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ABSTRACT

We construct the gauge invariant potentials of Hermitian Gravity [1] and derive the linearized equations
of motion they obey. A comparison reveals a striking similarity to the Bardeen potentials of general relativity.
We then consider the response to a point particle source, and discuss in what sense the solutions of Hermitian
Gravity reduce to the Newtonian potentials. In a rather intriguing way, the Hermitian Gravity solutions
exhibit a generalized reciprocity symmetry originally proposed by Born in the 1930s. Finally, we consider
the trajectories of massive and massless particles under the influence of a potential. The theory correctly
reproduces the Newtonian limit in three dimensions and the nonrelativistic acceleration equation. However,
it differs from the light deflection calculated in linearized general relativity by 25%. While the specific
complexification of general relativity by extension to Hermitian spaces performed here does not agree with
experiment, it does possess useful properties for quantization and is well-behaved around singularities as
described in [I]. Another form of complex general relativity may very well agree with experimental data.
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1 Introduction

In this paper we consider the dynamics of scalar potentials in linearized Hermitian Gravity (HG) recently
proposed in Ref. [1]. HG enlarges the symmetry of general relativity (GR) by formulating gravity as a
geometric theory on phase space {z*,p*}, where p = 0,1,..,D — 1, and D is the number of space-time
dimensions. Hermitian Gravity is a generalization of general relativity formulated on an eight dimensional
phase space {a#, p”}, where z# and p” are a priori mutually independent coordinates. Arguably, the simplest
realization of such an idea are curved Hermitian complex spaces in D complex dimensions, where z# =
(" 4 wH)/V/2 and 27 = (x* — 1y")/+/2 are the holomorphic and antiholomorphic coordinates [l on the
(Hermitian) manifold M with the distance function

ds® = C'Wdz“dz'7 + C'ﬁ,,dzﬁdz” . (1)

This line element (and the corresponding metric tensor C') is invariant under the action of the almost complex
structure operator J:

J[ds?) = ds*. (2)
The operator J is defined by
J[dzH] = —udz*, J [dz"] = 1dz", (3)
where ) ) . N
dz!' = 7 (dz" +2dyt) dz!' = 7 (dxt —2dyt), dy* = de” . (4)

Hermitian spaces are complex curved spaces M endowed with a Hermitian metric C which obeys (@]). As
a consequence of the J-symmetry [9 of the line element (2], the holomorphic and antiholomorphic metric
components of the metric tensor vanish, C,, = Cppz = 0. One can achieve that e.g. by adding a suitable
constraint action . The reciprocity symmetry is then imposed at the level of the equations of motion (on-
shell). Equivalently, one can solve the constraint equations C,, = 0, insert the solution into the action,
to obtain an effective action, which has no dependence on C,,, (but it contains dependence on a Lagrange
multiplier tensor).

The symmetry of HG is indeed much larger than the diffeomorphism invariance of GR, in that the
Hermitian line element () is invariant under arbitrary (holomorphic) complex coordinate transformations,
M — ZH(zP) = (02M(2P)/02z*)dz", and it reduces to diffecomorphism invariance in the low energy limit,
pH* — 0.

Since GR is an extremely successful and well tested theory, the natural question that arises is in what
sense GR needs to be improved, and why should Hermitian Gravity be the desired fix. In order to begin
answering this question, we recall that the main motivation for HG dates back to an old idea of Max Born [2].
Albeit Born’s presentation of his reciprocity symmetry is in places unclear, from his papers one can conclude
the following. Born was inspired by the symmetry of Hamilton’s equations

dr' = —dr, dp' = —%dm (5)

where 7 denotes an affine time. These equations are invariant under the following simultaneous transforma-
tion of the cotangent phase space at a point,

0 . 0 0 L 0 (6)
dz;  Opi’ Opi Ox;
and of the tangent phase space, _ _ _ _
dz' — dp", dp* — —dz" . (7)

! The momentum coordinates p* are related to y* through the relation y* = (Gn/c®)p*.

2In the Hermitian Gravity theory considered in this paper, the J-symmetry and reciprocity symmetry have identical meaning,
and hence will be used interchangeably.

3See Eq. (@) for a particular realization of the constraint action.

4In modern mathematical language, the Hamiltonian dynamics leaves the symplectic structure — defined as the two form
da® A dpl — invariant.



Notice further that the canonical quantization relation,
(2%, p;] = &'p; — p;&" = hd) (8)

also obeys reciprocity symmetry in the following sense. Let us now rewrite the operators #' and p; as a
sum of their classical values ' = (Q|#°|Q), p; = (Q|p;|Q2), where |Q) denotes quantum state, and their
fluctuating quantum parts {02°,8p;} as, &* = 2* + 62° and p; = p; + 0p;. We can now rewrite (§) in terms
of the fluctuating parts only as,

[62°,6p;] = 1hé} . (9)

From this we immediately see that the fluctuating parts {02°, §p;} obey reciprocity symmetry,

83t — op°, opt — —o0zt, (10)

which in form (but only in form!) resembles (@). The meaning of ({I0) is however quite different from
that of the classical symmetry (@). Indeed, Eq. (I0) tells us that canonical quantization is such that the
resulting quantum fluctuations obey reciprocity symmetry. This realization is particularly exciting, since
it gives hope that the quantum theory of gravity might possess reciprocity symmetry. If true, this would
elevate reciprocity symmetry to a fundamental symmetry of Nature, and it would help us in finding out how
to correctly quantize gravity. Born has realised that the reciprocity transformation () maps low energy
(sub-Planckian) physics to high energy (super-Planckian) physics, and wvice versa. Since it was not clear how
to make the action of matter, force, or gravitational fields invariant under such a symmetry, Born’s idea has
not attracted much attention. In Ref. [I], it was realized that Hermitian spaces (M, C'), manifolds endowed
with complex metrics, with the identification (), represent a natural generalization of Born’s reciprocity
symmetry, whereby the 3-dimensional 1-forms and vectors in (@) and (@), respectively, are replaced by the
4-vectors of Eqs. [BH4), where by a suitable rescaling the dimensions of z* and p* are made equal. Just as
in Eq. (@), the Hermitean space reciprocity symmetry is realized on one-forms
GN c?
J(dx"] = —-dp", J[dpt] = ——=—da* . (11)
C GN

Analogous relations hold for the vector fields,

0 5} 5} 0
J[a_}_a_ J[@]—‘Z@’
which imply J[0/dz#] = 9/0y* and J[0/Oy*| = —0/DxH.

It it convenient to introduce an eight-dimensional notation [I], which we indicate by bold quantities and
Latin indices which run from 0 to 2D — 1. In eight-dimensional notation the line element () becomes simply

ds? = dz™Cpmnz™ =dz - C - dz, AL (z“,zﬁ)T : (12)

The eight-dimensional metric

0 Cup
C= I
( Cp 0 )
is symmetric under transposition, Cyn = Crnm, while the four-dimensional sectors are Hermitian, CT = C,
which implies the off-diagonal sectors are related through complex conjugation: Cp, = Cj; and Cpy = Cyp.

By variation of the Hermitian line element, one can derive the Hermitian geodesic equations from which the
Christoffel connection follows

r _ 1 s
I, =35C" (0mCsn + 0,Cms — 9sCinn), (13)
while the Riemann tensor is given by

R}, =or; —0,I;, +I,Tre —T° T} . (14)

m la™ nm



The Christoffel symbols and Riemann tensor in eight dimensions satisfy the same symmetries as in general
relativity, as can readily be seen by interchanging indices. It is straightforward to calculate the Einstein
tensor

Gmn = Rmn — %CmnR
The Ricci tensor R, = R.n and Ricci scalar R = R, = (™™ Ry, are procured through the proper

contractions of the f{Tilg;Illann tensor.

The paper is organized as follows. In section 2l we calculate the linearized Einstein tensor. In section B3]
and in Appendix A we show how to construct the gauge invariant Bardeen potentials of Hermitian Gravity
and derive the corresponding linearized vacuum equations. In section @ we solve for the potentials of a point
static mass both in two and three (complex) spatial dimensions. Requiring reciprocity symmetry brings us
naturally to phase space potentials. The Newtonian limit of GR is recovered by integrating phase space
potentials over the momenta. Finally, in section 5 we consider the motion of a spinless massive test particle

and of a massless particle (photon).

2 Linearized Hermitian Gravity

Just as in GR, a first step towards the Newtonian limit is to linearize the theory. For simplicity we shall
linearize around the flat Minkowski metric (p,n such that the metric Cy,, decomposes as

Cmn - Cmn + Hmn (zT)a

where ™™ is an 8 x 8 symmetric metric whose 4 x 4 blocks are,
14 1%
Cmn = ( gﬂu 2:[“7 ) ’ (15)

where (' = diag(—1,1,1,1) = ¢*” and ¢*¥ = diag(0,0,0,0) = ¢, and H,,, is a small space-time-
momentum-energy dependent contribution, ||Hpn| < 1.
Upon keeping only terms up to linear order in H,,, the Christoffel symbols ([I3]) simplify to,

15 15
P = 3CY(0uCoa+0.C,n) = 3¢ (OuHon + 0,H,5)
1 5 1 5
I, = §CAP (0rCyx — 0xCup) = 5@’) (OuH, 5 — OxHyp) ,
15 15
re, = 5cAP (05C,5 — 05Chup) = §@P (05H 5 — 0xHpw) |
5 1 1 .
I, = §OM (0nCrp + 05Chp) = 5(” (OnHxp + 05 Hxg)
_ 1 1
Ty = 507 (0uCr = 0xCs) = 567 (9uHrs — OxHour)
_ 1 1
e, = gopA (0,Cxp — OCop) = §CPA (OuHxp — OxHup)
IV;%LD = 07
7, = 0. (16)

Introducing the Christoffel symbols into the Riemann tensor it is straightforward to calculate the Einstein
tensor. In terms of holomorphic and anti-holomorphic components, the various components of the Finstein
tensor are given by

G = % (aﬂaXHX,, + ayaiﬁ;“) ,

Gow = % (007 F1rs + 0,013z

Gu = %aﬁaiﬁ;,j + %a,,apﬁpﬂ - %Dﬁ,jﬁ — (u,0°0° Hy,,

Gup = %aHaAﬁM + %a,;aﬁﬁm — %Dﬁw — Cup0P0° Hy)p, (17)



where the trace-reversed metric perturbation E, H,p = Hpp — %CmnH , has been employed to simplify

the equations and the d’ Alembertian is O = —2890y + V? (the Laplacian is defined as V? = Zle 20,05).
The Hermitian-Einstein equation
Gup = KT, (18)

describes the dynamics of the system. The constant x, which in GR equals 877G in units where ¢ = 1, is
determined in section .2 below by requiring that HG reproduces the correct Newtonian limit. Equation (18]
can be obtained by varying the action

S = Spg+S.+Sm

1 1 -
Swe = 5 / d*zd*zVCR,  S.= - / d42d*zv/C (A, C* + A\apCP7) (19)
K K

where C' = det[Cnn], Se is a constraint action and Sy, is the matter field action. Notice that varying
the constraint action yields C),, = 0, which imposes reciprocity symmetry at the level of the equations of
motion (on shell). This way R = R[C)7] is not a function of Cy,. In this case, G, and Gy in general
do not vanish. The Einstein tensor does however obey the Bianchi identity, V™ G,,,, = 0, and so does the
constraint tensor, V™A, = 0, which implies that the constraint tensor must be covariantly conserved,
VA =0= Vﬁ/\ﬂ,;. The action (I9) is constructed in such a way that the number of undetermined field
components equals the number of equations, which is a necessary condition for mathematical consistency
of the theory. Another possibility is Holomorphic Gravity, in which a contraint action analogous to (9]
imposes on-shell constraints C},5 = Cp,. This theory has been studied in some detail in Ref. [3].

3 Bardeen Potentials

When looking at linearized theory in general relativity, it is useful to decompose the perturbations in terms
of the scalar (S), vector (V), and tensor (T) perturbations such that [4]

S 14 T
hpw =Ny + Iy + Ry,

In studying what kind of potential is generated by a point mass, it is only necessary to consider scalar
perturbations which correspond to fluctuations of mass density with respect to the background field. Vector
and tensor perturbation can be produced e.g. by amplified vacuum fluctuations of vector and gravitational
fields in inflation. In macroscopic systems, vector perturbation are sourced by a time dependent dipole
of some localized mass distribution, while tensor perturbations (gravitational waves) are sourced by a time
dependent quadrupole of a mass distribution. Typical astronomical sources of vector and tensor perturbations
are rotating binary stars. For the scalar perturbations, the perturbation metric can be expressed in terms
of the scalar fields E, B, ¢ and ¢

—2¢ OB 0, 0,
s _| @B 2(-v+anE) 2008 20,05 F
Ky 0>B 20,01 FE 2 (—’l/l + 8282E) 20,05 F
03B 20301 FE 2030-F 2 (—1/) + 8383E)

The fields that make up the metric perturbation are not invariant under gauge transformations, i.e. coordi-
nate transformations generated by a# — z#4+£#(z"), where £# (") is an infinitessimal vector field B. One can
show that it is possible to construct so-called gauge invariant potentials. The advantage of a gauge invariant
formulation is that the remaining potentials represent physical quantities invariant under diffeomorphisms.
In general relativity for a flat background metric, the gauge invariant potentials, also known as Bardeen
potentials, are given by

Por =0+ oy (B—aoE), Vogr=1. (20)

One can introduce an analogous construction in Hermitian Gravity which satisfies the symmetries of the
theory. An analysis of these symmetries indicates the E, ¢, and 1 fields must be real, while the field B is not

5In the case of Hermitian Gravity, the trace-reversed perturbation satisfies H = —-3H.
SFor the case of scalar perturbations, & (z) = (£9, 8i§)T.



imposed with any such constraint and thus has its own complex conjugate B. Under these conditions,
the Hermitian Gravity analog of the Bardeen decomposition for the scalar metric perturbation can be
constructed:

—2¢ o B 02 B 03B
HS — 31@ 2(—¢ + 0101 F) 2010-F 20705 E (21)
v | 9B 20500 F 2 (=t + 0302F) 20503 F
0B 20501 F 2050o F 2 (= + 0303 F)

Under an infinitesimal transformation 2™ — 2™ + £€™(2™), the metric perturbation transforms as follows
H, . (zm) - Hvlﬂnn = Hpun — arnén - 8’n€mv €‘n = Cmngm (22)

The coordinate transformation consists of a holomorphic and an antiholomorphic vector field &™ =

(f“(z”),g“(zﬁ))T. This is a condition which must be imposed in order to keep the metric Hermitian (i.e.
to maintain C),,, = 0 and Cpp = 0) under coordinate transformations. Equation (22 implies the following
gauge transformations for the scalar fields [1

20 — 26— €’ — e,
“OB — OB+ 00i€ — 00,
—aiB — —aiB =+ 86875— &-go,
v o=,
—20,0,E — —20,0,E + 0,0;€ + 3:0:€. (23)

Computationally, it is much simpler to work with the trace-reversed metric which was introduced in the
Einstein equations (I7ZHI8). The new trace-reversed fields ¢ and ¢ transform as

20 = 60— V2E — 20+ (9))° €+ (8)7E,
2p = —dp+ 20+ VEE — 20 — o€’ — 9E° — (9h)7 € — (95)° €,

while the two other fields, £ and B, remain unchanged under trace reversal. Now one can determine the
dynamics of the fields are governed by the equations (7)) resulting through the choice of energy-momentum
tensor as described in ([I8). In preparation for the following section on the Newtonian limit, we will use B
Tj, = diag (—p,0,0,0), so that the equations in (I7) simplify to

- 1 _ -
029 = 5 (00V2B + 9gV>B) + 2V?y — VYE + 2sp,
08;B = —00050;B — 2040;1) + 950;V>E + 2030;¢ + %aiv%},

08;B —00050; B — 200051 + 890;V*E + 200056 + %&iv?B,

20 (zﬁaﬁ - aﬁ;E) 050;0;B + 000;0; B + 40;05 — 20;0;V*E

—% (430865’ +00V?B + 95V°B + 2V — v‘*E) .
(24)

In Appendix A we show that, by making the appropriate combinations of the fields, one can construct gauge
invariant potentials, namely

=9+ (B-0E), ¥=4v, (25)
which are remarkably similar to the Bardeen potentials of GR ([20). The gauge invariant potentials of HG (28]
satisfy the following equations of motion for the rest frame of a perfect fluid

0 = D(¢+30(B—36E)):2—’§”,
0w = Dq/):%.

"For scalar perturbations, one can use £¢ = ;€.
8This corresponds to the energy-momentum tensor of a perfect fluid in the rest frame.



In the next section, a massive static point-like source will be considered such that p takes on the form of a
delta function with some mass attached to it.

As previously stated, it is not yet certain whether or not one is allowed to fix the parts of the Einstein tensor
G, and Gpp to zero. Such a choice imposes that the de Donder gauge condition 8™ H,y,y, is also null.
However, unlike general relativity, this quantity is gauge invariant in Hermitian Gravity. For more in depth

information regarding this constraint and the resultant calculation for the Bardeen potentials, see Appendix
B.

4 Newtonian Limit

Following the introduction of the linearized theory of Hermitian Gravity and the use of Bardeen potentials,
the gauge invariant scalar potentials in the case of a non-zero energy density are

_ 2rpHG g - [PHG

to
3 7 3

(26)

The constant x has yet to be determined and will be done so by solving (26]) for the case of the static
point-like mass for the gauge invariant energy density ppg. In general relativity, this energy density is given
by py = M&3(Z). In Hermitian Gravity, the corresponding general relativistic limit can be obtained by
considering the point-like source on the six-dimensional phase space spanned by {7, Z}

prc = M&*(2)6°(2),
and subsequently integrating out the momenta contributions
PN = M/d?’yég(é')ég(?).
By taking the non-relativistic limit in d complex dimensions E, Eq. (28) reduces to
V20 = %M@d(z)ad(z ), (27)
where d = D — 1 represents the number of complex, spatial dimensions .

4.1 Two-Dimensional Case

The first case to be considered is the d = 2 dimensional case. The spherical coordinates on U(2) are obtained
by the use of the following coordinates:

2l = zcos(¢) =

%Re“’ cos(¢), (z€C, RER;, 0< a,¢ < 2m)
%Rel(a”) sin(¢), (0 <6< 2n) (28)

and analogously for z! = (21)*, 22 = (22)*. In order to solve Eq. (27) in these spherical coordinates, it will
be necessary to find the transformed Laplacian V2 in these coordinates. This can be achieved as follows.
The coordinate transformation from z™ — ™ (z™) (m = 1,2,3,4; 2™ = (2%, 297, 2™ = (R, ¢,0,0)T)
implies

2?2 = zsin(¢)e =

dz"m = gzmn dz™

which in matrix notation reads

dzZ = DdZ , dZ = D7 'dz, (29)

9This is equivalent to 2d real dimensions.
10D is the number of complex space-time dimensions.



where D is the transformation matrix represented by

e cos(¢) —Re' sin(¢) 1Re™ cos(o) 0
D_ 1 [ eetDsin(g)  Re'@t cos(¢) 1Rt sin(¢) 1Rt sin(¢)
V2 e " cos(¢) —Re ™" sin(¢) —1Re ™" cos(¢) 0 i

e Ut gin(¢) Re "ot cos(¢p) —1Re @t sin(¢) —1Re @+ sin(¢)

and D~! is the inverse of this matrix satisfying D~'D = I,. The Jacobian of the coordinate transforma-

tion (29) is
= |det[D]| = R3| sin(¢) cos(¢)| .

From (29), one can easily see that

The transposed inverse matrix reads

- szoc sin(qb) —1x —ra
e L COS((b) - ( G)R chcos(qﬁ) - 1R0C05(¢)

—1(a+ —2(a+0)

1 —1(a+0) SlIl (b) e "™ cos(¢) 0 I

—I\T _ R Rs

(D ) - \/§ 1 sin((i)) PR ‘ :lzlgx(d))
COS( ) _( +9)R " 2R cos(¢p) 1R cos(¢)

0 e (& v(a+0)
el<a+ Jsin(¢) S—pe@) 0 ~Remn(3)

Using the above matrix, it is possible to determine the Laplace operator in [27)) in spherical U(2) coordi-
nates (28) through straightforward calculation. The result is

2

92

2
1
v 230, 1

aR EaR R2 + 2C0t(2¢))

0¢
1 82 1 52 P aa]

T o2 (¢) Ba? + sin?(¢) cos2(¢) 902 cos2(4) da D0

The Laplacian can alternatively be calculated by using

1 -
2 _
V=20 (\/Ecw aj) : (31)
where C' = det[Cij] is the determinant of the spatial part of the metric and C'J is the inverse metric satis-
fying CilC[j = (52—. This relation is valid in general relativity (for ¢;;) and, using it for the two dimensional
case above, one can verify that this analogous construction holds true in Hermitian Gravity. This method is
computationally much quicker and for this reason it will be adopted henceforth for the three-dimensional case.

We shall now show how the Laplacian [B0) can be broken into two reciprocally invariant parts. But
before we do that, let us consider the spatial line element df? in the angular coordinates (cf. Eq. 28])

2t = zcos(d), 2% = zsin(¢)e*? , z=—¢“
(¢) (¢) 7
After some simple algebra we obtain,
A0 = dzdz + 27 [(d6)° + sin®(6)(d0)?] + 1 [zdz — Zdz] sin® ()d8 . (32)

Since the following relations can be shown to be true

J[dR] = R(da+sin*(¢)dd);  J[R(da+ sin®(¢)dd)] = —dR,
J1dg] —sin(¢) cos(9)db ; Jlsin(¢) cos(¢)db] = d¢,



equation ([B32) can be broken into two reciprocally invariant pieces as follows:

dl’* = [dz + vz sin?($)d9][dZ — 17 sin®(¢)d6] + 22 [(dg)? + sin®(¢) cos®(¢)(dB)?] .

The first term on the right hand side is the radial part while the second is the angular reciprocally invariant
contribution. Notice that, within the radial part, the angular and radial coordinate elements dz, dz, and df
are mixed. This is to be contrasted with GR, where d[; r = dR? + R?(d¢)? is diagonal and no such mixing
occurs.

Just like the line element (B2]), the Laplacian ([B0) can also be broken into two reciprocally invariant parts.
This can be shown most readily with Eq. (28)) by using the quantity z = %ew‘, the complex radius, and its
complex conjugate. The derivatives with respect to these coordinates in terms of the Cartesian derivatives
are

0 0] 0
5 - cos(qﬁ)ﬁ + sin(¢)e?? 5.7
% = COS(QS)% + sim(qﬁ)e_“gai
0 _ : 20 0 = —20 0
5 - © sin(¢)e 5.2 % sin(¢)e 5.7 (33)
(%) = —z sim(q&)a;j1 - Esin(¢)% + z cos(¢)e’ 882 + zcos(¢)eﬂe%
Recalling that the almost complex structure operator J acts as
0 0 0 0
| = , —| = —1— =1,2
J[azz} Z@zl ’ J[azl] Zazi, (Z ’ )7
one can conclude from Eqs. (33) the action of J on 9/0z and 9/0z
0 9] 0 0
Nal=5 &=
Furthermore, one can check that 9/9z and 9/9z commute
[é i} _
0z 0zl
This then implies that the reciprocally invariant radial Laplacian operator is
o 0 g 0 g 0
Viad = 2595 = 2cos (¢)ﬁﬁ + 2sin (¢)a——
a0 0 a0 0
. 0 0
+ sin(2¢)e 9150 + sin(2¢)e’ 9200 (34)
Since the entire Laplacian V? is reciprocally invariant, the angular part of the Laplacian, Vang V2-20.0;,
or equivalently
9] o 0
2 _ .2
Ving = 2sin ((;5)8 T, + 2cos? (¢)ﬁ$
0 0 o 0
. 0 . 20
— sin(2¢)e 9152 — sin(2¢)e 9250 (35)

must be as well. When expressed in terms of the coordinates { R, a, ¢, 0} defined in Eq. (2§)), the relations (34
B5) become

o0 ® 19 10

2 _ 999 _ - Y, - Y
Vrad 9:0:  O0R2  ROR  Roa? (36)
2 9 1] 02 ) o
2 _ _
Vi = 7 + — 77 6¢2 + 2c0t(2¢) 99 + tan?(¢) 902 (37)
1 02 2 90

N sin?(¢) cos?(¢) 002 cos?(¢) Do DO



The simplest way to derive Eqs. (B6H3T) is to use the coordinate transformation

and

G, D0
rad = 82 0z or2 87"5 '

Remarkably, from this form of the radial Laplacian and the coordinates (38) it is clear that the radial
reciprocally invariant part of the Laplacian corresponds to a ‘flat’ space Laplacian of the complex plane
defined by the two dimensional hypersurface,

22l 42227 = 23, (39)

However, the complex plane ([B9) is not a flat embedding into the space {z?, 21,22, zé}. This can be seen
from the angular part of the Laplacian (87)) which contains both 9/9r and 0/, derivatives.
The reciprocally invariant radial solutions then correspond to the solutions of the equations

0? 10 1 62 26 o\ oz
<—6R2 +E%+ﬁﬁ)¢ 3 MOEIE), (40)
2 0 1 [ 02 o 52
<R6R+R2 {a¢2+260t(2¢)—¢+tan (qﬁ)W (41)
1 0? 2 0 0
— - 2 )e=0.
* sin?(¢) cos2(¢) 0%  cos?(¢) da 89})

These equations represent reciprocally invariant solutions which propagate on the reciprocally invariant radial
hyperplane ([B9) only. While the first equation is derived from purely radial components, it should not be
forgotten that the angular invariant equation also contains a }2% o term, indicating that the zz hypersurface
cannot be isolated through reciprocal invariance. Rather, it is embedded and curved in the other two
dimensions. Thus, the reciprocally invariants equations do not purely split into radial and angular parts.
Since we desire to study the Newtonian limit, in which the potential ® should be only radially dependent
(the gravitational force does not depend on angles), it will be necessary to use the full Laplacian.

As a result, it is more beneficial to consider a different problem. First, observe that in fact the point

mass density source in ([@0) corresponds to a point source in phase space. This can be seen by recalling
7= (1/V2)(Z+1), ¥ = (Gn/c)p and

0%(2)6%(Z) = 0%(F)6* (7)),

such that for the point source density

prG = M§*(2)5%(%), (42)

the general relativistic mass density is obtained by integrating ([@2]) over the momenta

2
S [ @) = @) = pon
In other words, the Hermitian Gravity point source ([42) represents a point source in phase space {Z, p'}, and
therefore the Hermitian Gravity potential ® represents a phase space potential (a distribution function) from
which one obtains the limit of general relativity by integrating ® over the momenta. Before illustrating this
procedure in the two-dimensional case, consider again the Laplace equation ([21) in Cartesian coordinates,
which in d = 2 spatial dimensions reads

8—2+ o o = —M52(ﬂ)52() (43)
o7z " ag2 )T " 3 *



Integrating this over g, using Gauss’s theorem for the # integral, and assuming that the surface term
[ ds,(d/dry)® = [2nry(d/dry)®],, o (ry = ||7]]) does not contribute, the integrated potential

$x(T) = /d2y<1>,
satisfies the following Poisson equation

2 p 162 (&) . (44)

Vi (7) = 3

This is just the Newtonian limit of GR in the case 23"‘ = 471G N, where Gy is Newton’s gravitational constant,
and has a well known solution

2
by — dn = do - GNMIn (%) . (45)

Here, ¢¢ is a constant that can be set to zero by suitably choosing the scale p and r = ||Z||. Of course, the
integration over g breaks the reciprocity symmetry. This also explains in what sense the reciprocity symmetry
is realized in general relativity. It is further of interest to investigate the consequences of integrating Eq. (@3)

over the positions rather than the momenta. Defining the momentum space ‘potential’ by ¢,(p) = [ d?z®,
and assuming the surface term [277(d/dr)®], oo (r = ||&||) vanishes, one obtains the momentum space
Laplace equation
N 2K
Vi) = 5 M&*(p), (46)
with the solution )
p .
b=+ Gt (5} (= (/G p= 17, (47)
P

Comparing Eqs. ([4)) and (6] and the corresponding solutions ([@3]) and ([@7]), one can observe how Max Born’s
original idea is realized in linearized Hermitian Gravity. According to Max Born, reciprocity symmetry should
be implemented in the (quantum) theory of gravity which states the dynamical equations of gravity (and
thus also the solutions) should be invariant under the reciprocity transformations (cf. Eqs. (@) and ()

Gn A

Z— —7, - ——. 48

3P v Gn (48)
In fact, the implementation of the reciprocity symmetry harnesses a larger symmetry than originally pre-
supposed by Born. This concept is illustrated by solving the Laplace equation (21]), which does not respect
the radial-angular split of Eqs. (@0H4I)). Assuming the solution does not depend on any of the angular
components, only the radial part of the Laplace operator (B0) survives

2 3d 1 d ,d 2% ;
R _ @ - 3_@ — _M 2/\¢2/=2
<dR2 + RdR) (F) = e gplt g2 = 5 MO()0°(z).

The general solution outside of the source, R # 0, is of the form

)
®(R) = P + R;’

where @ is a physically unimportant, constant potential which can be set to zero, and ®; is the second
constant of integration. This constant can be determined by making use of the Gauss theorem

27 27 27 . o)
2 122 o2 _ |sm(2¢)|/ 3 1 d 3 d
/d z2d°zZV*®d = /0 da/ d9/0 d¢72 | dRR Bk R>— iR P

d (bl 2K
2| p3 — —1672d1 = =M 4
87 hmmL%> 6r26, = 2501, (19)

such that the integration constant is fixed at ¢1 = —3 4772 The constant x can be fixed by requiring that the
correct Newtonian limit (Poisson equation) is recovered in the three dimensional case (see section [2); the
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result is k = 487Gy . The factor 872 in Eq. (@) comes from the integration over U(2) whose unit volume
is Vol[U(2)] = 82, which is to be compared with the volume of SO(2) occuring in GR, Vol[SO(2)] = 2.
Thus, the gauge invariant potential for a static point-like mass is given by

M M M
K K _ K . (50)

®= " 24(7R)? T 4822z 24 ()? (r2 + (Gnp/c3)?)

First, notice this phase space potential differs from the solution (@3] of general relativity. Yet, in con-
trast to the Newton potential given by (&), the Hermitian Gravity potential (B0 respects the reciprocity
symmetry [{8)). In fact, the discrete symmetry @8] is promoted here to a U(1) symmetry:

z — ze', zZ— ze '@ (o € [0,2m)). (51)

It is not known whether the solutions of Eqs. [@0]) exhibit the same enhanced symmetry.
As discussed above, the Hermitian Gravity potential (50)) is in fact a phase space potential that has to
be integrated over to reach the general relativistic limit. Performing this integration for equation (G0):

Y
¢ = / a2y — L [0 udry
127 Jo r+ry

kM ry=y KM ( r2 )

2 2
= o Tyl iy

Y = E n (52)

where Y has been added as an ultraviolet regulator. The result (52]) diverges logarithmically as Y tends to
infinity. The solution does not satisfy the differential equation ([@4)) for finite values of Y. This, in fact, does
not pose a problem, because one can reintroduce the integration constant ¢y which was previously chosen
to be zero such that the full solution reads

kM r2

- 1(7) 27 B, Y 2,
0= o M\ myz) T2

and by giving ®( an appropriate, infinitesimally small value determined by the equation

—kM —kM
In(r® + Y?) 4 27r®oY? = In(p?).
<247r n(r +¥7) + 2o 247 n ()
Y —oo
One obtains the regular limit as Y goes to infinity
o= 53)
T o4 " u2’’

which for the suitable value |1 of Kk — 247G x reproduces (@A), the Newtonian limit of general relativity
dGr(r) — 2GNyMIn (%) . (54)

Thus, it has been shown that integrating out the momenta and solving the Poisson equation give completely
equivalent results, regardless of the order the operations are performed in. In both cases, the momentum
‘radius’ was taken to the infinite limit. In deriving (53]), it was necessary for the result to be a proper solution
of the Poisson equation, while in deriving ([@H) the infinite limit was used to omit the surface term.

The linearized theory result is, of course, incorrect. In full general relativity a point mass in two spatial
dimensions sources a conical singularity at the particle location, but no gravitational field away from the
particle. It is of interest to find out the gravitational potential in full Hermitian Gravity. This will be left
for a future publication; the three-dimensional case of linearized Hermitian Gravity will now be addressed.

11Acv:ording to the analysis of section 2] this is not the correct value of k.
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4.2 Three-Dimensional Case

The three-dimensional case, d=3, is in many ways similar to the two-dimensional case. The three-dimensional
complex space {7, Z} can be spanned by six real dimensions {R, 8, ¢, o, 3,7} representing a polar coordinate
basis. In terms of this basis, the Cartesian coordinates can be written as

2t = %ew‘elﬁ sin (¢) sin (), 2t = %e*w‘e*zﬁ sin (¢) sin (9)
R 5 R
2 _ 1 o in (0 , 2 _ 1" in (0
z 2e cos (¢) sin () z \/Qe cos (¢) sin ()
2= Eew‘ew cos (6), 2% = Ee_w‘e_W cos (0)
2 V2

In this case, the Laplacian will be calculated using (BIl). To do so, the (spatial part of the) metric needs to
be derived first. The infinitesimal transformations corresponding to the above coordinates are given by:

1
dz! = 7 (emezﬁ sin (¢) sin (6)dR + Re™e*? cos (¢) sin (8)d¢ + Re*®e*? sin (¢) cos (6)d6
+1Re' e sin (¢) sin (0)dar + 1Re* e sin (¢) sin (H)dﬂ) ,
1
dz? = — (e“’ cos (@) sin (f)dR — Re'® sin (¢) sin (6)d¢
V2
+Re* cos (¢) cos (0)df + 1Re*™ cos (¢) sin (H)da) ,
1
dz? = — (ew‘ew cos (0)dR — Re**e*7 sin (0)do
7 (6) (©)
+1Re"e" cos (f)da + 1Re*“e"” cos (H)dﬂy) ,
and their complex conjugates. The above are inserted into the metric in Cartesian coordinates, ds® =
2 (dz'dz! + dz2dz? 4 dz®dz?), to obtain the metric in polar coordinates
ds?> = dR?+ R%sin? (0)d¢® + R2d6? + R%da? + R?sin? (¢) sin® ()d 52
+R%cos? (0)dvy? + 2R? sin? (¢) sin? (0)dadB + 2R? cos? (§)dadyy,

or, equivalently, in matrix notation

1 0 0 0 0 0
0 R? 0 0 0 0
c._| 0 0 R sin” () 0 0 0
9710 o0 0 R? RZ%sin? (¢)sin® () R?cos? (0)
0 0 0 RZ%sin? (¢)sin® () R?sin? (¢)sin” (0) 0
0 0 0 R? cos? (0) 0 R? cos? (0)

From this, the quantities necessary for calculating the Laplacian can straightforwardly be found. The
determinant C' is found to be

C = R (cos® (¢) sin® (¢) cos® (6) sin® (9))

while the inverse of the spatial metric yields

1 0 0 0 0 0
0 2= 0 0 0 0
i — 0 0 R2—§12m (1) 01 01
B 0 0 0 R? cos? (qﬁf sin? (§)  RZcos? (_¢) sin? (9) m
0 0 0 R2 cos? (_qﬁf sin? () RZsin? (;fz;) sin? (9) m
0 0 0 R? cos? (_¢) sin2 (0) R2 cos? (;5) sin2 (0) R2 cos? (<1i>) sin2 (0) + R? cols2 ()

12



Combining the above results with (3II), one readily finds the Laplacian to be

0? 5 0 1 02 1 0
2 _ _ =
Ve = R + E R + =5 73 902 + 5 (3cot (0) — tan (0)) 50

1 0 4 0? 0?

([ Zoyocote) L+ —— T ¢ 7

@ (o6 + 25 ¢ g e 03

k(2,00 500 00 )
R2cos? (¢)sin® () \Oa® ~0adBf ~Oady OBy

Proceeding along similar lines as in the two-dimensional case, the differential equation (27) generated by
this Laplacian will be solved for a d = 3 static point-like source on phase space

pre = M6 (2)8° (3) .

It is possible to split the three-dimensional Laplacian into two reciprocally invariant parts. The radial,
reciprocally invariant piece stays the same as in ([@0), while ) changes suitably to represent the entire
Laplacian with ([#0) removed. These equations are even more laborious than before, and thus seem to be
too difficult to solve at this moment. Instead, it is possible to solve the Laplacian for a potential which does
not depend on the angular variables for which 27)) simplifies to

%% (R5 dfq) B(R) = %Mﬁ(zw%z). (55)

Away from the source, such that R # 0, the general solution is given by

2

Once again, the constant ®y can be set to zero 19 and Gauss’s theorem is applied to fix the integration
constant ®; by considering an integration in (B5) over the six-dimensional phase space

/d%/d%v% = /%da/%dﬂ/%dy/%dqb/ d@/ dR

x | cos (¢) sin (¢) cos (6) sin® (6) | —— (R5i) ®(R)

dR dR
d d d
= 8 | dR— (R° ®(R) =871 ( R°— (R
7T/O dR(dR>()7T dR ()
R—o0
2
= 3270, = {KM,
where Vol[U(3)]= 87 has been used, upon which the constant ®; is found to be
—kM
1=
Thus the solution for the phase space potential with constants fixed is
—kM —kM

48m3RY 192m3(22)2

Just as in the two-dimensional case, this solution respects the U(1) reciprocity symmetry (&I). To obtain
the potential of general relativity, the momenta are integrated over

) /d3<1>/d42<I>(R) /d—ﬂrg
= = T, 47T, = — T
GR o Y o Y=y 0 Y1972 (r2+r§)

—kM

487y’
12Unlike in the two-dimensional case, it will not be necessary to keep ®¢ for reasons of convergence.
13Here, the relations R? = #2 + 42, r = ||#||, and ry = ||¢]| are made use of.
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and one determines k = 487Gy which results in the correct Newtonian limit of general relativity

GNM

OGR = —

Hence, it has been shown that Hermitian Gravity does indeed reproduce the same Newtonian limit as general
relativity, provided k = 487Gy . In this case the potential (B6) is completely fixed,

(I)—_GNiM ZE—R—2
 4m2(22)2] 2

Moreover, upon inserting k = 487Gy into the two-dimensional potential (G3]), one obtains ¢gr — 4Gy M In(r/p) =

2¢¢ R, which is a factor of two larger than the GR potential (54]). This could in principle be used as a test to
distinguish between GR and HG, since a straight cosmic string in Hermitian Gravity will generate a deficit
angle that is twice as large as that of general relativity.

Previously, there have been no known solutions [ [t0a theory of Hermitian Gravity, but by going to the lin-
earized theory the first such solution has been found. This opens perspectives for other linearized solutions,
such as gravitational waves.

5 Motion of Massive Particles and Light Deflection

Having derived the solutions to the gauge invariant potentials in the previous section, it is now possible to
compute the motion of massive particles and massless particles (light deflection). For the non- relativistic

massive particle one assumes that the particle moves slowly with respect to the speed of light, dz < d
and dz < dT , and the field acting on the particle is static such that 9yC),, = 0 and BOCmn =0. In

additlon we continue to work in the framework where the gravitational field is weak, which we have already
used in linearizing the theory. The geodesic equation is given by

d2z" _— ™ dz" (57)

dr? mn d-r dr 0

and the Christoffel symbols are given in equation ([IG). Under the above conditions, the various equations
of motion obtained from the geodesic equation are

d?z° d220
—_— = _— = O
dr? ’ dr? ’
2 dz9 dz0 d2 i dz9 dz0
d—ZQ = didi i Hgo, d—ZQ = didiaiﬂﬁo
T T dT T T dr
Using the metric (ZI)) and the condition [ Cmn% d;: = —1, which in this case simplifies to CffT CZZTO =-1
the above equations become
d?2° —0, d2z0 -
dr? dr?
d?z d2z0
arz —0i®, ar? —oe.

To obtain the general relativistic limit for the spatial equations of motion, it is necessary to integrate the
phase space potential ® over the momenta. Introducing this integration, the equation for z* can also be
written in terms of its real and imaginary parts by going to the z — y basis

d2 :Ei d2yi
3
—+1—— =— [ d’y (Opi —10,:) P. 58
72 dr2 y (0x ) (58)
14 According to Nakahara [5]. It should be noted however that Ref. [5] defines Hermitian geometry by requiring that all
covariant derivatives acting on a vielbein vanish, V#e2 = 0, V#e2 = 0. These conditions then generate different connection

coefficients than the ones used here, which are consistent w1th the wcakor conditions: V*C 5 =0,V*C,5=0 .

- det —

151n the limit dy* — 0, this properly corresponds to the condition in general relativity gw, dr =
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The imaginary part of the equation, zih_yz i d3y 10, ®, represents a boundary term which can be ne-

glected '9. On the other hand, the real part of equation (B8] gives

2 .1
dx :—/d?’yagg@.

dr2

Previously, the relation between the phase space potential and the general relativistic potential in the three-
dimensional case was found: ¢gr = [d®y ®. Applying this, the above equation simplifies to

d%ce R
dr?
which is exactly the acceleration equation for a massive particle in the non-relativistic static limit of general
relatlwty. Hence, the correct result has been reproduced in Hermitian Gravity.
For light deflection, we work within the same framework of weak and time-independent fields, but no longer
is the assumption of non-relativistic velocities valid. It can be shown for time-independent fields from the
decomposition of the Bardeen potentials in section 3 that the dynamics are generated by

= —0,9GR,

v%:?, v%:%, E=0, B=0. (59)

Thus, the metric takes on the form H,,; = diag (—2¢, —21, —21), —2¢). For this metric, the geodesic equation
[E7) generates the following accelerations

d?z0 0 dzY dz dz0 dzt dzY dz

—— = o)== o0 == — 4" " 99,
dr? 0dr dr % dr dr ar ar ¢
d?7 dz7 dz° - d20 dz0 - dzd dze dzt dz? dz0 dz° dz® dz®
—— = Tt - —— —2It — —— =4—— 0 —2—— 050 — 22— —0;
dr2 i dr dr 00 dr dr Ja dr dr dr dr i dr dr W9 dr dr i,
(60)
and their complex conjugates. From the line element Cw%% =0, one can conclude Mdﬁ = 0 and thus
%% = CffT Cllf; at zeroth order [[§ upon which the second equation above reduces to
Azt dzt dz? dz dz; dz dz;
e e, Y/ o, —Lo;
dr? dr dr i d dr i~ dT dr -
These are to be compared with the accelerations found in general relativity
d%% R dz?,  dxt
— _o%crGRry 61
dr? dr  dr Pcr; (61)
d*zt dat,, dz’ dal, . dzk
— 9 ~GR GR ””GR a —9 GR ™ GR az . 62
a2 I e Giter = jp— = — T Oider (62)

As before, it is beneficial to rewrite the equations in Hermitian Gravity in the x — y basis. The acceleration

of the time direction then reads
d?z0  d?y° dx® + idy° da® + idy®
— = =2 Opi — 10, ) O.
dr? t dr2 dr dr ( wt y)d)

16To see this, one can consider the integral in polar coordinates, neglecting the derivative temporarily

Ty =00

w(m2+r§)2 T

M ry arctan( i’)
oo 9 oo GnMr2 N 2(z2+r§) + 2z
/ dry dmry® = — / dry Yo =
0 0

ry=0

The first term drops out in both limits while the second term leaves Gf;’mM, where we have made use of arctan(oco) = g Acting

on this with the 9y derivative that we have previously ignored, we find as a result dzdyéR =0.

17The subscript GR has been used to accentuate this correspondence.

181t is valid to approximate this relation to zeroth order, since in equation @@0) the indices are raised and lowered with the
Minkowski metric. Using the full metric would generate additional second-order correction terms which are negligible.

19 i b= L (gl b 0 _ 1 (0 _ ;0
The relevant transformations here are z# = 7 (z# +iy*) and 525 = 73 \@ar ~iayr )
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This expression is more complicated than the corresponding one in general relativity. However, if one

considers the limit for sub-Planckian scales, where the momenta y* ~ 0 are negligible and very slowly
I

changing such that % = 0, then one obtains the result (6I)) from general relativity @

d?z dx0 dat
_— = 2
ir? ar dr Or oo (63)

For the spatial geodesic equation, the same coordinate change generates

A’z d?y dx? + idy® da? + idy’ dx? +idy? dx; + idy;
j = 2 Oyi — 10,5) ¥ — J L (0,1 410,
dr? +Zd7'2 dr dr (m] Zyj)w dr dr (m+1y)¢
_dxj +idy’ dzj + idy;

Oyi + 10,1 ) V.

dr dr (Os +i0y:) ¥

Taking once again the sub-Planckian limit and performing an integration over the allowed momenta to obtain
the GR potentials

da? dxj

d2117i dJ? diZ?J d.I diZ?J
- 8 - 8 4
a2 ar dr 02iVGR — ar dr iOGR - GR, (64)

where we observe that this result is actually quite different than in GR. If one takes ¢ = 1, then indeed the
general relativistic limit (62]) is obtained 2. However, from the equations of motion (B9), it can be concluded
for any local source that ¢ = 2¢ in the case of Hermitian Gravity. The natural way to proceed then will be
to see by what magnitude light is deflected in this theory.

0
To begin, we consider the equation of motion for the zero component (63). Introducing the notation i° = ddiT,
a simple rewriting yields

da?
— = —2—0, .
70 dr T ¢GR

Integrating both sides with respect to 7 leads to
0 dx
In e =-2 (9 ¢GR dr = -2 V¢GR d¥ = _2A¢GR (65)
v

Here the quantity A¢gr is just the change in ¢gr over the region of integration and 1 is the initial velocity
of the time direction. If we consider some massive source at (0,0,0) in coordinates (:10”,9#7 2) , then at
any spatial point infinitely far away from this source the potential ¢gr vanishes, i.e. pgr(oco) = 0. Hence, if
the integration in (G5)) is chosen to be from —oo to oo, the result A¢pgr will be null. Analogously if instead
the integration is fixed from —oo to some point a, then A¢pgr will be exactly the value of ¢pgr(a). As a
result, we can (re)introduce the function ¢gg(z):

T
In (v ) = —2/ Végr - di = —2¢ar(x).
Exponentiating both sides of the equation produces

¥ = exp (—2¢GRr(7)) ~ 1 - 2¢cr(T).

The above equation implies that, for an observer at infinity, a particle travelling from infinity to the source
will experience time dilation. Since 4 is unity at both © = —oo and x = oo, it is a conserved quantity along

. . 2yt . . . .
20Tn the massive case, the y-acceleration d d-:?-JQ was found to be zero as a result of solving the integration (58)). It is not as

straightforward to show that this is true for the massless case, however we will show that the above conditions for sub-Planckian
scales will lead to consistent results.

21The quantity on the right hand side of equation (62)) is actually nothing more than double the transverse gradient, the
total gradient of the particle’s motion with the longitudinal component removed. As will be shown, it describes how a photon
passing by a massive source has its path altered orthogonally to the direction it is moving in such that it bends. The overall
factor of two is a significant factor, which has been experimentally verified scrutinously, and distinguishes Einstein’s general
relativity from Newton’s theory (where the overall factor is not present).

22The coordinates z, z!l, and z form an orthonormal basis in three-dimensional space.
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this path. We consider now that this massless particle begins at point (b, —o00, 0), travelling strictly along
the z!l axis towards the point (b,0,0). In the absence of the source, the particle would continue travelling
purely along the z!l axis. However, with the source present, the z coordinate is also affected 3. For this
scenario, the geodesic equations for the spatial components ([64]) can be expressed as

it o= 23t (iLaﬂbaR + C'CHaHlﬂGR) - ((S'UL)2 + (ibll)?) (0Léar + 01v%aR)

2l (:Hach + a’c”ach) - ((fifL)2 + (56”)2) (91¢cr + Over) , (66)

ol
where 0, = 8% and 0| = %. Combining the relations 2% = 1 — 2¢gr and Cw%% =0, we find up to
first order in corrections

(89)? = (#7)" + (@)? = 1 — d¢cr. (67)
Because we want to compare this to the light deflection generated by the Sun, we know the deflection angle
will be very small. This angle a(x) is the tangent of the particle’s transverse and parallel velocities, &+

and !l respectively, so that a(xz) = tan (i—i) For very small angles, this can be well approximated as

alz) = ””—i By manipulating (67) with the use of «, it can be shown that !l varies due to the source’s
x

presence up to first order

(a? +1)(@? =1 - 4¢gr = &l =14 O(¢ar) + O(a?),

where the O(a?) term is negligible. It also implies, in conjunction with the definition of « for small deflection
angles, that &+ ~ a. With the above, it is now possible to examine the geodesic equations (66]) by virtue of
orders of magnitude. As has been the case throughout all of linearized Hermitian Gravity, only terms up to
first order in corrections are kept 2z Integrating the second of the pair of equations provides a statement
about the change in the parallel velocity Azll:

Al = 2/(l—I—O(d)GR))Oz(:Z?)al?/JGRdT—I—Z/(1+0(¢GR))8H¢GR'CZIH

- /(1 + O(éar))0)| (¢ar + Yar) dr.

The first term on the right hand side vanishes by virtue of the fact that both ¥gr and a are small, and
thus it is second order in corrections. In the second term, one can immediately discard the O(¢gr) term
and integrate the remainder (it is just an integral of a derivative), 2 [ 0¢GR - daz!l = 2A¢eR. As described
earlier, the change of ¢gr, and so also ¥gg, over the path the particle follows from negative infinity to
infinity is zero. Thus the second term is also negligible. Finally, we multiply the third term by an overall
factor of i—” = #‘d‘ma)' The numerator in this factor allows us to also rewrite this last term’s lowest (first)
order component as the integral of a derivative. Consequently it also disappears and we find that up to first
order in corrections Azl = 0. This result is equivalent to the result in general relativity. If there was indeed
some first order correction to this result, it would be measurable through the apparent redshifting of the
photons while they pass the Sun.

The first of the equations (66]) can be treated the same way. We observe that the first two terms are both
of order a? or higher due to the common factor of &+ and the potential ¥)gr inside the parentheses. The
third term vanishes for the same reason except that it is of order o, since the distributive factor is (i)2.
Thus the final term remains in which we ignore the order ¢gr contribution from (:b||)2, since it is negligible
together with the fields. The only first order contribution is given by

i =~ [ o1 (6o + von) dr
which upon application of the relation a(z) = ﬁ—ﬁ, leads to the desired result

a(z) = — /fh (¢ar + YGr) dr.

23The z coordinate is left unaffected, since both the source and the particle are at z = 0. In essence, the motion is just
two-dimensional.
24 Any term of the form O(a?), O(agar), or O(¢Z ) is negligible.
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In the case of general relativity, one has ¢gr = Ygr and consequently agr ~ —2 f 01 ¢ardr. However,
for Hermitian Gravity the potentials obey a different relationship ¢gr = 21¥gr and the resultant deflection
angle

apG ~ 3 /8L¢GR dr = §Oéc;R,
2 4

finds itself exactly between the predictions of the Newtonian theory and general relativity. This contradicts
the experimentally justified factor of two. The early experiments starting with Eddington’s expedition in
1919, of which the merit is a continuing controversy, were quite imprecise. The factor % found here could
have been inside the margin of error for these experiments. The more precise experiments from the late
1960’s onwards clearly rule out such a possibility though as the value has been determined to be v = 1.0002
with an estimated standard error of 0.002 [6]. The factor « is one that is conventionally chosen for light
deflection studies (it is one of the ten dimensionless constants in the PPN formalism [7]) and its value for
general relativity is v = 1 (in Newton’s theory, y=0). These modern experiments were performed on Earth
using VLBI (very-long-baseline-interferometry), as well as in space with the use of the satellites Viking,
Hipparcos, and more recently Cassini.

We have found that the theory correctly predicts the Newtonian limit and the nonrelativistic acceleration
equation. However, it does not properly account for light deflection. The fundamental root of this problem is
the relationship between the gauge invariant fields ® = 2W¥. The factor of two is a result of the dimensionality
of the theory, and it produces the incorrect factor for the deflection angle. Since other relativistic corrections
(Post-Newtonian) will similarly depend on W, it is to be expected that they will also differ from general
relativity. It is not yet known whether there is a method to fix this issue.

One possible resolution lies in a different method of complexifying general relativity. As has been observed
in a previous paper [I], Hermitian Gravity displays favorable properties around singularities while also
containing the reciprocity symmetry expected upon quantization. As has been shown here, Hermitian Gravity
does successfully retain Newton’s theory and it is quite possible that a more involved complexification scheme,
rather than an extension to complex Hermitian spaces, can be employed to develop a complex gravitational
theory which also correctly reproduces (linearized) general relativity.

Appendix A: Constructing Gauge Invariant Potentials

One constructs the gauge invariant potentials by combining the gauge transformed fields ([23)) such that the
fields £* cancel out. There are in fact several gauge invariant combinations one can compose

Ji = o (608 420 — V2E) :

1

- o (a@B+21/3— v2E) ,

K = 280<Z>+%VQB,
K = 8@&+%V23,

L = 2¢+V?E,

M = V? (aw-%B),
M = Vv <8OE—%B>,

N = 20 <a3+1/?+ %%B) :

N, = 20 (q3+z&+%aoé). (68)

Shortly it will be shown that not all of these quantities are independent of each other. Furthermore, it is
not possible to rewrite the vector combinations as derivatives of scalars, i.e. J; # 0;J, since the quantity J
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is not gauge invariant. However, the vector combinations do satisfy the symmetry 0;J; = 0;J;. Thus the
above set of equations represents a (over)complete set of quantities, which we will use to contruct a gauge
invariant formulation. The equations of motion ([24) can be used in conjunction with the gauge invariant
combinations (68)) in order to construct equations that are manifestly gauge invariant. For example, the first
and fourth equation of 24) can be used to produce

1 _ 1o loep) gy P
;0L = D(3¢+6V E)-Dw— 5 (69)

This is the first gauge invariant potential. Since in terms of the original fields it is closely related to 1, it
shall be called ¥ = (;3—|— %VQE. Notice that, while the gauge invariant potential is similar to the case of
general relativity (20), the equation of motion is quite different from general relativity where it is given by
OWer = kp. The equations of motion for the other gauge invariant combinations are given by [29:

0J = 0O (8081-3 2010 — &-VQE)

—  —900060;B — 2000500 + 009y V2E — 2000505 — %aﬁaiVQB
= —6@ (60J1- + @K) ,
ON;, = O (2@»&5 + 20,9 + 8061-8)

= —%8@51'V2B — 2(908()(91& — 60(906()81'3 — 260(9()81"(; + 50553iV2E _ 2I<6(91p
= =05 (00Ji + 0;K) — 2K0;p,
0K = O (280& + %sz) ,
2.7 27 1 4 1 2 1 45
= VY +0Ve- gaov E+ gaoaov B+ ZV B — 2k0p
1
= 000;Ji + §v2K — 2k8yp,
oM = O (30V2E - %VQB)

~  ~ 1 1 1 _
= —9yV? (w +¢— 5v2E) — 5aoaov%}z — ZV‘*B

- (%V2K + 608;Ji) :

In the case where p = 0, the two vector and two scalar combinations are, in fact, equivalent under the
operation of the d’ Alembertian. In other words, OJ; = ON; — J; = N; + f(z, 2), which implies that
they are equivalent up to some function f which satisfies Of(z,2) = 0, while O (K + M) = 0 has a similar
solution. Both of these equivalences stem from the fact JL = 0, which allows one to transform (;3 into E and
vice versa through the the d’ Alembertian as can be seen from (G9)). In terms of dynamics, only three of the
gauge invariant combinations (excluding conjugate fields) are then actually independent. L has already been
exhausted to form one gauge invariant potential, and thus one must look to J; and K to construct another.
Indeed, this is possible by considering

00K + 0;J;) = —26009gp.

In terms of the trace-reversed fields this is

O <2aoao¢3 - %VQ (808 + 8oB) + V¢ — %V‘*E) = 2k800gp- (70)

25In the fourth equation, one makes use of the equation of motion for E only, which corresponds to the terms on the right
hand side which do not have a §;5 term.
26The equations for the barred fields follow from complex conjugation.
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By using the relation (0L — 2kp = 0, the ¢ term can be re-expressed in terms of E and all that remains is
Ov? (—2806@E + 0B + 0B + 20 — V2E) =0. (71)

At this point it is useful to simplify the equations of motion for the B field ] in ([24)) by identifying the B
containing terms on the right-hand side of the equation as —%D@iB and thus

-~ 1
[0; B = 49,0; <¢ — P+ §V2E) .
From this, the following relation is easily derived
- o~ 1
OV2B = 40;V? <¢> -+ 5v2E> ,

from which one can conclude

OV20;B = OV20,B,
where it becomes clear that JyB is a real quantity. Hence this can be introduced into (ZTl)

Ov? (—2808@E +20,B + 20 — V2E) —0.

One last reduction can be made by reconsidering the equation (Z0). The 2?08@<;3 term can be expressed as
—0¢ + V2¢. By plugging in the equation for O¢ from ([@24) and using OV2¢ = —10V*E + kV?p, one finds

OV? (9B — V?E) = 0. (72)
The above relation permits the omission of two terms in (71I]) and the final solution reads
Ov? (—26085E +00B + 21;) —0.
This equation has the solution
0 (—2808@E +00B + 2;/3) +g(2°,2%) = 0. (73)

However, since the topic of interest concerns localized mass sources, there should be no arbitrary time-
dependent functions, because the fields should vanish infinitely far from the source. As a result, g must be
a constant which can be fixed to zero. Consequently, the following relation remains

0 (—2806@E +00B + 215) —0.
Rewriting this in terms of the original fields, we observe that it contains both contributions from ¢ and v
O (—20006E + 0B — 4¢ + 2¢ + V2E) = 0.
Using ([69)), the ¢ contribution can be rewritten in terms of xp:

O (—-20005E + 8B + 2¢ + VE) = 4%, (74)

which upon inclusion of the relation (72) reduces to

2
O (¢ + 8B — 80 E) = ?.

27This was not done previously, since it is easier to form gauge invariant combinations by leaving it in the form given in (24)).
28For localized distributions, V2g(Z, %) = 0.
298trictly speaking, this requires another V2 in (7)), however this is just the V2 that has already been integrated over in

@3).
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Associating with this expression a gauge invariant quantity ® satisfying 0® = 22 we have

3
O = ¢+ 08y (B—E).

As with the other gauge invariant potential, this one is also strikingly similar to the corresponding ®gg in
@0). However, the gauge invariant potentials in Hermitian Gravity are quite different than in GR. In general
relativity it is found that ®gr = VR, but in HG the relation differs by a factor of two, & = 2W¥. While in
GR one has to solve the equations

Obcr = O(@p+ 00 (B—0E)) = kp,

O¥gr = Dw = Kp,
in Hermitian Gravity the dynamics are generated by
2
00 = O(¢+(B-aE)==E,
00 = = %.

These are the equations that shall be used to recover the Newtonian limit.

Appendix B: Constrained Bardeen Potentials

The holomorphic and anti-holomorphic sectors of the Einstein tensor are given by
G = % (a#aiﬁx,, + auaiﬁx#) ,
Guw = % (050* s + 050 s )

If the condition 8™ Hy,yn, = 0 is satisfied, then G, = Gpp = 0. To satisfy this condition is not so straight-
forward however, since in Hermitian Gravity this quantity does not transform under gauge transformations

O™ H oy — ™ Hpnn. (75)

In general relativity, one is able to impose the de Donder gauge 0*h,, = 0 using gauge degrees of freedom.
In Hermitian Gravity, this is not possible and setting ({73 to zero corresponds to a physical choice rather
than a gauge choice. Assuming this provides the correct physical picture, this significantly simplifies the
Bardeen potential calculations. The Einstein tensor ([I'f]) reduces to

G = 0,

Gpp = 0, (76)
1 -~

Gﬁy = _QDH[LU7
1 -

Guf/ = —EDHMQ.

From the mixed sectors (holomorphic 4+ anti-holomorphic components), one obtains the following equations
of motion from (I8) for T}, = diag(—p,0,0,0), a perfect fluid in the rest frame

O¢ = &p,
00;,B = 0,

O (05 - 0:0,E) = o.

For the holomorphic and antiholomorphic parts, the following equations are generated

Goo = —OK,
Goi = % (0;K + 00J;) =0,
Gij = (%Jl =0,

30Here the equations of motion have been written in terms of the gauge invariant combinations for convenience.
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which impose K = 0 and J; = 0 and similarly for their complex conjugates. From the equation for K = 0,
one can derive

-1 _
K:260¢—|—§VQB:680\I/—M:O:>680\I!=M,

while from the equation for J; = 0 the following can be gleaned
0iJ; = 9505 B + 20:) — 0;V2E = V2 (® — 20) + 9gM = 0 = V2 (& — 20) = —9; M.
Combining the two equations and using W = %, it follows that
V2 (@ + U) = kp.
The above equation is in fact completely compatible with the result found in the unconstrained theory
O(®+7T) = kp,

and represents a simplification of it. By constraining G/, to be zero, the time dependence of the sum of the
fields in the equation for the source drops out. This means this particular combination of fields has become
static. In other words, if the two gauge invariant potentials are redefined in terms of the sum and difference
of the two fields, which are clearly also gauge invariant, then one of the fields becomes static. Hence, under
this contraint, the theory is reduced from two dynamical degrees of freedom to just one. Notice, for our
consideration of a static, pointlike mass source it does not matter which choice we make!
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