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Abstract We construct a rectifiable stationary 2-varifold inR4 with non-conical, and
hence non-unique, tangent varifold at a point. This answersa question of L. Simon
(Lectures on geometric measure theory, 1983, p. 243) and provides a new example
for a related question of W. K. Allard (On the first variation of a varifold, Ann. of
Math., 1972, p. 460).

There is also a (rectifiable) stationary 2-varifold inR4 that has more than one
conical tangent varifold at a point.
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1 Introduction

1.1 General context

Geometrical measure theory uses various “generalized surfaces” to reach its goals,
and the varifolds are among them. Most of them allow, i.a., countably many pieces of
surface that are interconnected into simple or complicatednetworks (Figure1). The
classes of surfaces are designed to have compactness properties and to allow to obtain
a generalized surface of least area among those that, say, span a given boundary. The
next, equally important, step is to explore smoothness and regularity properties of the
minimizer.

Uniqueness of tangentsis both an important attribute encompassed in various
definitions of smoothness and regularity, and an important tool. Here a tangent is (in-
formally) defined as a limit of a sequence of blow-ups at a given point. The tangents
implicitly appear already in the basic calculus of real functions: A Lipschitz function
onRn is differentiable at a pointx0 if and only if it admits a unique tangent atx0 and
the tangent is a hyperplane. Forn= 1, the existence of the two one-sided derivatives
atx0 is equivalent to uniqueness of the tangent atx0 and the tangent is then necessarily
a cone.

a) b) c)

Fig. 1 Some networks of segments. The first two illustrate analogy and differences of linear and central
(radial) configurations. The idea contained in the last one is actually used in this paper. a) The set of weak
limits of sequences of vertical upward shifts of the varifold corresponding to this network is uncountable.
b) With the unit density on each segment we have non-unique tangents but the varifold is not stationary.
Although it can be converted to a stationary varifold by assigning suitable densities, it does not provide a
stationary example with non-unique tangents. The densities necessarily converge to zero near the center,
and the zero varifold is the unique tangent at the centre. c) This network is continually branching and
refining in the downward direction (towards an interface line). Such a network was used by Brakke [Bra,
p. 238, 240, 250] in the context of varifolds evolving by its ‘mean curvature’. We use its radial variation in
a more complicated arrangement.
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Likewise, a junction of three smooth curvesγi : [0,1)→R2 at x0 ∈R2 (Figure2)
is considered more regular if the object has a unique tangentat x0 (the curves have a

a)

x0

b)

x0

c)

x0

Fig. 2 Three curves in the plane. (Think about this also as a planar section of a hypothetical joint of
minimal surfaces in equilibrium.) a) Curves smooth up to theend. Unique (and conical) tangent atx0. b)
The logarithmic spirals. Non-unique tangent. The tangentsare represented by the rotations of the same

picture. c) “Spirals with varying speed”r(α) = ec(α−α0)
2
, α ≥ α0. The tangents are all 120◦-triples of

half-lines, so the tangents are conical but non-unique.

non-zero one-sided derivative at the endpoint). In this case they can also be studied as
graphs of functions satisfying a differential equation, and this can be helpful if they
came out of a variational problem.

The uniqueness of tangentsis the regularity, or a basic degree of the regularity.
It is an interpretation of what existence of the derivative would be in case we face
more general objects than graphs of functions. In fact, the mathematical language is
somewhat inhomogeneous in not having a single word for “the unique tangent” (of a
varifold, e.g.) as a counterpart of “the derivative”.1 This choice of terminology is not
surprising since uniqueness of tangents in Geometrical measure theory is from the
beginnings connected to open problems and later only to partial results.2

Now let us give an example of how uniqueness of tangents mightbe used as a
tool: It is the result of Sheldon Chang that the singular set of area minimizing two-
dimensional integral currents consists of isolated pointsand that near any such point
their structure is the same as that of a classical branched minimal surface [Ch].

Based on the work of B. White [W1], Chang first notes that (in the case he consid-
ers, i.e., the case of Riemannian manifolds) two dimensional area minimizing integral
currents have unique tangent cones and he estimates the rateof pointwise conver-
gence. He says that this steps are “necessary for the construction of the first center
manifold.” [Ch, p. 701].

1 Though, in different context the tangent cone is sometimes defined to be what we call the unique
tangent cone, see for example [K, p. 159].

2 See for example [S3, p. 591]: “... but it is far from obvious (and an open question) whether or not
TanX M can contain more than one coneC if X ∈ singM.” The same paper contains a result on the unique-
ness of tangentsm-almost everywhere in the singular set [S3, p. 650, (2), (1)], wherem is the ‘top dimen-
sion’ (e.g.,m= dimM−2, depending on the context).
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The uniqueness of tangents is also used in [DL-S, Chapter 5 and Theorem 0.12]
where an improvement (in Chang’s spirit) of the size of the singular set of Dir-
minimizing Q-valued functions (onΩ ⊂ R2) is given.

1.2 Known results

The structure of one-dimensional stationary varifolds with density bounded away
from zero is well known [AA1].

A result about uniqueness of tangent cones of two-dimensional soap-bubble-like
and soap-film-like minimal surfaces ((M,ξ ,δ )-minimal sets) inR3 is contained in
[T].

Tangent cones to two-dimensional area-minimizing integral currents are unique
by the result of B. White [W1]. As we already noted, this was generalized to Rieman-
nian manifolds by Chang [Ch].

For more general dimensions, there are results for some special cases, with as-
sumptions related for example to calibration. Note that thenotions of (ω-)positive,
(semi-)calibrated and (pseudo-)holomorphic currents areto a large extent synony-
mous (cf. [Be1], [Be2]). Recent results with this kind of assumptions can be foundin
[PR] (2-dimensional), [Be1], [Be2]. As Bellettini [Be1] notes, the integrable caseCn

of his results follows already by [Siu].
Very nice result is [S2], which has a partial generalisation [S4]. Simon [S2, Corol-

lary on page 564] does not assume calibrations. The corollary states that ifC is a
tangent cone to a stationary varifoldV at a pointp, C has density 1 on sptC\ {0}
(henceC is integral and 0 is the only singular point ofC) thenC is the unique tan-
gent cone ofV at p and we have aC 2-flavour of convergence of blowups atp. [S2]
improved earlier result [AA2] which included assumption on integrability of Jacobi
fields and already covered the case of the cone over the cartesian product of two (but
not more, cf. [W2]) standard spheres (of arbitrary dimensions). [S4] provides similar
result whereC=C0×R are allowed to be certain cases of cylinders with singular set
{0}×R. (C0 is assumed to be a strictly minimizing, strictly stable codimension one
cone, and to admit a nice Jacobi-field operator).

As it can be seen from the above, even the codimension one caseremains open.
Notably, it remains open whether the hyper-cones overS3×S3×R andS2×S4×R in
R9 are always unique tangent cones when they arise at all as multiplicity one tangent
cones [S4, p. 1–2]. (The question in its formulation in [S4] seemingly concerns the
hyper-cones overS3 × S3 andS2 ×S4 in R8 but that was already solved by [AA2,
p. 215, (1) and (2)], as well as [S2].)

Kiselman’s example [K] with non-unique tangent cones is mentioned in the next
paragraph. There is also an example [Ko] consisting of spirals and a number of lines.
It shares with the minimal surfaces an important property called the “monotonicity”
— for balls centered at an arbitrary fixed point the measure ratio is non-decreassing.
In [CKR-R2] and [CKR-R3] the number of lines is reduced so that the density is,
everywhere in the support, between 1 and 3+ ε (the planar example), or between 1
and 2+ ε (the example inR3).
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1.3 The questions and the main result

The purpose of this paper is to answer a question of L. Simon [S1, p. 243]. Simulta-
neously we provide a new example for a related question of W. K. Allard [A, p. 460].

Allard’s question was in a different spirit already solved by [HM] because Al-
lard’s formulation allowed non-stationary varifolds. It was also answered by Kisel-
man [K], who constructed a closed positive current inC2 with non-unique tangent
cones. The current is not rectifiable since its support contains separating 3-dimensional
surfaces created by use of max in [K, (4.3)], at least when applied as described in Ex-
amples 4.2 and 4.3 [K]. He also uses smoothing by convolution. Kiselman’s example
was generalized to general bidegree(p, p) in [Bl, Theorem 3.11]. Also this example
is not rectifiable since the currentW = i∂ ∂̄ F is added on [Bl, p. 528, p. 529], where
F equals a power of−Log|z|2 in a neighbourhood of 0.

The book [S1] and the paper [A] are standard sources cited when varifolds and
related regularity results are of concern. Varifolds are generalized (non-oriented) sur-
faces and admit compactness properties suitable to approach the problem of existence
of surfaces with minimal area.

On p. 243, L. Simon recalls the definition of tangent varifolds. He proves that ifC
is a tangent varifold (and if some natural conditions are satisfied), thenµC is conical,
whereµC denotes the measure inRn associated withC by the direction-forgetting
projectionGm(R

n) → Rn. He says that it seems to be an open question whetherC
itself has to be conical.

Likewise, W. K. Allard [A, p. 459–460] states that allC∈ VarTanaV are conical
(under some conditions on densities ofV and δV) and then he says he knows of
no varifold (with a weak condition on the densities ofV and δV at a) such that
VarTanaV has more than one element. We already noted that examples of varifolds
with properties specified by Allard were provided by [HM] (non-stationary, which is
not natural in context of [A]) and [K] (non-rectifiable).

The result that we prove in this paper is the following (see Theorem5.1 and
Theorem5.2).

Theorem 1.1 There exists a stationary rectifiable2-varifold in R4 that has a non-
conical (hence non-unique) tangent at a point. There existsa stationary rectifiable
2-varifold in R4 that has a conical but non-unique tangent at a point. (The varifolds
have a positive and finite k-dimensional density at the point.)

Note that there is no such varifoldV with non-conical tangent andθ 2(µV , ·) bounded
away from zero on sptµV , as the following results imply.

Lemma 1.1 Let V be a stationary m-varifold on an open setΩ ⊂ Rn, x0 ∈ Ω , C∈
VarTanx0 V and C6= 0.3

If θ m(C,x)> 0 for µC-almost every x, then C is conical and rectifiable.(Stated on
[S1, p. 243], proved in proof of [S1, Corollary 42.6]. Alternatively see [A, 5.2(2)(b)]
for conicity ofµC and then the rectifiability theorem [A, 5.5(1)] for how this deter-
mines the directions C(x) of C.)

3 SinceC 6= 0, we haveθ m(µV ,x0) ∈ (0,∞) from the Monotonicity formula for stationary varifolds,
cf. [S1, 40.5]. Therefore the assumptions of Corollary 42.6. (namely 42.1.) are satisfied.
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If C is rectifiable, then (equivalently)θ m(C,x) > 0 for µC-almost every x and
hence C is again conical.

If θ m(µV , ·) ≥ c> 0 µV-almost everywhere thenθ m(C, ·) ≥ c> 0 µC-almost ev-
erywhere and C is conical(and rectifiable) [S1, proof of Corollary 42.6], [A, 6.5].

Further note that ifC is a tangent varifold from our example, thenµC must be
conical [S1, 42.2 on p. 243].

For stationary 1-varifolds, the tangent varifoldsC are always conical sinceµC is
conical andx∈ S(equivalently,pS⊥(x) = 0) for all (x,S) ∈ sptC [S1, p. 243, l. 2–3].
For stationary 1-varifolds with density bounded away from zero, the tangent varifolds
are conical and unique [AA1].

In Remark on page 449, [A] relates conicity of stationary varifolds to the con-
stancy of its “sphere slicesB(r)” that are implicitly defined by [A, Theorem 5.2(3)].
Namely, he writes: There isC as in [A, Theorem 5.2(2), p. 446] (i.e.,C a stationary
k-varifold, with the densityθ k(C,0)≥ µC(B1(R

n))) which is not homothetically in-
variant (conical) if and only if there is B as in [Theorem 5.2(3), p. 448] (i.e., for
almost everyr > 0, the sliceB(r) is a (k− 1)-varifold in S1(R

n), which is ‘station-
ary in the manifoldS1(R

n)’ if k ≥ 2 resp. balanced ifk = 1, with r 7→ µB(r) almost
constant andr 7→ B(r) measurable) which is not almost constant. The simpler non-
rectifiable version of our examples (see Section3) shows that both statements are
(unfortunately) true. Note that the example of Kiselman [K], and our rectifiable ex-
ample (Sections4 and5) are not applicable to these statements (the monotonicity
ratio and corresponding functionr 7→ µB(r) are far from constant).

2 Notation and definitions

For 0≤ r < s≤ ∞, denote bySr(R
n) the sphere of radiusr in Rn andAs

r = As
r(R

n) =
{x∈ Rn : r ≤ ‖x‖ ≤ s} the annulus (or shell) inRn. LetS1 = S1(R

2).

X denotes a smooth compactly supported vector field onRn (or onΩ ⊂ Rn).

If ν is a measure andM is ν-measurable thenν xM denotes the restriction ofν
to M: (ν xM)(A) = ν(M∩A).

φ#µ denotes the image measure [F, 2.1.2]:

φ#µ(A) = µ(φ−1(A)). (1)

If V is ak-varifold in Rn (i.e., a measure onGk(R
n), see Section2.1), then we write

φ#V for the image measure (if domφ ⊂ Gk(R
n)) defined by (1) and

φ##V

for the image varifold (assuming domφ ⊂ Rn; see Section2.4). The standard nota-
tion for both is the same (φ#V) which would cause difficulties when reading some
expressions in this paper.
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2.1 Varifolds

To recall basic notions we follow and extend [O’N, p. 4–5,§Varifolds]. More details
can be found in [A] and [S1]. An m-varifold V on an open subsetΩ ⊂Rn is a Radon
measure on

Gm(Ω) := Ω ×G(n,m).

(G(n,m) denotes theGrassmann manifoldconsisting ofm-dimensional linear sub-
spaces ofRn.) The space ofm-varifolds is equipped with theweak topologygiven by
saying thatVi →V if and only if

∫
f dV → ∫

f dV for all compactly supported, contin-
uous real-valued functions onGm(Ω). Varifolds can be combined using the addition
which is addition of measures ((c1V1+ c2V2)(B) = c1V1(B)+ c2V2(B)). A countable
sum of varifolds is also a varifold, provided it is a Radon measure, i.e., it assign finite
values to compact sets.

To a givenm-varifold V, we associate a Radon measureµV on Ω by setting
µV(A) = V(Gm(A)) for A ⊂ Ω . µV is called theweightof V ([S1, p. 229]). As a
partial converse, to a (Radon)m-rectifiable measureµ (see [O’N]) we can associate
anm-rectifiable varifold V=Vµ by defining

V(B) = µ{x : (x,Tx) ∈ B}, B⊂ Gm(Ω) (2)

whereTx is the approximate tangent plane atx.4 If a countable sum of rectifiable va-
rifolds is also a varifold then it is rectifiable. In this paper we need only the following
particular case of rectifiable varifolds (and their countable sums):V =Vc·H mxS where
S= range(U) is a smooth parameterized surface andc ∈ (0,∞). Then the approxi-
mate tangent planeTU(x) agrees (µV-almost everywhere) with the classical tangent
span{∂U/∂x1, . . . ,∂U/∂xm} to S, andV is exactlyc ·v(S) from [A, p. 431].

The support of a measureµ is denoted by sptµ . Note that ifV is anm-varifold in
Ω ⊂ Rn then sptV ⊂ Gm(R

n) while sptµV ⊂ Rn. If V is anm-varifold (hence also a
measure) and we say thatV is supportedby a setM if M ⊂Rn andµV(R

n\M) = 0 or
M ⊂ Gm(R

n) andV(Gm(Rn)\M) = 0. If V is anm-varifold onΩ ⊂ Rn andM ⊂ Ω
thenV xGm(M) might be called therestrictionof V to M.

Thedensitythat we use in Introduction is defined as

θ k(µ ,x) = lim
r→0+

µ(x+Ar
0)/rk

for a measureµ onRn, and byθ k(V,x) = θ k(µV ,x) for a varifoldV.

2.2 The first variation. Stationary varifolds. The mass. Thecurvature.

Thefirst variationof anm-varifold V is a map from the space of smooth compactly
supported vector fields onΩ toR defined by (see [A, p. 434] and [S1, p. 234, p. 51])

δV(X) =
∫

Ω
divSX(x)dV(x,S) (3)

4 Although there are several possible definition of approximate tangent plane (see [O’N], [A, p. 428,
(3) and (b)] and [S1, 11.2]), they agreeµ-almost everywhere. The definitions of rectifiable varifolds in [A]
and [O’N] essentially agree with that of [S1], cf. footnote on [S1, p. 77].
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where divSX(x) is the divergence atx of the field X restricted (and projected) to
affine subspacex+S([S1, p. 234]). The idea is that the variation measures the rate of
change in the ’size’ (mass) of the varifold if it is perturbedslightly (see the alternate
formula in [S1, p. 233]). Themassof the varifold (see [S1, p. 229]) is given by

M (V) =V(Gm(Ω)) = µV(Ω).

If δV = 0, then the varifold is said to bestationary. VarifoldVH mxS associated to
anm-dimensional affine planeS in Rn is stationary.

AssumeV = VH mxS is the rectifiable varifold associated to Hausdorff measure
restricted to a smooth surfaceS⊂ Rn such that the closureS is aC2-smooth compact
manifold with smooth(m−1)-dimensional boundary∂S:= M \M. Then (3) reads

δV(X) =
∫

S
divTx X(x)dH

m(x) (4)

and can be (see [S1, 7.6]) computed as

δV(X) =−
∫

S
X ·H dH

m−
∫

∂S
X ·η dH

m−1 (5)

whereη is the inward pointing unit co-normal of∂S, cf. [S1, p. 43], andH is the
mean curvature vector ([S1, 7.4]). If U is a parameterization ofS and B(x) :=
{∂U/∂x1, . . . ,∂U/∂xm} happens to be orthonormal atx thenH can be obtained (cf.
7.4 together with the last line on p. 44 of [S1]) as

H(U(x)) =
m

∑
i=1

(
∂ 2U(x)
(∂xi)2

)⊥

wherev⊥ denotes orthogonal projection ofv to the orthogonal complement ofTU(x) =
spanB(x). If B(x) is merely orthogonal atx, a linear change of variables ˜xi =√

gii xi =
1

‖∂U/∂xi‖xi reveals that

H(U(x)) =
m

∑
i=1

(
gii ∂ 2U(x)

(∂xi)2

)⊥
. (6)

We skip further derivations and note for the sake of completeness that (6) is in accor-
dance with the general formula

H(U(x)) =

(
∑
i j

gi j ∂ 2U
∂xi∂x j

)⊥
(7)

where(gi j ) is the inverse to the metric tensor(gi j ) of U (see [O, (1.11), p. 1098]).
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2.3 An example

Exercise 2.1Let H be a hyperplane dividingR3 into two half-spacesH1, H2. Let S1,
S2 be 2-dimensional subspaces orthogonal toH. For i = 1,2, letVi = (L 3

xHi)×δSi

(whereδSi is the Dirac measure at the pointSi ∈ G(3,2)) andV =V1+V2. Show that
V is a stationary varifold onR3.

Solution. From (3) and the divergence theorem we haveδVi(X) = −∫H x ·ηi dH 2

whereηi is the inward pointing unit normal toHi . ⊓⊔

Interpretation. Vi is the integral (or, uncountable “linear combination”) of varifolds
Vi,x =VH 2x(Si+x), x∈ S⊥i . The variationsδVi,x combine in the same way, and it turns
out that the result is exactly opposite forV1 andV2.

Remark 2.1The varifoldV from Exercise2.1is a 2-varifold supported by the 3-space
(µV = L 3, sptµV = R3); V is non-rectifiable.V can be “approximated” by a recti-
fiable varifold supported by many half-planes touchingH and parallel toS1 (inside
H1) or S2 (insideH2). (The more half-planes, the better approximation and the less
density on each of them.) This varifold cannot be stationary— the failure is located
nearH. There is a better “approximation” that is rectifiable and stationary, which is
supported by strips of plane creating structure that branches and refines towardsH.
See Figure1c) for a planar network of segments illustrating such a branching. xq

Remark 2.2Also the 2-varifoldṼ := (L 3
xM1)×δS1 +(L 3

xM2)×δS2 is stationary
whenM1 =

⋃
k∈Z[2k−1,2k]×R×R, M2 =

⋃
k∈Z[2k,2k+1]×R×R, S1 =R×R×

{0}, S2 = R×{0}×R. Ṽ can be again approximated by a stationary and rectifiable
varifold by using the idea from Figure1c) twice inside each[k,k+1]×R×R. xq

2.4 Tangents. Conical varifolds

Forx∈ Rn andλ > 0, let

ηx,λ (y) =
y− x

λ
, y∈ R

n. (8)

If V andC arem-varifolds onRn andx∈ Rn, we say thatC is a tangent varifold
to V atx, C∈ VarTanxV, if there existλi > 0, λi → 0 such that, for every continuous
function f onGm(R

n) with compact support,
∫

f (y,S)dC(y,S) = lim
i→∞

(λi)
−m
∫

f (ηx,λi
(y),S)dV(y,S).

This is equivalent to
ηx,λi ##V →C

(weakly), which is the definition used in [S1, p. 242-243].
The general definition of## for varifolds is (denoted differently by#) in [S1,

p. 233] and it is slightly complicated. We need## only (i) with maps that are combi-
nation of translation and homothety, like (8), in which case

ηx,λi ##V(A) = (λi)
−mV({(y,S) : (ηx,λi

(y),S) ∈ A});
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(ii) with orthonormal linear mapsL, with

L ##V(A) =V({(y,S) : (L(y),L(S)) ∈ A}).

An m-varifoldC is conicalif

η0,λ ##C=C

for everyλ > 0.

3 The non-rectifiable varifold

We start with an example of a non-rectifiable varifold, whichis simpler. The recti-
fiable varifold in later sections is in fact a suitable rectifiable approximation of this
non-rectifiable example. Thus, in this section we prove the following weaker version
of Theorem1.1.

Proposition 3.1 There is a2-varifold in R4 that has a non-conical (hence non-
unique) tangent at a point. There is a2-varifold in R4 that has a conical but non-
unique tangent at a point.

Proof The varifold will be supported by the three-dimensional surface,5 in R4, for
which we propose the nameClifford cone,6 parameterized by

F((a,b),(c,d)) = ace1+bce2+ad e3+bd e4. (9)

Then, for everyt > 0,

F((ta, tb),(c,d)) = tF((a,b),(c,d)) = F((a,b),(tc, td)) (10)

and

F((a,b),(c,d)) = c(ae1+be2)+d(ae3+be4) = a(ce1+de3)+b(ce2+de4). (11)

Now, we are ready for an informal explanation of the idea. Thesurface is the
union of a parameterized family of two-dimensional linear subspaces. In fact there
is a pair of such representations that are “orthogonal”: We can fix (a,b) ∈ S1 as a

parameter and use variables(c,d) ∈ R2 to create a 2-dimensional varifoldV(a,b)
1 :=

VH 2xspan{ae1+be2, ae3+be4} (which is stationary because it is associated to a 2-plane).

5 The surface is neither a linear space nor a convex set: it contains points(1,0,0,0) (a = c = 1, b =
d = 0) and(0,0,0,1) (a = c = 0, b = d = 1) but does not contain(1/2,0,0,1/2). Indeed,(t,0,0,t) =
(ac,bc,ad,bd), t 6= 0 leads toa 6= 0,c= t/a, b 6= 0,d = t/b, thenbt/a= 0, at/b= 0 and finallyb= 0= a,
a contradiction.

6 The surface is actually a copy of the three-dimensional conegenerated byS1 × S1 as can be seen
from the relation(cosγ ,sinγ ,cosδ ,sinδ ) = (x+w,y−z,x−w,z+y) where(x,y,z,w) = F((cosα ,sinα),
(cosβ ,sinβ)), γ = α −β ,δ = α +β .
The surface was the first known nontrivial minimal cone inR4, [O, p. 1113].S1×S1 is so called Clifford
torus. Recently, Simon Brendle announced that (up to a congruence) it is the only embedded minimal torus
in S3 [Bre].
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Then we obtain a new (non-rectifiable) stationary varifoldV1 by averagingV(a,b)
1 over

all (a,b)∈ S1. We also do the same with swapped(a,b) and(c,d) to obtain a different
stationary varifoldV2 (yet with µV1 = µV2). Suitable parts of the two varifolds can be
joined together in similar way as in Exercise2.1, with the separating hyperplane
H replaced by a sphere. The resulting varifold is again stationary; the quantitative
aspects of the formal proof of this fact depend on the presence of “orthogonality” of
the parameterizations. Moreover, we can interleave an infinite number of concentric
shells containing (parts of)V1 andV2 to obtain the target (non-rectifiable) varifold.
Now we proceed with the formal definitions, arguments and calculations.

Let 0≤ r < s≤ ∞,

g1((a,b),(c,d)) = span{ae1+be2,ae3+be4},
g2((a,b),(c,d)) = span{ce1+de3,ce2+de4},

(gi does not depend on all its parameters),

φ1,r,s = (F,g1) : S1(R
2)×As

r(R
2)→ G2(A

s
r(R

4)),

(a,b,c,d) 7→ (F((a,b),(c,d)),g1((a,b),(c,d))),

φ2,r,s = (F,g2) : As
r(R

2)×S1(R
2)→ G2(A

s
r(R

4)),

(a,b,c,d) 7→ (F((a,b),(c,d)),g2((a,b),(c,d))),

V1,r,s= φ1,r,s#(H
1×L

2), (12)

V2,r,s= φ2,r,s#(L
2×H

1), (13)

where# denotes the image of a measure (the image is a measure that happens to be
a varifold),H 1 is the one-dimensional Hausdorff measure in the unit sphereS1(R

2)
andL 2 is the Lebesgue measure (on the annulusAs

r(R
2)⊂ R2). From the definition

of m-varifold we see thatVi,r,s defined by (12), (13) are 2-varifolds. To see thatVi,r,s

can also be obtained by “averaging” (integrating, in the weak sense) 2-rectifiable
varifolds, let

φ1,r,s,(a,b)(c,d) = φ1,r,s((a,b),(c,d)), (c,d) ∈ As
r(R

2),

φ2,r,s,(c,d)(a,b) = φ2,r,s((a,b),(c,d)), (a,b) ∈ As
r(R

2),

V1,r,s,(a,b) := φ1,r,s,(a,b) #L
2 ∗
=VH 2x(span{ae1+be2,ae3+be4}∩As

r (R
4)) , (14)

V2,r,s,(c,d) := φ2,r,s,(c,d) #L
2 ∗
=VH 2x(span{ce1+de3,ce2+de4}∩As

r (R
4)) , (15)

where “
∗
=” are valid under condition(a,b) ∈ S1 or (c,d) ∈ S1, respectively. Then, by

the Fubini theorem,

V1,r,s=
∫

(a,b)∈S1
V1,r,s,(a,b)dH

1, (16)

V2,r,s=

∫

(c,d)∈S1
V2,r,s,(c,d)dH

1. (17)

SinceVi,r,s,(·,·) is just the varifold corresponding to an annulus part of a 2-plane (H =
0), its first variation corresponds to the inward pointing unit co-normal field supported
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on the two circles (cf. (5)):

δV1,r,s,(a,b)(X) =

∫

{F(a,b,c,d):c2+d2=s2}

X ·NdH
1−

∫

{F(a,b,c,d):c2+d2=r2}

X ·NdH
1,

δV2,r,s,(c,d)(X) =
∫

{F(a,b,c,d):a2+b2=s2}

X ·NdH
1−

∫

{F(a,b,c,d):a2+b2=r2}

X ·NdH
1

whereN(x) = x/‖x‖ and where we leave out the first term ifs= ∞. The second term
is zero ifr = 0. Integrating over(a,b) ∈ S1(R

2), respective over(c,d) ∈ S1(R
2), and

changing the variables back to the image ofF (where it becomes a circle of radiuss
or r), we get

δV1,r,s(X) =

∫

F(S1(R2)×Ss(R2))

X ·N d
H 1

s
×H

1−
∫

F(S1(R2)×Sr (R2))

X ·N d
H 1

r
×H

1

δV2,r,s(X) =

∫

F(Ss(R2)×S1(R2))

X ·N d H
1× H 1

s
−

∫

F(Sr (R2)×S1(R2))

X ·N d H
1× H 1

r

(Again, if s= ∞ or r = 0, the first or second term has to be replaced by zero. In
particular,Vi,0,∞ are stationary.) ThereforeV1,r,s andV2,r,s have the same first variation,
δV1,r,s= δV2,r,s, and (cf. (3))

∫

Ω
divSX(x)dV1,r,s(x,S) =

∫

Ω
divSX(x)dV2,r,s(x,S). (18)

We show that

V =V{r i}i∈Z =
∞

∑
i=−∞

(
V1,r2i ,r2i+1 +V2,r2i+1,r2i+2

)
(19)

is a stationary varifold for any increasing sequence{r i}i∈Z with lim i→∞ r i = ∞ and
lim i→−∞ r i = 0.

Indeed, V is a Radon measure onG2(R
4) since, e.g.,V(G2(As

0)) = π ·πs2. Us-
ing (3) and substituting from (18)

δV(X) =
∞

∑
i=−∞

∫

Ω
divSX(x)dV1,r2i ,r2i+1 +

∫

Ω
divSX(x)dV2,r2i+1,r2i+2

=
∞

∑
i=−∞

∫

Ω
divSX(x)dV1,r i ,r i+1 =

∫

Ω
divSX(x)dV1,0,∞ = 0

sinceVi,0,∞ is stationary.
If r i = 2i thenC := V is a non-conical tangent varifold toV at 0∈ R4. (Also

η0,λ ##V ∈ VarTan0V for λ ∈ (0,∞).)

If r i = 22i
thenV1,0,∞ andV2,0,∞ are two different conical tangent varifolds toV at

0∈R4. (AlsoV1,0,r+V2,r,∞ ∈VarTan0V andV2,0,r+V1,r,∞ ∈VarTan0V for r ∈ (0,∞).)
The above statements about “non-conical” tangent and about“two different” va-

rifolds need a bit of justification and we choose to formulatethem separately. ⊓⊔
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Lemma 3.1 Varifold V =V{r i}i∈Z from (19) is not conical. Furthermore, V1,r,s 6=V2,r,s

for any0≤ r < s≤ ∞.

Proof We claim that

if F(x) = F(y) 6= 0 theng1(x) 6= g2(y) . (20)

Forx= (x1,x2,x3,x4) ∈ R4\ {0}, we haveF−1(x) = /0 or

F−1(x)⊂ {(±t
√

x2
1+ x2

3,±t
√

x2
2+ x2

4,±
‖x‖
t

√
x2

1+ x2
2,±

‖x‖
t

√
x2

3+ x2
4) : t > 0}.

First we show that

S1 := g1((a,b),(c,d)) is different fromS2 := g2((±a,±b),(±c,±d)) (21)

apart from singular casesa= b= 0 or c= d = 0 (whenF((a,b),(c,d)) = 0): Since
g2 does not depend ona andb, we haveS2 = g2((a,b),(±c,±d)). Sinceg1 does not
depend onc andd, we can freely change the sign ofc (andd) in (21). Therefore it is
enough to considerS2 = g2((a,b),(c,d)). Assume thata2+b2 6= 0 andc2+d2 6= 0.
S1 andS2 are two-dimensional subspaces and ifS1 = S2 then span(S1∪S2) is two-
dimensional as well, i.e., the matrix

(a b 0 0
0 0 a b
c 0 d 0
0 c 0 d

)

has rank 2. Then(a2+b2)c=−
∣∣∣a b 0

0 0 a
0 c 0

∣∣∣+
∣∣∣a b 0

0 0 b
c 0 0

∣∣∣= 0+0= 0, (a2+b2)d =
∣∣∣a 0 0

0 a b
0 0 d

∣∣∣−∣∣∣b 0 0
0 a b
0 d 0

∣∣∣= 0. Hencec= 0, d = 0, a contradiction showing that (21) is true.

Sincegi((ta, tb),(uc,ud)) = gi((a,b),(c,d)) = Si for i = 1,2 andt,u∈ R \ {0},
we get (20).

By (20), V1,r,s andV2,r,s are supported by disjoint subsets ofG2(R
4) whenever

r > 0. (For r = 0, sptV1,r,s∩ sptV2,r,s ⊂ {(0,0,0,0)}×G(4,2).) HenceV1,r,s 6= V2,r,s

for any 0≤ r < s≤ ∞. Obviously, varifoldV =V{r i}i∈Z is not conical. ⊓⊔

4 The rectifiable varifold

The rectifiable stationary varifold (let us call itVrect for now) will be obtained as a
suitable approximation of the above non-rectifiableV. (The idea of approximation for
the case of linear configuration was suggested in Remark2.2, cf. Figure1c). Since
we work in central configuration, our task will be more complicated, see the caption
of Figure1b) where the simplest idea does not transfer from Figure1a).)

Instead of planar annuli (see the support ofV1,r,s,(cost1,sint1) in (14)) smoothed
out by averaging in the definition ofV, the support now consists of countably many
planar annuli and countably many pieces homeomorphic to annuli (we will call them
“rings”) whose number will increase (through a process thatwe call “branching”)
towards the boundary of the layer.

Since now the pieces ofVrect are not oriented radially (x /∈ S for many(x,S) ∈
sptVrect), the ratioVrect(G2(B(0, r)))/r2 necessarily decreases asr decreases. (This is
a corollary to the Monotonicity formula [S1, 17.5].) Therefore we have, and do, take
special care to make sure that the densityθ 2(Vrect,0) does not vanish.
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The proof continues towards the end of this paper and dependson the calculations
summarized in the following lemmata.

The varifold will be again supported by the three-dimensional surface parameter-
ized byF , see (9) and (10).

In every point ofx ∈ rangeF \ {0}, we will frequently refer to the radial direc-
tion N(x) = x/‖x‖ and to a selected tangential direction. The latter is conveniently
expressed by matrix multiplication.

Let J24
13 be the matrix that rotatese1 → e3 ande2 → e4 given by

J24
13 = J(0,1) =




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


 . (22)

Forε ≥ 0 andx∈R4\{0}, consider the following set of 2-dimensional planes inR4

Gε
rad &J24

13
(x) = {span{u,v} : {u,v} orthonormal,

‖u−N(x)‖ ≤ ε, ‖v− J24
13N(x)‖ ≤ ε}, (23)

and related subset ofR4×G(4,2)

Gε
rad &J24

13
= {(x,S) : x∈R

4 \ {0}, S∈ Gε
rad &J24

13
(x)}. (24)

Then{Gε
rad &J24

13
(x) : ε > 0} is a neighbourhood base for a special point span{N(x),

J24
13N(x)} ∈ G(4,2), which is the span of the radial direction and the direction deter-

mined byJ24
13. From this comes the subscript in our notation.

Note that if we let

J34
12 =




0 −1 0 0
1 0 0 0
0 0 0−1
0 0 1 0


 (25)

and defineGε
rad &J34

12
(x) accordingly then there isε0 > 0 (independent ofx) such that

Gε
rad &J24

13
(x)∩Gε

rad &J34
12
(x) = /0 (26)

for all ε ∈ [0,ε0). To see that, we first observe that

span{N(x),J24
13N(x)} 6= span{N(x),J34

12N(x)}. (27)

This is similar to (21) but now the proof is even easier. First consider (27) in the
special case whenN(x) = e1. Then if (27) were not valid, then the matrix




1 0 0 0
0 1 0 0
0 0 1 0




would have range at most two. Using a rotation, we see that (27) in general is equiva-
lent to (27) in the special case whenN(x) = e1. Moreover, we see thatε0 > 0 admis-
sible for (26) is independent ofx∈ R4\ {0}.
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4.1 Basic surface, rings and their joins.

Let d > 0, α0 ∈ R.
We will use pieces of a minimal surface that is derived by a “rotation” inR4 from

planar curve (in polar coordinates)

r(α) = rd,α0(α) =
√

d/cos2(α −α0), α −α0 ∈ (−π/4,π/4). (28)

It turns out that the curve is a hyperbola. To make a geometrical picture, let us con-
sider the special caseα0 = π/4 (the general case is obtained by rotations in the plane);
thenr(α)2 = d/2sinα cosα and

{(r(α)cosα, r(α)sinα)}= {(x1,x2)⊂ (0,∞)2 : 2x1x2 = d}.

The most important are the portions of the hyperbola far awayfrom the origin, that is
with x1 (respectively,x2) restricted to interval(ε1,ε2) close to 0. This corresponds to
α −α0 ∈ (t1, t2) close to either−π/4 orπ/4.

The rotation applied is the one obtained fromF (see (9)):

U(α,β ) = F((r(α)cosα, r(α)sinα),(cosβ ,sinβ )), (29)

whereα−α0 ∈ (t1, t2)⊂ (−π/4,π/4)andβ ∈R. The set thus obtained in (30) below
is homeomorphic (and nearly isometric, for suitable pairst1, t2) to a planar annulus
and we call it a “ring”.

For imagination of the full surface, one might notice that itis obtained by de-
formation of a part (a strip, sinceα is restricted to an interval) of Clifford torus
F(S1(R

2)× S1(R
2)), with the middle circle (α = α0) scaled at

√
d and the ends

(α → α0 ± π/4) lifted in the radial direction to infinity. As we already indicated
above, we will use only rather flat parts that are lifted high above

√
d and have nearly

radial directions.

The notation. The lemma below summarizes the properties of our minimal surface
S= rangeU . The letterSwith various indexes denotes parts of the surface whileV is
used for the corresponding varifolds. The upper index is reserved for the parameters
d andα0; we drop them fromSt1,t2 = Sd,α0

t1,t2 but we have to leave them inVd,α0
t1,t2 (see

(32) below). Lower index denotes the range for the variableα. The range is either
an interval(t1, t2) (thusSt1,t2 is our “ring”) or a single pointt1; thusSt1 is a circle.
Boundary of the ringSt1,t2 consists of two circlesSt1, St2. Some time later the circle
will be denoted byK(ρ ,α) (ρ will be the radius) — this change in the notation will
be necessary as to drop the dependence ond andα0. ThusSt1 = K(rd,α0(t1), t1).

Remark 4.1 S= rangeU and all other objects until Lemma4.3 are included in the
Clifford cone rangeF = F(R2×S1) =R ·F(S1×S1). Their geometry is determined
in the (r,α) plane and all of them are invariant with respect to the parameter β in
(29) and the corresponding rotation. The rotation introduces factor r into the area
functional and influences thus the shape of the minimal surface. Therefore we stick
with the full 4-dimensional description and do not restrictourselves to the(r,α) plane
where everything is determined. In Lemma4.4, the roles ofα andβ are interchanged.



16 Jan Kolář

Lemma 4.1 1. Let d> 0, α0 ∈ R and r(α) as in (28). Consider the parameterized
surface U(α,β ) =Ud,α0(α,β ),

U(α,β ) = (r(α)cosα cosβ , r(α)sinα cosβ , r(α)cosα sinβ , r(α)sinα sinβ ),
α −α0 ∈ (−π/4,π/4), β ∈ R.

(U is 2π-periodic inβ , and injective on every period.) Then U is a minimal surface.
2. Let

St1,t2 := {U(α,β ) : α ∈ (t1, t2), β ∈ R}, (the “ring” ) (30)

St1 := {U(t1,β ) : β ∈ R}, (31)

S:= range(U).

Then the rectifiable varifold VH 2xS is stationary.
3. (The ring varifold and its first variation.) For every x∈ S, find any p satisfying

U(p) = x and let
ηηηα0(x) = N(∂U(p)/∂α)

where N(y) = y/‖y‖.
For α0−π/4< t1 < t2 < α0+π/4, let

Vd,α0
t1,t2 =VH 2xSt1,t2

. (32)

Then,

δVd,α0
t1,t2 (X) =

∫

St2

X(x) ·ηηηα0(x)dH
1−

∫

St1

X(x) ·ηηηα0(x)dH
1. (33)

4. (Two rings at touch.) If α1 ≤ α ≤ α2 andα −α1 = α2−α ∈ [0,π/4) then

Ud,α1(α,β ) =Ud,α2(α,β ) (34)

and

ηηηα1(U
d,α1(α,β ))−ηηηα2(U

d,α2(α,β )) = 2sin2(α −α1) ·N(Ud,α1(α,β )) (35)

is a radial vector at the point.

5. The tangent plane to U=Ud,α0 at x=U(α,β ) belongs to G2cos2(α−α0)

rad &J24
13

(x) and

sptVd,α0
t1,t2 ⊂ Gε

rad &J24
13

whereε = 2maxcos([2(t1−α0),2(t2−α0)]).
6. (Mass distribution)

M(Vd,α0
t1,t2 ) = πd(tan2(t2−α0)− tan2(t1−α0)).

For every0 <
√

d ≤ r1 < r2 there is a numberρ = ρ(d, r1, r2) ∈ [r1, r2] such that
wheneverα0 < t1 < t2 < α0+π/4, and t1 ≤ s1 ≤ s2 ≤ t2 then,

M (Vd,α0
t1,t2 ) = π

∣∣∣∣
√

r(t2)4−d2−
√

r(t1)4−d2

∣∣∣∣
= 1√

1−d2/(ρ(d,r(t1),r(t2)))4
π
∣∣r(t2)2− r(t1)

2
∣∣
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and

Vd,α0
t1,t2 (G2(A

r(s2)
r(s1)

)) = M(Vd,α0
s1,s2

) = π
∣∣∣∣
√

r(s2)4−d2−
√

r(s1)4−d2

∣∣∣∣
= 1√

1−d2/(ρ(d,r(s1),r(s2))4
π
∣∣r(s2)

2− r(s1)
2
∣∣ .

If α0−π/4< t1 < t2 < α0, the same holds with Ar(s2)
r(s1)

replaced by Ar(s1)
r(s2)

andρ ex-

tended by formulaρ(d, r1, r2) := ρ(d, r2, r1) for
√

d ≤ r2 < r1.

Remark 4.2For α0+π/4− ε < t1 < t2 < α0+π/4 (or analogously forα0−π/4<
t1 < t2 < α0 −π/4+ ε), andr = r(t1), s= r(t2), the ringSt1,t2 is intended to be a
perturbation of the annulus supportingV1,r,s,(cost1,sint1) from (14). xq

Remark 4.3The surfaceS= range(U) can be found in [L]. xq

We will give two arguments for the minimality of surfaceU , the first one is easy
but slightly incomplete: Letα0 −π/4< t1 < t2 < α0 +π/4 with t2 close tot1, and
consider the part of the surface determined by the ranget ∈ (t1, t2) (cf. (30)); recall
this is the surface created by a certain “rotation” from curve

γ(t) := (r(t)cost, r(t)sint,0,0), t ∈ (t1, t2).

The boundary of the selected part consists of two circlesSt1, St2 (see (31)). To this
correspond fixed valuesγ(t1), γ(t2), as boundary conditions forγ.

Our first and incomplete argument for the minimality ofU is based on comparing
the area of the selected part ofU with surfaces corresponding to other possible curves
γ in R2×{0}2 with the same boundary condition.

The area is given by the formula

A= 2π
∫

(t1,t2)
‖γ ′(t)‖ · ‖γ(t)‖dt

since the length of the circle throughγ(t) is 2π‖γ(t)‖. We will view γ as a curve
in R2 ∼= R2×{0}2, and assume thatγ is the graph of a functionr in polar coordi-
nates, that isγ(t) = (r(t)cost, r(t)sint). OnR2 = C, consider the mapz 7→ z2 whose
derivative is 2z. That maps curveγ to a curveγ2 (whereγ2(t) = (γ(t))2 ∈ C) whose
length

L =
∫

(t1,t2)
‖(γ2)′(t)‖dt =

∫

(t1,t2)
2‖γ ′(t)‖ · ‖γ(t)‖dt

we find to be directly proportional toA. It is well known thatL is minimal if γ2 is
the segment connecting its endpoints. A special case is a vertical segment given in
polar coordinates by(r̃, α̃) with r̃ = d/cosα̃; the general case is ˜r = d/cos(α̃ − α̃0).
Sincez 7→ z2 is expressed in polar coordinates as(r,α) 7→ (r̃, α̃) = (r2,2α), we obtain
the curveγ(t) = (r(t)cost, r(t)sint) with r(t) =

√
d/cos2(t−α0), t ∈ [t1, t2]. The

corresponding rotation surface is our best candidate for the minimum area surface
spanned betweenSt1 andSt2 andU likely is a minimal surface.
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Proof of Lemma4.1
1. For formal verification of the minimality of surfaceU , it is enough to verify that
H(U) = 0.

Fora,b,α,β ∈R, let

B= B(β ) = J(cosβ ,sinβ ), where J(a,b) =




a 0 −b 0
0 a 0 −b
b 0 a 0
0 b 0 a




and (since we choose to treat the vectors, includingU , as column vectors, we will
distinguish that in notation from this moment)

A= A(α) = (cosα,sinα,0,0)T .

Then
U = rBA

wherer is a function ofα:

U(α,β ) = r(α)B(β )A(α), α ∈ (−π/4,π/4), β ∈ R.

Note that obviously‖U‖= r, hence

N(U) = BA.

We have

∂U
∂α

= r ′BA+ rBA′ = B(r ′A+ rA′) (36)

∂U
∂β

= rB′A (37)

where
A′ = (−sinα,cosα,0,0)T , B′ = J(−sinβ ,cosβ ).

Furthermore,

A′′ = (−cosα,−sinα,0,0)T =−A, B′′ = J(−cosβ ,−sinβ ) =−B

and hence

∂ 2U
∂α2 = B(r ′′A+2r ′A′+ rA′′) = B((r ′′− r)A+2r ′A′) (38)

∂ 2U
∂β 2 = rB′′A=−rBA (39)

Obviously
ATA= (A′)TA′ = 1 ATA′ = (A′)TA= 0. (40)
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It is immediate thatJ(a,b)T = J(a,−b) andJ(a,b)TJ(a,b) = (a2+b2)I whereI is
the identity matrix; in particular

BTB= I , (41)

(B′)TB′ = I . (42)

Hence
B−1 = BT . (43)

Furthermore,J(b,a)J(a,b) = J(0,a2+b2), in particular

BTB′ = J(0,1) (44)

andB′BT = J(0,1). Multiplying that byB from the right (see (43)) we get

B′ = J(0,1)B. (45)

The metric tensor is

g11 =
∂U
∂α

· ∂U
∂α

= (r ′A+ rA′)TBTB(r ′A+ rA′) (46)

(41)
= (r ′A+ rA′)T(r ′A+ rA′)

(40)
= (r ′)2+ r2

g22 =
∂U
∂β

· ∂U
∂β

= rAT(B′)T rB′A

(42)
= r2ATA

(40)
= r2

g12 = g21 =
∂U
∂α

· ∂U
∂β

= (r ′A+ rA′)TBT rB′A (47)

(44)
= r(r ′A+ rA′)TJ(0,1)A= 0

sinceA,A′ ∈R2×{0}2 while J(0,1)A∈ {0}2×R2. Therefore

(gi j ) =

(
(r ′)2+ r2 0

0 r2

)
, (gi j ) =

(
1

(r ′)2+r2 0

0 1
r2

)
.

We want to verifyH(U) = 0 using (6) (or, equivalently, (7)). Thus we want to verify

v⊥ = 0, that is, v∈ span
{

∂U
∂xi

}

where
v= 1

(r ′)2+r2 B((r ′′− r)A+2r ′A′)+ 1
r2 (−rBA).

That is

1
(r ′)2+r2 B((r ′′− r)A+2r ′A′)+ 1

r2 (−rBA) ∈ span{B(r ′A+ rA′), rB′A}.

Multiplying by B−1 and using (43), (44), we get equivalent relation

1
(r ′)2+r2 ((r

′′− r)A+2r ′A′)− 1
r A∈ span{r ′A+ rA′, rJ(0,1)A}.
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SinceA,A′ ∈ R2×{0}2, while rJ(0,1)A∈ {0}×R2, the latter can be removed:

1
(r ′)2+r2 ((r

′′− r)A+2r ′A′)− 1
r A∈ span{r ′A+ rA′}.

Now the relation reduces toR2×{0}2, whereA,A′ form an orthogonal base. We have
r ′A+ rA′⊥ rA− r ′A′ and our relation is equivalent to

(rA− r ′A′)T
(

1
(r ′)2+r2 ((r

′′− r)A+2r ′A′)− 1
r A
)
= 0.

Using (40) this reduces to
rr ′′−3(r ′)2−2r2 = 0.

It is easy to check that our functionr(α) =
√

d/cos2(α −α0) verifies this equation.
Thus we proved that the mean curvature vectorH(U) is identically zero and

U(α,β ) is a minimal surface.
2. SinceH(U) = 0 and there is no boundary (U is defined onR2 and essentially

injective) the associated varifold is stationary.
3. To obtain (33), it is enough to use (5); The boundary ofSt1,t2 is St1 ∪St2, and if

U(p) ∈ ∂St1,t2 then∂U(p)/∂β is obviously tangent to∂St1,t2 andη := ∂U(p)/∂α is
orthogonal to it, see (47). If p= (t1,β ) thenη is an inner normal, ifp= (t2,β ) then
it is outer.

4. Assume now thatα1 ≤ α ≤ α2 and

α −α1 = α2−α ∈ [0,π/4). (48)

Thenrd,α1(α) = rd,α2(α) and henceUα0(α,β ) =Uα1(α,β ).
At any point(α,β ) satisfying (48) we have, by (36) and (46),

∂U
∂α

= r ′BA+ rBA′

N

(
∂U
∂α

)
=

r ′√
r ′2+ r2

BA+
r√

r ′2+ r2
BA′ (49)

whereA, B andr are the same regardless ifUd,α1 or Ud,α2 is considered. Onlyr ′ is
different:

(rd,α1)′(α) =−(rd,α2)′(α).

Letting, e.g.,α0 := α1, we have

r =
√

d cos−1/22(α −α0) (50)

r ′ =
√

d cos−3/22(α −α0)sin2(α −α0) (51)
√

r ′2+ r2 =
√

d cos−3/22(α −α0). (52)

Since (49) are the values ofηηηα1 andηηηα2, we get (35), that is,

ηηηα1(U
d,α1(α,β ))−ηηηα2(U

d,α2(α,β )) = cBA= cN(Ud,α1(α,β ))

where

c=
2r ′√

r ′2+ r2
= 2sin2(α −α0).
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To prove 5., it is enough to show that the tangent toU at U(α,β ) is the plane
spanned by orthonormal base{N( ∂U

∂α (α,β )),N( ∂U
∂β (α,β ))} where

∥∥∥±N
(

∂U
∂α (α,β )

)
−N(U(α,β ))

∥∥∥≤ 2cos2(α −α0) (53)

N
(

∂U
∂β (α,β )

)
= J(0,1)U(α,β ). (54)

Here± denotes the sign ofα −α0. The two vectors are orthogonal by (47). By
(49) and (50)–(52)

N
(

∂U
∂α

)
= sin2(α −α0)BA+ cos2(α −α0)BA′.

UsingN(U) = BAand‖BA‖= 1= ‖BA′‖ we get

‖±N( ∂U
∂α )−N(U)‖ ≤ (1−|sin2(α −α0)|)+ cos2(α −α0)≤ 2cos2(α −α0)

which is (53). Furthermore we have

N
(

∂U
∂β (α,β )

)
=

1√
g22

∂U(α,β )
∂β

(37)
= B′A

(45)
= J(0,1)BA= J(0,1)U(α,β )

which is (54).
6. The mass formula is directly obtained by integration. Since g12 = 0, the 2-

volume element has a simple form.

M (Vd,α0
t1,t2 ) = H

2St1,t2 =

∫

[t1,t2]
dα

∫

[0,2π ]
dβ

√
g11g22

= 2π
∫

[t1,t2]
dα r

√
r ′2+ r2 (52)

= 2π
∫

[t1,t2]
dα dcos−22(α −α0)

= πd(tan2(t2−α0)− tan2(t1−α0))

If α0 /∈ [t1, t2] then sgntan2(t2−α0) = sgntan2(t1−α0) and

d | tan2(ti −α0)|=
√

d2

cos2 2(ti−α0)
−d2 =

√
r(ti)4−d2

sincer(ti)2 = d/cos2(ti −α0). This gives the mass in the form

π
∣∣∣∣
√

r(t2)4−d2−
√

r(t1)4−d2

∣∣∣∣ .

The expression that containsρ is obtained by the Mean value theorem applied to
functionq 7→

√
q2−d2 on interval[r(t1)2, r(t2)2] or [r(t2)2, r(t1)2]. (Thusρ depends

on d, r(t1) andr(t2) but, naturally, not onα0.) Since obviouslySt1,t2 ∩Ar(s2)
r(s1)

= Ss1,s2

we have
Vd,α0

t1,t2 (G2(A
r(s2)
r(s1)

)) = M(Vd,α0
s1,s2

).

⊓⊔
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4.2 Mini-layer. Details about branching.

For ρ > 0 andα ∈ R, denote

K(ρ ,α) = {ρ(cosα cosβ ,sinα cosβ ,cosα sinβ ,sinα sinβ ) : β ∈ R} (55)

which is the circle of radiusρ parameterized byβ and oriented inR4 by the choice
of α.

From the ring varifolds we construct two types of (mini-layer) varifolds:V1 branch-
ing outwards andV2 branching inwards (Figure3). That is,δV1 is supported on a
number of circles of typeK(ρ ,α) of smaller radius and twice as much circlesK(ρ ,α)
of larger radius. We carefully compute the densities ofδVi on the circles and record
the mass distribution. The densities ofδVi (see (58), (59)) determine four constants
denoted byC,c with decorations.C is the density on larger circlesK(r2, ·), c on
smaller circlesK(r1, ·). Tilde marks the ones related toδV1 as opposed toδV2. (The
relationCk,γ = c̃k,γ is best regarded as just a coincidence although it appears naturally
from the manipulations with the objects and numbers.)

a) b)

Fig. 3 a) Two mini-layers branching outwards. b) Three mini-layers branching inwards.

Lemma 4.2 Let k∈N, k> 20andγ ∈ (π/8,π/4) be fixed. Let

σ = σk,γ =

√
cos2γ

cos2(γ −π/k)
∈ (0,1),

ε = 2cos2(γ −π/k)

and

C̃k,γ = 4sin(2γ)
c̃k,γ = 2sin(2(γ −π/k))+2sin(2γ) = 4sin(2γ −π/k)cos(π/k)

Ck,γ = c̃k,γ

ck,γ = 4sin(2(γ −π/k)).
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Then, for every r2 > 0 and for r1 = σ r2, there are rectifiable2-varifolds V1 =

Vr1,r2,k,γ
1 , V2 =V r1,r2,k,γ

2 in R4 (see(70) and(71) for the definition) such thatsptµVi ⊂
Ar2

r1,
sptVi ⊂ G2(A

r2
r1
)∩Gε

rad &J24
13
, (56)

4sin2(γ −π/k) ·π((s2)
2− (s1)

2)≤ M(Vi xG2(A
s2
s1
)) =Vi(G2(A

s2
s1
)) (57)

≤ 4
sin2(γ −π/k)

π((s2)
2− (s1)

2)

whenever r1 ≤ s1 < s2 ≤ r2, and

δV1(X) = C̃k,γ Mr2,2k(X)− c̃k,γ Mr1,k(X) (58)

δV2(X) =Ck,γ Mr2,k(X)− ck,γ Mr1,2k(X) (59)

where(denoting N(x) = x/‖x‖ and K(ρ ,α) as in(55))

Mρ ,k(X) =
1
k

k

∑
i=1

∫

K(ρ ,2iπ/k)
X ·NdH

2. (60)

Proof Let d > 0 be such that

r2 =
√

d/cos2γ (61)

r1 = σ r2 =
√

d/cos2(γ −π/k). (62)

Let Vd,α0
t1,t2 be as in Lemma4.1, cf. (32) (α0 ∈ R andα0 −π/4< t1 < t2 < α0 +

π/4).
Let

V01=
k

∑
i=1

(
Vd, (2i+1)π/k−γ

2iπ/k, (2i+1)π/k+Vd, (2i+1)π/k+γ
(2i+1)π/k, (2i+2)π/k

)
, (63)

V02=
k

∑
i=1

(
Vd, 2iπ/k−γ
(2i−1)π/k, 2iπ/k+Vd, 2iπ/k+γ

2iπ/k, (2i+1)π/k

)
(64)

(see Figure4). The parameters of allVd,α0
t1,t2 in (63), (64) are so chosen thatr(ti) =

rd,α0(ti) from (28) attain exactly the valuesr1, r2, cf. (61), (62). Therefore allVd,α0
t1,t2

are supported byAr2
r1. The difference betweenV01 andV02 is just a rotation which

allows (together withV00 below) proper alignment with the neighbouring mini-layers
as in Figure4. From (33), (34) and (35), we have

δV01(X) = 2sin(2γ)
k

∑
i=1

∫

K(r2,(2i+1)π/k)
X ·NdH

2 (65)

−2sin(2(γ −π/k))
k

∑
i=1

∫

K(r1,(2i+2)π/k)
X ·NdH

2,
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a) b)

Fig. 4 The varifolds a)V01 and b)V02 (63), (64) on the gray background of Figure3. (Note that a) and b)
are not drawn and will not be used at the same scale.) We are patching rings by actually patching pieces
of the planar curver(α) from (28). The result is then rotated inR4 as indicated in byβ in (29). The radial
segments (they create planar annuli by the rotation) will beadded later with (a proper density), seeV00 in
(67) and (70), (71).

δV02(X) = 2sin(2γ)
k

∑
i=1

∫

K(r2,2iπ/k)
X ·NdH

2 (66)

−2sin(2(γ −π/k))
k

∑
i=1

∫

K(r1,(2i+1)π/k)
X ·NdH

2.

Let

V00=Vr1,r2,k
00 =

1
k

k

∑
i=1

V1, r1,r2,(cos2iπ/k,sin2iπ/k) (67)

whereV1,r1,r2,(a,b) = V
H 2x(span{ae1+be2,ae3+be4}∩A

r2
r1(R

4))
(see also (14), (15)). Since

span{ae1 + be2, ae3 + be4} is a linear space invariant under multiplication byJ24
13

(see (22)), we have
sptV00 ⊂ G2(A

r2
r1
)∩G0

rad &J24
13

. (68)

Furthermore (cf. (5) or Section3),

δV00(X) =
1
k

k

∑
i=1

(∫

K(r2,2iπ/k)
X ·NdH

2−
∫

K(r1,2iπ/k)
X ·NdH

2
)

= Mr2,k(X)−Mr1,k(X). (69)

Let

V1 =
1
k

V01+2sin(2γ)V00 (70)

V2 =
1
k

V02+2sin(2(γ −π/k))V00. (71)

Then the first variation ofV1 andV2 is exactly as stated in (58), (59). Note that

sptV01
∪sptV02

⊂ Gε
rad &J24

13
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by Lemma4.1, 5., and the same is true for planar varifoldV00, so also forV1 andV2.
Let r1 ≤ s1 < s2 ≤ r2. We claim that

M(V01xG2(A
s2
s1
)) = M(V02xG2(A

s2
s1
)) = c2kπ((s2)

2− (s1)
2) (72)

where
1

sin2γ
≤ c≤ 1

sin2(γ −π/k)
. (73)

Indeed, ifρ = ρ(d,s1,s2) ∈ [s1,s1] ⊂ [r1, r2] is as in Lemma4.1, 6., then (72)
holds true with

c=
1√

1− d2

ρ4

≤ 1√
1− d2

(r1)4

=
1√

1− cos22(γ −π/k)
=

1
sin2(γ −π/k)

.

On the other hand,

c≥ 1√
1− d2

(r2)4

=
1√

1− cos22γ
=

1
sin2γ

.

We have exactlyM(V00xG2(A
s2
s1)) = π((s2)

2− (s1)
2). Combining that with (73),

we get (fori = 1,2)

4sin(2(γ −π/k)) ·π((s2)
2− (s1)

2)≤
(

2
sin2γ +2sin(2(γ −π/k))

)
π((s2)

2− (s1)
2)

≤ M(Vi xG2(A
s2
s1
))

≤
(

2
sin2(γ−π/k) +2sin(2γ)

)
π((s2)

2− (s1)
2)

≤ 4
sin2(γ−π/k)π((s2)

2− (s1)
2).

which is (57). ⊓⊔

4.3 Layers.

Recall now thatF is defined by (9) (see also (10) and (11)).

Lemma 4.3 If 0< R1 < R2 < R3 < R4 < ∞ andε > 0 then there is c∈ (1−ε,1) and
a rectifiable 2-varifold V withsptµV ⊂ AR4

R1
,

sptV ⊂ G2(A
R2
R1
∪AR4

R3
)∩Gε

rad &J24
13

(74)

∪ G2(A
R3
R2
)∩G0

rad &J24
13

⊂ G2(A
R4
R1
)∩Gε

rad &J24
13
, (75)

(1− ε)π((s2)
2− (s1)

2)< M (V xG2(A
s2
s1
))< (1+ ε)π((s2)

2− (s1)
2) (76)

whenever R1 ≤ s1 < s2 ≤ R4, and

δV(X) = MR4,∞(X)− cMR1,∞(X) (77)
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where(with N(x) = x/‖x‖)

Mρ ,∞(X) =

∫

F((ρ ·S1(R2))×S1(R2))

X ·N d
H 2

2πρ
. (78)

Remark 4.4Note thatMρ ,∞ is a vector measure on the scaled Clifford torusF((ρ ·
S1(R

2))×S1(R
2)) that isuniformlydiffuse in the sense that the associated total vari-

ation measure is just a constant multiple of the Hausdorff measure. This comes from
the properties of the Clifford torus and from how uniformlyMρ ,k from (60) is dis-
tributed on the “parallel” circles. (For their weak convergence see also (85) below.)

This will be important later for compatibility on the interface, whenV from
Lemma4.3 is used together with similar but different varifoldV from Lemma4.4.
xq

Before giving the formal proof of Lemma4.3, we explain how the varifoldV (the
layer) is constructed.

The space betweenR1 andr(n0) ∈ (R1,R2] is occupied by an infinite sequence of
varifolds (mini-layers) from Lemma4.2and Figure3b) that are branching towards the
inner interface which is the Clifford torus at radiusR1. Heren0 is a technical index (to
be explained later) andr(n0) is chosen at our convenience for using Lemma4.2. The
mini-layers are indexed byn ≥ n0 and each of them lives between suitably defined
radii r(n+1) andr(n) wherer(n+1) < r(n). The connections at radiir(n) (n> n0) (i.e.,
the branching) can also be seen in Figure3b).

Likewise, the space betweenR(n0) ∈ [R3,R4) andR4 is occupied by an infinite se-
quence of mini-layers from Figure3a) that are branching towards theouter interface
which is the Clifford torus at radiusR4. Each of them lives between suitably defined
radii R(n) andR(n+1) whereR(n) < R(n+1).

The space betweenr(n0) andR(n0) is bridged by a varifold supported on a finite
number of planar annuli, which is the termc1V00 in the definition ofV below. (I have
received a question about the purpose ofc1V00. Obviously, the space betweenr(n0)

andR(n0) should not be left empty if we wish to have a stationary varifold. In princi-
ple it would be possible to assumer(n0) = R2 = R3 = R(n0) and avoid the termc1V00

but we have chosen an easier way. Moreover, for the proof of Theorem5.2it is useful
to haveR3/R2 very large andc1V00 is not only the most easy but also the most nat-
ural and most intuitive candidate to fill the space. Though, mini-layers have enough
flexibility to replace its role.)

As it is indicated above, we use infinite sequences of mini-layers and we have to
emphasize that the corresponding sequences of parameters for Lemma4.2need (and
fortunately can) be chosen so that both 1) products of density coefficient ratios are
positive and 2) the product of radii ratios is positive.

This then allows to choose the technical indexn0 large enough to obtain 1) esti-
mate (76) 2) an infinite number of mini-layers that fits betweenR1 andR2 (R3 and
R4, respectivelly).

The meaning of indexn0 is the following: out of a sequence of candidate mini-
layers (which are indexed byn) we forget the firstn0 of them and use only the tail of
the sequence. Aftern0 is known we decide the radii to which we scale the mini-layers
as well the densities that we apply to them.
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Remark 4.5Without giving details we note thatn0 has to be chosen large ifε is small.
This results in the density coefficients ofV being bounded from above by about 1/2n0

(andn0 → ∞ when layers closer to 0∈ R4 are considered in our application of the
lemma) which is not much desired and implies that ourtangentvarifolds will be
non-rectifiable. Actually, the presence of a large number ofpoints ofsmall density
is unavoidable if we want to obtainnon-conicaltangents, see Lemma1.1 and its
references.

Furthermore, the two-dimensional density at the points of the interface (i.e., at
radii R1 andR4) of each layer will be zero. Nevertheless, this is negligible in measure
(as measured by the varifold) and does not prevent us from constructing a rectifi-
able varifold. We leave open whether points ofzerotwo-dimensional density can be
completely avoided in a varifold with non-conical tangents. xq

Proof (of Lemma4.3) Choosek(n) = 100·2n andγ(n) = π/4−π/
√

k(n).
With Ck,γ , ck,γ C̃k,γ , c̃k,γ andσk,γ as in Lemma4.2we have

1≥
ck(n),γ(n)

Ck(n),γ(n)
≥ sin(2(γ(n)−π/k(n)))≥ 1−8π2/k(n) > 0,

1≥
c̃k(n),γ(n)

C̃k(n),γ(n)
≥ sin(2γ(n)−π/k(n))cos(π/k(n))≥ 1−5π2/k(n) > 0.

Hence
∞

∏
n=1

ck(n),γ(n)

Ck(n),γ(n)
∈ (0,1),

∞

∏
n=1

c̃k(n),γ(n)

C̃k(n),γ(n)
∈ (0,1).

Furthermore

0≤ 1−σ2
k(n),γ(n) = 1− sin2π/

√
k(n)

sin(2π/k(n)+2π/
√

k(n))

=
2cos(π/k(n)+2π/

√
k(n))sinπ/k(n)

sin(2π/k(n)+2π/
√

k(n))
≤ π

π/k(n)

2π/k(n)+2π/
√

k(n)
≤ π

2
1√
k(n)

,

hence (
∞

∏
n=1

σk(n),γ(n)

)2

=
∞

∏
n=1

σ2
k(n),γ(n) ∈ (0,1).

Choosen0 ∈N so that (forn≥ n0)

εn := 2cos2(γ(n)−π/k(n))< ε,

sin2(γ(n)−π/k(n))> 1− ε/3, (79)

M := 1
4sin(2γ(n0)−π/k(n0))cos(π/k(n0))

4
sin2(γ(n0)−π/k(n0))

< 1+ ε, (80)
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c1 :=
∞

∏
n=n0

c̃k(n),γ(n)

C̃k(n),γ(n)
∈ (1− ε/3,1),

c2 :=
∞

∏
n=n0

ck(n),γ(n)

Ck(n),γ(n)
∈ (1− ε/3,1)

and

σ :=
∞

∏
n=n0

σk(n),γ(n) ∈ (max(R1/R2,R3/R4),1).

Let r(n0) :=R1/σ , R(n0) :=σR4, and then inductivelyr(n+1) :=σk(n),γ(n) r
(n), R(n+1) :=

R(n)/σk(n),γ(n) . Then limn→∞ r(n) = R1, limn→∞ R(n) = R4,

R1 < r(n0) ≤ R2 ≤ R3 ≤ R(n0) < R4,

R1 < · · ·< r(n0+2) < r(n0+1) < r(n0) ≤ R(n0) < R(n0+1) < R(n0+2) < · · ·< R4.

Let

c1,n : =
∞

∏
m=n

c̃k(m),γ(m)

C̃k(m),γ(m)

∈ (0,1) (hencec1 = c1,n0)

c2,n : =
n−1

∏
m=n0

ck(m),γ(m)

Ck(m),γ(m)

∈ (0,1] (c2,n0 := 1; c2 = c2,∞),

and letV r,s,k,γ
1 , Vr,s,k,γ

2 be as in Lemma4.2andV00 =Vr(n0),R(n0),k(n)

00 is as in (67). Let

V =
∞

∑
n=n0

c1c2,n

Ck(n),γ(n)
Vr(n+1),r(n),k(n),γ(n)

2 + c1V00+
∞

∑
n=n0

c1,n+1

C̃k(n),γ(n)
VR(n),R(n+1),k(n),γ(n)

1

and

Vm =
m

∑
n=n0

c1c2,n

Ck(n),γ(n)
Vr(n+1),r(n),k(n),γ(n)

2 + c1V00+
m

∑
n=n0

c1,n+1

C̃k(n) ,γ(n)
VR(n),R(n+1),k(n),γ(n)

1 .

Then (74) can be obtained from (56) and (68).
Denote also

V −Vm :=
∞

∑
n=m+1

c1c2,n

Ck(n),γ(n)
Vr(n+1),r(n),k(n),γ(n)

2 +
∞

∑
n=m+1

c1,n+1

C̃k(n),γ(n)
VR(n),R(n+1),k(n),γ(n)

1 .

Note that

c1c2,n

Ck(n),γ(n)

4

sin2(γ(n)−π/k(n))
≤ M, n≥ n0,

c1 ≤ 1≤ M,

c1,n+1

C̃k(n),γ(n)

4

sin2(γ(n)−π/k(n))
≤ M, n≥ n0.



Non-unique conical and non-conical tangents to rectifiablestationary varifolds inR4 29

Hence, by (57) and (80),

M (V)≤
∞

∑
n=n0

Mπ((r(n))2− (r(n+1))2) (81)

+Mπ((R(n0))2− (r(n0))2)+
∞

∑
n=n0

Mπ((R(n+1))2− (R(n))2)

= Mπ((R4)
2− (R1)

2)≤ (1+ ε)π((R4)
2− (R1)

2).

In particular,V is a Radon measure. ThereforeV is a varifold, obviously rectifiable.
Moreover,M(V −Vn)→ 0 asn→ ∞.

Note also that

4c1c2,n

Ck(n),γ(n)
≥ c1c2, n≥ n0,

c1 ≥ c1c2,

4c1,n+1

C̃k(n),γ(n)
≥ c1c2, n≥ n0.

Again by (57) (and (79)), we get

M(V)≥
∞

∑
n=n0

(1− ε/3)c1c2π((r(n))2− (r(n+1))2) (82)

+(1− ε/3)c1c2π((R(n0))2− (r(n0))2)

+
∞

∑
n=n0

(1− ε/3)c1c2π((R(n+1))2− (R(n))2)

= (1− ε/3)c1c2π((R4)
2− (R1)

2)≥ (1− ε)π((R4)
2− (R1)

2).

From (81) and (82), (76) follows in the special cases1 = R1, s2 = R4. (Note that a
special cases1 = r1, s2 = r2 of (57) was used.) Proof of the general caseR1 ≤ s1 <
s2 ≤R4 of (76) is similar, with the following differences: a) some of the terms in (81),
(82) might be replaced by 0, and b) some (at most two) of the terms might be “cut”
to a smaller span between radii; the general case of (57) is used in such a case. For
example, (82) is to be replaced by

M(V xG2(A
s2
s1
))≥

∞

∑
n=n0

(1− ε/3)c1c2π((r̂(n))2− (r̂(n+1))2) (83)

+(1− ε/3)c1c2π((R̂(n0))2− (r̂(n0))2)

+
∞

∑
n=n0

(1− ε/3)c1c2π((R̂(n+1))2− (R̂(n))2)

= (1− ε/3)c1c2π((s2)
2− (s1)

2)≥ (1− ε)π((s2)
2− (s1)

2).

whereρ̂ = min(max(s1,ρ),s2).
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We haveVn0−1 = c1V00 and, by (69),

δVn0−1 = c1MR(n0),k(n0) − c1Mr(n0),k(n0) = c1,n0MR(n0),k(n0) − c1c2,n0Mr(n0),k(n0)

whereMρ ,k is as in (60). Using (58) (59) we obtain by induction

δVn = c1,n+1MR(n+1),k(n+1) − c1c2,n+1Mr(n+1),k(n+1) . (84)

Indeed, forn≥ n0,

δVn =
c1,n+1

C̃k(n),γ(n)
(C̃k(n) ,γ(n) MR(n+1),2k(n) − c̃k(n),γ(n) MR(n),k(n) )+

c1,nMR(n),k(n) − c1c2,nMr(n),k(n)+

c1c2,n

Ck(n) ,γ(n)
(Ck(n),γ(n) Mr(n),k(n) − ck(n),γ(n) Mr(n+1),2k(n))

= c1,n+1MR(n+1),k(n+1) − c1c2,n+1Mr(n+1),k(n+1) .

It is easy to verify that, for every smooth vector fieldX,

MR(n+1),k(n+1)(X)→ MR4,∞(X) (85)

and

Mr(n+1),k(n+1)(X)→ MR1,∞(X). (86)

Indeed, the (local) uniform continuity ofX can be used in the same way as when prov-
ing the simple planar exercise with Dirac masses1

k ∑k
i=1 δ( i

k ,
1
k)

w→H 1
x([0,1]×{0}).

On the other hand,

|δV(X)− δVn(X)| (3)
=

∣∣∣∣
∫

divSX(x)d(V −Vn)(x,S)

∣∣∣∣≤ ‖X‖C1 ·M(V −Vn)→ 0

asn→ ∞. From (84) and (85), (86) we therefore obtain the formula (77) for the first
variation ofV, with c := lim c1c2,n = c1c2 ∈ (1− ε,1). ⊓⊔

Lemma 4.4 If 0< R1 < R2 < R3 < R4 < ∞ andε > 0 then there is c∈ (1−ε,1) and
a rectifiable 2-varifold V withsptµV ⊂ AR4

R1
,

sptV ⊂ G2(A
R2
R1
∪AR4

R3
)∩Gε

rad &J34
12

(87)

∪ G2(A
R3
R2
)∩G0

rad &J34
12

⊂ G2(A
R4
R1
)∩Gε

rad &J34
12
, (88)

(1− ε)π((s2)
2− (s1)

2)< M (V xG2(A
s2
s1
))< (1+ ε)π((s2)

2− (s1)
2) (89)

whenever R1 ≤ s1 < s2 ≤ R4, and

δV(X) = MR4,∞(X)− cMR1,∞(X) (90)

whereMρ ,∞ is as in(78).
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Proof The statement is the same as in Lemma4.3, with the exception of a change
of coordinates in (87) — we show that it is enough to exchange coordinatesx2

andx3. Let φ(x1,x2,x3,x4) = φ(x1,x3,x2,x4), ((x1,x2,x3,x4) ∈ R4), andΦ(x,S) =
(φ(x),φ(S)) ((x,S)∈G2(R

4)). Thenφ(J24
13x) = J34

12φ(x) andΦ(Gε
rad &J24

13
) =Gε

rad &J34
12

(cf. (24)). The domain of integration in (78) (which is parameterized byF) does not

change underφ : φ(F((ρa,ρb),(c,d)))
(11)
= F((c,d),(ρa,ρb))

(10)
= F((ρc,ρd),(a,b)).

Sinceφ is an isometry, it also preserves Hausdorff measure in (78). Therefore, ifṼ is
as in Lemma4.3, thenV := φ##Ṽ = Φ#Ṽ is a varifold with required properties. ⊓⊔

Lemma 4.5 If V is as in Lemma4.3or Lemma4.4and r> 0 then

M(V xG2(Sr(R
4))) = 0. (91)

Proof For every 0< ε1 < r we heave by (76), (89),

M (V xG2(A
r+ε1
r−ε1

))≤ (1+ ε)π((r + ε1)
2− (r − ε1)

2)→ 0.

⊓⊔

We do the last step of our construction of a stationary rectifiable varifold in the next
section.

5 Two variants of the main result

Theorem 5.1 There is a stationary rectifiable2-varifold V in R4 that has a non-
conical (hence non-unique) tangent at0 and0< θ 2(V,0)< ∞.

The proof is built around the idea of alternating layers of two types of varifolds as in
our non-rectifiable example in Section3. For each layer, the varifold of Section3 is
replaced by its rectifiable “approximation” from Lemma4.3 and Lemma4.4. How-
ever this introduces some excess and therefore the density coefficients must be calcu-
lated accordingly and we have to take care to get positive density at the origin, which
means we have to estimate yet another infinite product.

As we emphasised above, it is important that the first variations of the layer vari-
folds is a measure (vector measure with the radial directions)uniformlydistributed on
the interfaces and therefore it is compatible for our two types of layers which differ
by a rotation. This important feature is shared with Section3.

Proof 1. The varifold V. For 0< R1 < R2 < R3 < R4 < ∞ andε > 0 let

V1
R1,R2,R3,R4,ε and c1

R1,R2,R3,R4,ε ∈ (1− ε,1)

denote the varifold and the number from Lemma4.3. Let

V2
R1,R2,R3,R4,ε and c2

R1,R2,R3,R4,ε ∈ (1− ε,1)

denote the varifold and the number from Lemma4.4.
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Forn∈ Z, let

ε(n) = 1/4(n2+1)

R(n)
1 = 2−n

R(n)
2 = (1+ ε(n))2−n

R(n)
3 = (1− ε(n))2−n+1

R(n)
4 = 2−n+1 = R(n−1)

1 .

Let

V(n) =





V1
R
(n)
1 ,R

(n)
2 ,R

(n)
3 ,R

(n)
4 ,ε(n)

for n even, and

V2
R
(n)
1 ,R

(n)
2 ,R

(n)
3 ,R

(n)
4 ,ε(n)

for n odd.

Accordingly, let

c(n) =





c1
R
(n)
1 ,R

(n)
2 ,R

(n)
3 ,R

(n)
4 ,ε(n)

for n even, and

c2
R(n)

1 ,R(n)
2 ,R(n)

3 ,R(n)
4 ,ε(n)

for n odd.

LetC(0) = 1 and

C(n) =

{
∏n−1

k=0 c(k) for n> 0, and

∏−1
k=n

1
c(k)

for n< 0.

Sincec(k) ≥ 1− ε(k) and∑k≥0 ε(k) < ∞, we have

C(∞) := lim
n→∞

C(n) ∈ (0,∞).

Define
V := ∑

n∈Z
C(n)V(n).

By (76), (89),

π
2
((R(n)

4 )2− (R(n)
1 )2)≤ M(V(n))≤ M(n) := 2π((R(n)

4 )2− (R(n)
1 )2). (92)

SinceC(n) is decreasing,

∑
n≥−k

C(n)M (V(n))≤ ∑
n≥−k

C(−k)M(n) =C(−k)2π(R(−k)
4 )2 < ∞. (93)

V is a Radon measure because, for everyk,

V(G2({x : ‖x‖< 2k}))≤ ∑
n≥−k

C(n)M (V(n))< ∞.

Obviously, the varifoldV is rectifiable.
Using (76) and (89) more wisely than in (92) we get that

C(∞)(1− ε(n))πR2 ≤V(G2({x : ‖x‖ ≤ R}))≤C(n)(1+ ε(n))πR2 (94)
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wheneverR∈ (0,R(n)
4 ). Hence

θ 2(V,0) =C(∞)π ∈ (0,∞).

2. The varifold V is stationary. Let X be a compactly supported smooth vector
field onR4. Fix k∈N such that sptX ⊂ {x : ‖x‖< 2k}. We have

∣∣∣δV(n)(X)
∣∣∣=
∣∣∣∣
∫

divSX(x)dV(n)(x,S)

∣∣∣∣≤ ‖X‖C1 ·M(V(n))≤ ‖X‖C1 C(n)M(n).

Since∑n≥−kC(n)M(n) converges by (93), we have

δV(X) =

∫
divSX(x)dV(x,S)

= ∑
n≥−k

C(n)
∫

divSX(x)dV(n)(x,S) = ∑
n≥−k

C(n)δV(n)(X). (95)

Next we use (77) and (90) to calculate∑m
n=−kC(n)δV(n)(X). The first term is zero

since the support ofδV−k is disjoint with the support ofX, next terms mutually

cancel (C(n)c(n) = C(n+1), R(n)
1 = R(n+1)

4 ) and what remains from the last one can be
transformed so that we see that it converges to 0. Formally,

m

∑
n=−k

C(n)δV(n)(X) =
m

∑
n=−k

(
C(n)

M
R
(n)
4 ,∞

(X)−C(n)c(n)M
R
(n)
1 ,∞

(X)

)

=C(−k)
M

R
(−k)
4 ,∞

(X)−C(m)c(m)
M

R
(m)
1 ,∞

(X)

(78)
=−C(m)c(m)

∫

F((R(m)
1 ·S1(R2))×S1(R2))

X ·N dH 2

2πR(m)
1

x=R(m)
1 u
= −C(m+1)

∫

F(S1(R2)×S1(R2))

X(R(m)
1 u) ·N(u)

dH 2(u)
2π

→ 0

asm→∞ since limR(m)
1 =0, limC(m+1)=C(∞), and mainlyX(ρu)→X(0) uniformly

asρ → 0 and
∫

F(S1(R2)×S1(R2))

N(u)
dH 2(u)

2π
= 0.

Therefore the sum in (95) is zero,δV(X) = 0 for arbitrary smooth compactly sup-
portedX, andV is a stationary varifold.

3. The tangents toV. First we describe (without proof) the tangents toV:

VarTan0V = {(C(∞)/2π)V{ζ R
(−i)
1 }i∈Z︸ ︷︷ ︸

Vζ

: ζ > 0}
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whereR(i)
1 is as above andV{r i} as in (19), (12), (13). Due to a “periodicity”,ζ can

be restricted to[R(0)
1 ,R(−2)

1 ) = [1,4). ThenVζ are mutually different and therefore not
conical (cf. Lemma3.1).

(Recall thatVζ are 2-varifolds supported by a 3-dimensional cone inR4. In alter-
nating layers,Vζ assume two different directions, namely those mentioned in(27).)

To finish the formal proof of the theorem we do not need anything more than to
pick out a single tangent varifold and show that it is not conical. Letλi = 4−i . Then

λiR
(n)
1 = R(n+2i)

1 and (see (75), (88))

spt
(

η0,λi ##V
(n+2i)

)
⊂ G2(A

R
(n)
4

R
(n)
1

)∩Gε(n+2i)

rad &Dn+2i

whereDn is either symbolJ24
13 (n even) orJ34

12 (n odd). ThereforeDn+2i = Dn and

spt
(
η0,λi ##V

)
⊂
⋃

n∈Z

(
G2(A

R
(n)
4

R
(n)
1

)∩Gε(n+2i)

rad &Dn

)
.

From (92),

M
((

η0,λi ##V
)
xG2(A

R
(0)
4

R
(0)
1

)

)
= (λi)

−2M
(

V xG2(A
R
(2i)
4

R
(2i)
1

)

)

= (λi)
−2C(2i)M(V(2i))≥ (λi)

−2C(∞) π
2
((R(2i)

4 )2− (R(2i)
1 )2) =

3π
2

C(∞). (96)

By the compactness theorem for Radon measures ([S1, p. 242, p. 22]), there is a
varifoldC and a subsequence of{λi} (denoted by{λi} again) such thatη0,λi ##V →C.
(We note without proof that in fact it is not necessary to passto a subsequence since
even the original sequence is convergent.) HenceC∈ VarTan0V. From the above,

M
(

CxG2(A
R
(0)
4

R(0)
1

)

)
≥ 3π

2
C(∞) > 0 (97)

and

sptC⊂
⋃

n∈Z

(
G2(A

R(n)
4

R
(n)
1

)∩Gε
rad &Dn

)

for everyε > 0 and thus also forε = 0. In particular

sptC∩G2(intA
R
(0)
4

R(0)
1

)⊂ G0
rad &D0

, (98)

sptC∩G2(intA
R(1)

4

R
(1)
1

)⊂ G0
rad &D1

(99)

where intM denotes the interior ofM. From (99),

spt
(
η0,1/2 ##C

)
∩G2(intA

R(0)
4

R
(0)
1

)⊂ G0
rad &D1

. (100)
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Assume thatC is conical. Then sptC = spt(η0,1/2 ##C). SinceG0
rad &D0

andG0
rad &D1

are disjoint (see (26)), we see that (98) and (100) is possible only when

sptC∩G2(intA
R(0)

4

R
(0)
1

) = /0

which is a contradiction with (97) and (91). HenceC is not conical. ⊓⊔

Theorem 5.2 There is a stationary rectifiable2-varifold V in R4 that has at least
two different conical tangents at0 and0< θ 2(V,0)< ∞.

The proof differs from the proof of the previous theorem mainly in a different defini-
tion of the sequences of radiiR1,R2,R3,R4: takingR3/R2 large, the middle “conical”
part becomes dominant.

Proof Forn∈ Z, let

ε(n) = 1/4(n2+1)

R(n)
1 = 2−n3

R(n)
2 = (1+ ε(n))R(n)

1

R(n)
3 = (1− ε(n))R(n)

4

R(n)
4 = R(n−1)

1 .

Note that{n3} is a strictly increasing sequence with increments at least one, hence

R(n)
1 < R(n)

2 < R(n)
3 < R(n)

4 . Repeating the construction of Theorem5.1 we obtain a
rectifiable stationary 2-varifoldV, but now the varifold’s tangents at 0 are different.

Without proof we claim that, withc=C(∞)/2π , cV1,0,∞ andcV2,0,∞ (see Section3,
(12), (13)) are two different (Lemma3.1) conical tangent varifolds toV at 0∈ R4.
There are also tangent varifolds of the formc(V1,0,ρ +V2,ρ ,∞) andc(V2,0,ρ +V1,ρ ,∞),
ρ > 0; they are not conical, but they are “conical near 0”.7

We will give the detailed proof for existence of two different conical tangent

varifolds at 0. Letλi = iR(2i)
1 andλ̃i = iR(2i+1)

1 .

Note that, fori → ∞, R(2i)
1 /λi = 1/i → 0 while R(2i)

4 /λi = 2−(2i−1)3+(2i)3/i → ∞.
We have

spt
(

η0,λi ##V
(2i)
)
⊂ G2(A

R
(2i)
4 /λi

R
(2i)
1 /λi

)∩Gε(2i)

rad &D2i

whereD2i = D0 is the symbol “J24
13”. Hence

spt
(
η0,λi ##V

)
⊂ G2(A

R(2i)
1 /λi

0 )∪
(

G2(A
R(2i)

4 /λi

R
(2i)
1 /λi

)∩Gε(2i)

rad &D0

)
∪G2(A

∞
R
(2i)
4 /λi

). (101)

7 We believe a slightly more complicated construction gives an example of a varifold whose all tangents
are conical but the tangent at a point is non-unique. Basically, {J24

13,J
34
12} has to be replaced by a curve

{J(t) : t ∈ [0,1]}. A varifold would be used that takes directions inG1/(n2+1)
rad &J( j/2k)

on A
R
(n)
4

R
(n)
1

(R4) whenever

|n| = 2k + j > 2, k, j,∈ N, j ≤ 2k.
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As in the proof of the previous theorem, we pass to a subsequence (denoted by
{λi} again) if necessary, so thatη0,λi , ##V → C ∈ VarTan0V andη0,λ̃i , ##V → C̃ ∈
VarTan0V.

By (101),

sptC⊂ G2({0})∪
⋂

ε>0

Gε
rad &D0

= G2({0})∪G0
rad &D0

.

By the same argument,
sptC̃⊂ G2({0})∪G0

rad &D1

whereD1 = “J34
12 ”. HenceC = C̃ is posssible (cf. again (26)) only if sptC∪ sptC̃ ⊂

G2({0}). However, for sufficiently largei ∈N we haveR(2i)
4 /λi > 2,R(2i)

1 /λi < 1 and,
by (76) and (89),

M ((η0,λi ##V)xG2(A
2
1)) = (λi)

−2M
(
V xG2(A

2λi
λi

)
)

= (λi)
−2C(2i)M

(
V(2i)

xG2(A
2λi
λi

)
)

≥ (λi)
−2C(∞) π

2
((2λi)

2− (λi)
2) =

3π
2

C(∞) > 0

and thereforeC 6= C̃ are two different conical tangents toV. ⊓⊔
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