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Abstract We consider the uplink of massive multiple-
input multiple-output systems in a multicell environ-

ment. Since the base station (BS) estimates the channel

state information (CSI) using the pilot signals trans-

mitted from the users, each BS will have imperfect

CSI in practice. Assuming zero-forcing method to elim-
inate the multi-user interference, we derive the exact

analytical expressions for the probability density func-

tion (PDF) of the signal-to-interference-plus-noise ratio

(SINR), the corresponding achievable rate, the outage
probability, and the symbol error rate (SER) when the

BS has imperfect CSI. An upper bound of the SER is

also derived for an arbitrary number of antennas at the

BS. Moreover, we derive the upper bound of the achiev-

able rate for the case where the number of antennas at
the BS goes to infinity, and the analysis is verified by

presenting numerical results.
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1 Introduction

Over the past decade, multiple-input multiple-output

(MIMO) techniques have been investigated, starting

from single-user scenarios [1]. In point-to-point (sin-
gle user) MIMO with nT transmit and nR receive an-

tennas, the channel capacity is known to grow linearly

as min(nT , nR) increases through the combined use of

space-time coding and spatial multiplexing. A multi-
user MIMO (MU-MIMO) scenario requires spatial shar-

ing of the channel among the users connected to the net-

work [2, 3]. MU-MIMO has been discussed extensively

for use in the 3GPP LTE-Advanced standardization.

Relative to single-user MIMO (SU-MIMO), MU-MIMO
has several key advantages in that it allows for direct

gain in a multiple access capacity and spatial multiplex-

ing gain at the base station (BS) without the need for

multiple antenna terminals.

Recently, industry and academia have expressed sig-

nificant interest in implementing massive MIMO in both
single cell and multicell environments [4–8]. The use of

additional antennas at the BS has been shown to im-

prove power efficiency both for the uplink [4] and for

the downlink [6,7]. Massive MIMO is a system where a
BS equipped with a hundred or more antennas simulta-

neously serves several users in the same frequency band

by exploiting the degrees-of-freedom (DoF) in the spa-

tial domain [4–12]. In such a system, many techniques

were proposed to cancel and/or mitigate interference in
MIMO systems, such as maximum likelihood multiuser

detection in [13] and a combination of a zero-forcing

(ZF) and dirty paper coding (DPC) in [14]. However,

the complexity issue in practical systems for these tech-
niques is a growing concern proportional to the number

of antennas at the BS [14]. Fortunately, when the num-

ber of antennas at the BS is large enough, from the

http://arxiv.org/abs/1606.03150v1
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law of large numbers, the random and mutually inde-

pendent channel vectors between the BS and the users

become pairwise orthogonal [15]. Indeed, the BS can

purposefully avoid transmitting toward certain direc-

tions, and simple matched filer processing can be used
to completely eliminate independent background noise

and intracell interference [4, 8, 16, 17]. Spatial-division

multiplexing for massive MIMO can enhance the relia-

bility and data rate of the system because more dis-
tinct paths are established between the BS and the

users [16,17]. Notably, the additional DoF provided by

a massive number of antennas at the BS can reduce the

transmit power for the users on the uplink. This is very

efficient when multimedia services are increasing and
the design of a battery with long time use is a major

challenge for manufacturers [18]. Of course, the elec-

trical power supply to the BS will be higher which is

consumed by rectifier, baseband digital signal process-
ing circuit, power amplifier, feeder, and cooling system

on the downlink. Hence, solutions to reduce the emis-

sion of RF power would help in cutting down the power

consumption of the BS [19]. Therefore, massive MIMO

is a promising technology that can be integrated into
next generation wireless systems [20, 21].

It is known that a multi-user detection technique

called successive interference cancellation (SIC) can

achieve maximum rate in the uplink [23]. However, the

SIC is difficult to implement in practice due to its high
computational complexity. So other detection methods

that are based on linear detectors, including maximal

ratio combining (MRC), ZF, and minimummean square

error (MMSE), have been developed [5,6,8,16,22]. Among
them, [8] derived the asymptotic analysis for the signal-

to-interference-plus-noise ratio (SINR) for the uplink

by using MRC and the SINR for the downlink by using

maximum-ratio transmission. An exact performance anal-

ysis for the uplink was provided in [16] with arbitrary
antennas at the BS. All of these results have shown

that a linear receiver can exploit the advantages of mas-

sive antenna arrays at the BS with low implementation

complexity. A ZF receiver can cancel intracell interfer-
ence, and therefore it generally outperforms an MRC

receiver. This implies that a ZF receiver can reduce the

number of BS antennas necessary, relative to the num-

ber needed for MRC, while obtaining the same system

performance. In general, the performance of the ZF re-
ceiver is worse than that of the MMSE receiver. How-

ever, if the SINR is high enough, the performance of

the ZF receiver and that of the MMSE receiver are then

equivalent [4, 23]. Furthermore, an MMSE requires ad-
ditional knowledge on the SINR and higher complexity

than the ZF receiver. In addition, exact performance

analysis is not tractable even in the case of perfect

CSI [5]. It was shown in [7] that the ZF beamforming

can provide a good tradeoff between complexity and

system performance, especially when the number of BS

antennas is very large. Therefore, we focus on the ZF

receiver in this paper.

In [16], the authors considered a similar MIMO con-

figuration with a ZF receiver, where the CSI is assumed

to be perfectly known to both the transmitter and the

receiver. Under such assumptions for the CSI, the ex-
pression of the exact performance of the system might

be tractable. In practice, however, CSI is not perfect at

the transmitter and the receiver. In order for the BS

to acquire the CSI, a simple scheme can be employed
where users send pilot signals to the BS, so that the BS

can estimate the channel by analyzing the received pilot

signals in an uplink training phase [5,12,17,22,24]. The

least-squares (LS) method is a conventional method

that is generally used to estimate the channel state.
Unfortunately, this method causes significant degrada-

tion in the system performance due strong intercell in-

terference. In contrast, the MMSE estimation method

can result in more accurate channel estimation [5]. In
the uplink transmission phase, the signals transmitted

from the users to the BS can be detected by using a

linear detector using the estimated CSI.

In this paper, we derive new results for the achiev-
able rate of the uplink in a MIMO system with a ZF

receiver. Our analysis considers a scenario that is more

realistic than that presented in [16], since we consider

that the channel state information at the BS is not per-

fect. Our main results are listed as follows.

– In Section 3, the probability density function (PDF)

and cumulative distribution function (CDF) of the

SINR are derived. These results are then used to

analyze the bit error rate (BER) and the outage
probability. We demonstrate how the performance

depends only on the gain of the interfering links

and how it saturates as the number of antennas at

the BS becomes very large. An asymptotic analysis

is also presented.
– In Section 4, we derive the exact closed-form expres-

sions of the achievable uplink rate, of the outage

probability, and of the symbol error rate (SER) for

an arbitrary number of antennas at the BS. In ad-
dition, an upper bound is also derived for the SER

to evaluate the performance of the system in the

absence of high precision requirements.

The rest of this paper is organized as follows. Sec-

tion 2 describes the system model for massive MIMO
in a multicell environment, and it explains how to esti-

mate the channel state by using uplink pilot signals and

how to use the estimated channel in a ZF receiver. In
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Section 3, the statistics for the SINR are derived, and

an asymptotic analysis is presented for the case where

the number of antennas at the BS grows without limit.

Section 4 analyzes the achievable uplink rate, the out-

age probability, and the SER for an arbitrary number
of antennas at the BS. Section 5 presents the numer-

ical results that are used to evaluate the performance

of the system. Finally, the conclusion is presented in

Section 6.

Notation: The superscript †, *, T , and tr(·) stand

for the complex conjugate-transpose, the conjugate, the

transpose, and the trace, respectively. [G]ij denotes the

entry of matrix G on the i-th row and j-th column, and
In is the n×n identity matrix. We use a ∼ b to indicate

that the random variables, a and b, follow the same

distribution. E {·} denotes the expectation operation,

and x ∼ CN (0,Σ) indicates that x is a symmetric

complex Gaussian random vector with zero-mean and
covariance matrix Σ.

2 System Model

2.1 Multicell Multi-user MIMO System

In this paper, we consider the uplink transmission of
a multicell multi-user MIMO system with L > 1 cells.

Each cell is comprised of one BS and K users. The

BS’s are assumed to be equipped with M antennas and

to use the same time-frequency resources to serve their
own K users. We assume M ≥ K. Each user is assumed

to be equipped with a single antenna, and the channel

matrices between the BS and the users have to be esti-

mated at the BS by using the uplink pilot signals. The

M × 1 received signal vector at the ℓ-th BS is given as

yℓ =
√

Pu

L
∑

i=1

Giℓxi + nℓ, (1)

where Giℓ represents the M × K channel matrix be-
tween the ℓ-th BS and the K users in the i-th cell,

Pu is the average transmit power of each user, and

nℓ ∼ CN (0, IM ) is a vector of the additive white Gaus-

sian noise (AWGN). xi is a K × 1 vector of message-
bearing quadrature amplitude modulation (QAM) sym-

bols transmitted from the K users to the BS in the i-th

cell, and the average power of each symbol is normal-

ized to that of unity:

E

{

xix
†
i

}

= IK . (2)

The channel matrix Giℓ can be decomposed as

Giℓ = HiℓD
1/2
iℓ , (3)

where Hiℓ is an M × K matrix of which the (m, k)

element [Hiℓ]mk is the fast-fading coefficient from the

k-th user in the i-th cell to the m-th antenna at the

BS in the ℓ-th cell. We assume that the entries for Hiℓ

are independent and identically distributed (i.i.d.) com-
plex Gaussian random variables of zero mean and unit

variance. Diℓ is a K × K diagonal matrix for which

βiℓ,k , [Diℓ]kk represents the large-scale fading incor-

porating the path loss and the shadowing. Accordingly,
the (m, k) element of Giℓ can be expressed as

[Giℓ]mk =
√

βiℓ,k [Hiℓ]mk ,

m = 1, 2, · · · ,M, k = 1, 2, · · · ,K.
(4)

2.2 Uplink Channel Estimation

In order to detect the data transmitted by K users

in the cell, the BS needs to estimate the CSI for the
users. Let τu denote the number of symbols per coher-

ence interval used for the uplink training, and let T be

the length of the coherence interval. All users in ev-

ery cell simultaneously transmit τu orthogonal uplink

pilot symbols. In our work, we assume T > τu ≥ K.
Let

√
τuPuΨℓ be the pilot sequences transmitted by K

users in the ℓ-th cell. Note that Ψℓ is a τu × K ma-

trix, and it satisfies Ψ
†
ℓΨℓ = IK , so that the intracell

interference between the pilot signals can be ignored.
We also assume that all the users in the L cells use

the same set of pilot sequences. Similarly to (1), the

received pilot matrix at the ℓ-th BS is given as

Yp,ℓ =
√

τuPu

L
∑

i=1

GiℓΨ
T
i +Nℓ, (5)

where Nℓ is an M×τu AWGN matrix. Note that Gℓℓ is
the desired channel for the own cell, while Giℓ’s, i 6= ℓ,

are the interference channels from the other cells. The

received signal Yp,ℓ projected onto Ψ∗
ℓ is given as

Ỹp,ℓ = Yp,ℓΨ
∗
ℓ =

√

τuPu

L
∑

i=1

Giℓ +Wℓ, (6)

where Wℓ , NℓΨ
∗
ℓ . Let ỹp,ℓk denote the k-th column

of Ỹp,ℓ as

ỹp,ℓk =
√

τuPu

L
∑

i=1

hiℓ,k

√

βiℓ,k +wℓ,k, (7)

where hiℓ,k and wℓ,k are the k-th columns of the Hiℓ

andWℓ, respectively. The MMSE, or equivalently Bayesian
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estimate, for the channel matrix hℓℓ,k is given as [25,

Eq. (12.7)]

ĥℓℓ,k =
√

τuPuβℓℓ,k

(

τuPu

L
∑

i=1

βiℓ,k + 1
)−1

ỹp,ℓk. (8)

Thus, the estimate Ĥℓℓ of Hℓℓ is given as

Ĥℓℓ =
1√
τuPu

Ỹp,ℓD
−1
ℓ D

1/2
ℓℓ , (9)

where Dℓ ,
∑L

i=1 Diℓ +
1

τuPu
IK . By multiplying both

sides of (9) with D
1/2
ℓℓ , we have the estimate of the

channels between the BS and the users in the ℓ-th cell
as

Ĝℓℓ =
(

L
∑

i=1

Giℓ +
1√
τuPu

Wℓ

)

D̂ℓℓ, (10)

or equivalently

Ĝℓℓ = GℓℓD̂ℓℓ +

L
∑

i=1,i6=ℓ

GiℓD̂ℓℓ +
1√
τuPu

WℓD̂ℓℓ, (11)

where D̂ℓℓ , D−1
ℓ Dℓℓ is a diagonal matrix with the k-th

diagonal element
[

D̂ℓℓ

]

kk
= βℓℓ,k

(

∑L
i=1 βiℓ,k + 1

τuPu

)−1

.

The second term in (11) is the channel estimation error

caused by the users from the other cells, which is called

pilot contamination [8, 22]. However, the BSs cannot

distinguish pilot signals of intra-cell users from those of
inter-cell users, since each BS is assigned the same pi-

lot sequences. This causes the achievable performance

to be saturated.

In a similar way to (10), we can estimate Gii for i 6=
ℓ. Let ξii, i = 1, 2, · · · , L, denote the channel estimation
error for Gii. Then, Gii can be expressed as

Gii = Ĝii + ξii. (12)

We assume that the error ξii is independent of Ĝii [25].

2.3 Linear ZF Receiver

After the BS estimates the CSI using the pilot signals,
the data transmission of the K users in the cell begins.

The BS uses the estimated CSI to detect the indepen-

dent transmit data streams from the users. In this sub-

section, we describe how a ZF receiver works to detect

the data streams. Let Aℓ be the ZF receiver matrix,
i.e.,

Aℓ = Ĝℓℓ

(

Ĝ
†
ℓℓĜℓℓ

)−1

. (13)

From (1) and (13), the received uplink signal at the ℓ-th

BS is separated into K data streams by multiplying yℓ

with A
†
ℓ as

rℓ = A
†
ℓyℓ =

√
Puxℓ +

√
PuA

†
ℓξℓℓxℓ

+
√
Pu

∑L
i=1,i6=ℓ A

†
ℓGiℓxi +A

†
ℓnℓ.

(14)

Correspondingly, the signal received for the k-th user

at the ℓ-th BS is derived as

rℓ,k =
√
Puxℓ,k +

√
Pua

†
ℓ,kξℓℓxℓ

+
√
Pu

∑L
i=1,i6=ℓ a

†
ℓ,kGiℓxi + a

†
ℓ,knℓ,

(15)

where aℓ,k denotes the k-th column of the matrix Aℓ,

and xℓ,k denotes the k-th element of the vector xℓ. The

SINR γℓ,k of the k-th user in the ℓ-th cell after the ZF
processing can be computed as

γℓ,k =
(

E

{∣

∣

∣a
†
ℓ,kξℓℓxℓ

∣

∣

∣

2}

+ E

{

L
∑

i=1,i6=ℓ

∣

∣

∣a
†
ℓ,kGiℓxi

∣

∣

∣

2}

+ E

{

∣

∣

∣a
†
ℓ,knℓ

∣

∣

∣

2

Pu

})−1

.

(16)

3 PDF of Uplink SINR and Asymptotic

Analysis

3.1 PDF of Uplink SINR

In this subsection, we derive the PDF of the uplink

SINR for the ZF detection. From (16), the SINR of the

k-th user in ℓ-th cell can be expressed as

γℓ,k =

1
(

∑L
i=1 αiℓ +

1
Pu

) [(

Ĝ
†
ℓℓĜℓℓ

)−1]

kk
+

∑

L
i=1,i6=ℓ β

2
iℓ,k

β2
ℓℓ,k

,

(17)

where αiℓ , tr
(

E

[

ξiℓξ
†
iℓ

])

=
∑K

k=1

τuPuβiℓ,k

∑L
j=1,j 6=i βjℓ,k

τuPu
∑L

j=1 βjℓ,k+1

can be obtained by using [25, Eq. (12.8)]. The deriva-

tion of (17) can be proved from

E

{∣

∣

∣a
†
ℓ,kξℓℓxℓ

∣

∣

∣

2}

= E

{

a
†
ℓ,kξℓℓxℓx

†
ℓξ

†
ℓℓaℓ,k

}

= tr
(

E

[

ξℓℓξ
†
ℓℓ

]) ∣

∣

∣
a
†
ℓ,k

∣

∣

∣

2

= αℓℓ

[(

Ĝ
†
ℓℓĜℓℓ

)−1]

kk
,

(18)
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E

{

L
∑

i=1,i6=ℓ

∣

∣

∣a
†
ℓ,kGiℓxi

∣

∣

∣

2}

= E

{

L
∑

i=1,i6=ℓ

∣

∣

∣a
†
ℓ,k

{

Ĝiℓ + ξiℓ

}

xi

∣

∣

∣

2}

= E

{

L
∑

i=1,i6=ℓ

a
†
ℓ,kĜiℓxix

†
i Ĝ

†
iℓaℓ,k

}

+ E

{

L
∑

i=1,i6=ℓ

a
†
ℓ,kξiℓxix

†
i ξ

†
iℓaℓ,k

}

(a)
=

∑L
i=1,i6=ℓ β

2
iℓ,k

β2
ℓℓ,k

E

{

a
†
ℓ,kĜℓℓĜ

†
ℓℓaℓ,k

}

+

L
∑

i=1,i6=ℓ

tr
(

E

[

ξiℓξ
†
iℓ

]) ∣

∣

∣a
†
ℓ,k

∣

∣

∣

2

=

∑L
i=1,i6=ℓ β

2
iℓ,k

β2
ℓℓ,k

E

{[

A
†
ℓĜℓℓĜ

†
ℓℓAℓ

]

kk

}

+

L
∑

i=1,i6=ℓ

αiℓ

[

(

Ĝ
†
ℓℓĜℓℓ

)−1
]

kk

(b)
=

∑L
i=1,i6=ℓ β

2
iℓ,k

β2
ℓℓ,k

+
L
∑

i=1,i6=ℓ

αiℓ

[

(

Ĝ
†
ℓℓĜℓℓ

)−1
]

kk

,

(19)

and

E

{ 1

Pu

∣

∣

∣a
†
ℓ,knℓ

∣

∣

∣

2}

=
1

Pu

∣

∣

∣a
†
ℓ,k

∣

∣

∣

2

=
1

Pu

[

(

Ĝ
†
ℓℓĜℓℓ

)−1
]

kk

.

(20)

Based on the results in (10) and (12), let ĝiℓ,k and

ξiℓ,k be the columns of Ĝiℓ and ξiℓ, respectively, where

ĝiℓ,k ∼ CN
(

0,
β2
iℓ,k

β̂ik

)

, with β̂ik ,
∑L

j=1 βjℓ,k + 1
τuPu

,

and ξiℓ,k ∼ CN
(

0,
(

βiℓ,k − β̂ik

)

IM

)

. Therefore, αiℓ, i =

1, 2, · · · , L in (18) and (19) can easily be derived. From

the fact that ĝiℓ,k =
√

βiℓ,kĥiℓ,k and (8), we have ĝiℓ,k =
βiℓ,k

βℓℓ,k
ĝℓℓ,k [22, eq. (51)], which leads to the equality (a)

in (19). Furthermore, we have

A
†
ℓĜℓℓĜ

†
ℓℓAℓ =

(

Ĝ
†
ℓℓĜℓℓ

)−1
Ĝ

†
ℓℓĜℓℓĜ

†
ℓℓĜℓℓ

(

Ĝ
†
ℓℓĜℓℓ

)−1

= IK .

Then, the equality (b) in (19) can be derived. Substi-

tuting (18), (19) and (20) into (16), we obtain (17).

Let X , 1
[

(Ĝ†
ℓℓĜℓℓ)

−1
]

kk

, then (17) can be rewritten

as

γℓ,k =
X

(

∑L
i=1 αiℓ +

1
Pu

)

+
∑L

i=1,i6=ℓ β
2
iℓ,k

β2
ℓℓ,k

X
. (21)

Note that from (10), Ĝ†
ℓℓĜℓℓ is a central complexWishart

matrix with M degrees of freedom and covariance ma-

trixΣℓℓ = diag
{

β2
ℓℓ,1

β̂ℓ1
, · · · , β2

ℓℓ,K

β̂ℓK

}

where β̂ℓk ,
∑L

j=1 βjℓ,k

+ 1
τuPu

as in [26]. Thus, X follows a complex central

Wishart distribution with M −K + 1 degrees of free-

dom and scale parameter
β2
ℓℓ,k

β̂ℓk
. Therefore, the PDF of

X is given as [27]

pX(x) =
e−xβ̂ℓk/β

2
ℓℓ,k

(M −K)!β2
ℓℓ,k/β̂ℓk

(

xβ̂ℓk

β2
ℓℓ,k

)M−K

, x > 0.

(22)

Proposition 1 The PDF of the uplink SINR for the

k-th user in the ℓ-th cell with the ZF receiver is given

as

pγℓ,k
(s)

= θM−K+1 sM−K

(1− ηs)
M−K+2

exp

(

− θs

1− ηs

)

, s <
1

η
,

(23)

where θ ,
∑L

i=1 αi,ℓ +
1
Pu

and η ,

∑L
i=1,i6=ℓ β

2
iℓ,k

β2
ℓℓ,k

.

Proof From (21), we can compute the cumulative dis-

tribution function (CDF) of γℓ,k as

Fγℓ,k
(s) = Pr

(

X

θ + ηX
< s

)

= Pr

(

X <
θs

1− ηs

)

.

(24)

– If s < 1/η, by using [28, Eq. (3.381.1)], (24) can be

written as

Fγℓ,k
(s) =

∫ θs
1−ηs

0

e−xβ̂ℓk/β
2
ℓℓ,k

(M −K)!β2
ℓℓ,k/β̂ℓk

(

xβ̂ℓk

β2
ℓk

)M−K

dx

=

∫

β̂ℓk
β2
ℓℓ,k

θs
1−ηs

0

e−x̂

(M −K)!
x̂M−Kdx̂

= 1− exp

(

− θs

1− ηs

)M−K
∑

i=0

1

i!

(

θs

1− ηs

)i

,

(25)

where x̂ = β̂ℓk

β2
ℓℓ,k

x.

– If s ≥ 1/η, (24) becomes

Fγℓ,k
(s) = 1. (26)

We can derive the PDF in (23) by applying the rela-

tionship pγℓ,k
(s) =

dFγℓ,k
(s)

ds between the CDF and the

PDF to (25) and (26), and by using [28, Eq. (8.356.4)].
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3.2 Asymptotic Analysis

One of the key properties of the massive MIMO is that

the number of BS antennas, M , can grow without limit,

whereas the number of users,K, and the transmit power
of each user are finite. The performance will improve

as the number of antennas increases. However, the im-

provement will be limited by the intercell interference.

In this subsection, we present asymptotic analysis of
the SINR to get insight into the system behavior for

the case of infinite number of antennas.

Proposition 2 When Pu and K are fixed, and the num-

ber of antennas at the BS, M , grows without bound, the

effective uplink SINR of the k-th user in the ℓ-th cell for
the ZF receiver approaches the same value as that of the

MRC receiver in [8], which is given by

SINR∞
ℓ,k =

β2
ℓℓ,k

∑L
j=1,j 6=ℓ β

2
jℓ,k

. (27)

Proof From (1) and (13), we have

rℓ = A
†
ℓyℓ =

(

Ĝ
†
ℓℓĜℓℓ

)−1
Ĝ

†
ℓℓ

(

√

Pu

L
∑

j=1

Gjℓxj + nℓ

)

=
(

Ĝ
†
ℓℓĜℓℓ

)−1
D̂ℓℓ

(

√

Pu

L
∑

i=1

L
∑

j=1

G
†
iℓGjℓxj +

L
∑

i=1

G
†
iℓnℓ

+
1

√
τu

L
∑

j=1

W
†
ℓGjℓxj +

1√
τuPu

W
†
ℓnℓ

)

.

(28)

WhenK is fixed andM goes to infinity, we have 1 [4,15]

Ĝ
†
ℓℓĜℓℓ

M

M→∞→ D̂ℓℓ

(

L
∑

i=1

Diℓ +
1

τuPu
IK

)

D̂ℓℓ,

L
∑

i=1

L
∑

j=1

G
†
iℓGjℓ

M

M→∞→ Dℓℓ +

L
∑

j=1,j 6=ℓ

Djℓ,

(29)

and all the other terms in the last parenthesis of (28)

converge to zero, where the notation
M→∞→ is used to

indicate that the number of antennas at the BS goes to

infinity.

1 Assume that the k-th columns hiℓ,k and hjℓ,k of Hiℓ and
Hjℓk, respectively, are mutually independent M × 1 vectors,
whose elements are i.i.d. random variables with zero mean
and unit variance. From the law of large numbers, we have
1
M

h
†
iℓ,khiℓ,k

a.s→ 1 and 1
M

h
†
iℓ,khjℓ,k

a.s→ 0 as M → ∞, where
a.s→ denotes the almost sure convergence.

Then, substituting (29) into (28), we obtain

rℓ
M→∞→

(

D̂ℓℓ

(

L
∑

i=1

Diℓ +
1

τuPu
IK

)

D̂ℓℓ

)−1

D̂ℓℓ

×
(

√

PuDℓℓxℓ +
√

Pu

L
∑

j=1,j 6=ℓ

Djℓxj

)

(30)

Therefore, the asymptotic uplink SINR for the k-th user

in the ℓ-th cell is obtained as (27).

We can see that the MRC receiver in [8] and the
ZF receiver in this paper exhibit the same performance

when the BS is equipped with a very large number of

antennas, i.e., as M → ∞. (27) indicates that the effect

of the interference does not vanish due to pilot contam-

ination, even though the number of BS antennas goes
to infinity. Furthermore, the SINR in (27) is indepen-

dent of Pu, which means that we can exploit a lower

power regime while maintaining the limit SINR of (27)

constant. However, in practice, the number of users and
the transmit power of each user are not always fixed.

For example, the following two scenarios in Corollary 1

and Corollary 2 should be considered.

Corollary 1 When Pu is fixed, and M , K grow with-

out bound with µ , M/K > 1 remaining constant, the
effective uplink SINR of the k-th user in the ℓ-th cell in

(17) can be deterministically approximated for the ZF

receiver to

SINRℓ,k

=
β2
ℓℓ,k(µ− 1)

β2
ℓℓ,kβ̂ℓk

∑L
i=1 αiℓ/K +

∑L
i=1,i6=ℓ β

2
iℓ,k(µ− 1)

.
(31)

Proof From (21), with E {X} = (M −K + 1)
β2
ℓℓ,k

β̂ℓk
, we

have

SINRℓ,k ≥
β2
ℓℓ,k(M −K + 1)

β2
ℓℓ,kβ̂ℓk

(

∑L
i=1 αiℓ +

1
Pu

)

+
∑L

i=1,i6=ℓ β
2
iℓ,k(M −K + 1)

M,K→∞→
β2
ℓℓ,k(M/K − 1)

β2
ℓℓ,kβ̂ℓk

∑L
i=1

αiℓ

K +
∑L

,i=1,i6=ℓ β
2
iℓ,k

M
K−1

.

(32)

In fact, a lower bound will approach the exact value

when the number of antennas at the BS grows. From

(32) with µ = M/K, (31) is obtained.
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Rℓ,k =

M−K
∑

µ=0

log2 e

(M −K − µ)!
×
[

(−1)M−K−µ−1

(

1

aM−K−µ
e

1

a Ei

(

−1

a

)

− 1

bM−K−µ
e

1

b Ei

(

−1

b

))

+

M−K−µ
∑

k=1

(k − 1)!

(

(

−1

a

)M−K−µ−k

−
(

−1

b

)M−K−µ−k
)]

. (33)

Unlike the limit SINR in (27), the limit SINR in (31)

depends on the transmit power of the user. In practice,
however, the effect of the transmit power will vanish

quickly in a high power regime. In addition, the SINR

in (31) decreases significantly when K → M and is

equivalent to (27) as K ≪ M . This shows that as K

increases, the impact of the pilot contamination will
become more severe.

Corollary 2 Let Eu , PuM , where Eu and K are

fixed. When M grows without bound, the effective up-

link SINR for the k-th user in the ℓ-th cell of the ZF

receiver can be deterministically approximated to

SINRℓ,k =
τuE

2
uβ

2
ℓℓ,k

τuE2
u

∑L
i=1,i6=ℓ β

2
iℓ,k +M

. (34)

Proof In a manner similar to (28), from (1) and (13),
we have

rℓ = A
†
ℓyℓ =

(

Ĝ
†
ℓℓĜℓℓ

)−1
Ĝ

†
ℓℓ

(

√

Eu/M

L
∑

j=1

Gjℓxj + nℓ

)

=
(

Ĝ
†
ℓℓĜℓℓ

)−1
D̂ℓℓ

(

√

EuM

∑L
i=1

∑L
j=1 G

†
iℓGjℓxj

M

+
L
∑

i=1

G
†
iℓnℓ +

1
√
τu

L
∑

j=1

W
†
ℓGjℓxj +

M√
τuEu

W
†
ℓnℓ√
M

)

.

(35)

When K is fixed and M goes to infinity, we have [15]

L
∑

i=1

L
∑

j=1

G
†
iℓGjℓ

M

M→∞→ Dℓℓ +

L
∑

j=1,j 6=ℓ

Djℓ, ∀i = j,

L
∑

i=1

G
†
iℓnℓ

M

M→∞→ 0 and

L
∑

j=1

W
†
ℓGjℓ

M

M→∞→ 0,

(36)

and the Lindeberg-Levy central limit theorem2 can be

used to obtain

W
†
ℓnℓ√
M

∼ CN (0, IM ) . (37)

2 With hiℓ,k and hjℓ,k defined in (29), from Lindeberg-

Levy central limit theorem, we have 1√
M

h
†
iℓ,khjℓ,k

d.→
CN (0, 1) as M → ∞, where

d.→ denotes convergence in distri-
bution.

Applying (36) and (37) to (35), we obtain (34).

When Eu is fixed, we can also reduce the transmit

power of each user in proportion to 1/M as M grows,
while preserving the transmission rate [16]. However,

as seen in (34), interferences from other cells do not

vanish. In particular, we can see that the interference

due to pilot reuses, also known as pilot contamination,
increases as M grows, since the term M is in the de-

nominator of (34).

4 Achievable Rate, Outage Probability, and

Symbol Error Rate

In this section, we derive three important performance

measures for the system: achievable uplink rate, outage

probability, and SER.

4.1 Achievable Uplink Rate

Proposition 3 The exact achievable uplink rate for
the k-th user in the ℓ-th cell is given by (33), which is

shown at the top of this page, where Ei(z) , −
∫∞

−z
e−t

t dt,

a ,

∑L
i=1 β2

iℓ,k

β̂ℓk(
∑

L
i=1 αiℓ+1/Pu)

, and b ,
∑L

i6=ℓ β
2
iℓ,k

β̂ℓk(
∑

L
i=1 αiℓ+1/Pu)

.

Proof

Rℓ,k = EX {log2 (1 + γℓ,k)}

=

∫ ∞

0

log2 (1 + γℓ,k(x)) pX(x)dx

=
β̂ℓk

(M −K)!β2
ℓℓ,k

×
{∫ ∞

0

log2 (1 + a.x̂) x̂M−Ke−x̂dx

−
∫ ∞

0

log2 (1 + b.x̂) x̂M−Ke−x̂dx

}

=
log2 e

(M −K)!
×
{∫ ∞

0

ln (1 + a.x̂) x̂M−Ke−x̂dx̂

−
∫ ∞

0

ln (1 + b.x̂) x̂M−Ke−x̂dx̂

}

,

(38)

where x̂ = β̂ℓk

β2
ℓℓ,k

x. Using [28, Eq. (4.337.5)], (33) can be

derived.
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4.2 Outage Probability

The outage probability Pout is defined as the probability
for which the instantaneous SINR falls below a given

threshold, γth. It is easy to compute Pout from (25) and

(26) as

Pout =

{

1− e
−

θγth
1−ηγth

∑M−K
i=0

1
i!

(

θγth

1−ηγth

)i

, γth < 1/η

1, γth ≥ 1/η

(39)

where θ and η are defined as in Proposition 1.

4.3 Uplink SER

From the SINR distribution in (23), we can evaluate

the SER of the system. We see that it is difficult to
evaluate the SER directly from the PDF. Therefore, we

take the moment generating function (MGF) approach

[29] to derive a closed-form expression for the SER. We

consider only the M-QAM (M = 2i with i even).

Proposition 4 The average SER for the transmission

from the k-th user in ℓ-th cell to the BS is given by

SERℓ,k =
4

π

(

1− 1√
M

)

[

∫ π/2

0

Φγℓ,k

(

gMQAM

sin2 φ

)

dφ

−
(

1− 1√
M

)∫ π/4

0

Φγℓ,k

(

gMQAM

sin2 φ

)

dφ

]

,

(40)

where gMQAM,
3

2(M−1) and Φγℓ,k
(s) denotes the MGF

of γℓ,k, defined as

Φγℓ,k
(s) = Eγℓ,k

{

e−γℓ,ks
}

=

M−K+1
∑

p=0

(

M−K+1
p

)

(

−β2
ℓℓ,ks

β2
ℓℓ,ks+ β̂ℓkθ

)p

× F2 0

(

M −K + 1, p;−;
−κβ̂ℓk

β̂ℓkθ + β2
ℓℓ,k

s

)

,

(41)

where κ ,
τuPuβ̂ℓk+1

τuPuβ̂ℓk
, and F2 0 (·) represents the gener-

alized hypergeometric function [28, Eq. (9.14.1)].

Proof Let γℓ,k , X
Y , where Y , θ + ηX . From [30,

Theorem (3.19)] and [30, Theorem (3.21)], we obtain

pY (y) =
e−(y−θ)/κ

(M−K)!κ

(

y−θ
κ

)M−K

. Correspondingly, the MGF

of γℓ,k is given by

Φγℓ,k
(s) = Eγℓ,k

{

e−γℓ,ks
}

=

∫ ∞

0

ΦX(s)pY (y)dy, (42)

where

ΦX(s) = EX

{

e−γℓ,ks
}

=

∫ ∞

0

e−γℓ,kspX(x)dx

=

(

β̂ℓky

β̂ℓky + β2
ℓℓ,ks

)M−K+1

.

(43)

Substituting (43) into (42), we have

Φγℓ,k
(s) =

∫ ∞

0

(

β̂ℓky

β̂ℓky + β2
ℓℓ,ks

)M−K+1
e−(y−θ)/κ

(M −K)!κ

(

y − θ

κ

)M−K

dy.

(44)

In [16], the authors calculated the MGF for the case

with a perfect CSI. We can apply the same procedure

as in [16, Eq. (53)] onto (44) to obtain (41).

Corollary 3 An upper bound for the SER of the k-th

user in the ℓ-th cell of the uplink transmission, assum-

ing ZF processing occurs in the BS, is given by

SERUB
ℓ,k =

(

5

3
√
M

− 1

M − 2

3

)

Φγℓ,k
(gMQAM)

+

(

1− 1√
M

)

Φγℓ,k

(

4

3
gMQAM

)

+

(

2√
M

− 1− 1

M

)

Φγℓ,k
(2gMQAM) .

(45)

Proof We derive a new approximation to avoid finite

integration over φ. We start by using a similar method-
ology as in [31] given as

SERℓ,k =

4

π

(

1− 1√
M

)

× Eγℓ,k

{

∫ π/2

0

Φγℓ,k

(

gMQAMγℓ,k

sin2 φ

)

dφ

−
(

1− 1√
M

)∫ π/4

0

Φγℓ,k

(

gMQAMγℓ,k

sin2 φ

)

dφ

}

,

(46)

where

2

π

∫ π/2

0

exp

(

gMQAMγℓ,k

sin2 φ

)

dφ

≈ 1

6
egMQAMγℓ,k +

1

2
e

4gMQAMγℓ,k
3 .

(47)
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Fig. 1 Spectral efficiency versus the SNR for M =
20, 50, 100, 200, 300, 500, and ∞ (L = 7, K = 10, β = 0.05).

2

π

∫ π/4

0

exp

(

gMQAMγℓ,k

sin2 φ

)

dφ

≤ 1

2
egMQAMγℓ,k +

1

2
e2gMQAMγℓ,k .

(48)

Substituting (47) and (48) into (46), we obtain (45).

5 Numerical Results

In this section, we provide numerical results that can

be used to verify the above analysis. We first consider a

simple scenario where the large-scale fading (path loss
and shadow fading) is fixed and L = 7 cells share the

same time-frequency. We set the number of users and

the number of pilot symbols toK = τu = 10, and we set

the length of the coherence interval to T = 196 [4,8]. We

also assume that all of the desired links are associated
with the gain βℓℓ,k = 1, and that all the interfering

links for the intercell interference are associated with

βiℓ,k , β, ∀i 6= ℓ, k = 1, 2, · · · ,K, which is referred

to as the cross gain factor. We define SNR , Pu since
the noise variance is normalized to unity, and the av-

erage transmit power of the data and pilot signals are

assumed to be equal. Furthermore, we define the spec-

tral efficiency per cell in bits/s/Hz for the ℓ-th cell as

S ,

(

T − τu
T

) K
∑

k=1

Rℓ,k, (49)

where Rℓ,k is given in (33).
Fig. 1 shows the spectral efficiency per cell versus

the SNR for the cross gain factor β = 0.05 and vari-

ous values of M . The simulation results were obtained

through Monte-Carlo simulations using (17),3 and the

3 Note that αiℓ and Ĝℓℓ in (17) are estimated by αiℓ =

tr
(

E[ξiℓξ
†
iℓ]
)

and (9), respectively.
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Fig. 2 Spectral efficiency versus the cross gain factor β for
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10dB).

0 2 4 6 8 10
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

SINR threshold of BS (γ
th

) in dB 

O
ut

ag
e 

P
ro

ba
bi

lit
y

 

 

Analysis
Simulation

M = 100

M = 40

M = 60

M = 800

Fig. 3 Outage probability Pout versus the SINR threshold
γth for M = 40, 60, 80, and 100 (L = 7, K = 10, β = 0.05,
SNR = 10dB).

analytical results are computed from (33). As was ex-

pected, the spectral efficiency increases as M increases.
At a low SNR, the spectral efficiency increases steeply

with an increase in SNR; at a high SNR, the spectral

efficiency reaches a saturated value. This implies that

increasing the transmit power for each user does not im-

prove the system performance, but we need to increase
the number of BS antennas instead. When M grows

without bound, we have an asymptotic curve resulting

from the imperfect CSI due to the pilot contamination.

We can observe how the spectral efficiency for M → ∞
is independent of SNR, which validates our analysis in

(27). Finally, the simulation results and the analytical

results are found to be in perfect agreement.
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The effect of the cross gain factor for different values

of M is depicted in Fig. 2. We also see how the spec-

tral efficiency increases as M increases. Note that each

element of the channel estimation error ξℓℓ,k follows a
distribution with a zero mean and variance of βℓℓ,k −
τuPuβ

2
ℓℓ,k

(

τuPu

∑L
j=1 βjℓ,k + 1

)−1

. When the cross gain

factor increases from 0 to 1, or correspondingly the vari-

ance of the channel estimation error increases from 0.01
to 0.85, the spectral efficiency decreases significantly. In

particular, when the cross gain factor is almost equal

to the gain of the desired link, the spectral efficiency

becomes very low regardless of the number of antennas

M .

Fig. 3 shows the outage probability per user ver-

sus the SINR threshold γth, when the cross gain factor

β = 0.05 and M = 40, 60, 80, and 100. The analytical

results are computed using (39). When M increases, the

outage probability decreases significantly. Fig. 4 shows

the outage per user versus M for several values of β.

We can see that the outage probability increases signif-
icantly as β increases.

Fig. 5 presents the SER against the number of BS

antennas per user for different M = 4, 16, 64. The exact

analytical curves and the upper bound of the analytical
curves are computed using Proposition 4 and Corollary

3, respectively. We can see that the analytical results

are accurate for all cases. The upper bound of the SER

is also quite tight, so we can use it to evaluate the per-

formance of system for simple cases. In terms of the
SER, this figure shows the advantages of using a mas-

sive number of antennas. The performance is seen to

improve substantially as M increases.

We now evaluate the effect of the imperfect CSI on
the system performance in more practical scenarios. We

consider hexagonal cells with a radius of 1, 000 m. The

number of users and the number of pilot symbols are

set to K = τu = 10. The large-scale fading coefficients

are chosen as

βiℓ,k =
ziℓ,k
rγiℓ,k

, (50)

where ziℓ,k is a log-normal random variable with a stan-

dard deviation of 8dB. riℓ,k is the distance between the

user and the BS, and γ is the path loss exponent, which

is assumed to be equal to 4. The users are assumed to be
located randomly and uniformly over the cell area. We

consider the channel estimation error in cell 1 (ℓ = 1),

and we use a normalized channel estimation error to

evaluate the system performance for the MMSE esti-

mation as

err , 10 log10







∥

∥

∥G11 − Ĝ11

∥

∥

∥

2

F

‖G11‖2F






. (51)

Fig. 6 and 7 illustrate the effect of having imperfect

CSI against the number of cells L. For both cases, when

the number of cells increases, the normalized channel
estimation error in (51) increases and the spectral ef-

ficiency in (49) significantly decreases. In particular,

when L = 1, which corresponds to an interference-free

scenario, the performance for both cases is the best that

can be obtained, but it degrades as L increases, due to
pilot contamination.

6 Conclusion

In this paper, we have analyzed the uplink performance

of a multicell massive MIMO system where the BS is
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Fig. 6 Normalized channel estimation error versus the num-
ber of cells L for M = 50, 100, 200, and 300 (K = τu = 10,
SNR = 10dB).
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Fig. 7 Spectral efficiency versus the number of cells L for
SNR = -5dB and 10dB (K = τu = 10, M = 100).

implemented with a ZF receiver with imperfect CSI due

to pilot contamination. We have derived the exact an-
alytical expressions for the PDF of the uplink SINR as

well as the corresponding achievable rate, outage prob-

ability, and symbol error rate. Numerical results have

been provided to validate the analysis, and the results

indicate that in order to improve the system perfor-
mance, we need to increase the number of BS antennas

rather than the transmit power of the users. In addi-

tion, the effect of the pilot contamination on the system

performance was investigated. The results presented in
this paper have been provided as closed-form expres-

sions, thus enabling easy and clear assessment of the

system performance.
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