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Abstract

We study the relationship between sampling sequences in infinite dimensional Hilbert
spaces of analytic functions and Marcinkiewicz—Zygmund inequalities in subspaces
of polynomials. We focus on the study of the Hardy space and the Bergman space in
one variable because they provide two settings with a strikingly different behavior.
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1 Introduction

Marcinkiewicz—Zygmund inequalities are finite-dimensional models for sampling in
an infinite dimensional Hilbert or Banach space of functions. Originally they were
studied in the context of interpolation by trigonometric polynomials. They became
prominent in approximation theory, where they appear in quadrature rules and least
square problems, and were usually studied in the context of orthogonal polynomials.

In an abstract setting one is given a reproducing kernel Hilbert space H on a set S
with reproducing kernel k and a sequence of finite-dimensional subspaces V,, such that
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Vi € Vuy1 and Un V,, is dense in H. Each V,, comes with its own reproducing kernel
ky, which s the orthogonal projection of k. A family of (finite) subsets A,, € Siscalled
a Marcinkiewicz—Zygmund family for V,, in H, if there exist constants A, B > 0, the
sampling constants, such that for all n large, n > no,

lp()I?
Allpl = ) o= Blpl}, forallpeV,. (1
rEA, TV

Thus a Marcinkiewicz—Zygmund family comes with a sequence of Marcinkiewicz—
Zygmund inequalities, which are sampling inequalities for the finite-dimensional
subspaces V,. The point of the definition is that the sampling constants are inde-
pendent of the subspace V,,.

The diagonal of the reproducing kernel &, furnishes the most natural choice of
weights and goes back to the corresponding notion of interpolating sequences in
reproducing kernel Hilbert spaces studied by Shapiro and Shields [26]. The weights
are intrinsic to the underlying spaces V;,. Another hint for using &, comes from frame
theory: Since p(z) = (p, k,(-, 2)) for p € V,, the sampling inequality amounts to
verifying that the normalized reproducing kernels k, (-, 1) /k, (A, A)'/? form a frame
in V, all whose elements have unit norm in .

Marcinkiewicz—Zygmund inequalities have been studied in many different contexts,
e.g., for trigonometric polynomials [6,22], for spaces of algebraic polynomials with
respect to some measure [14,15], for spaces of spherical harmonics on the sphere
[16,17,19], for spaces of eigenfunctions of the Laplacian on a compact Riemannian
manifold [21], or even more generally for diffusion polynomials on a metric measure
space [7]. In sampling theory Marcinkiewicz—Zygmund inequalities can be used to
derive sampling theorems for bandlimited functions [8,9].

In this paper we initiate the investigation of Marcinkiewicz—Zygmund inequal-
ities for polynomials in spaces of analytic functions. As the reproducing kernel
Hilbert space we take either the Bergman space A%(D) or the Hardy space H? (D)
of analytic functions on the unit disk ID. The natural finite-dimensional subspaces
will be the family of the polynomials P, of degree n. In this context it is clear
that an arbitrary set of at least n + 1 distinct points yields a sampling inequality
AlpI? = Ysea PP ka(h, 2)7" < Blpl3, for all p € P,. The objective of
Marcinkiewicz—Zygmund inequalities is to construct a sequence of finite sets A,,
such that the constants A, B are independent of the degree n. The game is therefore to
diligently keep track of the constants and show that they do not depend on the degree.

We will see that this problem is deeply related to sampling theorems for the full
space A2 or H?. We say that A C S is a sampling set for 7, if there exist constants
A, B > 0, such that

Al =Y IO _ pirig, forall f e M @)
Tk n) T " ’

where now k(z, w) is the reproducing kernel of . In our case H = A%(D) or =
H*(D).
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Both the Bergman space and the Hardy space are reproducing kernel Hilbert spaces,
in which the polynomials are dense and k,, (A, ) — k(A, A) pointwise. However, the
underlying measures are different, and as a consequence the reproducing kernels and
the implicit metrics are different. We will see that these differences imply a drastically
different behavior of Marcinkiewicz—Zygmund families. In the Bergman space the
points of a Marcinkiewicz—Zygmund family will be “uniformly” distributed in the
entire disk, in Hardy space the points will cluster near the boundary of the disk. The
concentration will depend on the degree. It will therefore be practical to introduce
a notation of the relevant disks and annuli. For a fixed parameter y > 0, we will
write

Bl_y/nz{zeD:|z|<1—%}=B(0,1—%) 3)
for the centered disk of radius 1 — %, and

Cym={zeD:1-L <z] <1}. )

for the annulus of width y /n at the boundary of D.

Our main result for the Bergman space A%(ID) with norm || f ||1242 = % plf@ |?dz,
where dz is the area measure on ID, establishes a clear correspondence between sam-
pling sets for A%(D) and Marcinkiewicz—Zygmund families for the polynomials P,

in A2 as follows.

Theorem 1.1 (i) Assume that A C D is a sampling set for A2(D). Then for y > 0
small enough, the sets A, = AN Bi_, , form a Marcinkiewicz—Zygmund family for
P, in A2(D).

(i1) Conversely, if (Ay) is a Marcinkiewicz—Zygmund family for the polynomials
P, in A2(D), then every weak limit of (A,,) is a sampling set for AZ(D).

See Sect. 2.5 for the definition of a weak limit of sets. The theorem shows that the
construction of Marcinkiewicz—Zygmund families for the Bergman space is on the
same level of difficulty as the construction of sampling sets for A%. Fortunately, these
sampling sets have been characterized completely in the deep work of Seip [23,24].
Sampling sets are completely determined by a suitable density, the Seip—Korenblum
density. As a consequence of our main theorem, one can now give many examples of
Marcinkiewicz—Zygmund families for A2,

By contrast, the Hardy space does not admit any sampling sequences. By a theo-
rem of Thomas [27] (Props. 2 and 3), a function f € H?*(D) satisfying A||f||i,2 <
Yren [FOIPk(, 2)~1 < B fI13,, must be identical zero. Therefore there can be
no analogue of Theorem 1.1(ii).

Despite the lack of a sampling theorem for H?(ID) we can show the existence of
Marcinkiewicz—Zygmund families for polynomials with a different method. The idea
is to connect polynomials on the disk to polynomials on the torus in L>(T). By moving
a Marcinkiewicz—Zygmund family for polynomials on T into the interior of D, we
obtain a Marcinkiewicz—Zygmund family for polynomials in Hardy space. Since the
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problem on the torus is well understood [22], we can derive a general construction of
Marcinkiewicz—Zygmund families in H> (D).

Theorem 1.2 Assume that the family (2\7,) = ({ei”"vk ck=1,..., Ln}> CTisa

Marcinkiewicz—Zygmund family for P, on the torus, i.e.,

Ln

|pe!h)|?
AlpNGaey <D < Blplja,
k=1

for all polynomials p of degree n.

Fixy > 0 arbitrary, choose py ;. € [1 — %, 1) arbitrary, and set A, = {pn,ke"””vk :
k=1,...,Ly} € Cyy forn € N. Then (A,) is a Marcinkiewicz—Zygmund family
for P, in H*(T).

This result provides a systematic construction of examples of Marcinkiewicz—
Zygmund families for Hardy space, since Marcinkiewicz—Zygmund families for
polynomials on the torus can be characterized almost completely by their density [22].
Marcinkiewicz—Zygmund families on the torus and more generally of orthogonal poly-
nomials have been studied intensely in approximation theory, see [6,8,14,15,18,20]
for a sample of papers.

The technical heart of the matter is, as so often in complex analysis, the investigation
and estimate of the reproducing kernels, namely the kernel k(z, w) for the entire space
A? or H? and the kernels k,(z, w) for the polynomials of degree n. The guiding
principle is to sample the polynomials in the region where the diagonals k(z, z) and
kn(z, 7) are comparable in size. One may call this region the “bulk” region. For the
Bergman space the bulk region is the centered disk By, /,, because this is where the
mass of polynomials of degree n is concentrated. For the Hardy space the bulk region
is the annulus C,,, as the H>-norm sees only the boundary behavior of functions in
H>.

Our main insight may be relevant in other settings. For instance, our main theorems
can be extended to polynomials in weighted Bergman spaces or in Fock space [10].
We expect a version of Theorem 1.1 to hold for Bergman space on the unit ball in C",
though this will be more technical to elaborate.

The paper is organized as follows: In Sect. 2 we treat the theory of Marcinkiewicz—
Zygmund families in the Bergman space A%(ID) and in Sect. 3 we treat the Hardy
space H?(DD). Each section starts with the necessary background, the comparisons
of the various reproducing kernels and the main contribution to the norms. Then we
formulate and prove the main results about Marcinkiewicz—Zygmund families.

Throughout we will use the notation < to abbreviate an inequality f/ < Cg where
the constants is independent of the essential input, which in our case will be the degree
of the polynomial. To indicate the dependence of the constant on some parameter y,
say, we will write S . As usual, f < g means that both f < g and g < f hold.
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2 Bergman Space
2.1 Basic Facts

The Bergman space A> = A?(ID) consists of all analytic functions on the unit disk I
with finite norm

1 1/2
17 = (5 [ 1r@pa) " )

where dz is the area measure on ID. For a detailed exposition of Bergman spaces we
refer to the excellent monographs [4,13], both of which contain an entire chapter on
sampling in Bergman space.

The monomials z — z¥ are orthogonal with norm ||z¥ || 2= +1 Consequently
the norm of f(z) = Y o2, axzk is
= 1
2 _ 2
1152 —;mu T (6)

Let p(z) = ZZ=O akzk € Py, then its norm on a disk B, p < 1, is given by

—/ Ip@)1Pdz = = Z Clkal/

kl()

1 p

= 2 Z |ak|2/ r2krdr
Y4 — 0

_ Z |a |2 2k+2

For p € P,, we therefore have

2n+2

1 2 2
P P27 dz = p™ | pll2- (7N

By

To obtain a bound independent of n, we need to choose p,, such that ,o,zl” > A for all
n. By picking p, = 1 — £, we find

e < (1 — %)n <e V7  Vn>2y. )
In the following we will use these inequalities abundantly.

Corollary 2.1 If p € P, then for everyy > 0andn > 2y

1 _
— Ipw)*dw < [[pl%a (1 — (1 = L)) < ||plI5.(1 — e ).
Cy/n
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Furthermore, for € > 0 there exists y > 0 (small enough) such that

1
= lpw)I*dw < e€llpll%,  forall p e Py
y/n

independent of n.

Proof With (7) and the partition D = B_, /, U C},/, We obtain

1 2 2 1 2
- [p(w)l“dw = |Iply. — = |p(w)|” dw
T Cy/n T JB

1—y/n

1
<Pl (1= (1= 5)**) < lIplZ. (1 = 2e7™),

since (1 — L)2142 > o747 (1 — )2 > ¢4 /4 forn > 2y. Alsoas y — 0,
infen(l — £)22 — 1. o

2.2 The Bergman Kernels

Since v/k + 1 z¥ is an orthonormal basis for P, in A%(DD), the reproducing kernel of
P, in A? is given by

“ )2 syn+1
kn(z, w) = Z(k + 1)(Zu_))k _ 1+ 4+ 1)(zw) (n+2)(zw) ‘

= )
_ 2
k=0 (1= zw)
As n — oo, the kernel tends to the Bergman kernel of A2,
k(z,w) = z,w € D. (10)

(1 —zw)?

We first compare these kernels in two regimes, namely the “bulk” regions Bi_, /,
and the boundary region Cy, ;.

Lemma 2.2 Letk,(z, w) be the reproducing kernel of P, in A> andy > 0 be arbitrary.
WIflzl <1-— %, then ky(z, z) < k(z, z) for n large enough, n > n,,, precisely

1
cyk(z,2) <kn(z,2) <k(z,2) = ——, 11
where ¢, > 0 can be chosen as ¢, = 1 — e 2 (1 4+ 2y).
) If1 — % < |z| < 1 and n > max(y, 3), then k,(z, 7) < n?, precisely,
n* < kn(z.2) < n*. (12)
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Thus inside the disk B;_,,/, the reproducing kernel for P, behaves like the reproducing
kernel of the full space A2, whereas in the annulus it behaves like n? and is much
smaller than k(z, z) near the boundary of D.

Proof (i) It is always true that k, (z, z) < k(z,z) =
r = |z| and observe that

m. For the lower bound, let

kn(z,2) = k(z, 2)(1 — (n +2)r*" 2 + (n + Dr*"™) = k(z, (1 — q(r)). (13)

Since ¢(r) = (n + 2)r"** — (n + 1)1*2""’4 is increasing on (0, 1) and r < 1 — £,
we need an upper estimate for g at 1 — ;. With the help of (8) and some algebra we
write g as

g1 =L =1 -2 (42— (n+ 1)1 - L)?)
=== (1+2y +L2-y) - L)

:(1—V)2"(1+2y—5—+n—+i—§)

for some constants «,,, B,,. Using (8) and a sufficiently large n, n > n,, say, the final
estimate for ¢ is

q(1 — %) <e (1 +2y) <1, forn >n,.
Combined with (13) we have the lower estimate
kn(z,2) > (1 — e 2V (1 4+ 2y))k(z, 2) = ¢yk(z, 2)

for|z] <1—ZXandn > n,.
(i) If 1 — £ < |z| < 1, then

ko) =Y a4 = Y+ = LEDEED 2

2
k=0 k=0
forn > 4, and, forn > 2y,
2% yyn o ey
kn(z.2) = Z|z| (k+1) > Z(l Bz e
k>n/2
O

We will also need some information about the behavior of the reproducing kernels
k,, near the diagonal. It will be convenient to use the normalized reproducing kernel
kn(z, w) for P, at the point w, i.e., k,(z, w) = k,(z, w)/ky(w, w). It satisfies
llcn (-, w) |l 42 = 1, and as we have observed in (11), if w € By1_,/p, then k, (w, w) =<
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_1
1—|wl|?"

different regimes in .

The following lemma collects the properties of «,, near the diagonal in the
Lemma 2.3 (i) There is a constant yy such that for all w € Bi_y, and z €
B(w, 0.5(1 — |w|?)) we have

1 9

aa—op =S SRy

(i1) For every y > 0 there are K > 0 and € > 0 depending only on y such that

n
e <lkn(z,w)| < Kn  forallwe Cy,,z € B(w, €/n)

andn > y.
Proof (i) If z € B(w, 0.5(1 — |w|?)), then

1—zw| = [1—|w*—w(—w)| > 1—|wP)—|[DE —w) = 31— |[w>, (14

and likewise |1 — zw| < %(l — |w|?). To obtain similar bounds for the numerator, it
suffices to prove that

| +2) @) — (0 + D)2 < 1.

for y sufficiently large. We replace n 4 1 by n and rewrite this expression as

|(n + D (w)" — n(zw)"™| =

n(mb)"("nil - zw)‘
< alwp" (11 - | + 1)

<nlw"3(1 — [w*) + [w|". (15)

The mapr — r"*(1 —r?)in(15)is increasing on [0, (n"ﬁ) 1/2]. Therefore its maximum
istakenatr =1 — %, provided that y > 1 and n > 1. So we obtain the estimate

[0+ DEDY" = (D)™ <301 = BT (1= 1y <37y e <12,

for y large enough. In fact, we may take y > 3.
(ii) We know from (12) that k, (w, w) =< n2. Furthermore

|K/(Z w)| = 1 ‘akn(z, I,U)) < l‘i:k(k_i_l)(zu—))kflw <CI’L2
e kn(w, w)l/2 9z ~n part -
Thus, if z € B(w, €/n), then «,(z) > efzzyn — Cen. Now take € < Cefy and
K = <" and (i) follows. o
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2.3 Separation and Carleson-Type Conditions

We first study the upper estimate of the Marcinkiewicz—Zygmund inequalities and
derive a geometric description.

Letd(z, w) = | 11:;1}1; ] be the pseudohyperbolic metric on D. We denote A(w, p) =
{z € D:d(z, w) < p} the hyperbolic disk in ID. While A(w, p) is also a Euclidean
disk (albeit with a different center and radius), it will be more convenient for us to
compare it to a Euclidean disk with the same center w. In fact, we have the following

inclusions:

L

B(w,
14+p

(1—w) € Aw, p) € B(w, %(1 — [wl*)), (16)

where the latter inclusion holds for p < 1/2.

A set A C Dis called uniformly discrete, if there isa 8’ > 0 such thatd(A, ) > &'
forallA, u € A, A # u.Inview of (16) this is equivalent to the fact that the Euclidean
balls B(:, §(1—|A])), A € A aredisjointin D for some § > 0. We refer to this condition
as A being §-separated.

In A%(DD) the upper estimate of the sampling inequality is characterized by the
following geometric condition. See [4, Sect. 2.11, Thm. 15] and [24].

Proposition 2.4 For A C D the following conditions are equivalent:

. . . 2
(i) The inequality ¥, ., % < B||fI%, holds for all f € A%(D).
(ii) A is a finite union of uniformly discrete sets.

(iii) sup,ep #(A N A(w, ,0)) < oo for some (hence all) p € (0, 1).

Condition (i) is often formulated by saying that the measure ), _, k(A, 1)8; is a
Carleson measure for A2.

If we add the (much more difficult) lower sampling inequality to the assumptions,
we also have the following lemma of Seip [24] (see Lemma 5.2 and Thm. 7.1)

Lemma 2.5 If A is a sampling set for A>(D), then A contains a uniformly discrete set
A C A that is also sampling for A%(D).

The proof of the implication (ii) = (i) yields alocal version of the Bessel inequality
that will be needed.

Lemma 2.6 Let A be a 5-separated set and let y > 0. Then there exists a constant
C=C() andy’ > y, such that

A 2
> /)] < C/ |[fw)|>dw  forall f € A2, (17)
k(x, %) c,
AEANCy /n ¥/ n
The constants depend only on the separation via y' = (1 4 8)y and C = iz.

é

Proof See [4], Sect. 2.11, Lemma 14. For completeness we include the proof.
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By assumption the Euclidean balls B; = B(A, (1 — |A])) € D for A € Cy,/, are
disjoint. Since | By [k (A, A) = 78%(1 — |A))2(1 — |A|*)~2 > 782 /4, the submean-value
property for | f|? yields the estimate

If )P 1 b4 2
o S toiE J, P s o | ir@Pae.as)

By summing over A € A N C,, and using the disjointness of the disks B, we obtain
that

fP _ 4 )4 )
2 KGu2) — 72 2 /lh'f(w)' dw—mgz/U |f (w)]” dw.

)\ECy/n )\.EC}//" )”ECy/n By

Since dist (0, By) = A =81 — |A) = [A(1 +8) =8 = (1 = L)1 +8) —§ =

1— (IJ’% =1- ’:7, the disks B;, are contained in the annulus C,//,. Since they are

disjoint, we obtain
I,

If A is aunion of K separated sets A,,, we apply the above argument to each A,, and

then obtain the constant C = %. O

| (w)P? dw 5/ (o) dw,

)‘EC]//n B, CV//”

Next we develop a geometric description for the upper Marcinkiewicz—Zygmund
inequalities in A? that is similar to Proposition 2.4. For this we estimate the number
of points of a Marcinkiewicz—Zygmund family in the relevant regions of the disk,
namely in the bulk By, /,, the annulus C, /,, and in the cells B(w, €/n) N D for w
near the boundary of .

Proposition 2.7 Assume that (A,,) satisfies the upper Marcinkiewicz—Zygmund inequal-
ities (1) for P, in A>(D).

(i) Then for everyy > 0
#A, NCyym) < Cn. (19)
(ii) There are yy > 0 (yo =~ 3) and C > 0 such that
#(Ay N BE.05(1—12)) <C. Yz e By

As a consequence, A, N B1_y,n is a disjoint union of at most C uniformly discrete

subsets with a separation § independent of n.
(iii) Forevery y > 0 there is € > 0 such that

#(AnNB(z,5) <C, VzeCyp.

The constants depend only on y and the upper Marcinkiewicz—Zygmund bound B.
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Proof In each case we test the upper Marcinkiewicz—Zygmund inequalities against a
suitable polynomial in P,.

(i) Choose the monomial p(z) = z" € P, with norm || p||1242 = ﬁ Since for

A€ Cym, Ip(A)] <y 1by (8) and k, (A, X) =, n? by (12), we obtain

1 lp(W)|? >
—#(An N Cypm) =y > kG = Bliplly. =

A€ANCy

n+1"

This implies #(A, N Cy /) S n.

(ii) We choose «,(-,z) € P,. Forz € Bi_,/, and A € B(z,0.5(1 — |z])) we have
lka (X, 2)12 < (1 — |z|*)~2 by Lemma 2.3(i), and k, (A, A) =< (1 — [A]>)7? =<
(1 — |z1*)~2 by Lemma 2.2. We conclude that I (2. 2)12 > C for some constant,

kn (A, 2)
and thus

lien (A, 2)]? )
C#(A, N B(z,0.5(1 — |z]))) < Z TG < Bllkn (-, 2l = B.

A€B(z,0.5(1—z]))

The relative separation follows as in [4], Sect. 2.11, Lemma 16.
(iii) Again we choose (-, z), this time for z € C, /,. By Lemma 2.3 |, (X, z) 12 =<n
for A € B(z, €/n). Likewise k, (z, 7) < n?forz € Cy/n by Lemma 2.2. Thus

2

. lkn (1, )| >
C#(Ant(Z, ,;)) < Z m =< B||Kn(',Z)||A2 = B. O
AeMNB(z,E)

As a consequence we see that the cardinality of a Marcinkiewicz—Zygmund family
for polynomials obeys the correct order of growth.

Corollary 2.8 If (A,) satisfies the upper Marcinkiewicz—Zygmund inequality, then
#A, <n.

Proof Choose y large enough as in Lemma 2.7(ii). We cover Bj_,/, = A(0, 1 — %)
with hyperbolic disks A(z;, 3) € B(z;.0.5(1 — |z;1)), such that the disks A(z;, 2)

are disjoint. Since the hyperbolic area of By, /, is fBlfy/n BE <n/y, we need

dz
1—|z
at most cn/y disks (where c~Listhe hyperbolic area of A(z;, %)). By Lemma 2.7(ii)
every hyperbolic disk B(z;, 0.5(1—|z;|)) contains C points, so that #(A,NB1_y/n) <
Cn for a suitable constant.

By Lemma 2.7() #(A, N Cy /) S 1 oas well. O

We can now formulate a geometric description of the upper Marcinkiewicz—Zyg-
mund inequality (1), that is, the Bessel inequality of the normalized reproducing
kernels.

Theorem 2.9 For a family (A,) C D the following conditions are equivalent:
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7606 K. Grochenig and J. Ortega-Cerda

(1) Foralln > nog

P
> ——— < Blpll}. V¥pePa
kn()"a)")
A€A,

(ii) There are y > 0 and C > 0 such that () satisfies

#(A,, N B(w, 0.5(1 — |w|))) <C VYweB|_ynm, (20)
#A, NBw,1/n)) <C Yw € Cyyy. 21

Proof (i) = (ii): This is Proposition 2.7.
(i) = (1): We write

PP
an(k,k)_ Z e Z

reA, AEN,NB1—y/n AEN,NCy

and control each term with the appropriate geometric condition.

On Bi_,/, we may replace k, by k (Lemma 2.2). Since A, N Bi_,, is a union
of at most C uniformly discrete sets with fixed separation independent of n by our
assumption (20), Proposition 2.4—or the appropriate version of Lemma 2.6—implies
that

Z P PV 2
< E 2 < .
kn(}h )\) ~Y k()\, )\) ~ ”P”Az
)»GA,IOB1_V/,, )»GAnﬂB1_y/,,

OnC,,, wehave k, (A, A)|B(A, 1/n)| < 1by (12); therefore using the submean-value
property we obtain

PO 1
2. o ) 2. kn Gy M| BCL, 1/m)] P dz
recyy O recy s , B\, 1/n)

5/( Z XB(A,l/n)(Z))|p(Z)|2dZ.

AEN,NCy

The integral is over the slightly larger annulus Cy, 41y, 2 | 2€Cyn B(A, 1/n), and

2
by assumption (21) the sum in the integral is bounded, whence Z/\ecy /n ,Lf &))'\) <
P12 O

In a more general formulation we can use measures in condition (i) instead of
discrete samples. This motivates the following definition.

Definition 2.1 We say that a sequence of measures {u, } defined on the unit disk form
a Carleson sequence for polynomials in the Bergman space if there is a constant C > 0
such that
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Marcinkiewicz-Zygmund Inequalities 7607

/ PP din(2) < € / p(@Pdz forall p € P, 22)
D D

uniformly in 7.

Thus a sequence (A,) € D satisfies the upper inequality in (1) if and only if the
Measures by = ) ,cp. % form a Carleson sequence.

Theorem 2.10 A sequence of measures |1, is a Carleson sequence for polynomials in
the Bergman space if and only if there exist y > 0 and C > 0 such that

tn(B(z,0.5(1 — [z1*)) < €A — |z1)*  Vz € Bi—ym,
n(B(z, 1/n)) < C/n? Vz € Cy/n.

The proof is similar to the proof of Theorem 2.9. As we will not need the general
statement about Carleson sequences, we omit the details.

Remark The geometric condition in Theorems 2.9 and 2.10 can be stated more
concisely in terms of the first Bergman metric p, = kj(z, z)ds?, see [, p- 32]
instead of the Euclidean metric. This is not to be confused with the more usual sec-
ond Bergman metric given by A logk,(z, z)ds?. The reformulation is as follows: if
D, (z, r) denotes a disk in the first Bergman metric p,, then a sequence of measures
{m,} is a Carleson sequence if and only if there are r > 0 and C > 0 such that
Un(Dy(z,r)) < C|Dy(z,r)|, forall n > 0 and for all z € D, where |D(z, r)| is the
Lebesgue measure of D(z, r). The conditions of (ii) in Theorem 2.9 are then equivalent
to #(A, N Dy(z,r)) < C forall z € D.

This reformulation is of course similar to the characterization of the Carleson

measures for the Bergman space obtained in [12]. The geometric description is
w(B(z,0.5(1 — |z]))) < |B(z,0.5(1 — |z]))| forall z € D.

2.4 Sampling Implies Marcinkiewicz-Zygmund Inequalities

After these preparations we can show that every sampling set for A%(ID) generates a
Marcinkiewicz—Zygmund family for the polynomials.

Theorem 2.11 Assume that A C D is a sampling set for A>(D). Then fory > 0 small
enough, the sets Ay = A N B1_y, form a Marcinkiewicz—Zygmund family for Py, in
AZ(D).

Proof The assumption means that there exist A, B > 0, such that

Al = S YO gy, foran g e a2 (23)
A2 = L k(A0 T 42 ‘
AEA
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Since A is sampling for A%, by Lemma 2.5 it contains a uniformly discrete set A’
with separation constant §, say. We now choose y > 0 so small that

14+8)y\2n+2 AS?
1—(1—M) <2% foralln>2y. (24)
n 8
2n+2
This is possible because (1 — @ > ¢ 41+dy (1 — @)2 by the lower

estimate in (8), and thus tends to 1 uniformly in n, as y — 0. Note that the choice of
y depends on the lower sampling constant A and the separation of A’.

We now apply Lemma 2.6 and Corollary 2.1 to the points A\ A, = ANC,,. Set
y' = (1 + 8)y. Then for p € P, we obtain

lpWI> 4
> TS |p(w)[* dw
AEA\Ap ’ Cyrim
4 (1 + 8)y\2n+2
< (1= (=Y, < Sipie.
Consequently,

IpI*
Z kA Z_ Z

rEA, rEA  AEA\A,

Al - Y PR L,
jl A2 k()\, )\) -
AEA\A,

Since always kj, (A, A) < k(X, 1), we finish the estimate by

I lpWI>_ A
— for all .
AEEA kG h) = E kG 2||17||A2 orall p € Py

As usual, the upper bound is easy. Since by (11) k,, (A, A) < k(A, A) for A € Bi—y/u,
it follows that

PO 5~ PO PGP

reEA,

since A is sampling for A%(ID). O

Since sampling sets for A2(ID) are completely characterized by means of the Seip—
Korenblum density [24], Theorem 2.11 provides a wealth of examples of Marcinkie-
wicz—Zygmund families. However, the parameter y in the statement depends on the
lower sampling constant A and the separation § of A.
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2.5 From Marcinkiewicz-Zygmund Inequalities to Sampling

Choose either the Euclidean or the pseudohyperbolic metric on D and let d(E, F) be
the corresponding Hausdorff distance between two closed sets E, FF € 1. We say
that a sequence of sets A,, € ID converges weakly to A C D, if for all compact disks
BCD

lim d((A, NB)UJB,(ANB)UJIB) =0.

n—o0

See [4,11,13] for equivalent definitions. The main consequence of weak convergence
is the convergence of sampling sums. If all A, are uniformly separated with fixed
separation §, then

|f (V)2 |f (V)2
2 kon 2 kOw )

reA,NB AeEANB

for all f € A%(D). More generally, if each A, is a finite union of K uniformly
separated sets with separation constant § independent of n, then we need to include

multiplicities m(X) € {1, ..., K}. We then obtain
M2 M2
Z Lf ()] N Z |/ ()] mGy. 25)
k(h, A) k(x, A)
reA,NB LEANB

Since the multiplicities m (A) are bounded, they only affect the constants, but do not
change the arguments.

Theorem 2.12 Assume that (A,,) is a Marcinkiewicz—Zygmund family for the polyno-
mials P, in A2(D). Let A be a weak limit of (Ay) or of some subsequence (A, ). Then
A is a sampling set for A%(D).

Proof Step 1. We assume that A, is a Marcinkiewicz Zygmund family and therefore

thereare A, B > Osuchthat A||p|l 42 < ZAGA" ,Icf((i))lhz) < B||p||1242 for all polynomials
p € P,. The upper inequality implies that there are C > 0 and y > 0 such that
#(A, N B(w,0.5(1 — |w]))) < C forall w € Bi_y, and all n (Theorem 2.9). In
addition, each set A, N B1_,y is a finite union of K uniformly separated sequences
with separation § independent of n.

Since A, converges to A weakly, A satisfies the same inequality
#ANBw,0.51—|w]) <C, Ywe Bi_,m,
and thus A is also a union of K uniformly discrete sequences with separation &, see,
e.g., [4], Sect. 2.1, Lemma 16.

Note that the geometric conditions furnish constants ¢, for the comparison of the
kernels k and k, on Bi_,,, the separation constant §, and the multiplicity K. In
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7610 K. Grochenig and J. Ortega-Cerda

the next step we will choose a suitable radius r that solely depends on these given
constants.

Step 2 We prove the desired sampling inequality in A?(ID) for all polynomials and
then use a density argument.

Fix a polynomial p of degree N, say. We know that there is an r = r(N) < 1 such
that [, _s1_p IPI* < CVS‘?‘ Ipll%, because r — 8(1 —r) — lasr — 1. We take
n > N big enough such that r < 1 — y/n. In this case we have

M2 M2
A||P||iz§ Z lp(M)] _ Z [p(1)]

reA, kn (2, 2) AEAL M| <r kn (R, 1)
)2 )2
+ Z Ip(M)] N Z lp(M)]
kn(h, A) kyn (A, A)
S reAnfriz1-L

=1, + 11, +1I1,.

According to Lemma 2.2 we may replace k, (A, A) by k(X, 1) in the first two terms
and by n? in the third term. Thus with a constant depending on y, we obtain

5 0 IpO)I? pO)I? PO
s (BT X fnt X )

eA,NB rehpr<ii<i—L AEN,NCy )

(26)

In the sum 7, all points A lie in the compact set B(0, r), and by weak convergence
including multiplicities m()) € {1, ..., K}, we obtain

2

. 1 . [p(A)]

nlingol”fcy nlinéo Z k(x, A)
rEA,NB,

. P 1 P
- 3 T Y .

< koW =gy ko)
AEANB, A€ANB,

To treat 11,, we use the assertion of Step 1 that every A, N Bi_,, is a finite union
of at most K uniformly separated sequences with separation §. Lemma 2.6, (18) and
the choice of r yield

| 3 lp(WI> 4K

A
I, < < / PP < 2iple.
! k(x,2) = w8%cy Jigjsr—s(1—r) 2 A

14
reA,, r<|A|<l—y/n

Finally, the last term 711, is negligible when n — oo because

A2
n

1
; < 1PI% —5#(An O Cypm)-
AEALNCy sy
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By Lemma 2.7(1) 111, tends to 0, as n — o0.
Finally we take the limit in (26) and obtain inequality

Ip(W)[?
k(. 2)

2 -1
Alpli <¢'k )
1eANB(0,r)

+ 2 || 2. 27)

This implies the lower sampling inequality valid for all polynomials.
Since the polynomials are dense in A%(D), (27) can be extended to all of AZ(D). !
Step 3 As always, the upper bound is much easier to prove: Let p € Py. Then by
Lemma 2.6

P
> o =€ Ip(w)|* dw < Cl|pll3..
AeANCyy Cyin

On the disk B_,/y we use the weak convergence and deduce that

lp()I? o P2
2 kG "M = 2 o) = Blple.

AEANBI—y/N kEAnﬂélf}//N

because A, is a Marcinkiewicz—Zygmund family for polynomials and p € Py C P,,.
The sums of both terms yield the upper sampling inequality for A for all polynomials,
which extends to A%(ID) by density. O

The upper bound can also be derived from the geometric description of Theorem 2.9.

With a bit more effort one can prove an A”-version of Theorems 2.11 and 2.12.
The proof requires several modifications of interest. For instance, to obtain (7) for
the A”-norm, one needs an argument similar to [22, Lemma 7]. The AP-norm of the
normalized reproducing kernel in Proposition 2.7 requires the boundedness of the
Bergman projection on L?”.

3 Hardy Space
3.1 Basic Facts

The Hardy space H> = H?(ID) consists of all analytic functions in I) whose boundary
values on 9D = T are in L2(T) with finite norm

1 . 1/2
e = ([ 1re@mian) . (28)

I Note that D oreA k((}f‘a‘) Y sea l(p K)L)|2, where K (z) = k(z, M)k(x, A)_l/z is the normalized

reproducing kernel. Thus the left-hand side in (27) is just the frame operator associated to the set {«; }. For
boundedness and invertibility it therefore suffices to check on a dense subset.
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The monomials z — zX¥ form an orthonormal basis, and the norm of fl) =
Yoiso k" is
o0
132 = laxl*. (29)

k=0

For p(z) = Y }_oaxz* € P, and 0 < p < 1, let p,(z) = p(pz), then

n
2 2 2k 2 2
1Polz = laxPp™ = o™ lIpll32.
k=0

and clearly || pollpg2 < 1Pl fpePy,p =1~ %, and n > 2y, then by (8)
P52 = 1Pollye = (= > Ipli32 = e lIpll0. (30)
The reproducing kernel of P, in H? is given by

n — () t]
k(2. w) =Y (z)" = 1= o 31)
k=0

1 —zw

As n — oo, the kernel tends to the reproducing kernel of H 2

k(z, w) = (32)

1—zw

for z, w € D. For Marcinkiewicz—Zygmund families for polynomials in Hardy space
it will be necessary to also consider sampling points outside the unit disk as in [22].
With this caveat in mind, we define the appropriate annuli as

Aym={zeC:l1-L<lz<1-L7") (33)

We now compare the kernels for P, and HZ.

Lemma 3.1 Let k,(z, w) be the reproducing kernel of P, in H? and let y > 0 be
arbitrary.
Ifze Ay ie, 1—L <)zl <(1—L)"! andn > 2y, then

1 —e2v 4y

L h<ky(z.2) < Sn. (34)
2y 14

Consequently, if A, © Ay, then, for all polynomials p € Py,

! 2 _ lp()I?
O LOLEDY (35)

rEA, rEA, kn (2, 2)
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On the annulus A, /, we may therefore always work with the weight 1/n for polyno-
mials of degree n.

1_r2n+2

Proof Writing r = |z|, the kernel k,(z,z) = o

z € Ay/n we have

is increasing in r, so that for

1— (1 _ %)2n+2
I—(1-1)?

B St SR Ul ) Bt Ut O
= KplZ,3) = (1_%)72_1 = 1_(1_%)2

For n > 2y, the denominator 1 — (I — £)> = £ 4 Z(] — L) is between y /n and
2y /n, for the numerator we use (8) and obtain (1 — %)_2” —(1 - %)2 < % and
1—(1— %) >1— (1 - %) > 1 — ¢ 2. Thus both ratios are of order n with
the constants (1 — e=2¥)/(2y) and e*" /y. O

3.2 From Marcinkiewicz-Zygmund Families on T to Marcinkiewicz-Zygmund
Families for H2(D)

In contrast to the situation for the Bergman space, there are no sampling sequences for
the Hardy space H (D) by the results of Thomas [27]. Duren and Schuster [4, p. 154]
give the following simple argument: a sampling set A for H> must be a Blaschke
sequence. However, every Blaschke sequence is a zero set in H2, which contradicts
the sampling inequality. Therefore there can be no analogue of Theorem 2.11.

Nevertheless, we prove that Hardy space admits Marcinkiewicz—Zygmund fami-
lies for polynomials. The idea is to associate a Marcinkiewicz—Zygmund family for
polynomials in H?(ID) to every Marcinkiewicz—Zygmund family for polynomials on
the torus. As these are well understood [8,22], we obtain a general class of Marcinkie-
wicz—Zygmund families in H2(DD).

We use the following notation: for A € C \ {0} let & = \% be the projection from
the complex plane C \ {0} onto the torus D = T.

Theorem 3.2 Assume that the family (A,) € C has the following properties:

(i) there exists y > 0, such that A, € Ay, foralln > y.
(ii) The projected family (A,) € T is a Marcinkiewicz—Zygmund family for the poly-
nomials P, < L*(T). _
(iii) The projection A, — A, from A, to T is one-to-one for all n.

Then (Ay) is a Marcinkiewicz—Zygmund family for the polynomials P, in H 2(D).

The statement in the introduction is just a reformulation of Theorem 3.2 without
additional notation.

The proofis inspired by a sampling theorem of Duffin and Schaeffer for bandlimited
functions from samples in the complex plane (rather than from samples on the real
axis). See [5] and [25,28]. In analogy to the theory of bandlimited functions, one can
view Theorem 3.2 also as a perturbation result for Marcinkiewicz—Zygmund families
in L2(T), where the points in T are perturbed in a complex neighborhood of T.

We wrap the main part of the proof into a technical lemma.
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Lemma3.3 Lety > 0 andn > 4y. Assume that A, is a finite set contained in A/,
so that the projection A, — zf\\; is one-to-one. Then there exists a set Aﬁll) with the
following properties:

(i) A is contained in the smaller annulus As, and #AY = #A,,.

4n
(ii) For every A € Ay, thereisau € A,(f), such that . = [i, and
(iii) For every p € P, there exists p1 € P, satisfying

2 —2y/3 2
Ip1lZ. = e 2 pl3,

and

1 1
D DRI T ATCO (36)

AEA, Al

As we will apply the lemma to a Marcinkiewicz—Zygmund family, it is important the
constants and the construction are independent of the degree n.

Proof Step 1. Construction of A(l) IfA € Apand |A] < I,setpu = (1 + 3 + 30 If
AeApand A > I, set u = (1 + y )/k By construction, & = . Since A, — A

is one-to-one by assumption, Agl) has the same cardinality as A,,.

[To appreciate this assumption, consider the case when both A and 1/A are in A,,.
They both would be mapped to the same point u.] If 1 — % <|Al < landn > 4y,
then u = (1 + 3’/—,’))» satisfies the inequalities

— X <+ DU -D <=0+ LH <1-3H7h

If1 < [A] < (1=2)~" then u = (1+L)/A satisfies the same inequalities. It follows

that A,gl) is contained in the smaller annulus A3, /@4n).

Step 2. Construction of p;. Given p € P, with zeros z; and factorization p(z) =
ZTlz—z ), we obtain p; by reflecting all its zeros into ID and an appropriate scaling.
We multiply p by several Blaschke factors and set

=2 ] ez [[ -z =p0 ]'[

lzj1=1 lzj1>1 |Z;|>1

(37)
— z]

By construction, all zeros of /| are now in the unit disk ID. In engineering terminology,
p1 is the minimum phase filter associated to p. Furthermore, p; has the following
properties:
(i) By (37) and the property of Blaschke factors we have
Ip1(@)=Ip@)| forzeT,
and thus || pi [l 2 = Il 2
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(i1) For z € D we have

1@ = min (Ip@1. 1p(1/2)1)- (38)

To see this, observe that for |z ;| > 1 each Blaschke factor in (37) satisfies

_ -—1
)I—ij‘:‘zj <

\51,

z—zj z;'z—1

thus |p1(z)| < |p(z)| for z € . Using the first factorization of pj in (37) and

p(1/z) =z~ le <1 (1/z — zj) le =1 (1/Z — zj), the second inequality in (38)
follows from

[P1(2)] 2 I1—zjz]
= 1
|17(;)| =kl I_I ’1(1 —-zz,)l I_I 1Z71(1 — Zz;)| =

|z |<1 zj|>1
Finally we set
P@=p(1+2)7'z) e P (39)
Then by (30)
I3 = (L4 2215112 = e Pl

3n

and obviously | pi 117, < 15113, = Ipll3,
Step 3. Sampling on AL If s = (1 + L)% € AL € D, then by (38)

Ip1()| = 1p1M)| < IpW)];
if =1+ L)/ke Ay CD,then
Ip1(w] = 1p1(1/M)] < [p)].

In conclusion, we obtain

2 1 2
Y p P == 3 Ip@P,

uenld rEA,
which was to be shown. O
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Proof of Theorem 3.2 Applying Lemma 3.3 repeatedly, after £ steps we construct a set
A,(f) C D with the following properties:

A S Ayyn withye = 3y, (40)
AY = A, 1)
Furthermore, for given p € P, we construct a sequence on polynomials py, ..., p, ...

with decreasing norm || p¢|l g2 < -+ < ||pillg2 < | p|l g2, such that
2 2 2 -1
2 —57- 2 -5 Ve—1+ve— 2 =302
Ipel2p = e 3 I pp_y 2 = e 3V | py |12, > = eT IR0 p] 2, (42)

Since y; = 3y;_1/4 and yp = y, we find y; = (%) y and

£—1 o0
DINEE YT 9
j=0 j=0

It follows that always || pe[|7,, > e_%’/ P35

We now let £ tend to co. Since the sequence py is bounded in the finite-dimensional
space P, it contains a convergent subsequence such that lim .o p¢; = poc € Phn.
Furthermore, by (42) the limiting polynomial p,, must be non-zero. By (40) every
point in A,(f) converges to a point on the torus, precisely to the corresponding point in
the projection A Using (42), it follows that

1
n Z)»EA,, |p()‘)|2 o—87/3 n ZAEA |poo()\)|
P, 1poclyn

Finally, we recall the assumption that the projected family A, is a Marcinkiewicz—
Zygmund family for the polynomials of degree n in L?(T). Consequently, we obtain
that 1 el ~, [P W2 = Al poo||§_12, which implies the corresponding sampling
1nequa11ty for p €Py.

The upper bound is proved almost exactly as the corresponding?® statement for P,
in LZ(T) in Thm. 9 of [22]. Since 1~\n is a Marcinkiewicz—Zygmund family for P,
in L2(T) by our assumption, [22, Thm. 9] asserts that for every interval I € T of
length 1/n we have #(K;, N1I) < C.Since A, € Ay, this condition implies that
#A, N B(z,1/n) < C’ forall z € A, ,. This geometric condition now yields the
upper bound %ZAEI\” Ip(M)> < ||p||il2 for all p € P, precisely as in [22]. Indeed
that proof uses the submean-value property and the extension to A, /. O

Theorem 3.2 shows that to every Marcinkiewicz—Zygmund family for polynomials
on T we can associate Marcinkiewicz—Zygmund families in H?(ID) by moving points
from the boundary T = 0D into a carefully controlled annulus C,;, € D. The

2 Note that [22] uses the weights m, = #A,, instead of k, (A, A) < n. This does not affect the estimates.
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following example investigates the role of points in the interior of D for Marcinkie-
wicz—Zygmund families.

Example We construct an example of a Marcinkiewicz—Zygmund family (A,) for
polynomials P, in H2(ID), so that (A, N Cy/n) is not a Marcinkiewicz—Zygmund
family in H? and the projection (A ) 1s not a Marcinkiewicz—Zygmund family for P,
in Lz(T). Lety > 0,a, > 0, and

== L) k=0, n— 1} U {a,e? /7). (43)

Ofa, <1-— %, then #(A, N Cy/y) = n < dim P, and thus (A, N C, ;) cannot
be a Marcinkiewicz—Zygmund family for P, in H2.

(ii) The projected family Ay = {e¥rikin .k =0,...,n—1}U {e2”i/"2} is not a
Marcinkiewicz—Zygmund family for P, in L?(T). We choose p(z) = z" — 1 with
IplI3,, = 2. Then p(e*™*/") = 0 and |p(e2™i/m*)| = |27i/m — 1| < 1/n, so that

1 , 1
- MPE< —
7 2 PP S

rLEA,

violating the sampling inequality for large n.

(iii) However, (A,) is a Marcinkiewicz—Zygmund family for P, in H*(ID). To see
this, we consider the modified set A}, = {(1 — L)e*™ /" : k = 0,...,n — 1} U {0}
and then use a perturbation argument.

We write p € P, as p(z) = p(0) + zp(z) for a unique p € P,_1. Then ||p||H2 =

PO + 1512 Let ¢(2) = F((1 — £)2), then by (30) g%, = e 15]2,-
Calculating the norm of ¢ by sampling, we obtain

- ! N
IPIP = llgl? = > la(@™ M = Z| (1— )2 ii/m) 2

=0

— y)22|(1_ 27le/n~((l ) 27le/n)|

If n > 2y we have

n—1

2 8 2nl/n
912 = = >~ (Ip((1 = Dy m P + pO)P).

J=0

Since by (34) k, (A, A) < n for A = (1 — L)™'/ and k,(0,0) = 1, the above
inequality states that

5 PO
llgll :ZA,k(x 5
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and finally

PGP

2 _ 2 02 < .
IPI” < gl +1pO)P £ 3 P

AEA],

Thus (A})) is a Marcinkiewicz—Zygmund family for P, in H 2(D). The small pertur-

bation 0 — n]—zez” i/n% i3 of order 1 /n? and thus preserves the sampling inequality.

As already mentioned, the standard definition of sampling sequences is vacuous in
the Hardy space. Thus Thomas in [27] proposed an alternative definition of sampling
in terms of the non-tangential maximal function My .

MA(f)(%) == sup |f],
F(e"")ﬂA

where ['(¢'?) = {z e D : IZI:TZI < 1 4 «} is a non-tangential Stolz angle at the

point e?. A set A is called PT—sampling3 in H2(D) if IMA(HN 2 2 IIfl2 for all
f € H*(D).

Thomas proves that a set A is sampling for H? if and only if it is norming for H,
this condition was geometrically described by Brown et al. [2] by the property that
the non-tangential limit set of A must be of full measure in T. This alternative notion
of sampling was inspired by a corresponding alternative definition of interpolating
sequences in the Hardy space by Bruna, Nicolau and @yma [3].

The relation between Marcinkiewicz—Zygmund families and PT-sampling sets for
H? is not clear. We only mention that there is no analog of Theorem 2.12 for PT-
sampling: Consider the Marcinkiewicz—Zygmund family A, in the example (43). Its
weak limit in D is just {0}, which is obviously not PT-sampling. Its weak limit in C
is {0} U DD, and this not even covered by the definition of PT-sampling. We have not
pursued this aspect further.
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