on F,. Hy-
pergeometric series over finite fields are also known as Gaussian hypergeometric
series.

There are other finite field analogues of the classical hypergeometric series. For
example, see [16] [I8, I1]. For a multiplicative character x, let g(x) denote the
Gauss sum as defined in Section 2. For Ay, Ay,...An, B, Be,...,B, € Fg, the
McCarthy’s finite field hypergeometric function ,41 F’, is given by

A07 A17 SRR An "
"“Fn( By, ..., B, K

Z Hg i) lj 9B 2y (1) x(a). (1.4)

In [I8, Proposition 2.5], McCarthy proved that his finite field hypergeometric series
is closely related to Greene’s hypergeometric series. To be specific, let Ag # ¢ and
A; # B; for 1 <4 <n. Then for x € F, we have

A07 Alu B An :
”+1Fn( By, ..., B, |“’>

m AN T Ao, A, ..., A,
H(B) n+1Fn( 0 Bi . Bn |‘T> (1'5)

: i .
i=1

q—l

In a recent paper [I1], Fuselier et. al. introduce another version of hyperge-
ometric series over finite fields in a manner that is parallel to that of the classi-
cal hypergeometric series by considering period functions for hypergeometric type
algebraic varieties over finite fields. For multiplicative characters A, B,C, their
oF1-hypergeometric series is given by

Qm[A’ p |x} - ﬁzpl{f" p |x}, (1.6)
where
Py [ 45 |x} - (qq_Ql)Bc(_nX%F;; (‘1") (g§>x(a:)+5(:r)J(B,§C).

Here ¢ denotes the function defined on Fy by 6(0) = 1 and d(z) = 0 if = # 0. The
relationship between the above finite field hypergeometric series and the Greene’s
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hypergeometric series is the following:

JFy { 45 |x] :%%é))zm ( 4D |x) +6(x). (1.7)

We note that, since we have used the definition of the binomial coefficient given by
Greene, the above definition of 3IP; series differs from its original definition given
in [I1] by a factor of ¢%.

Throughout this paper, A,B,C,D,E,F,S, x,\, 1 denote multiplicative char-
acters on F,. Here ¢ and ¢ always denote the trivial and quadratic characters,
respectively, while x4 denotes a fixed quartic character when ¢ =1 (mod 4). Also,
X3 denotes a fixed cubic character when ¢ =1 (mod 3). For brevity, if A is a square
we write A =[O,

1.1. Product formulas for Gaussian hypergeometric series. Greene [13]
found several transformation formulas satisfied by the Gaussian hypergeometric
series analogous to those satisfied by the classical hypergeometric series. Since
then many mathematicians have obtained finite field analogues of transformation
and summation identities satisfied by the classical hypergeometric series (see for
example [6] [7 9] 10, (111, 18, 22]). Finite field hypergeometric series are known to be
related to various arithmetic objects. Some of the biggest motivations for studying
finite field hypergeometric functions have been their connections with Fourier coef-
ficients and eigenvalues of modular forms and with counting points on certain kinds
of algebraic varieties. Assuming the conjecture of van Geemen and van Straten,
McCarthy and Papanicolas [19] related the eigenvalue of the Hecke operator of in-

dex p of a Siegel eigenform of degree 2 and level 8 to 4F3 ( ¥ f’ f’ f | —1).

The following identity played a crucial role in their proof:

e P PP _ _ Y P _ . X4, ¥ P
(P02 2 ) —an (P 7 ) an (X 8 ).

In [7, 8], Evans and Greene expressed 3Fs-hypergeometric series as a product of
o F1-hypergeometric series over finite fields from where they deduced certain special
values of 3 F>-hypergeometric series including a finite field analogue of the Clausen’s
identity. In this paper, we prove finite field analogues of certain product formulas
satisfied by the classical hypergeometric series. In the following theorem, we express
a 4 F3-hypergeometric series as a product of two o F-hypergeometric series over finite
fields.

Theorem 1.1. Let A, B,C € F} be such that A%, B® # ¢, A2 # C, and B*> # C.
For x # 1, we have

A%, B? A2, B?
oFY ( C | 55) 2/ ( A2B2C | 55)
qAB g BC ABCcp A%, B2, AB, AB
Qs ( ABOIUDCD) oy (4 s 0 ot 4w —)

G- ( > ()9 ( Chancy { B (" B At a0 o)

x3(ABC) + 3F, ( A%, 2B, | 42(1 — a:)) 5(@0@]
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N q@ﬁ(l—x)Cﬁ(ﬁ 5(1—296)_((]—1) g( E_)(Z )E(_—x)
9(A%)g(B?)g(B*C)g(A2C) \(1 - 2)? *9(A?)g(B?)g(B2C)g(A2C)

% [(¢ = 1)6(AB)d(ABC) — ¢AB(~1)d(ABC) — ¢ABC(-1)d

(AB)]
(¢ —1)9(ABp)g(ABp)ABp(x — z°) _
 q2g(A2)9(B7)g(B2C)g(A2C) (g = 1)o(ABCp)d(ABy)

— gABp(~1)8(ABCyp) — gABCp(-1)3(AByp)).

We show that many interesting results proved by Evans, Greene, and Ono follow
from the above transformation including a finite field analogue of the Clausen’s
classical identity. We have stated Theorem [[.J] with minimum conditions on the
parameters so that certain known results can be deduced, and therefore there are
some extra terms in the formula. The extra terms will disappear if we put some
additional conditions on the parameters. For example, we have the following corol-
lary.

Corollary 1.2. Let A, B,C € F; be such that A?, B?, A2B?, A2B2C2? £¢, A2 4 C,

and B? # C. Forx # 1,1 5, we have

A%, B A2 B
2F1< o |x)2F1( A?B2C |x)
_ qAB(4)g(A%)g(ABC)g(ABCyp) . (A?, B?, AB, ABy | 42(1 — )
T (BY)g(B0)g(RC)g ) Ap ¢ ape )

If we apply (H) to Corollary [[2] we obtain the following identity satisfied by
the McCarthy’s finite field hypergeometric series.

A2 B2 * AQ, B2 *
2F1< "o |$) 2F1( 2B |$)

A%, B2, AB, AB -
:4F3( A2B2 C, AQB;D |4$( )) .

The above identity is a finite field analogue of the following identity [2 (6.1)]
satisfied by the classical hypergeometric series:

2F1(a7 g |$)2F1(a’ a+g_7 |$>

_ o, B, 2a+PB), a+B+1)

The following transformation satisfied by the classical hypergeometric series is
equivalent to the Clausen’s identity [2].

« 153 2
2F1( ’ at B+l |4$(1—$)>

:3F2( 2a, 2a2f’2ﬁ7 ai;f% | 4z(1 —:v)). (1.8)

From Theorem [[.T] we prove the following result which is a finite field analogue of

@3).
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Theorem 1.3. Let A,B € Fy be such that A%, B?>, ABp, AB,ABp # ¢. For
x#1, %, we have

A B ?  AB(4)g(B)%g(Ap)?
2F1( ABg |4I(1_I)>  qg(A%)y(B?)

A%, B2, AB 9(B)?g(Ap)*ABo(x — ?)
x 3k < 4B, ABy 41— x)) * ¢29(A2)g(B?)

We note that a finite field analogue of the Clausen’s identity was also obtained
by Evans and Greene [7, Thm 1.5]. Theorem [[3] can also be deduced from [7, Thm
1.5] by taking S = B,C = AByp, and then employing Lemma [2.3] and Lemma 2.T]

The following identity expresses a 4F3 classical hypergeometric series as a prod-
uct of two o F classical hypergeometric series [2, (7.4)].

2F1(a7 g |$)2F1(7_ﬁ7 ai_ﬁﬁ_l |l’>

_ —a— a, Fy_ﬂv l(a+7_ﬂ)7 l(a+7_ﬂ+1) —4dx
—(1—58)ﬁ 74F3( a+y—B, 2 5, 2 a—B+1 |(1—:17)2>
(1.9)

In the following theorem, we prove a finite field analogue of (LJ).

Theorem 1.4. Let A, D,E € FY be such that A?, E* A?D2E2 A?D?E? # ¢,
A2+ D?, and D? # E?. For z # 1, we have

A% E? D?E2?2, E?
2 Fy ( D2 | Z) 2 F1 ( | 2)

A’E?
_ Ez(z)(S (1-22) + ADE(4)A2D2E?(1 — 2)g(AED)g(AEDy)
q 9(¥)
< A%, D?E2?, ADE, ADEy | —4z
e A2D?E2, D2,  A’E? '(1-2)2)

If we assume 22 # 1 in Theorem [[4] then (3] yields
A2, E? : D?E?, E2 *
21 ( D2 |Z> 2F1 ( A2 |Z)
— A2, D?E?, ADE, ADEy —4z \"
= A2D2F*(1 — 2)4F, ’ — ’ = |7
(1= 2)aFs < A2DPER, D, AEF | (I z)2> ’

which is an exact finite field analogue of (L9).
The following is another product formula satisfied by the classical hypergeometric
series [2], (6.3)].

2F1<a7 5 |9C)2F1(a7 Fy;ﬂ |$>

o a, B, v—a, v—48 —z2
SR ( T3 7;1 | 4(1 - 95)) (1.10)

We prove the following result which is a finite field analogue of (L10).
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Theorem 1.5. Let A, B,C € Fy be such that A, B,C? # ¢ and A, B # C?. For
x # 1, we have

(& ie)n (MG 1) e (1)
C?,

qA(1 — 2)g(AC)g(BCy) \ <A B, Z ‘BC? | —z2 >
P(—1)C(4)g(p)g(AC2)9(B) " ° ¢z, ¢, Cp 'Mi-w

(q— VA1 - 2)g(AC)g(BCY) [a—1 _ (A, B | 2% \ o=
A—1)C)a(p)g(AC)g(B) [ g F< c? '4(1—90))5(“)5(30@)

A, B, BC?, —a? — A, B, Ac?, =~ —a? —
( CQ O(p | 4(1—1‘)) 5(AO)_3F2 C«Q7 C |4(1_x)>6(BO<P)]

(g —~ 1Al - 2)C(z®)C(1 — z)
q9(A)g(B)g(BC?)g(AC?)
—qAC(=1)8(BC) + (¢ — )p(1 — 2)6(ACp)6(BCp) — ¢BC(=1)p(x — 1)6(ACy)
— qAC(=1)p(z —1)3(BCyp)).

[(q — 1)6(AC)3(BC) — ¢BC(—1)3(AC)

If we put some additional conditions on the parameters in Theorem [LHl we
readily obtain the following identity.

Corollary 1.6. Let A,B,C € F; be such that A,B,C?% A2C?,B2C? +# ¢ and
A, B # C?. For x # 1, we have

o (g e)on (MG 1) - qA<B(> %;T(Z( ;%C_;f)‘s@j)

q(p(—l)U(ZL)Z(l—x)g(ZC’)g(ECtp) P (A, B, AC?, BC? | —x2 >
9(p)g(AC?)g(B) B e op laaog

If we assume x # 2 in Corollary [[L6] then (LH) yields

A, B . A, C?B .

oI ( o2 |£C> oI ( o2 |£C>
— A, B, AC? BC? —z? \"
_A(l_””)4F3< c?, ¢, Cyp |4(1—:17)> ’

which is an exact finite field analogue of (LI0).

1.2. Special values of Gaussian hypergeometric series. Finding special val-
ues of Gaussian hypergeometric series is an important and interesting problem.
Special values of Gaussian hypergeometric series play an important role in solving
many old conjectures and supercongruences. Many special values of o F1- and 3Fb-
Gaussian hypergeometric series are obtained by using different techniques (see for
example [1} 3] 4} [8l 13}, 14 [15] 20, 21, 22]). Finding values of Gaussian hypergeo-
metric series containing arbitrary characters at specific values of the argument is a
difficult problem. In this article, we have used our product formulas to find special
values of 4F3- and 3Fbs-hypergeometric series. In the following theorem, we find
special values of 4 F3-hypergeometric series at general values of the argument.
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Theorem 1.7. Let ¢ = 1 (mod 4). Let A € F} be such that A*> & {e, ¥, X4,X1}-
For x # 0,1, we have

i A27 A2(p7 A2X4a A2ﬂ (1 — 7z — ﬁ(p(Q)
(1) afs < arp, 4 o %0 )> 9(9)g(A2x4)g(A2x4)
y (1 +90(21 —x)) (1 —i—;(:v)) (F(l VT =a) + A8l — m))
— — A%p(2) A%p(2)AS(z — D)g(p) . ( 1 -2z
g (A4(1 V) A \/E)) - q9(A%x4)g(A%x4) ’ ((1 — w)2> ’
y A2, A2p, A%y, A —da ) _ A%p(2)
10 afs ( PO (1- 33)2) 9(0)g(A2x4)g(A2x4)
1+ (1 —2)(1+¢@*—2) (— 1 — 1
« ‘ <A4(1+ _1_x)+A4(1_ 1_I)>

X <F<1+1/%> +ﬂ(1— xi1>)
B A2<p(x)ﬂ<p(2)A4<P_($ — 1)9(‘%’)6(1 —2?).
q9(A*X4)g(A%X4)

We note that the above formulas are well-defined. Since ¢ =1 (mod 4), z—11is a
square if and only if 1—2 is a square. In (i), if z or 1—2 is not a square, then the term
containing the product (1+ ¢(z))(1+ ¢(1 — z)) will disappear. In (ii), if z or 1 — 2
is not a square, then the term containing the product (1 + ¢(z% —z))(1 + (1 —x))
will disappear.

Putting z = % in Theorem [[.7] (i) we find the following special value of a 4F;-
Gaussian hypergeometric series.

Corollary 1.8. Let ¢ =1 (mod 4). Let A € Fy be such that A% & {e, ¢, x4,Xa}
We have

4F3 < A27 A2SD7 A2X47 A2ﬂ | 1> - _ 9(‘%’)_
Alp, A% o a9(A%x4)g(A2x4)
1 _ _
— |2+ A% (14+V2) + A% (1 =2}, ifg=1 (mod 8);
+9 9(0)g(A%xa)g(A%x4) { ( ) )}
0, if ¢ =5 (mod 8).

In [20], Ono found several special values of 3 Fj- and 3F»-Gaussian hypergeo-
metric series containing trivial and quadratic characters as parameters by counting
points on CM elliptic curves. We find the following special value which generalizes
a result of Ono.

Theorem 1.9. Let A € IEQ; be such that A%, A # e. Then we have
m(A%AS Al N A256)9(A°)°g(A5) [(A%) | (A%\)
32 A8, A | =8 = 49(A2) A2 + A2

A(4096) g—1

TP A(4096)(2)g(A20)g(A%)5(A*p).
Putting A = x4 in Theorem we readily obtain the following special value
obtained by Ono [20] when ¢ =1 (mod 4).
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Corollary 1.10. Let ¢ =1 (mod 4). We have

a7 2 2129

Using our product formulas, we next find special values of 3F,-hypergeometric

series at t = —1 and = = %, respectively. We note that these two results were also

proved by Evans and Greene, see for example [8, Thm 1.3 & 1.4].

Theorem 1.11. Suppose that C is a multiplicative character whose order is not
equal to 1,2,4. Then for ¢ =1 (mod 8) we have

1 .
) ZfCX47éD;
-1) =1

1

®; 02907 Cy
3t 2 _
p + q—QRe(J(D,w)J(Dm,cp)), if Cxa = D2.

c? C

Theorem 1.12. Suppose that C is a multiplicative character which is a square and
its order is strictly greater than 4. Then we have

C(4) ,
B _ =11 (mod 12);
. (C, 037 C | 1)_ q if q (mo )5
342 2 — | =
C*, Cp' 4 Cc4 — .
g O g+ 2Re(I(Coxa I (Cxa))]) i g = 1 (od 12),
In the following theorem, we find values of 3F5-hypergeometric series at z = —8.

Theorem 1.13. Let A € F; be such that A%, AS # ¢ and A* # . Then we have
-1 _

(0 R 1) () () ()
1

A A q—1(A2 A% A2 o —
Aol () on( T )o

1(p) (A2 (a—Dglp) (A2 —~
- T a —_— = I e——— e 6 A4 .
#(50) (51) -~ g () 1@+
We remark that Corollary[[.10 also follows from Theorem [ I3 by taking A = x4.

We also show that the following result of Evans and Greene [7, Thm 1.9] follows
from Theorem

Theorem 1.14. Suppose that A is a multiplicative character whose order is not
equal to 1,2,3,4,6,8. Then we have

o, A% A? 1 A2(4)J (A2, A%) 9 2 9 9
F — |8 )=+ —F7—F—|J(4°, A J(A* A .
o < At At | q - q2J (A2, A2) (A% A7+ T(A%, ApY]

In the following theorem we find values of 3F»-hypergeometric series at = = 4.

Theorem 1.15. Suppose that S is a multiplicative character which is a square and
its order is strictly greater than 4. Then we have

S35, S%p ) ©(—1)5(16)
F 2y Ty = T2
° 2< sS4, 82 | q
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< == [ O ifq=11 mod (12);
D L)+ (O] vamr maom

We note that the above result was also proved by Kalita and the second author
by counting points on certain algebraic curves over finite fields, see for example [3]
Thm 1.7]. Here we present a different proof using our product formulas.

2. NOTATION AND PRELIMINARIES

We first recall some definitions and results from [I3]. Let § denote the function
on multiplicative characters defined by

1, if A is the trivial character;
6(A4) = { 0, otherwise.

We also denote by ¢ the function defined on F, by

1, ifz=0;
5(‘75)_{ 0, ifx#0.

The binomial coefficient (g) defined in (I2)) satisfies many interesting properties.
For example, we list the following from [13]:

<?> - (j) - _71 + %5(14); (2.1)

(Z) __ACD g<S(A); (2.2)

q q

(g> (j) = (g) (j%) - qq—_le(—l)é(A) + qq_z LAB(-1)8(BT).  (23)

We next recall some properties of Gauss and Jacobi sums. For further details, see
[5]. Let ¢, be a fixed primitive p-th root of unity in C. The trace map tr: F, — F,
is given by

and

tr(a) = a+aP+aP 4k a?
Then the additive character 6 : F; — C is defined by

For x € Fy, the Gauss sum is defined by

g(x) =Y x()0(x).

z€F,

We let T' denote a fixed generator of IEQ;.
Lemma 2.1. ([13, (1.12)]) If k € Z, then
g(T*)g(T™F) = ¢T*(=1) = (¢ = D)§(T").
Lemma 2.2. ([11, (17)]) For A € IEq; we have
L A(=1g(4)

_ _(@-1
gd 4 g A
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Lemma 2.3. ([13] (1.14)]) For A, B € F; we have

4, = 29

Using Lemma 23] we can re-write the binomial coefficient in terms of Gauss
sums as follows.

+ (¢ —1)B(—1)d6(AB).

Lemma 2.4. IfA B¢ ng; then we have
(A) _ BENgWg(B) | a=1s 4
B q9(AB) q

The orthogonality relation for multiplicative characters is given in the following
lemma.

Lemma 2.5. ([I3, (1.16)]) If z € F)* then we have
> x(@) = (g—1)5(1 - a).
XEFy
Another important product formula for Gauss sums is the Davenport-Hasse re-
lation.

Lemma 2.6 (Davenport-Hasse relation [17]). Let x be a character of order m on
Fx, for some positive integer m. For character A on Fy we have

m—1 m—1
[T 9(4) = g(A™) A (m) TT 9(x")-
1=0 =1

We use Davenport-Hasse relation for m = 2,3,4. When m = 2, we have the
following identity.

Lemma 2.7. For A € F;, we have

9(A)g(pA) = g(A%)g(p)A(4).

For m = 3, we have the following lemma.

Lemma 2.8. Let x3 be character of order 3. Then for A € IE;E, we have
9(A)g(xsA)g(xzA) = 9(A%)g(xs)9(x3) A(27).

For m = 4, we have the following lemma.

Lemma 2.9. Let x4 be character of order 4. Then for A € F/q;, we have
9(A)g(xaA)g(pA)g(x3A) = 9(A")g(xa)9(0)g(x)A(256).

Lemma 2.10. ([I3} (1.8)], [I8, Thm 2.2]). For A, B,C,D € Fy we have

qfll Z 9(Ax)g(Bx)g(CX)g(DX)
x€Fy
_ 9(AC)g(AD)g(BC)g(BD)

9(ABCD) +q(q — 1)AB(-1)0(ABCD).
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Lemma 2.11. [I1} Thm 8.11] Let A € Fg be such that A # ¢, . For x € F, we
have

oF) [ 4, ’?ps" |x] - <1+Ts"($)) (F(H\/E)Jrﬁa - \/E)). (2.4)

We remark that the formula (24) is well-defined and the value of the hypergeo-
metric series will be equal to 0 if = is not a square. We now recall three transfor-
mation formulas of Greene.

Theorem 2.12. [I3, Thm. 4.4 (i), (ii), and (iii)] For A, B,C € F§ and x € Fy,

(i) 2F1(A’ s |:c>:A(—1)2F1(A’ - |1—:v>

+ A(=1) (ZBC) 51— ) — (g) 5(z),

(i) 2F1(A’ p |:v> ZC(—l)Z(l—x)2F1<A’ OCF |%>
+ a1 4p,)a0 - o)
(4 2 ) 215

+A(-1) <ZBC) 5(1 — x).

Lemma 2.13. For A,B,C € F/q; and x € Fy such that x # 0,1, we have
A, B _ — A AC 1
o1 (8 1e) = o awen (45 11)).

Proof. Using Theorem [Z12 (i) and (ii) we have

A, B — A B xz-1
Again using Theorem 212 (i) in ([Z35]) we complete the proof. O

The following lemma gives values of McCarthy’s finite field hypergeometric series
at r = 1.

Lemma 2.14. For A,B,C € ﬁq; we have
T ( A, Jg | 1) _ 9(AC)9(BC) | (g - 1)’43(:1)5(,436).
9(C)g(ABC) — g(A)g(B)g(C)
Proof. The proof follows directly by using (L4) and Lemma O

To deduce the special values obtained by Evans and Greene from our product
formulas, we need to use the fact that A(—1) = —1 if A is a non-square character.
In the following two lemmas, we prove this fact. We do not know if the result
already exists in the literature.

Lemma 2.15. Let A € F} be of order m > 1. Then A(=1) = —1 if and only if m
is even and %1 is odd.
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Proof. Let g be a generator of the cyclic group Fy. Since m is the order of the
character A, therefore A(g) = (, a primitive m-th root of unity. We have A(—1) =

A(g%) = g‘%. Suppose that A(—1) = —1. Then (—-1)™ = A™(-1) = 1, and

hence m is even. Also, (‘= = A(—1) = —1 = (% . This gives —1 =% (mod m),
and hence % = 1 (mod 2) or equivalently q; is odd. Conversely, if m is even
and == is odd then % = 2 (mod m). Hence, -1 = (7 = Cq%l. This implies
that A( 1) =-1. O

Lemma 2.16. If A € F; is not a square, then A(—1) = —1.

Proof. Let m be the order of the character A. Then G = (A) is a cyclic subgroup
of F; of order m. Since A is not a square character, so A% is not a generator of

G. This implies that ged(2,m) = 2, that is m is even. We next prove that &=

odd. Otherwise, F; will have an element of order 2m, say B. Then we must have
(A) = (B?). This is a contradiction to the fact that A is not a square. Hence %1
is odd. Using Lemma [2.15] we complete the proof of the lemma. (]

3. PROOFS OF THE PRODUCT FORMULAS

In this section we prove the product formulas satisfied by the Gaussian hyperge-
ometric series. In [23] we defined a finite field analogue of the classical Appell series
Fy, and proved several identities satisfied by Fj over finite fields. Our work on
Appell series Fé\ plays a crucial role in the proofs of the main results of this article.

For A,B,C € F} and z,y € Fy, we define the finite field analogue of Appell series
Fy by

Fy(A;B;C,C'5z,y)*

1 g(AxN)g(Bx\)g(Cx)g(
C (g—1)? Z 9(A)g(B)g(C)g

"NgNgx)
)

X(2)A(y)- (3.1)

X AG]FX

n [23, Theorem 1.2], we expressed finite field Appell series Fy as a product of
McCarthy’s o Fi-hypergeometric series under the condition that A, B,C # . To
deduce some interesting special values of Gaussian hypergeometric series from our
product formulas, we need to allow C' = . In the following theorem, we restate
Theorem 1.2 of [23] and present a brief proof.

Theorem 3.1. Let A, B,C € F be such that A,B # ¢, B+# C, and A # C. For
x,y € Fq with x,y # 1, we have

F <A; B;C, ABC; e Y )>
y

B A, B z \* A, B y \"
—2F1( C |_1—x> 2 F4 ABC |_—1—y>

 PAC(-1)BC)A( - 2)B(
9(A)g(B)g(C)g(ABC)

H
|
D
SN

3
=y
N
W
Q



CERTAIN PRODUCT FORMULAS AND VALUES OF HYPERGEOMETRIC SERIES 13

Proof. The result holds trivially if zy = 0. Therefore, we assume that both x and
y are nonzero. From [23, Thm 1.1] we have

L:=A(1 - 2)B( - y)Fs (A;B; CABT = T y>)

X, A ¥, B ’
q—12 2 2F1( AgCH) zFl(dj CX|1>

P, XEF

Lemma 2.14] yields
[ 3 g(ABCX)g(BCY) q(q—l)wa(—1)5(CwB_x))
( 9(ABC)g(CyBx) 9(X)9(Av)g(ABC)
y (g(_wg(BUX) q(qg — 1)Byx(=1)d (BXC_W)
g( ) 9(1)g(Bx)g(C)

. 9(A9)g(Bx)g(X)g ()¢ (—)x(~y)
9(A)g(B)
1 9(ABCX)g(BC%)g(C)g(BCx)g(Av)g(Bx) (3.2)
(q—1)* 2= g(A)g(B)g(C)g(ABC)g(CvBx)g(BxCY) '
< g(X)g (W) (—2)x(—y) + a1 + a2 + as
where
o — A1) 1 9(C¥)g(BCX)g(Bx)g(¥) DB
V= AN 2 g B)g 019 (4B 0 g( BT N ECT)
o — B(_1)_1 9(ABCX)g(BCY)g(Av)g(X) 2\5(BCT
= BN X BB BoriaD) )
U (=2)x(~y)d(BCxY)3(BCYx)
az =q“A .
A D T (BB 0)

The above terms are nonzero only when Y1 = BC. So, after putting ¥ = BCv
and using the fact that g(e) = —1, we obtain

q 9(CY)g(C)g(4)g(v)

o =—A-1) = a g(A)g(B)g(C)g(—BC)BC(y)w(wy)a (3:3)
oy 4 9(AY)g(A)g(BCY)g(BCY) — .
D M e B A

 PABCNBC(y)
' A BaBO0) 2=

In case of a3, Lemma 2.5 yields
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Using Lemma [Z.7] and Lemma we have

| — _CAC()BC)( —ay) | ¢ AC(-1)BO(y)C(ay)
SA)g(B)gC)g(ABC) | g(A)g(B)g(C)g(ABC)
¢AC(-1)BC(y)  q(¢—1)A(=1)BC(y)

t BT AE) ~ A B TeaBe B9

From ([B.2) we have

1 ) g(ABCX)g(BCv)g(Cp)g(BCx)g 9(A¥)g(Bx)
(a-1)?% 2 9(A)g(B)g(C)g(ABC)g(CyBx)g(BxCp)

x g(X)g(D)Y(=x)x(=y) + B+ a1 + a2 + as,

where
~ BC(=1) < g(AY)g(A)g(BCip)g(B
h= (q—1)? zw: 9(A)g(B)g(

)
Using Lemma 2] on g(C¥Byx)g(BxC%) we have

_ BC(-1) > 9(ABOX)g(BC)g(C)g(BCx)g(A)g(Bx)
q(g—1)* £~ 9(A)g(B)g(C)g(ABC)
Xy#BC
()@) ()() ﬂ+a1+a2+a3
—1) — g(A 9(BC)g(C1p)g(BCx)g(Atp)g(Bx)
o Z BB e (37
x g(X)g(V)¢(x)x(y) + —ﬁ + a1 +az + as.

(=

Employing Lemma 2T on g(C%)g(Cv) and g(1)g(1) we have

23 gAw 9(A)g(BOG)g(BCw) L
B="" Z (A)a(B)a(Crg(dB0)  PCWW@y) = f1= P2+ Bs,
(3.8)
where
_ qBC(=1) — 9(A¢)g(A)g(BCY)g(BCY)BC (y)p(xy)
T o(A)a(B)g(C)g(ABC) vimey)
_ gBO(=1) — 9(A¢)g(Ap)g(BCY)g(BCY)BC (y)p(zy)
R TIT 2 o(A)g(B)g(C)g(ABC) o)
B 9(A¢)g(A)g(BCP)g(BCY) BC (y)¢(xy)
fa= BOCD 2 o(A)g(B)g(C)g(ABO) )

Since f3; is nonzero only when ¢ = C, so after putting 1 = C and then using
Lemma [ZI] and the fact that B, AC # ¢, we obtain

¢*AC(-1)BC(y)C(ay)

(¢ —1)g(A)g(B)g(C)g(ABC) (3.9)

pr =
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Similarly,
_ PAC(-1)BC()
P2 = (T D)g(A)g(B)g(C)9(ABO) (3.10)
and
_ PAC)BCW)
%= S e(BgC)9(aBT) (311
Putting (3.8) and (BEI) into (B we obtain
[ BC(= Zg (ABCX)g(BC%)g(C)g(BCx)g(A)g(Bx)
g1 9(A)g(B)g <c> <ABC>
% 9@ @xw) - L 2p — T g T g o tas (312)

Multiplying both numerator and denominator by g(BC)g(EC), and then using
Lemma 2T and (4] we have

A, BC * B, BC *
L=2F1( ’ c |$) 2F1( ABC |y>

-1 1 _
B Sy,
q q

Using Theorem 212 (i) in ([3:13)), and then combining ([B.5), (3:6), 3:9), (I0) and
BI0) we find that

r=Au-oBa-nen (M LIS o (P e 11
_ ?AC(=1)BC(y)d(1 — zy)
9(A)g(B)g(C)g(ABC)

Finally, multiplying both sides by A(1 — z)B(1 — y) we complete the proof of the
theorem. (]

1
B3 + a1 + as. (3.13)

In the following lemma, we re-write Theorem BIlin terms of Greene’s finite field
hypergeometric series.

Lemma 3.2. Let A,B,C € Fy be such that A,B #¢, B# C, and A # C. For
z,w € Fyq such that z,w # 1 we have

A, B A, B
A(* 2 (" 1

= A(q_gl()ggf()gg;(%c )F4 (A; B;C,ABC; z(1 — w),w(1 — z))*
qB(—1)A(1 — 2)BC(w)C(1 — w) l1—w-—=z
e (T )

Proof. Using ([L3]) in Theorem [B1] we have

A, B x A, B Yy
2F1( C |_1—:v>2F1< ABC |_1—y>
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(o) Care) * 1+ (w007 =5 ritr=5)

¢*AC(-1)BC(y)AQ —x)B(1 —y) ... )
9(A)g(B)g(C)g(ABC) J(1 y)] . (3.14)

Applying Lemma 2.4l and Lemma 2.1} and then putting z = == and w = % in

BI4), we complete the proof. O
We now present a proof of our main product formula Theorem [I.1]

Proof of Theorem [l The result is trivially true if x = 0. So, we assume that

x # 0. Let
A2, B2 A2, B?
LZ:2F1< C |£L')2F1( AQBQU |$>

Using Lemma B.2] we have

_ 9(B*)g(C)g(A2B2C) 2. B2. 0 A2B2C- 2(1 — 2). 2(1 — )
= qg(ﬁ)g(mé)g(EC)F“ (A% B% 0, A’B*Ca(1 — 2),2(1 —2))" + I,
(3.15)
where
~ qCA2(1—2)CB2(2) 1—2z
h_gwﬂmﬁﬁmB%MM@Cf(ﬂ—$V> (310

Now employing (3.1)) into ([B.I5]) we have

Z g(A*xN)g( BQXA@ X)9(A?B2CR)g(N)g(X)
A2)g(B?)g(B2C)g(A%C)

q—l Az —2?) + 1h.
X)\G]FX

The change of variables y — XX yield

Z 9(A*X)g(B*x)9(CxN)g(A2B2CX)g(N)g(x))
AQ) (B2)g(B2C)g(A%C)

x(z —2?) + 1.

Using Lemma m we have

B 9(A%X)g(B*x)g(A?B?x)g(A2B>Cx)g(Cx)g(X)
b= (q—l Z

— 2
9(A2)g(B2)g(B2C)g(A2C)g(A2B?\2) x(z —2%) + I + I,

q

(3.17)
where
o GADG (BN ~ o) oy
= L e mgmogre) )
— o) [Q(AE)Q(ZB)E(CC — ) +9(ABp)g(ABo)ABo(x —2%)] 5

9(A2)g(B?)g(B>C)g(A2C)
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The last equality is obtained by putting x = AB, ABy. Now using Lemma [Z.2] in
BID), we have

Z g(A%y) x)g(C_x) (A2B2x)g(A?B>Cx)
A?)g(B?)g(B2C)g(A%C)

xEFX
g(A2B2x*)g(X)x(x — a®) + L + I — I, (3.19)
where
2 2 OV a(A2B2 V) a( A2 B2C%) o(¥ 2
I — % 5 9(A%x)9(B*x)g(Cx)g(A2B2x)g(A* B> CX)g(X)x(z — = )6(,4232;(2)

¢ = 9(A%)g(B?)g(B*C)g(A20)

—2?)
2g(A2)g(B?)g(B2C)g(A2C)
(¢ — 1)g(ABp)g(ABp) ABp(x — 2?)
A T e (B2 g (B0
x [(q - 1)5(AB@0)6(AB<p) — qABp(—1)3(ABCyp) — qAB&o(—l)é(Af(?so)] )-
3.20

[{(¢ = 1)6(AB) — ¢AB(-1)}6(ABC)

The last equality is obtained by putting x Z_E, ABy and using Lemma 21
on g(AB)g(AB), g(ABC)g(ABC), g(ABy)g(ABy) and g(ABCp)g(ABCy). Now
using Lemma 27 on g(A%2B%\?), (13:[9]) reduces to

3 9(A°x)g(B>Xx)9(Cx)g(A>B>x)g(A* B>CX)g(ABX)
q—1 = AQ) (B%)g(B>C)g(A2C)g(¢)

x€F;

x g(ABox)g(X)x(4x — 422) + I, + I — Is.
Multiplying both numerator and denominator by ¢*g(A2)g(ABC)g(ABCyp) and
then rearranging the terms we have
_ 2 AB(4)g(A7)g(ABC)g(ABCy)
(¢ —1)g(B?)g(B*C)g(A2C)g(p)
.S <9(A2x)g(@x(—1) L 9BP)g(A2B7x)x(-1)  g(ABx)g(Cx)Cx(~1)
q9(A?) q9(A?) q9(ABC)

X€EFy

L 9(ABpx)g(A2B2CX)Ox(—1

)X(4$ - 4552)) +6L+1L—1Is.

q9(ABC)
Lemma 2 yields B
B ?2{31() )( (/1)2)(;135)02,4—(/”;6; ; EF; <AXX> <<A£<X> — 15(ABO))
(Af; ) ((Aélgfgx) - &5 ABC@)) x(dx —42®) + I + I — I5.

Uslng ([ED we have
_ qAB(4)g(A?)9(ABC)g(ABCyp) A% B CAB, ABp 0
9(B)g(BO)g(A0)g(p) '\ A’B% C, A’BTC
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_ (g=1)AB(4)g(A?)g(ABC)g(ABCy)

9(B?)g(B2C)g(A2C)g(e)

(" B ity 1s0-2) 8(450)

+ 3Fy ( AQ’ Al;;’z AB | 41‘(1 — LL‘)) 6(@09@)} + I + I, — Is.
(3.21)

Finally employing B16), BI8)), and B20) into B321)), we complete the proof of
the theorem. g

X |:3F2

We now state a special case of Theorem [[.T]which will be used to prove Theorem
[L3land to derive certain special values.

Corollary 3.3. Let A, B € F} be such that A%, B2, AByp # €. For x # 1 we have

A2, B? 2 AB(4)g(A2 A2, B2, AB
2F1< : x) :LM%FQ( B |4x(—))

ABy 9(B?)g(ABp)* A°B%, ABy
9(ABp)g(ABP)g(ABY) = 5\ aAPBo(1 —2)ABy(x) o ( 1- 22
e et =)+ U e e ()
(0= Dol VgD AB B —2)

15429 (B)g(AB)?
(¢ = 1)g(ABp)AByp(x — 2*)
o)D)y ABy) ) T aAReL

Proof. The result is trivially true if z = 0. So, let  # 0. Putting C = ABy in
Theorem [[LT] and using the fact that g(¢) = —1 we have

A2, B2 ?
2 b ( ABy |x)
_ gAB(4)g (A2) A2, B2, AB, ABy o1 — 2
- g(BY)yg (ABw)z_F ( A2B?, ABy, ABy | 4z(1 >>
n (g—1)AB(4)g( 2)3F2 ( A%, BZ?, AB | da( :v))

@)Q(AB@Q A’B?, ABy
OB A Bite) (1220 ) | o WG B,
9(A?)g(B?)g(ABp)?  \ (1 —x)? qp(—1)g(A?)g(B?)g(ABy)>
(0= Dg(ABYABiplw =) oo
i e iy ABE) +aABe(-1)], (3.22)

Using (L3) and (21 we have

QAB( ) ( ) A27 B27 AB7 AB
AR n (Y B A e 1as0-o)
_ _ABWg(A) 3 F ( A2, B?,  AB

( 23

 9(B?)g(ABy) A2B%, AByp |4“’(1—I>>—flv (3.23)
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where
_ gAB(4)g(4?) A2\ ( B?x [ ABx .
= BB é; ( X ><A2B2x> <AB<px>X(4 4")3(AByx)
_ _g(ABS’;)g(ESD)g(AEQP)EQP(x _ 1'2). (324)
q%9(B?)g(A?)g(ABy)

The last equality is obtained by putting x = ABp, and then using Lemma [2.4] and
g(e) = —1. Finally, combining (3:22)), (3:23)) and ([B.24]), we complete the proof. O

Proof of Theorem [L.3. From [12] (4.33)], we have

Az, B2 - B(—l)g(Bz)g(AEQQ) A, B
F< ABg "’”)‘ 4(B)g(Ay) F< ABg

| 4z(1 — a:)>
(3.25)
Using the given conditions = # 1, % and AB, ABy # ¢, Corollary B3] yields
A2, B2 )2 gAB(4)g(A2) ( A2, B?, AB )
F ’ X = —— - JF ’ ¢ 4r(l —x
2 ( ABy | g(BQ)g(AB<p)23 2 A2B2, ABy | 4a( )

g(ABsi)g(Ecp)g(AFso)E@(w _ %)+ (¢ = 1)g(ABp)AByp(z — z?)
q429(B?)g(A?)g(ABy) q9(A?)g(B?)g(AByp)

ABp(—1).
(3.26)

Combining ([B25) and ([B26]), and then employing Lemma 2] we complete the
proof. O

Proof of Theorem[I.j} The result is trivially true if z = 0. Let « # 0. Putting
C = D? and B = DE in Theorem [T, we have

A%, D?E? A% D?E?
2F1< C 2 |$)2F1( F? Ix)
A%, D?E2?, ADE, ADFEyp
= k3 ( A2D?EZ. D2 A2E2 | (1 - x))
" qADE(4)g(A2)g(AED)g(AEDy) qA2D2%(1 — z)E?(x) < 1—2z
( .

oD I EDNp) oD (DD) N 7

Using (L) we find that

A%, D?E? A?, D%E?
2F1 ( ’ D2 |{I,') 2F1 ( AQﬁ |(E

DYE?\ [ A2 \"' (42 D?E? D?E?, A2
= (o) (o) o (1 %08 12) o (7 i 1)
_ g(D*E?)g(E?) A% F? x )

 g(A2)g(A2D2) p* 13T

272 2
><2F1< D°B%, B L) (3.28)

A2D2E%(1 —z) o} (

A?E2? |£C—1
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The last equality is obtained by using Lemma 2 4]and Theorem [2.12] (ii). Now using
B28) in (327) and Lemma [2.1] we have

A% E? T D?E? E? x
F ’ — | o F} ’ — | —
21( D2|x 1)2 1( 4232'517 1)

_ ADE(4)A?D?*E2(1 — 2)g(AED)g(AEDyp)
9(»)
A%, D?E?,  ADE, ADEy
x 4F3 < A2D2ﬁ’ D2, A2ﬁ | 4:E(1 - :E))

)

Finally, putting z = we complete the proof of the theorem. ([

o1
Proof of Theorem[L.3. The result is trivially true if z = 0. So, let = # 0. Let
A, B A, C°’B
L2=2F1< |£L')2F1( 02 |$>
Using Theorem 212 (i) and (ii) we have

— A, B A, B 1
Employing Lemma B2 into ([3:29)) yields
A1 — 2)g(B)g(C?)g(ABC?

L= = )F4 (A;B;CQ,ABCQ; x—, 1) + 1, (3.30)
q9(B)g(BC?)g(AC?) z—1

where

JAB(-)FB(1 - )07 (x
9(A)g(B)g(AC?)g(BC?)

Using 1) in (330) we obtain

A(l—x) 9(AxN)g(BxA)g(C?x)g(ABC?*X)g(N)g(x) [ a*
q(qg —1)? Z g(A)g(B)g(BC?)g(AC?) X< 1> e

I =

)5(96_2). (3.31)

r—1

Li

XH,AEFR

Using Lemma yields
_ A2 2 ~ 2
;- Al0-a) 54 (AX)g(Bx)9(C*x)g(AC*x)g(BC>X)g(X) ( @ )+Il+12,

wa=b XGJF’; g(A)g ( )9 (BOQ)Q(ZOQ)Q(CQXQ) rz—1
(3.32)
where
2 =AB(-1)A(1l — x g_(TX)g_(Y)_ 22 50
I B(-1)A(1 )Xg; g(A)g(B)g(BCQ)g(ACQ)X (:v — 1) (C%x?)
= AABCUAL @O0 1) g gy 1), (3.33)

9(A)g(B)g(BC?)g(AC?)
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The last equality is obtained by putting x = C', C¢p, and then using Lemma 2.1 and
the fact that C? # . Now using Lemma 2.2 in ([8.32)) we have

_ AL —x) 9(Ax)9(Bx)9(C*x)g(ACx)g(BCx)g(C*xP)g(x) (2
b= ¢*(q—1) %F: 9(A)g(B)g(BC?)g(AC?) X(w—l)
+ 5L+ 1 - I3, (3.34)
where
Al — =) 9(Ax)g(Bx)g(C?x)g(AC*x)g(BC*x)g(X) 2
Iy = T XAY X)9 5(C?
e LT e (551

_ Z(l — x)U(a:Q)E(:E -1)
¢*g(A)g(B)g(BC?)g(AC?)
+9(AC)g(BC¢)g(Cp)g(ACe)g(BCp)g(Co)p(xz —1)] .

The last equality is obtained by putting x :_U, Co. Using Lemma2.JJon g(_AU) g(AC),
9(BC)g(BC), g(ACp)g(ACy), g(BCp)g(BCy), g(C)g(C) and g(Cp)g(Cp) with
the fact that C? # €, we have

(¢ = DAQ - 2)C=*)C(1 — )
q9(A)g(B)g(BC?)g(AC?)
—qBC(=1)p(x = 1)3(ACe) + (¢ = 1)p(1 — 2)6(ACp)6(BC)
—qAC(-1)6(BC) — qAC(—1)p(x — 1)6(BCy)] . (3.35)
Now using Lemma 2.7 in ([334]) we have
_ AQ - 2)0( Z 9(AX)9(Bx)9(C*x)9(AC*x)9(BC>x)g(Cx)9(+Cx)9(X)
¢*(¢—1) 9(A)g(B)g(BC?)g(AC?)g(e)

x cl L+
i@ - L2 A

Multiplying both numerator and denominator by ¢*g(AC)g(BCy)p(—1) and then
rearranging the terms we have

¢p(=1)C(4)A(1 — 2)g(AC)g(BCyp)
(g —1)g()g(AC?)g(B)

y 9(A)g@x(=1)\ [ 9(Bx)g(C2)x(-1) \ [ 9(AC?*x)g(Cx)Cx(-1)
%E:; ( q9(4) ) ( q9(BC?) ) ( AC) )
AN

Iy =1 +

[(q — 1)5(AT)5(BC) — ¢BC(~1)5(AT)

xGFX

L =

c
=2 —_— _ 2
y (g(BC’ X)9(pCx)pCx(=1 (4;_4) N 4Ty — I, (3.36)

q9(BC) )
Using Lemma 24 and the fact that A, BC? # ¢ in (3.36) we have
~ Po(—=1)C(4)A(1 — 2)g(AC)g(BCyp) Ay AC?y q—1
b (¢ - 1)g()g(AC?)g(B) ZF; (x) K Cx ) q 6<AC)}

x€elkq

By BC?y qg—1_— x?
X <C2X> |:<C(px> — —q 5(BO(/7) X —4$—4 +Il+[2-]3.
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Employing (L3) yields

B e o, (3 )
vacw@kw)—ye<‘m é; égf|zéﬁég)a20)
—ﬂE(A @7%? u&?a)aﬁmﬂ+h+h_g (3.37)

Finally combining B31)), (833), (3:33) and B3T), we complete the proof. O

4. VALUES OF GAUSSIAN HYPERGEOMETRIC SERIES

In this section, we will deduce the special values of Gaussian hypergeometric
series. We first state two results of Greene on special values of Gaussian hypergeo-
metric series.

Lemma 4.1. ([13| (4.11)]) Let A, B € IF?. Then we have
F(A’ B |_1>_{O, if B#0O;
20 AB %)+ (£9), ifB=C>.
Lemma 4.2. ([13, (4.14)]) Let A,B € IEQ;. Then we have

A (M R )= { G, Yol

Proof of Theorem[I.7]. Putting B = Ay4,C = A* in Theorem [T and then using
Lemma 2.1] we have

2 2 2 2—
4F3 ( A ’ A ®, A X4, A<PX4 |4.£U(1 —Ji))

A4<p, A4,
_ A%a(4)g(Ag(p)g(A%p)? A Ao A% A
T qg(A2)g(A2xa)g(A2xa) F( e )F< o | )
| A A (A (1 — a)gly) (12
q9(A%x4)g(A2x4) ’ ((1 - w)2) (4.1)

Using Theorem (i) we have

A% A2 A% A2
A (#5510

@
A2 A2 A2 A2

:2F1 ( ’ (;p | (1—&[:)) 2F1 ( ’ (;p |$>

CJ(A%0,A2)? (1+ (1 —2)

- - :

« (L;’(I)) (F(1+ VT=2) + (1~ VT=0) (B + V&) + A1 - V).
(4.2)
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The last equality obtained by using (7)) and Lemma 2TIl Finally, using (@2]),
(4.1), Lemma 2.3]and Lemma 2.1l we complete the proof of (i). Replacing = by %5

in Theorem [[7] (i), we complete the proof of (ii). O

Proof of Theorem[L9. Putting 2 = —1, B = A%p in Corollary and then using
Lemma 2T on g(A?)g(A2) and g(A*)g(A*) we have

A2 A5 At A(256)g(A%)2g(AS A2 AS 2

= — 4
A%, 49(A%) A
A(4096) (g—1) ,_— _
- 20 U Aoy (g (420sAte). (03)
We complete the proof by combining Lemma [Tl and (Z3). O

Proof of Theorem[L.11l Putting A = x4 and © = 1"'2—‘/5 in Corollary B3] and then
using Lemma [2.7] we have

®, B27 BX4
F |
a2 ( Bz@? BX4 | )

— — 2
_ Bae(Bg(Bxa)® o (o B 1+ V2\  Bxi(-1) (4.4)
a9() x1B 2 q
where B # €, ¢, X4, Xa. From [22] Thm. 1.11], we have
B0 B 122
X1B 2
— 0 if B+#0;
_ u@WBE9GBsbaeB) [ Gy PR
qg(p) ( )-l—( ), if B= D2. '
X4 X4

Since ¢ = 1 (mod 8), we have x4(4) = ¢(2) = 1. Now, combining ([@3]), (@), and
Lemma 2.1 we find that

2
M:—3F2<s07 B% B —1>

B%p, Bxi
0, if B£0O;
B(-1)  B(4) 2 2, (B2 ?
=- + - —9(x4)"9(Bp)°g(B?) D De if B =
q 729() Km) ' <X4 ﬂ P L():G)

When B = D? we have
=Ly 0 9(xa)*9(D*p)*g(DY) KD> - (Dw)r

7 yp) R X4 ,
__%+g(X4)g(DX42Jg(gf(3X_>3)9(D)g(D<ﬂ) K)Z) N <l>)<f>} _

The last equality is obtained by using Lemma 27 on g(D%p) and Lemma 2.9 on
g(D*). Employing Lemma 2.4] and Lemma 2.1] we find that

v = PED9(D)9(Dp)g(Dxa) |, D(=1)g(D)g(De)g(DXa) é_ (47)

7?9(Dxa) q?9(Dxa)
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Now using Lemma and Lemma [ZT] we have

= _ 99(D)g(Dx4)
J(D, )] (Dxas, ¢) = 2(Do)a(Dxs) (4.8)
Using g(A) = A(-1)g(A), @) yields
- _ a9(D)g(Dxz)
J(D, )] (Dxas, ¢) = m- (4.9)
Combining (£9), (@8], 7)) and Lemma 2] we find that
M = é + q%Re(J(D, ©)J(Dx4,¢)), (4.10)

where B = D?. By Lemma 216 we have B(—1) = —1 if B is not a square. Now,

using (L£I0) in [@6) we have

1
=, if BA0O;
3B ( 2 B227 BX4 | _1> _ q
B Bxa 1 2 —
X , Rl (D,9)J(Dxa ), i B =D
Clearly, B # ¢, v, x4, X4 if and only if BXx1 # €, ¢, X4, Xa- We complete the proof

of the theorem by putting B = C4. O

Proof of Theorem[I.12. Let S be a multiplicative character which is a square, and

let its order be strictly greater than 4. Putting A = v/ S3, B = /S and = = #
in Corollary [3.3] and then using Lemma [Z.1] we have

— _ — _ 2 _
3F2(53, s 3 1) _ S5(4)9(3)9(5%)? F1<53, S |2+\/§> 5

.5, |1

q9(S?) Sy 4 q

(4.11)
From [22] Thm. 1.10], we have
R ( 53, 5% 4 ): 5%(v/3)5(16)g(5%p)g(V'S)
S22 VB) a3 2)g(p)g(VE)
{ 0, ifg=11 (mod 12);
x < S(8)S(27)J(VE,VSBp) [( S S fo=1 (mo

J(p, S) [(X3) " (X%)} » Hg=1 {(mod 12)'(4 -

Employing Lemma 213 into [@I2]), and then using Lemma 2] we deduce from

(@110 that

wimsn (T 5 5 1) 30, oDV IE. /e
F S )T s@nS6)(s)(VER 2,52
ifg=11 (mod 12);

Q@ ot o



CERTAIN PRODUCT FORMULAS AND VALUES OF HYPERGEOMETRIC SERIES 25

Using Lemma 233 and Lemma 2] in (I3)), for ¢ =1 (mod 12), we have
M= 3@ L aSU6)S2N)g(S)g(VSPe)? K S) N (S>r _
T gse(VFrgsy L) G
Using Lemma 277 on g(\/?), and then employing Lemma 2] we find that

=S e () - ()]
Lemma 24}, Lemma 28, and Lemma 2 yield

< 212 2

M= S(;l) . _qu(x3) _y _49(x3) } . (4.14)
q 9(Sx3)9(Sx3)  9(Sx3)g(Sxs)

Using Lemma and Lemma 2.7 we have

= q9(xs)
J(8,x3) (S x3) = —c = (4.15)
9(Sx3)9(Sxs)
Using g(4) = A(-1)g(4), @I5) yields
TIQ o NT(Q qg(x§)2
J(S, x3)J (S, x3) = —==2—. (4.16)
9(9x3)9(Sx3)
Now, employing (£16), (@I5) and [@I4) into [@I3]) we have
S8 0§ 1
F B
o ( S?, S 4)
-84 if g=11 (mod 12);
~{ 5 B o (4.17)
& [q+2Re(J(S,x3)J (S, x3))]» ifg=1 (mod 12).
Using (L3)), Lemma 24 and Lemma [Z] we find that
$3,8 8 1 5, 8, 5 1
F 2 22 =L F R 4.18
32( S2, S<p|4> 32( S2, S<p|4> (4.18)
Combining ([@I7) and ([#IF), and then putting S = C we complete the proof of the
theorem. (]
Remark 4.3. By Lemma we have p(—1) = —1 if ¢ = 11 (mod 12) and

o(—=1)=11if ¢ =1 (mod 12). To deduce Theorem [[LT2 from [8, Theorem 1.3], we
need to use the values of p(—1) accordingly.

Proof of Theorem [[.13. Putting B = A,C = A* and z = 2 in Theorem [Tl we have

A2 A2 A2, A?
A (2 T ( " 5 )

_ ag(A%)g(AT)g(A%p) A2 A2 e,
o2 )g(A_><>4F3< e, oal, At | 8)
—1)g Aty A2 A2, —

iy e (T 1-s)at

§(AT) + q} . (4.19)

(g —Dg(A2)
q*g(A%)2g(AS)
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From (L3), 1) and using ([23) on (A;X) (AXX) with the fact that A% # e, we
obtain

A2 A2 ¢, q ADN (A2 [ x \ [ X
F ) ) [ _ S T/ _
43( g, A* At | 8> q—lz;(x x J \A*x) \A%x x(=8)

x€Fg

A2 A2 A% o L[y
G (M2 ) ()
(4.20)
Using (LH) and the fact that A? # ¢ we have

A2 A2 A2\ /A2 ! A2, A?
2F1< T 2)‘(%)(%) 2F1< ﬂ”)

9(A%)g(A%) A2, A2
=9 F 2. 4.21
gz 2 2
The last equality is obtained by using Lemma[24l Finally, employing (d21]), (£20),
Lemma 2Tl and Lemma 2] into ([@I9) we complete the proof. O

Proof of Theorem[I.1]] Using Lemma[2 4 and Lemma [2.T]in Theorem we have

A2, A2
b ( A4 % | _8)

3

_ 994 9(A)g(A%)g(0)g(Av) 9(A)g(A)g(Ap)g(p)
q9(A%)g(A%p)  qg(A?)g(A?)g(pA3)g(Atp) qg(AQ)g(A3)g(sﬂA3)g(A“(i)m

Now ([3)) and Lemma [2.4] yield

3F2(E’ 4% % |—8)=79(¢)9(A2))3F2< o A2 A2 |—8). (4.23)

A% g(A%)g(Ate At A
Combining [@23)) and [@22]) we have
e, A2 A2 N\ 1 g(A)g(Ayp) 9(A)g(Ap)
5 F < AT 8) R Rwy s oy vyt (4.24)
Using Lemma 23] we find that
AZ(4)J(A2, A
LS % a7+ (2,40
_ A(4) | g(APg(A%)9(A%) | g(Ap)*g(A%)9(A%)
q* g(A?)? g(A3p)?
9W9(Ap) . 9(ADg(Ap) (4.25)

T qg(A%)g(pA) | qg(AP)g(pAB)

The last equality is obtained by using Lemma 27 on g(A2) and g(A®), and then we
use Lemma 2I] We now complete the proof by combining [A25) and @24). O
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Proof of Theorem [L.14 Given that S is a character which is a square and its order
is strictly greater than 4. Putting A = S3, B = S2¢p, C = S? and z = 2+4\/§ in
Theorem [0 and using the fact that g(¢) = —1 we have

2

53, S%p _ (g —1)S(256)S(v/3 — 2)S5(2 + V3)
2F1( | ) = —
2+\f 9(S3)g(S52)2g(S)
(4= De(-1)S16)S*(V3— 2T+ 29(S) , [ B, Fyp. 5
* 9(9)9()9(5%9) F( i g '4)
| gp(-1)S(6)S (V3 - 2T (V3 +2)g(S) ,, (. Fp. 5. Ty
9(P)9()9(5%9) F< 5T '4)'

Now using ([3)) and (1)) we have

53, S%2p, S, S 1 53, S%2¢, S
aFs ( S—f S2 <P | ) = _E3F2 ( —<P =5 |4> + I,
(4.27)

where

=> ( N > <82@X) (;X>X(4)5(§sﬁx)

__e(=Dsd )<S¢)(Ssﬁ) 5(16) (9)9(S%0) _  @(=1)S(16)g(¢)
q S%p) \ ¢ 20

29(9)g(S?) q9(S)g(5%)g(S

The above equality is obtained by putting x = S%¢ and then using ([Z2), Lemma
24 and Lemma 211 By combining (£.26), ({£12), [£27), (£28) and Lemma 21|

we have
S3, S2p, §
w7 )
p(=1)S(16)g(¢p) +s@(—1)9(§)g(<p)g(§s0)g(\/5)2c7(\/§\/ﬁﬁ)2
 9(5%)9(520)9(S) 45(1024)S(27)g(S)g(V/$3)2J (¢, S)2
0, if g=11 mod (12);
x{ [

(i) i (5%)]2 ifg=1 mod (12). (4.29)

Lemma [2.3] and Lemma 2.] yield

p(=1)5(1024)5(27)9(5)9(¢)9(5%0)g (V'S) I (V'S, v/ 5%p)?
q9(S)g(V 5%)2J (¢, 5)?
_ap(= )5(1024)5( 7)9( ) ( ) (VS3p)?

A

%

_e(=1)s(1 ) ( ) ( )g( )9(53)29(@
- (57 . (4.30)
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The last equality is obtained by using Lemma 27 on ¢(vS3¢) and then using
Lemma 211 Combining (#.30) and (£29) we have

- < 5, %, S |4) __#(=DS6)g(v) | p(=1)g(S)g(5>)g(5*)*g(¢)

sS4, 52 9(83)g(S2p)g(S) ¢5(27)5(16)g(S)*
0, if g=11 mod (12);

X S AN (4.31)
[(XB) + <X§)] , ifg=1 mod (12).

Lemma 24 and (3] yield
53, S%p, S 9(5*)g(p) 53, 8, S%
E: T |4 = =53 F = 4] (4.32
(7S 1) = feeen (T s ) e
Using ([@32) in (@31) and then using Lemma 2] we have

S5, 5, S2p ) ©(—1)S(16)
F 2 Ty = TPV
° 2( sS4, 52 | q

() () ermr e

2
X3 X3
Using Lemma and Lemma 2.I] we have
J(S,9) _ 9(5)g(5%)
J(S3,5) 9(5)?
Finally, combining ([@34]) and ([@33]) we complete the proof. O

(4.34)
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