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Abstract

We present a general construction of KMS states in the framework of pertur-
bative algebraic quantum field theory (pAQFT). Our approach may be understood
as an extension of the Schwinger-Keldysh formalism. We obtain in particular the
Wightman functions at positive temperature, thus solving a problem posed some
time ago by Steinmann [55]. The notorious infrared divergences observed in a di-
agrammatic expansion are shown to be absent due to a consequent exploitation of
the locality properties of pAQFT. To this avail, we introduce a novel, Hamiltonian
description of the interacting dynamics and find, in particular, a precise relation
between relativistic QF'T and rigorous quantum statistical mechanics.
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1 Introduction

According to the standard model of cosmology, the early universe was for some time in
an equilibrium state with high temperature. At these temperatures, matter has to be
described by an interacting quantum field theory. Also a variety of other phenomena
are studied within the framework of quantum field theory at positive temperature. This
includes in particular the thermodynamics of quark-gluon plasmas where one expects a
phase transition from a confined to a deconfined phase as predicted by lattice QCD. For
other examples and an introduction to the methods in this field we refer to [60]. There
are, however, several problems with this project:

First of all, there is no generally accepted concept of temperature in an expanding
universe (for a discussion see e.g. [I7]). But curvature is, in the relevant period, already
small compared with the heuristically assigned temperature, hence an approximation by
a positive temperature state on Minkowski spacetime seems to be meaningful as long as
the considered time scales are sufficiently small.

Once one accepts this ansatz one has to construct interacting quantum field theory
at positive temperature on Minkowski spacetime. Surprisingly, this problem turns out to
be much harder than one might have expected before. Standard quantum field theory is
based on an expansion in Feynman graphs. If one replaces in these graphs the Feynman
propagator by its positive temperature analogue one finds quite a number of infrared
divergences whose systematic removal is not at all obvious.

Several approaches to this problem have been proposed in the literature, in particular
Umezawa’s thermal field theory [23] [46], the euclidean approach by Matsubara [45] 43]
and the Schwinger Keldysh path integral [52) [39]. A review of these methods may be
found in a paper by Landsman and van Weert [42] where also the relation to rigorous
quantum statistical mechanics is discussed.

The difficulties may be traced back to the change in the behavior at large times
induced by the interaction. In the vacuum sector of quantum field theory a corner stone
is the LSZ asymptotic condition which postulates that the interacting field behaves at
large times as a free field. This behavior can actually be derived from the general axioms
of quantum field theory (Wightman axioms or Haag-Kastler axioms) in the presence of
isolated mass shells in the energy momentum spectrum [29] (for a recent improvement,
see [20]). It may be interpreted as a consequence of the fact that (stable) particles are
far from each other at large times such that their interaction can be neglected.

At positive temperature this assumption clearly is no longer satisfied. Moreover,
even the existence of stable particles (defined as eigenstates of the mass operator) is
incompatible with interaction, as was shown by Narnhofer, Requardt and Thirring [47].
The presumably correct behavior at large times has been derived by Bros and Buchholz
for ¢* under some plausible assumptions [14].

Equilibrium states at positive temperature can be characterized by the KMS condi-
tion. This condition is valid for Gibbs states and holds also in the thermodynamic limit



[30]. In quantum statistical mechanics much is known about these states (see e.g. [11] or,
for a recent overview [50]). A construction was also possible in some superrenormaliz-
able two-dimensional relativistic quantum field theories by means of functional integral
methods [33] 27, 26].

In the case of perturbative quantum field theory in four spacetime dimensions, Stein-
mann described in two seminal papers the perturbation expansion of Wightman func-
tions at zero [54] and nonzero [55] temperature. While at zero temperature the existence
and uniqueness of the series could be established, at positive temperature only unique-
ness could be proved whereas the existence was unclear due to a number of infrared
divergences. A cancellation of these divergences was not excluded, but was not visible.
Actually, some of these divergences were discussed in the mentioned review of Landsman
and van Weert and there shown to cancel. A general proof that all arising divergences
cancel does not seem to exist, to the best of our knowledge.

In euclidean field theory at positive temperature the problem is absent, and a rigorous
perturbative construction was performed by Kopper, Miiller and Reisz [41]. There is,
however, no reconstruction theorem comparable to the Osterwalder-Schrader Theorem
[48] which is valid at nonzero temperature and which covers the case of perturbative
interacting quantum field theory in four dimensional Minkowski spaceﬂ

In this paper we develop a new approach to the problem, based on perturbative alge-
braic quantum field theory (pAQFT), see [9], 24] for an introduction. pAQFT provides a
state independent construction of the local algebras of observables, and the problem of
field theory at positive temperature is then reduced to the construction of a KMS state
on this algebra.

In pAQFT one first introduces a spacetime cutoff by multiplying the interaction
Lagrangian with a test function g of compact support. One then constructs time ordered
products of all local fields by the algebraic version of causal perturbation theory which
was mainly developed for quantum field theory on curved spacetimes. In terms of the
time ordered products one can define the interacting field inside the algebra of the free
field, thereby avoiding the consequences of Haag’s theorem on the nonexistence of the
interaction picture in field theory. The vacuum is then constructed in the following way:
one considers the expectation values of products of interacting fields in the vacuum state
of the free theory and studies their behavior in the limit when g tends to 1 (adiabatic
limit, see e.g. [21]).

A corresponding method seems to fail at positive temperature due the persistent
influence of the interaction at asymptotic times. We therefore use a different approach.
We exploit the fact that the interacting theory satisfies the time-slice axiom [I8] so that
it suffices to look at interacting fields within a finite time interval. We then exploit the
causality properties of causal perturbation theory and construct the interacting field in
the adiabatic limit within the algebra of the free field associated to a somewhat larger
time interval, a method first described by Hollands and Wald [35]. The time evolution

!The existing theorems (see [7] for an account) make assumptions on the existence of the algebra
at time zero which are satisfied in P(¢)2-theories (see [38]), but no longer in more singular theories as
interacting quantum field theory in 4 dimensions.



of the interacting field is then related to the free time evolution by a co-cycle which is
generated by a time-averaged interacting Hamiltonian density.

We are now in a position to apply standard methods of rigorous quantum statistical
mechanics in order to construct a KMS state of the interacting theory as a perturba-
tion of a KMS state of the free theory. We use the expansion in terms of truncated
functions developed by Araki [4, [IT] and exploit the KMS condition of the free theory
and the spatial decay of correlations and finally succeed in an explicit construction of
an equilibrium state at positive temperature.

2 Perturbed dynamics

A characteristic difficulty of quantum field theory is the singular behavior of the relevant
interactions. As a matter of fact, the interaction Hamiltonian, formally written as a
spatial integral of the Hamiltonian density,

Hy = /d% (0, z) (1)

suffers from several problems:

1. the Hamiltonian density involves pointlike products of fields; this problem can
be solved by normal ordering, but it has to be done in a state independent way
[34, [16].

2. in four dimensional spacetime all normal ordered polynomials of the free field of
degree larger than 1 cannot be restricted to a spacelike surface as operator valued
distributions.

3. the integral over all space typically does not exist.

Problem [3] is related to Haag’s Theorem [28] B2] and may be avoided by looking at the
induced derivation on the algebra of local observables A,

51(A) = i/d% (30, ), A] .

Problem [2| however reenters if a perturbation expansion for the full dynamics is based
on this derivation. Moreover, in general the algebra of canonical commutation rela-
tions can no longer be used for the interacting theory due to a nontrivial field strength
renormalization.

For these reasons, a perturbative expansion as in quantum statistical mechanics [11]
was considered not to be possible for quantum field theory, and one developed other
formalisms which, however, have also problems. In particular, the infrared problems
stated above have not been solved therein.

A method which is relatively near to quantum mechanics is based on the formal
expansion of the time evolution operator of the interaction picture in terms of time



ordered products of interaction densities,

0 t ¢ o
U(t,s) = Z(—i)”/ dty ldtg---/ 1dtn/d3a:1...d3mn9{1(t1,m1)...}C](tn,a:n)
n=0 s s s

O A\ pt t
= Z(nz')/ dtl---/ dtn/d3w1---d3xn TH(ty, @) - Hy(tn, )
n=0 ’ s s

where T' denotes time ordering. If one replaces in this formula the n-fold integral over
the time-slice [s,t] x R? by the integral over a test function with compact support one is
left with the problem to define time ordered products as operator valued distributions.
For n = 1, time ordering has no effect, and, indeed by the Garding-Wightman theorem
[25], the normal ordered polynomials of the free field are well-defined operator valued
distributions.

The next step is to define the time ordered product for n > 1. By definition, the
time ordered product is well defined at non-coinciding points where it is the operator
product in the appropriate order. It remains the problem to extend the time ordered
products to all points, in the sense of operator valued distributions.

This problem, originally posed by Stiickelberg and Bogoliubov, was solved by Epstein
and Glaser [21I]. They were able to show that these extensions always exist and are unique
up to finite renormalizations; the ambiguity corresponds exactly to the usual freedom of
choosing renormalization conditions. One ends up with the formal S-matrix

0 An

S(g) = Z ( nZ‘) /d4m1 o dr e, TH (1) . H () g(1) - . g(n)
n=0 '

where ¢ € D(R*) is a test-function with compact support. S(g) is the generating

functional of time ordered products of the interaction density.

How is S(g) related to observable quantities? First of all, it is expected that in the
adiabatic limit g — 1 the formal S-matrix S(g) tends to the physical S-matrix in the
Fock space representation of the theory, since in this limit it agrees with Dyson’s formula.
For this to hold one has to choose renormalization conditions such that the renormalized
mass and the field strength renormalization coincides with the free theory [22]. For
positive temperature this is of no use because of the different asymptotic behavior.

Another important relation to observables was discovered by Bogoliubov. Namely,
let A;,i=1,..., N belocal fields of the theory with A; = H;. Provided all time ordered
products of these fields have been fixed, one may introduce the formal S-matrix

< (i u
S(f) = z:()m/d4:r1...d4xnk zk:_lTAkl(:vl)...Akn(xn)fkl(xl)...fkn(:cn) 2)

with f € D(R* RY). S(f) may be interpreted as the S-matrix with the interaction
A(f) = [d*z Y Ap(x) fe(z). Actually, as shown in [19], one can perform all these con-
structions within an abstract *-algebra 2A. 2 is isomorphic to the algebra of smeared
normal ordered products of the free field on Fock space, where the smearing involves not



only test functions but also certain distributions with compact support. For a spacetime
region O we define 20(0) as the subalgebra of 2l of those smeared normal ordered prod-
ucts where the smearing is restricted to a compact subset of O. The formal S-matrices
are then unitary elements of the *-algebra 2A[[A]] of formal power series with values in
2. We will often suppress the formal parameter in what follows keeping in mind that
our treatment of interactions is always in the sense of formal perturbation theory.

A crucial object in the description of interacting fields is the so-called relative S-
matrix

Se(f):==S(9)'S(g+ f), f,.g€ DR, RY).

Bogoliubov discovered [§] that one can define the interacting field by the formula

0

Al = 575
as a formal power series of operator valued distributions on the Fock space of the free
theory. Furthermore he also proved that the relative S-matrix Sy(f) depends only on the
restriction of g to the causal past J_(supp f) of the support of f (where J1(0O) denote
the closures of the regions which can be reached from the spacetime region O by a future
or past directed causal path, respectively). This is a consequence of the improved causal
factorization condition [21]

S(f+g+h)=S(f+9)S(g) " S(g+h), (4)

Sy(f) (3)

which holds (irrespective of supp(g) and the choice of the local fields in A) if supp(f)
does not intersect the past of supp(h) . The formula is equivalent to each of the following
relations of the relative S-matrix

Sg(f +h) = 54(f)Se(h) (5)
Sg+f(h) = S4(h) (6)
Sg+h(f) = Sg(h)ilsg(f)sg(h) = Sg(h)ilsgﬁ + h) (7)

if supp(f) does not intersect with the past of supp(h). The relations and (6) are
heavily exploited in causal perturbation theory on Minkowski spacetime [2I] and led to
the development of causal perturbation theory on curved spacetimes, see [15].

The retarded interacting field [A;], with interaction A(g), defined by Boboliubov’s
formula , coincides at points = ¢ J (supp g) with the field A; of the free theory. The
singularities of the naive interaction picture are avoided in this framework, since the
interaction is switched on in a smooth way described by the spacetime cutoff g € D,
compared to the instantaneous switching at time zero. For a discussion on this topic,
see [51].

The improved causality condition (4)) (which is implied by the causal factorization
of time ordered products and by the definition of the formal S-matrix as a formal
power series) turns out to be crucial for the construction of the algebra of interact-
ing fields. Namely, let 2,(O) be the algebra generated by the relative S-matrices Sy(f)



with supp f C O where O is a relatively compact region of spacetime. We know that
Sg(f) depends only on the behavior of g within J_(0O). But, as first observed in [37]
and systematically exploited in [I5], the dependence on g in that part of the past which
is outside of J;(0O) is via a unitary transformation which is independent of f, i.e. if
¢’ coincides with g on a neighborhood of J(O) := J(0) N J_(0O), then there exists a
unitary W (g, g) € 2A[[\]] such that

Sy (f) =W(d',9)Ss(HW (g, 9)"" (8)

holds for all f with supp f C O. Thus the algebra 24(0) is, up to isomorphy, uniquely
determined by the restriction of g to the causal completion J(O) of O. We denote this
abstract algebra by 2;;(O) where [g] = [g]o is the class of all test functions which
coincide with g on a neighborhood of J(O). One then can insert for g a smooth function
G without restrictions on the support. The algebra QL[G](O) is generated by maps

S[G](f) : [G]O%mv gHSg(f) ) Suppfcoa (9)

with pointwise algebraic operations.

For O1 C O3 one obtains a natural embedding io, 0, : g (01) — A (O2) by re-
stricting the maps S|g(f) from [G]o, to [G]o,. As shown in [I5], this allows to construct
the adiabatic limit G = (1,0, ...,0) for the net of local observables in the sense of the
Haag-Kastler axioms (algebraic adiabatic limit).

3 Time averaged Hamiltonian description of the dynamics

In this section we introduce a version of the adiabatic limit which goes back to Hollands
and Wald [35] and which allows a discussion of the interacting dynamics in close analogy
with the Hamiltonian formalism but where the restriction to a Cauchy surface is replaced
by the restriction to a time-slice, thus avoiding the UV divergences accompanying the
Hamiltonian formalism in four dimensional quantum field theory.

The time-slice axiom [31] of quantum field theory is a weak form of the determination
of the theory by initial conditions. It is also called primitive causality. In the algebraic
framework it says that the algebra of a globally hyperbolic subregion O of spacetime
is equal to the algebra of O C O, if O; is a neighborhood of some Cauchy surface of
0. The time-slice axiom holds in perturbative QFT [18]. It implies that the algebra of
local observables of the interacting theory is, for every € > 0, generated by the relative
S-matrices S|g)(f) with supp f C ¥e = {(t, )| — e <t < ¢},

Now let x € D(R) with supp x C (—2¢,2¢) and x(t) = 1 for [t] < e. Let x4(t) =
1 —x(t) for t > 0 and 0 elsewhere and y— =1 — x — x+. The functions x, x4+ and x—
can be considered as functions on the Minkowski space M = R* which depend only on
the time component. They form a smooth partition of unity subordinate to the cover

M=M_USUM;=I_xR*UL.xR*UIL xR?,
I = (—o00,—¢€), Ioe = (—2¢,2¢), I4 = (¢, +00), €e>0,
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supp(x) Y C(f)
- l —
supp(x)ﬁ\ 2 = —2¢

Figure 1: The cover of M (projected onto the 2° — 2! plane) and the partition of unity
1 = x+ + x— + x. In addition the dependence region C(f) of Sy (f) is drawn as the
shaded region.

see figure (I} We now decompose g € [Go,

9= 9gx+t+gx+9x-,

use the causal factorization and obtain for supp f C O C X

Sg(f) @ gx—&-gxf(f) ng(gX—)_lng(f)sgx(gX—)- (10)

By construction, Sgy (f) € 2A(0;) for every neighborhood O; of the dependence region
C(f) = J (supp(f))Nsupp(x), see ﬁgure The crucial fact is now that Sy, (f) becomes
independent of the choice of g € [G]oy for O sufficiently large. Thus induces an
embedding of the algebra of the interacting theory into that of the free theory,

Y e = A, S (f) = Sax(f) 5 supp f C X, (11)

with
Scx(f) = Sgx(f), g € [Glo, O sufficiently large . (12)

As shown in [I8], v, is even an isomorphism, and it maps local subalgebras into local
subalgebras such that

Yx(46)(0r)) C A(Ortae) C xR (Ortse)) (13)

with O, = {(¢,z)||t|+|x| < r}. This is in agreement with the Hamiltonian picture where
the time zero algebras are identified.



We now restrict ourselves to time independent functions G and investigate the rela-
tion between the interacting dynamics and the free one. The free dynamics oy acts on
the relative S-matrices by shifting the test functions:

at(Sg(f)) = Sgt(ft) > ft(:EO,X) = f(xo - t,X) : (14)

The dynamics of the interacting theory af is defined by the action on the generators

Sia(f)s

af (S (£)) = Sy (fo). (15)
Pointwise, for g € [G]g, where O D supp(f) Usupp(f;), this means
i (Sie)()))(9) = Sg(fe) = ae(Sy_, (f))- (16)

We now use the isomorphism «, and map the interacting dynamics to the algebra of the
free theory,

G7
X oy, =y 0af . (17)

For t sufficiently small such that supp f; C X, we find
G7
ay X (Sax (f)) = Sax(ft) = at(Sex_. (f))- (18)

The interacting dynamics atG X and the free dynamics «; differ by a co-cycle. To compute
it, we note that, for sufficiently small ¢, the difference

xe —x = pl +ply (19)

can be written in terms of smooth functions p’ , p!, supported in the complement of the
future and the past of supp(f), respectively, i.e. supp(p’.) N J T (supp(f)) = @ and vice
versa.

Using the support property of p! and piL, a causal factorization can be done in
complete analogy to (|10)).

Theorem 1. Let G have compact support in the spatial variable . Then the interacting
dynamics atG X and the free dynamics oy are intertwined by a unitary co-cycle t

UX(t) e A,
af"™(A) = UN()ar(AUX(1) ™", A€t (20)
with
U&(t) = S (GpL). (21)

for t sufficiently small, where p* was defined in .



The proof of equation for sufficiently small ¢ is a straightforward application of
the causal relations of the relative S-matrices (6H7)):

at(Sey(f)) = Sax. (ft) @ Saieret ) (1) = San(Gp ) Sax (fi) San(Gp)

under the condition supp(f), supp(fi) C . The condition of compact spatial support
of G was necessary for the co-cycle UX(t) to exist. In order to extend the formula to all
values of ¢t we show that equation actually characterizes a co-cycle.

Proposition 1. Fort, s in a neighborhood of the origin, t — UX(t) satisfies the co-cycle
condition
U (1 + 5) = Up(t)ay (U(s)) - (22)

Proof. Let ©~ = 0(—t), where @ is the Heaviside function on R. Then p!. = O~ (x; —x),
and for ¢, s sufficiently small we have

P =07 (Xers —X) = O (Xt — X) + O (Xtas — xt) = pL + (p°)s,

where (p%); is p® which is shifted by ¢, according to (14). We then find
US() T US(E + 5) = Sax (G ) San (Gol + G(p2)1)) = S ot ) (G(P2)1).-

Using x + p-. = x¢ — ply and the fact that the supports of pf, and (p®); are causally
separated, we can again apply the factorization rule and obtain for the right hand side

Sctxtnt,) (GP2)) = Sax (G(p2)1) = o (Say(Gp)) = ax(Ug(s)) -
This shows the claim. O
The unitary Ué(t) corresponds to the time-evolution operator

ei(H()-i-H[)te—iH()t (23)

in the interaction picture.

We can now use the co-cycle condition to define U}(¢) for all ¢ € R. The proposition
guarantees that there exists a unique extension. Thus the adjoint action of UX(t) coin-
cides with the dynamics oztG X
the theorem.

The co-cycle satisfies the differential equation

o av_; of the interaction picture. This finishes the proof of

1d . 1d
Tale =54

U+ 5) = UsDeu( k) |

with

KY = %%L:OUgg(t) = [A(G(—%pi))]ex ;



Figure 2: The cutoff function x as a dashed line. The first derivative of x for ¢ < 0, i.e.
X~ as solid line.

where the last equation follows from and Bogoliubov’s formula . For the deriva-
tive of p! one finds the following:

d

pL@”) =07 (@) () —x(”),  -Z| @) =0 )" = x (")
t=0
where x is the first derivative of x. From the properties of y it follows that supp(xy~) C
(—2¢,—¢) and that [dx® x~(2") = 1. These properties imply that a smearing with y
is in fact a time average over the interval, in which the interaction is switched on, see
figure 2]
We specialize now to the case G' = (h,0,...,0), h € D(R3), and obtain

K& = K = [Hi(hX )]y / d'z h(x)x~ (2°) [H1()], - (24)

We see that K is the spatial integral of the time-averaged interaction Hamiltonian
density, subject to the interaction Hy(hy). (By abuse of notation, we write hy instead
of (hyx,0,...,0).)

This corresponds to the situation in quantum mechanics where an instantaneous
switching of the interaction leads to the generator

1d

’ oi(Ho+Hr)t —iHot _ H; .
1 dt =0

The differential equation for U} (¢) has, for ¢ > 0, the solution

oo t t1 tn—1
UX(t) =1+ Zz‘"/o dt1/0 dtg---/o dty, o, (K -+ o, (KY) (25)
n=1

in the sense of formal power series in KX. Note that K itself is a formal power series
in the interaction with vanishing zeroth order term. Therefore (25) is a well defined
composition of formal power series.

A final result shows that the co-cycle U;f(t) actually does, up to equivalence, not
depend on the choice of the time cutoff .

11



Proposition 2. Let x,x’ € D(R) such that supp(x), supp( 'Y C Bge and x(t) =1 =
X'(t) fort € (—e,€). It holds that the co-cycles U)X and Uh are equivalent, i.e.

Uy (1) = VU (Daa(V)
with the unitary V = Spy(ho™), 0~ =0~ (X' — x).
Proof. We set
X —x=o0"+o"
Xt — X = ph + ot
Xe =X =+t
where the index + indicates that the supports of the functions are in the future or past
of X, respectively. In particular, we find the relation o, = o~ + p* — p-.. We then find
for the right hand side of the asserted equation
VU () aw(V) = Suy(ho™) ™ Spy (hpl ) Sp, (hoy)
= S(h(x +07) " S(h(x + p1))S (hxe) "' S(h(xi + 7))
= S(h(x' =o)X —oF =0 +pL)S(h(x; — o —07) T S(h(x; — o))
() _ _ L
B 5(x) S — 0™ + 0 )S( — 07) S ()
where in the last line the causal factorization from equation was used for the in-

nermost two factors. The third factor is factorized, again with the help of , and we
obtain the equation

S(h(x; —oy )™

S(h(X' + oL+ 0" =0 )
S(h(xX' + o = o))" S(hx)S(h(X + p1)7)
S(h(x'+p- = o))" S(hx)S(h(X' + p) ™)

where we used the relation p'* — o; = p!. — 0~ in the last line. Reinserting this factor-
ization into the previous equation yields the desired result:

VIUX (t)a(V )—S( (X' + 1)) S (hx})
= S(h(x'+ 1)) ( X+ 0%+ 1)
= S(hx") LS (A(X + ) = S () = UX (1) -

The generator KX changes under xy — x’ by

, 1d
KX =V KXV 4+ V‘lga‘hoat(‘/% V' = Six(ho™),

12



as it is expected from a generator of a co-cycle. In view of the last proposition we will
often suppress x in the notation.

The formalism developed here is very close to the Hamiltonian formalism used in
quantum statistical mechanics, see [I1]. A direct application is not possible due to the
singularity of the interaction Hamiltonian density in relativistic field theory (see the
work of Stiickelberg [57]). By the transition from the time zero hypersurface to a time-
slice with a finite extension in time a regularized interaction Hamiltonian density was
found, which relates the free and the interacting dynamics. The price to pay is that the
regularized density is a field in the interacting theory and thus only known as a formal
power series in the interaction.

4 KMS states for the interacting dynamics: (General dis-
cussion

After the construction of the interacting dynamics o} with respect to the interaction
Hamiltonian H; with a spatial cutoff ~ € D(R?®) we come to the main point of this
work: The construction of KMS states for af'. First, in section we show, that the
perturbation technique, which was introduced by Araki [4] for bounded perturbations of
C*-dynamical systems, can be generalized to our framework. By this method we obtain
KMS states for an interaction with a spatial cutoff.

Then, in section we prove that the cutoff can be removed, if the connected cor-
relation functions of the unperturbed theory decay sufficiently fast in spatial directions.

4.1 The case of finite volume

We start with a definition of a KMS state, adapted to our framework.

Definition 1. Let o be a one-parameter group of automorphisms of a *-algebra A. A
state wg on A is called a KMS state with respect to oy with inverse temperature 3, if the
functions

(t1...,tn) = wgloy, (A1) -+ ay, (Ay)), Ay, A, €A,
have an analytic continuation to the region
T ={(21...,22) €EC":0< S(2) = V(zj) < B, 1<i<j<n},
are bounded and continuous on the boundary and fulfill the boundary conditions

wg(ou, (A1) oy (Ag—1) ot 1ip(Ak) - - i (An))
= wp(at, (Ax) -~ o, (An)an, (A1) -+ - ay g (Ag-1)) -

In the C*-algebraic framework (cf. [29]) all higher order conditions are implied by
the condition on the n = 2 point function

t — wg(Aay(B)) .

13



This is due to the better analytic control in the realm of C*-algebras compared to
algebras of unbounded operators.

The interacting KMS state can be obtained using the standard methods which were
first developed by Araki [4] and are elaborated in more detail in [II]. The non-trivial
part of the proof is to show that the methods which were developed in the C*-algebraic
formalism extend to our framework.

Let h € D(R3). We set G(t,z) = (h(x),0,...,0) and replace everywhere the index
G by h. Moreover, we suppress the index Y.

Theorem 2. Let wg be a KMS state on A with respect to ay. Then the following
statements hold in the sense of formal power series in the interaction:

e For Ay,..., A, €2y, the functions
(b, ot ) = wg (7 (0l (A1) -+l (40)) Un(s))

have an analytic continuation into ‘IQ 11 and are bounded and continuous on the
boundary.

o Let wg(A) denote, for every A € Uy, the evaluation of the analytic extension of
the function

t— Ga(t) = W/g(Uh )

at i3. Then wg is a KMS state with respect to aft on g

Proof. We begin with the proof of the first item. To show that the analytic continuation
of

Gultr, - tals) = ws (7 (o, (A1) -+~ af. (4,)) Un(s))

is well-defined, it is useful to construct a unitary operator intertwining the dynamics at
different times. To this end, consider

Uh(t,s) = Uh(t)_th(S) .

With the initial condition Uy(t,t) = 1 one obtains the power series expansion

o0

Un(t,s) = Z(Z(t - 5))né d"u Astuy (t—s) (Kp) -~ as+un(t—s)(Kh) )

n=0

where §,, denotes the unit simplex

Su={(w,...,un) ER":0<ur <. Suy <13 27)

14



We use the representation of af},
Yo Oz? = Ad(Uh(t)) oqzory,

and insert the expansion of Uy into G,. We find for the [-th term Gg) in the formal
power series expansion of G, in Kj,

GO (ty,... tals)
. / Ve [ i)™ i — )
]NThLl Smp 1
il
mi mo Mn+1
wﬂ ]];[1 [aug.l)h (Kh)] at (Al)]l;ll {at2+u§'2)(t2tl)(Kh)} o ]:1_[1 as+u;-n+1)(tnfs) (Kh)] :

Using the restriction on the integration variables and the fact that wg is a KMS state

it follows that the functions G have an analytic continuation into the strip Tg 11
Moreover, if we fix s = ¢ we find that the functions

(tl, cey tn) — Gn(tl, . ,tn|iﬁ)
can be analytically extended to
{(z1,..,20) €C": 0 < S(21) < B(22) < ... < B(zn) < B}

and fulfill the KMS boundary conditions in the sense of formal power series in K}, (thus in
H; by composition of formal power series) as in Definition (I} Thus the linear functional
A G4 (1) defines a KMS functional.

In order to prove the second point it remains to show that the functional is positive.
This follows by noting that, in the GNS representation 7 induced by wg with cyclic
vector 2, the vector valued function

ts (L) = Up(H)Q (28)

has an analytic extension to the strip 0 < J(¢) < g, and that \If(zg) induces wg,

(W), m(A)¥(i5))
((i5), w(ig))

This is, in the C'*-algebraic setting, a well known consequence of the KMS condition for
wp and the co-cycle relation for Uy, (see, e.g. [11]), and the argument holds as well in our
framework. A complication is that one needs an appropriate concept of positivity for
formal power series. Here we call a formal power series of complex numbers positive if
it can be written as an absolute square of a power series. See [0, [44] for a more detailed
discussion on states on algebras of formal power series . O

wZ(A) =

15



There exists a convenient expansion of the interacting KMS state in terms of the
connected correlation functions of the free theory that will play an important role in the
discussion on the spatial cluster properties. In the rest of the work we use the implicit
definition

saay= S T (@a)

PePart{1,....,n} I€P i€l

for the connected partﬂ w® of w, seen as a linear functional w® : A — C, where TA
is the tensor algebra over 2 and Part{1l,...,n} is the set of all partitions of {1,...,n}
into non-void subsets. Note that the properties of wg from Definition |I| carry over to the
connected part wj. The following proposition was first proven in [10] in the C*-algebraic
setting.

Proposition 3. The KMS state wg can be written in terms of the analytically extended
connected correlation functions:

o0

wi(A) =Y (=1)" 55 d"uw (7(A) @ Qg (Kp) @ -+ @ in, (K3)) (29)
n=0 n

(Note that there are no analytic elements in the algebra 2. The suggestive notation above
is always to be understood in the sense of analytic extensions of correlation functions.)

Proof. The proof proceeds in the same way as the original proof in [10] and is only
sketched here. For this we introduce the following expansion in the interaction K} with
a formal parameter A,

[e.e]

WENA) =Y N Q(A), ws(V(A)UA(IB)) Z Au, (A
n=0

The coefficients v, are obtained from the expansion of Up, x(t):
vn(A) = (—ﬁ)"/S duy - - - dup wWp(Y(A) Xy p(Kn) -+ Qi (K1), 10(A) = wp(v(A)) -

By definition of the interacting states wg’)‘ it holds that

wa(Y(A)UpA(B)) = wa(Un(iB))wy ™ (A) .

Thus, by comparing the coefficients of the expansions on both sides, one gets

n

vn(A) = Z Ve (1) (A), Qn(A) =v,p(A Z v (1 (A) .
k=1

k=0
By induction, it is then shown that

0 (A) = (—g)”/S duy -+ dn w5 (Y(A) ® i p(Kn) @+ ® 0, () -

O

2The notion “truncated part” of the state is sometimes used in the literature. Both are synonyms.
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Having a closer look on the definition of the perturbed KMS state wg in Proposition
one may ask, whether it depends on the choice of x. Taking into acount the dependence
of v and U on x we find that the state is, in fact, independent of the choice of :

Proposition 4. Let x,x’ € D(R) be given as in Proposition @ Then the associated
KMS states on Uy, as defined in Theorem[3 coincide.

Proof. In the same notation as in the proof of Proposition 2| we denote X' —x = o4 +0_.
Due to causality of the relative S-matrices (6H7]) we know that
-1
T =Ad(V7 ) oy
Furthermore we use the transformation property of the co-cycle,

UX (t) = VIUX () (V),

which is derived in Proposition The state ngl is defined, via the equation , by
analytic extension of the functions G’,(t) where x is replaced by x’. Looking at the
numerator we find that

Wi (AU (1) = ws (V1 (AUX (V) -

Due to the KMS condition, the analytic extension to ¢t = ¢ coincides with that of the
numerator of G 4. The same argument holds for the denominator by setting A =1. [

4.2 The case of infinite volume

On the level of the algebra and the time evolution, the adiabatic limit A — 1 is easy. In
the following we assume that the cutoff function h € D(IR?) is chosen such that h(z) = 1
for all x € B,., where B, is the open ball with radius r in R, and we denote the constant
function with value 1 by I. Let supp f C O,. Then

S (f)(g) = Sy(f) = Sin(f)9) , (30)

if g =1 on Oy, hence A (0;) = A7(O;).
Moreover, if also supp f; C O,, then

af (Sin(f) = af (S (f)) (31)

hence a(A) = ol (A) for A € 2A7(0r_py)-

We now would like to show that the expectation values wg(A) with A € 2;;(0),
which are determined by for sufficiently large r, converge as h — I in the sense of
formal power series in Hj.

The adiabatic or thermodynamic limit in which h tends to the constant function has
to be approached in such a way that the boundary volume

{x €cR®:0 < h(zx) <1}

becomes negligible as the volume of the region, in which h = I, grows to infinity (as-
suming that h is positive). The precise formulation of this idea is due to van Hove [58].
(See the monograph of Ruelle [49] for more details.)
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Definition 2. A van Hove sequence of cutoff functions is a sequence (hyp)nen of test
functions hy,, € D(R?) with the following properties:

1, |zl <n,

0<hp(x) <1 VreR?® hylx) =
0 ,lzl>n+1.

The thermodynamic limit in the sense of van Howve is the limit lim,_ o hy for all van
Howve sequences. It is abbreviated by vH—limy,_, ;.

In the expansion of the interacting KMS state in connected correlation functions of
the generator Kj,, as defined in , the spatial cutoff h enters in two different ways;
namely in the modification of the interaction density by the interaction Hj(hy) and
in the spatial integral over the density with the spatial cutoff. We may modify K} by
considering the interaction density in the adiabatic limit h — I and obtain another
generator

Kj = [3r(hx )]y (32)

instead of K},. One readily sees that the difference of Kj, and Kj, is localized in a small
neighborhood of that subregion of the support of h where h # I, intersected with the
time-slice ¥g.. Consequently, the dynamics induced by K} and Kj will coincide in the
adiabatic limit.

The latter generator has the advantage that it is a linear functional of h,

K, — / &z h(z)aoL(R), (33)
with
R= / dt X~ (1)[H1 (1, 0], (34)

Here oy, denotes the automorphism of 2l representing a translation in Minkowski space.
R is independent of h. Therefore we only have to control the decay behavior of the
connected correlation functions in order to prove the existence of the adiabatic limit.

Theorem 3. Let w%h be the interacting KMS state for the time evolution o}" where
the generator Ky, is replaced by Kj . If the (analytically extended) connected correlation
functions

Fn(U1,$1; cr 3 Un, wn) = w% (AO X Qi (Al) Q- ® aiun,mn(An))

are contained in the space L'(38, x R3") for A; € A with i = 0,...,n, n € N and
0 < 8 < +o0, then the van Hove limit

vH— hm wﬂ hA) = wé(A), A e A,
exists and defines a KMS state on (7 with respect to of.
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Proof. Due to Proposition [3] we know that the expectation value of A € 2 in the inter-
acting state w’ﬁh o~ ! can be written in terms of the connected correlation functions.
Inserting the definition of K we obtain terms of the form

/5 _ / B h(@y) . ()03 A ® Gty (R) @ @ i, (R)) -

But R is a formal power series with coefficients in 2. Hence each term in the expansion
is of the form of an integral over a correlation function of the form F), as defined in the
theorem. Hence under the assumption on F,, the limit A — I exists. O

It is clear from the proof that in order to establish the convergence of the state as
h tends to I, the strict assumptions on the sequence (hy),en can be weakend. In fact,
any bounded sequence of functions approaching the constant 1 uniformly on compact
sets will do. However, if one is interested in observables like the free energy per volume,
assumptions on differentiability and the control on the “boundary”, i.e. the region in
which h,, drops from the constant to zero have to be made. See [44] for more details on
this.

A natural question that emerges at this point is, whether a corresponding theorem
holds for the interacting KMS states defined by the co-cycle U)X by formula in the
previous section. In this case the interaction density at points near to the boundary of
the support of h is not yet in the adiabatic limit. Let [A}gm) denote the m-th term in
the power series expansion of [A],, let go,...gr € D(R*) and m € NE. We consider the
functions

Fi*(x1,. .., xk) (90, - - - k) = Wh ([Ao]éﬁn()) ® g, [A1]{ @+ ® [Ak]é?’“)) :

If, for all m, these functions are uniformly bounded by an L' function, for go,..., g in
a bounded set of D(IR*), the proof of the theorem applies, provided the derivatives of
the functions h,, are uniformly bounded in n.

We expect that also this property holds for the case of a massive free field, but restrict
ourselves to the simpler case treated in the theorem. Unfortunately, a direct proof of
the y-independence of our construction as in Proposition [4] is not yet available for this
case. It would be an immediate consequence of the stronger estimate described above.

5 Cluster properties of the massive scalar field

In this section we will show that there exist examples in which the conditions of Theo-
rem [3] are fulfilled. To this end, we start from the algebra 2 of Wick polynomials of the
free, massive scalar field. It is well-known that the quasi-free states wyac and wg induced
by the 2-point functions

vac vac 1 dgp —i(wpz®—px)
e (BD)2) = DF (o =), D(a) = o [ 4Pt
p
1 d3p eipw —idwpxY wp (2044
w(®(x)®(y)) = DY (z —y), D(z) = (27)3 / 2wy (1 — e=Bwp) <e P ot +5)>
p
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where wy, = y/p? + m? with m? > 0, define KMS states on the Weyl algebra of the free
field. In Appendix [A] we show that the extension of these states to the algebra 2 have
the desired analytic properties which are required in Definition [}

We will show that these states satisfy the conditions in Theorem [3| implying the
existence of the adiabatic limit of their interacting counterparts with respect to the time-
evolution af for polynomial interactions ;. In particular the interacting state wl,.
shown to define a translation-invariant ground state. This provides a new construction
of the vacuum state, independent of the known construction of Epstein and Glaser [21].

Subsequently, we derive the existence of thermal equilibrium states of the interacting,
massive scalar field. To the best of our knowledge, this is the first complete proof within

renormalized perturbation theory in QFT.

is

5.1 Vacuum state

The main point of this section is a theorem that shows that the connected vacuum n-
point correlation functions of (composite) free fields decrease exponentially in spatial and
imaginary time directions. This, in turn, implies the existence of the adiabatic limit of
the interacting vacuum state (in the sense of van Hove) due to Theorem [3| Such a state-
ment has already been proven in the lecture notes by Araki in [3] in an axiomatic setting,
where the A; are bounded operators and translations o, 5, with uniformly bounded, real
times t; were used.

Proposition 5. Let wyac be the vacuum state of the free Klein-Gordon field with mass
m > 0, induced by the translation invariant two-point function

3
Wyac(®(z)@(0)) = Dia(:($) _ L d°p

AP —i(wpa®—pa)
@3 ) 2w, ” ' (35)

The connected correlation function
E(un, @y 5 tun, @n) = wipe (Ao @ Qi 0 (A1) @ -+ @ Qi (An))
for Ao, ..., Ap € A(0) with O C Bp C R* decreases exponentially in 8° x R3"

n
Sud |zl
=1

uniformly for re > 2R. Here 85° = {(u1,...,up) ER": 0 <up < -+ < up}.

|EY3(uy, @15 un@y)| < 067%%, Te =

Proof. We use the off-shell formalism explained in Appendix[A] by which the elements of
2 can be identified with functionals on field configurations ¢ € €°°(M), up to functionals
which vanish on solutions of the Klein-Gordon equation. The connected correlation
functions w¢,. can be written in terms of the functional differential operator I'y from

the proof of Proposition @ where the KMS two-point function Di has to be replaced by
DY*¢. The correlation function wy,. itself can be written as

wvac(AOAl tee An) = H el"éj (AO R Q An)’
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Here the product of exponentials can be rewritten as

i m F])ll

=1 > v ! .

0<i<j<n 0<i<j<n m=0 I=(lij)i<j 1<J v
l”€]N0

which reads in terms of a graphical expansion

]_—‘12‘7 )l (F;J)llj
> I = 2 Te Te=]l—71
= (lw)z<g 1<j S GeSnt1 1<) LY
lwé]N()

where G,, denotes the set of all graphs G with n vertices and [;; are the number of lines
joining the vertices ¢ and j. Rewriting the products of exponentials in another way and
using a similar argument as above one finds

O o= I ()= v (8w

0<i<j<n 0<i<j<n GEGn+1 G'€[G] i< lij

where [G] denotes the set of connected components of G. The connected correlation
functions can be consequently written as

T lz
W\C/ac(A()@' Z H( 2 J> 0®“.®An)‘

Gege 1 t<J

(¢0,--,¢n)=0

where G¢ denotes the set of connected graphs with n vertices. The last equation can be
verified by showing that the recursion formula for the connected correlation functions
picks out exactly the connected components in the graphical expansion on the right hand

side of equation .

Then the functions F}* can be written as

F(ut, 15+ 5 Un, Tn) = Wiy (Ao ® Ay, 2 (A1) ® - ® (ST (An))

= > H(Fw ) o®---®aiun,mn(An))\

G€9n+1 1<J

vac
E UL, L1 3 Up, L
- Symm nG( ) ) s Uny n)
GeSn+1

(¢07"~7¢n):0

with

EY8 (@1 s 2a) = [T (Ag © iy a0 (An) @+ ® i, (An)|

)
i<j (¢0:~~7¢n):0

similar to the terminology of the proof of Proposition [6} The source and range of the
line [ is denoted with s(I) and r(1), respectively, and X,Y contain all points which are
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connected by the lines [ € E(G). The last line defined the contribution of G to F*® and
Symm(G) is the symmetry factor of G. Instead of indexing all vertices we can also index
the graph G by all its edges [ € E(G). The contribution of a fixed, connected graph G
is

T\Llaccg(ulazl;"‘ 'unvzn)
52
= [adx dy DY () — A ® - @ Uy 2, (An
/ zelE—([G) l yl)5¢sz($l)5¢r(l)(yl)( ’ anl ))‘(%M%)ZO
— [axay ] Dyc@-m@ vxy)
IEE(G)

with the abbreviations z; = (2) + iUy, T + Zg(y) and g = (yp + iUy, Yy + Zp(r)) and
the functional derivatives
52
ZG]E—[ 5¢s ($Z)5¢r(l) (yl)

(Ao ®-- @ Ap) \(% s

The F)°6 can be written as integrals in momentum space

VaC<U Z) /dP H e_pl Up (1) —Us(1)) TP (Zs(1) — zr(l))DvaC( l)‘ij(—P; P)
leE(G)

—/dP H (“’Pz(“rﬂ)“s(l>)+ipz(zs<1)zr(z))

I€E(G)

2) U(-P,P)|
Wp, py=wp

where wp, = \/p} + m?. By Proposition (in Appendix [B)) we know that \i/(—P, P)is
rapidly decreasing in the forward lightcone, and since supp ﬁfm C H,, with
Hp={peR":pj—p* =m’ py>0} CJ*

the above integral converges absolutely since by assumption wu,;) — ug;) > 0. Therefore
we can make use of Proposition [7] from Appendix [B] to obtain the estimate

2
‘ ,X%(ul,wl,...;un,wn)‘gce mr. r—Z\/ ) — Usg( l) —|— }
leG

Lr(t) = Ps(l)

Since the graph G is connected, i.e. every vertex can be reached from (ug,xg) = 0, we
can use

T—Z\/ur —usl) + x

lec T ie{l,...,n}

1 9 1 n 9
> =)t = = | D u? + |l
Jnizl v\ o
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which yields

n
__m_
’F,‘L’?(C;(ul,ml; .. .;un,;pn)‘ <de \/me’ - Zug n ‘$2|2 '
i=1

This shows that F7*G actually decays exponentially in every variable (u;, ;), instead of
only in the difference variables. Consequently, since on the algebra of Wick polynomials
only finitely many graphs contribute to the sum, also the summed expression

1
F(u1, 215 ... 5 Up, Tp) = — (U1, 1. .. U, T
n ( 1 1 n n) ZC Symm(G) n,G( 1 1 n n)
GeSs L
is exponentially decaying in its variables and is thus integrable over 8§ x R3". O

Using the analyticity properties of the vacuum state we know that the co-cycle Uj (t),
inserted as a right factor in the expectation value, admits an analytic extension to the
full upper half plane, using the first point of Proposition [f] for the limiting case 5 — +oc.
In particular, the linear functional

h — lim anC('Y(A)Ui/z(iﬂ))
(4) = ﬁlA)OO Wyac(Uj, (1))

= 20" [ dudun e (34) i (K7) © - @ i, (K7)
n=0 n

exists and is positive. Theorem [3] implies that the adiabatic limit

wl (A) = vH — lim w! (A)
h—1

vac vac

= /SOO du o dX Wl (Y(A) ® Qg 2y (R) @ -+ @ iy, e, (R))
n=0 n

with R = [dt x~(¢)[H;(t,0)]y exists. In particular we find that the function

t— wl (Aal(B))

vac

(where I as before denotes the constant function h = 1) has a bounded analytic contin-
uation into the whole upper half plane, which characterizes a ground state.

5.2 Thermal equilibrium states

In this section, we show that KMS states of perturbatively constructed, massive scalar
field theories exist for all 0 < 8 < 4oo0. The proof of this fact is very similar to
the case of the vacuum, as far as the perturbative expansions are concerned. A main
difference arises in the investigation of the decay behavior due to the fact that the KMS
state has contributions from positive and negative energies. The KMS condition and
the exponential decay of the negative energy part turn out to be crucial to show the
convergence of the state in the adiabatic limit.
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Theorem 4. Let wg be the quasi-free KMS state of the Klein-Gordon field with mass
m > 0 and inverse temperature 0 < [ < oo whose translation invariant two-point
function is

1 —i(pox® —px 8(])0)5(]92 - m2)
wp(@(@)2(0) = DL(w —y), DLw) = g [ dp e p SEOTE R
(37)
Then the connected correlation function

FP(uy,@15.. . un, @n) = w§ (Ao @ Qiuy 1 (A1) @ -+ @ iy, (An))

for Ao, ..., Ap € A(0) with O C Br C R* decays exponentially in spatial directions

ﬁ . . *ﬂre _ - 2
‘Fn(ul,ml,...,un,mn)‘ <ce Vo °©, Te = Z]mﬁ ,
i=1

uniformly for re > 2R and (uq,...,u,) € B8y,.

Proof. We proceed in the same manner as for the vacuum state. To this end we write

Fg(uhxl; <oy U, xn) = W/(/;’ (AO ® My ,xq (Al) K- ® azun,mn(An))

1 8
= E FP a(ur, ;.. 5 un, )
oést,, Symm(G)

with

Fl o, wa) = [LTH) (Ao © Qs (A1) @+ © i (An) |

’L<j (¢077¢n):0

where the Féj are the functional differential operators from the proof of Proposition @
The differential operator is now re-written in terms of the two-point function
52
0¢i(2)0d;(y)
By switching to a product over the lines [ € E(G) of the graph G we find

I‘fﬁ :/dzv dy Dﬁ(wg—yo,w—y)

Fo(U.Z) = / P[] etto o) o =20) D (p) (P, P)

I€EE(G)
eipl(ZS(l)_zT(”) ()\+(pl) + Ao (pl)) T,
_ /dP 1 s g U(—P,P)
I€EE(G)
with
)\_"_(pl) _ ewl(us(l)iur(l))é(p? _ wl) , )\_ (pl) = ei,BOJleLU[(ur(l)*us(l))é‘(p? + wl) 9
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with wl = wy, in analogy to the calculation for the vacuum state. The difference here is
that D’ 't is not purely supported in the forward lightcone, it has positive and negative
mass-shell part AL. The functional derivatives are, again, given by

52
lelE—[ &Z)S (xl)&z’r(l)(yl)

<A0®---®An>\(%._.¢)zo. (38)

Due to the fact, that the integration momenta p; can lie in both the forward and backward
lightcone, we cannot use the same argumentation as in the case of the vacuum state.
In order to prove the convergence of the integral we will show that all negative energy
parts A_ are actually exponentially decreasing.

To this end, we use the KMS condition in the original function

Fl(uy, @15 .. un, @n) = w§ (Ao ® Qiuy 1 (A1) @ -+ @ Qi (An))

together with the identification (ug, o) = 0 to rearrange the time-translations in imag-
inary directions:

wg (AO ® aiulyml (A1> K- ® aiunymn (An))
= wf.} (Oéium,wm (Am) R R (677 VI (An) & Oéz/g(Ao) X Oi(uy +8),21 (Al) ®
o ® ai(um—l"l‘ﬁ)vwm—l (Am_l)) .

The equality holds irrespective of the choice m € {1,...,n}. The non-trivial point is
made now: There exists an m € {1,...,n} such that w, — um—1 > niﬂ We simply
rename all of the variables to

Flo(U,X) = F') o(V,Y) = w§ (0ug.yy (Bo) @ vy, (B1) ® -+ @ vy, (Bn))
where BO = Am,Bl = Aerl, e ,Bn = Amfl,

Vo Um Un—m+1 ug +
Un—m Unp Un Um—1 + ﬂ

and the similar relabeling is done for the spatial variables y; with respect to x;. Now
the analogous derivation for F” yields

P Ys())=Yr)) A (p) + 2—(m))
2w (1 — e=Bwr)

FIE,G(’UOvyO;'- Unayn /dP \TIB(—P, P) s

leE(G)
with

A (p1) = ewz(vs(z)*vT(Z))(g(p? —w), A(p) = ewz(w(z)*vs(z)*ﬁ)(;(p? +w)
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where now vg < v; < ... <wv, and ¥p is the functional derivative from equation in
which the (A;) are replaced by (B;).

We expand the products of the sum of Ay by replacing every line | € E(G) by either
a line [ or [_, to which we associate the factors Ay, and summing over all possibilities
to distribute pluses and minuses on all lines in G. This is done by introducing a function

e: E(G) = {+,—-}

that associates signs to all the lines in the graph. Denoting F1(G) = {l € G : (l) = £}
we find

FlgG(’UO:yO; o ;vnayn)

P, (Yo, )~ Yr(y))
:Z/dP I1 [e B ]x
g

—Bw )\+(pl+)
l+€E+(G) 2LL)l+ (1—6 /8 l+)

D (Ysu_)y=Yra_))

) A-(pi_)

e
LB (@) [2Wl (1 — o Bwi

A

x Ip(—P,P).

Now we estimate the largest difference between the v;

p
I?<a,]x(’l)j—’l)i):Un_l—UOZB-FUm—l_umzﬁ_(um_u’m—l)S n+1 <8.
——
:CCﬂ

Thus we rewrite

—wi_ B (Vra_y=vs@_)) —wp_ (B—Ca)ewl, (vra_y—vsa_y—cs)

e =€

— e Wi n"ffl ewl,(vr(z_rvs(z_)*%) 7

<1

which shows the claim that the integrand of F’ ﬁ decays fast in the momentum variables
associated to lines [_. The remaining integration variables (those associated to [) are
located in the forward lightcone, in which F'? is rapidly decreasing. This implies that

H o Wi (”r(l,)*”S(L))\ilB(—P, P)

0 — e
l_EE_(G) pl+—wl+7pl_— wr_

is rapidly decreasing in all spatial momenta P = (py,... ,pE(G)). We use the geometric
series

1 > Bk
1 —e P =
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to rewrite the integrand

1 eipl+(ys(l+)_yr(l+))_wl+(vr(l+)_vs(l+))

> II 3 7 x
e LBy (Q) "W L—e ™
1 P Wsa_y=Yra_y)—wi_(cg—(vr) —vs(z>))e—wz_ nLJfl
% H 2w 1 — e Bwi_
l_eE_(G) -

= Z Z H 1 ipl+(ys(l+)_yr(l+))_wl+(Ur(l+)_vs(l+)+ﬂkl+)><
2w
e keNFOI LEEL(G) by
% H 1 elpz,(ys(z,)*yr(z,))*wz,(CB*(Ur(z)*vs(z))+5kz,)e—m,%‘

L EB(q) 2¥I-

Hence the function F’ is of the form

18
F n7G(/U07 Yos---3Un, yn)
= Z Z dP H 1 oy W) ~Yray)) g =wiy (Ory) =vsp) HBkL ) o

wy
e keNIF©) lyeEL(G) Tl

% oPi_Wsa) *yr(z,))e—w, (eg—(vr@y—vs))+Bki_) =(P)

)
with

—_ —wy DB
E(P) = H e Wioni1 ‘I’B(—P, P) 2 —o 0 -
I_€E_(G) Ly =W P =W

By the above argumentation, Z(P) is rapidly decreasing in all its variables. Fixing the
sign-function ¢ and a multi-index n, we can use Proposition [7] from Appendix [B] to find
the estimate

18 . -+ (Bky)?
Flae (00, Yoi - 0nYyp) < H o7V Izl H(Ek)
I€E(G

where g = @) — T4y In this estimate we used the fact, that the v; range only over
a finite interval and the differences
e — (vr) — vsp)) = 0

are bounded from below by zero. The sum over k; yields

Ze—m V2 +(Bk)2 Z —my/ > +(Bk)? | Z —ma/q*+(Bk)?
Bn<q Bn>q
q _ e M ;-
S e L
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for ¢ > 0. This implies that

nGE(VY) 3 F;fGek(VY <ed H oV lzanl”
neNE(G) IEE(G

by the same means as in the case of the vacuum state. The exponential decay for Ff a

i.e.
B ) —T=Te - 2
B G, )| S eV o= S
k=1

follows by the simple coordinate change in equation , thus Ff « decays exponentially

in all its variables. The same decay properties hold for Ff , which is the sum over
all connected graphs of Ff ¢ divided by the symmetry factor of G. This proves the
assertion. O

As in the vacuum case we can exploit the analytic properties of the KMS state wg to
show that the limiting state obeys the KMS condition by using Proposition [6] We find
an explicit formula for the adiabatic limit of the state w’ﬁh

wé(A) = lim w/’Bh(A)

h—1
(o]

=3 (1" /ﬁ AU [ X (1(A) @ 0y (B) € -+ @ i, (R))

n=0

with
R= / dt X~ (1) [31(£,0)],
The limit exists, defines a state on 247, and the function
t = wh(Aaj (B))

has an analytic continuation into the strip Sg and is continuous on the boundary with
the value

Wh(Aak,5(B)) = wh(af(B)A) .

In order to prove these statements one has simply to replace the limiting KMS state
wé with the ones on the finite volume wg in the proof of Theorem [2| Since the arising
integrands are absolutely integrable, we can exchange the limits in the integrations and
obtain the desired statements. In particular we find that, due to the fact that the free
KMS state is invariant under all spacetime translations and spatial rotations, so is the
interacting state wé in the adiabatic limit.
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6 Conclusion

In this work we were concerned with the construction of KMS states in perturbative
renormalized relativistic QFT. The traditional approaches to construct states in per-
turbative QFT by starting from the corresponding state of the free theory in the limit
t — —oo lead, in the case of positive temperature, to infrared divergences as emphasized
by Steinmann in [55]. These divergences occur even in the massive case, see e.g. [1].
Their physical origin may be traced back to the change in the asymptotic behavior in
time as analyzed by Bros and Buchholz in [14].

Thus we chose another approach by using ideas from the realm of quantum statistical
mechanics. For this to achieve we had to close a gap between the description of QFT
and QM as dynamical systems, which originates from the fact that non-trivial local
interactions in relativistic QFTs in four dimensions are too singular to be restricted to
Cauchy surfaces. Therefore, the formal application of quantum mechanical perturbation
theory leads to spurious UV divergences (the Stiickelberg UV-divergences [57]), that
appear even after renormalization.

To avoid these difficulties, we exploited the validity of the time-slice axiom in causal
perturbation theory [I8] and embedded the algebra of interacting fields into the algebra of
the free theory, restricted to a time-slice which may be understood as a thickened Cauchy
surface. We showed that the interacting dynamics o] differs from the free dynamics ay
locally by a well defined co-cycle Uy(t), thus we obtain a UV regular interaction picture.
We therefore can apply techniques from quantum statistical mechanics [11] and construct
KMS states for the dynamics with a spatial cutoff h.

As a last step the spatial cutoff h had to be removed (adiabatic or thermodynamic
limit). We showed that this is always possible if the KMS state of the free theory has
sufficiently good spatial clustering properties. We show that this assumption is satisfied
for the free massive scalar field. As a byproduct we also obtained a new proof for the
existence of the vacuum state. We always formulated our arguments for four-dimensional
Minkowski space, but all arguments are actually valid independent of the dimension. In
two-dimensional spacetime, for polynomial interactions, our methods are not needed,
because of the existence of a sufficiently large algebra of time zero fields.

Our results are obtained within formal perturbation theory. Conceptually, however,
the methods are not restricted to perturbation theory, and it would be interesting to
explore whether they can be applied in the sense of constructive field theory, for instance
in ¢3.

The non-zero mass of the theory was crucial for the proof of existence, since, in
general, the correlation functions of massless theories exhibit a too slow decay at spatial
infinity. The consequences of this are observed in many applications of the massless
theories at positive temperature and are sometimes referred to as the IR problem of
perturbative QFT at positive temperature, see e.g. [I]. A solution of this problem is
to use the so-called thermal mass term, that arises, due to finite renormalization of the
interaction terms, as a mass term of the free theory. The idea has already been used
in the context of QED and QCD at positive temperature [42], an interpretation of this
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method in the general context of perturbative QFT in the present setting is given in
[44]. In the massless ¢*-theory it originates from the fact that the transformation from
the x-product with the vacuum two-point function to the %-product at finite inverse
temperature 3 involves a finite transformation which corresponds to a change of the
Wick ordering prescription,

L ptivac=: 915 +6¢(B) 1 g +6¢(3) (40)

where

1
e(8) = (Df = D¥)0) = 15575 -
The coefficient of the quadratic term then can be used as a mass term, and one obtains
convergent expressions for the KMS state. But since Di is not analytic in m? at m = 0,
the arising series is no longer a power series in the coupling constant.

We believe that our approach provides a basis for extending powerful methods from
quantum statistical mechanics to perturbative QFT. In particular, one might apply these
methods to problems of non-equilibrium thermodynamics in QFT, as treated e.g. in
[6, 2]. One may also test whether structural properties of the interacting KMS state pre-
dicted from an axiomatic approach, such as the relativistic KMS condition [12], Kéllen-
Lehmann type representations [I3] and time asymptotics [14] can be verified. We also
hope that the problem of phase transitions can be addressed by our method, yielding
a bridge between the quantum statistical approach and the arguments relying on the
effective potential of quantum field theory.

Another potential application of our results is on the treatment of bound states in
quantum field theory, including in particular the derivation of the Lamb shift. Here a lot
of progress was made during the last years in the so-called nonrelativistic QED (see e.g.
[53]). Approaches to relativistic quantum mechanics typically suffer from inconsistencies
since the concept of particles in QFT is dependent on the interaction. Our approach
is completely consistent with the principles of QFT, but, unfortunately, still based on
formal perturbation theory.

Our method has a formal similarity with the Schwinger-Keldysh approach. There
the expectation values of time-ordered products of fields A; are obtained from the ex-
pectation value of the free theory similar to the Gell-Mann and Low formula

WU (T A1) ... An(zn)) = %wﬁ (TCAl(xl) o Ay (w) explei /Cdz /dsx 5, (2, ac)h(:v))),

(41)

but where time ordering is replaced by ordering along the contour C' depicted in figure
see [42] for more details to this formalism. The right hand side of this formula might
be written as a path integral. The attempt to construct the interacting KMS state by
the adiabatic limit ¢ — 1 as discussed in section [2| corresponds to the contour in the
limit tg — oo. By choosing a contour C' which oscillates several times parallel to the
real axis, one would formally obtain the thermal Wightman functions of the interacting
field, if the contour reaches the time-arguments of the fields in the correct order.

The choice ty = € for the contour C' (together with the restriction to observables that
are supported in ¥.) corresponds to the idea of exploiting the time-slice axiom, where
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Figure 3: The Schwinger-Keldysh contour C' = Cy U Cy U C3 U Cy in the complex time-
plane.

the time cutoff x is replaced by the characteristic function of the interval [—e¢, €]. This
avoids the aforementioned IR divergences completely, but would generate additional UV
divergences at the boundaries ¢t = +e. Our formalism may be thus understood as a
Schwinger-Keldysh formalism with a smeared, but finitely extended contour.
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A  Proof of the KMS condition

In order to show that the quasi-free state wg, defined by

3 ipT
_ By L d’pe —iwpa® | iwp(a0+iB)
wp(@(@)2(0) = DL () = G / (1 ey (7 ) a2)
satisfies the analytic conditions from Definition [T] we will use an off-shell formulation of
the algebra of the Wick polynomials of the free field. For an introduction we refer to [5]
or [40},24]. In this formulation the algebra of Wick polynomials A is constructed by (non
necessarily linear) functionals over the space of classical field configurations ¢ € C*° (M),
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M = R?, which are not subject to any field equation. A local field A, smeared with a
test function f € D(M), is in this formalism given by

B /d433 f(x)a(g(x), 99(x),...) ,

where a is a polynomial in ¢ and its derivatives. The most general observable is given
by sums of

/d - T(zr,...,20)b(z1) - d(an) (43)

with a distribution of compact support 7' € &' (M™) with the following singularity struc-
ture

WF(T) C {($1,...,£Cn|p1,...,pn) eT*M™: Zpk = 0}. (44)
k=1

Here T* denotes the cotangent bundle of a manifold, with the zero section removed.
These functional are called microcausal functionals. It is evident that A(f) is contained
in this set as one replaces T by a sum of d-distributions and its derivatives multiplied
with a test function f. The product between such functionals is declared by a functional
differential operator (a *-product in the sense of deformation quantization)

(FxG)(¢) =e2(F®G)(9) (45)
with the differential operator
R oF 0G
(F®G)= /d:rdng(xy)&b() 560

Here w» is the two-point function of some quasi-free Hadamard state w over the algebra of
Wick polynomials 2. The *-algebra which is x-generated by functionals is denoted
by Aw. The connection to the Hilbert space formalism of QFT is the following: There
is a *~homomorphism 7, : A, — 2 into the the algebra of Wick-polynomials, given by

J(Fr) /01431:1 T(@r, . n) :®(31) - B(wn), (46)

where the Wick-ordering :-:,,, within 2 has been done with respect to the two-point
function wy. Note that if the two-point function of another quasifree Hadamard state
were to be put in I'y, the corresponding *-homomorphism would result in a locally quasi-
equivalent representation [59].

The representation 7, is not faithful, since elements of the form P®(x) vanish on 2
whereas they don’t on Awﬂ This is a consequence of the off-shell setting in A,,. It has
been shown that the kernel of 7, is the ideal J generated by elements of the form

Fpr(d) = / A1 - Ay (O, + mA)T(@1, .y 20)b(21) - D) € Au, -

3P denotes the Klein-Gordon differential operator P = 0 + m? on M.
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The algebra A, /J is called the on-shell algebra. Notice that the quasi-free state w on
2l is found as the evaluation functional on A,

Ay A(0) = w(mu(4)), A€ A,

Proposition 6. Let wg be a quasi-free KMS state on 24 with respect to the time-evolution
oy and with inverse temperature 0 < 8 < 4o00. Then, for every Ai,..., A, € 2, the
functions

(t1,. .. tn) = wglay, (A1) - ap, (Ar))
have an analytic continuation into
T ={(21,...20) €C":0<3(zj —2) <P VI<i<j<m}.
Moreover, for 0 < < oo and k € {1,...,n} it holds that

wg (o, (A1) -+ oy (A )y i (Ak1) -+ - i (An))
= wg (o, (Ag+1) - at, (An)a, (A1) -~ ag, (Ak)) -

Proof. We prove the Proposition for the case 0 < # < co. The case § = 400 is proven
along the same lines, except from the KMS conditions. It is assumed that the two-point
function Dﬁ of wg, defined by equation , is used in the x-product and the
resulting off-shell algebra is denoted by Ag. A multiple product of observables can be
written as

Ak x A)(e) =[] e (Ar@--@4,)

1<izi<n gr="=n=0
with
ij 4, . 54 B &2
I'; —/d zd yD+(x—y)6¢i(x)5¢j(y) )
using the Leibniz rule of differential calculus on functionals. Here the n-fold tensor
product of functionals are considered as functionals in n field configurations ¢1, ..., ¢, .

The time-translations «; on A, are simply given by o (A)(¢) = A(¢d—t) where
¢—i(z) = #(z° + t, ) in agreement with the notation in (I4). The expectation value in
the KMS state is then the evaluation at ¢ = 0, and it holds that

wp( (A1) - 0, (An)) = (0, (A1) 5 - % 0, (An)) (6 = 0)
= I ¥ (an(A) e ®ay(A)

1<i<j<n $1==¢n=0
= H eF;J(ti,tj)(Al R Ay) ,
1<i<j<n $r=r=¢n=0
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with
52
6i(x)09;(y)

As t — Dg(t,x) has an analytic continuation into —Sg = {z € C: —f < J(2) < 0} the
function

MY (tity) = [ d' dly DY o 4t tjz — )

(t,8) = ergj(t,t’)(Al ® - ® Ap)

has an analytic continuation to {(21, 22) € C? : =8 < $(21—22) < 0} forall Ay,..., 4, €
Ag. Thus for the full expectation value we obtain that the map

(t1ont) = [ €204 00 4,)

1<i<j<n

$1="=dn=0
has an extension into

Ty ={(21,..,2) €C":0<(z5 —2) <P VI<i<j<n}.
The KMS conditions for the expectation values

wlan (A1) (A) = [ 2@ (A - 4,)

1<i<j<n

$1==¢n=0

follow directly from the fact that ng (ti,tj) = F‘gi ift; —t; = —ip. O

B Propositions for the adiabatic limit

The following propositions are used to show that the connected correlation functions
have a uniform exponential decay in spatial and imaginary time directions. Parts of this
are already well-known in the case of the vacuum two-point function wyac(®(x)®(y)),
see e.g. [§]. For our purposes however, a more general statement has to be proven.

Proposition 7. Let f € D'(R*) with supp(f) C Bgr C R*. Then the functions

d3 —i(xowp—px) £
If(zo, ) :/TWP e WP {1y, p), w, =[P +m?
p

d3 . "
I?(:ro,x) = ﬁ e_’(”CO“P_m)e_b“Pf(—wp,p), b>0,
p

have an analytic continuation into the lower half plane C_ x R3, and for m > 0 it holds
that

[If(—iu, )| < ce” ™, ‘I?(—iu, :p)‘ <ce ™| r=vu+x?,

uniformly for r > 2R.
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Proof. The domain of analyticity of Iy and IJIZ is obvious due to the fact that f is a
polynomially bounded function while the remaining integrands for

Ii(—iu, ) : ——ov

7 W
etpr—uy/ p2+m?

I (—iu, ) : e bwr

decay exponentially for u > 0 and b > 0. The following steps will be discussed for I
only, the case for I? is identical until further notice. Using the identity

1 eiku e~ wu
— [ dk = , ,w>0,
2m / k2 4+ w? 2w e

we can rewrite the integral:
eipm—u\/p2+m2 N
Ii(—iu,x :/d3 —_— ( 2 +m?2, )
£ ) Py it flyp p
1 eilupotap)
L £ i)
27r/ pp%+p2+m2f< prrmep

Without loss of generality, we choose the coordinates @ = nrcos(«) and u = rsin(«)
with n = (1,0,0) and 0 < 2a < 7. Hence, r = vu? + x2. The following change in the
momentum variables is helpful:

ko = posin(a) + p1cos(a), k1 = pocos(a) — prsin(a), ko3 = py/3 -

The integral is of the form

L) = L / oo f(w(k),p(k) 1 / e €5 f (@ (k), p(k))
R = ] "R BB+ +m? 2n R+ K m?

where

w(k) = \/(ko cos(a) — ky sin(a))? + k3 + k3 +m? ,
p(k) = (ko cos(a) — ky sin(a), ko, k3) .

We replace the integration in the kg-variable by a contour integration in the upper half
plane. By the Paley-Wiener theorem [56] we know that for (w, p) in the upper half plane
(Di:

Fonp)| < VT

Thus the integrand will exponentially decay for values r > R. We thus look at the
contour integral

1 eizr R

| dy -
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where the dependence of w and p on the variables kg = z and k is suppressed in the
notation of f. We see that the integrand has a pole at

z =i\ k> +m?2 .

Furthermore, since the principal square root in w(z, k) has a branch cut on the negative
real axis, we get a branch cut along a vertical axis, starting from

/K3 + k3 4+ m?

z = ky tan(a) + @ cos(a)

Thus we choose a contour that avoids both the pole and the branch cut (see figure [4))
“%(ko) =0

ﬁ C

ivVk? + mQ\—J&
i‘/k%+k§+m2 _________________________ U

cos() i

\/

3
=
&

\/

Figure 4: The integration contour C. The semicircle has to be extended to infinite size
and the orientation is positive.

such that the contour integral vanishes due to the exponential decay of the integrand:

1 eizr R
O:—/dz— w,
c z2+k2+m2f( P)

A

1 eZZT‘
= Ij{w0,@) + 5= § g [(w,p)

z
22 + k2 + m?
pole
1 otar R
T or / z2+k2+m2f( )
branch
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The pole contour can be calculated using the residue theorem

1 e'LZT’ N
= dy —°
or % ‘ 22—|—k:2—|—m2f<w7p)
z=i\/ k%> 4+m?2
=1 Res eizrf(w’p)
—; 2
e=iv/ K (z VKT m2) (z TiVEr ¥ m2)
eV o)

Wk +m2  ko=ivVk>+m?
thus the full pole contribution to Iy is
VRS (0, p)

Ipole(_iua ZIZ) = /dsk c

WEkZ+m2  ko=iVE+m?

The branch cut contributes with

T

i 00 irkq tan( )e cos(a) “ »
m/g dr 2(7)2 + k2 + m? (f w,p ‘ko =z(7)+ie f(w’p)|k0:Z(T)*i6>

where z(7) = ky tan(a) + iy and Q = /K2 + k2 + m2. The arguments of f in this

parametrization of the branch cut are given as

w(ko = 2(7), ki) = :I:i\/7'2 — k3 — k3 —
p(kio = Z(T),k‘i) = (’iT, kiz,kg) .

In particular, f does not depend on k; on the branch cut. We invoke the ki-integration
to find

TT

zrk1tan )e_m N A
J i [ e e phe = fwm) )

We replace the ki-integration by a contour-integration along a semi-circle in the upper
half plane, where the integrand falls off exponentially (as r > R):

zrw tan(a)e_% R "
/dw/ T e TR T @p — fwp))

The fact that f does not depend on k; on the branch cut implies that the only contri-
bution to the integral comes from the poles of the integrand, which are located at

Wpole = —i7 sin(av) & cos(a) \/7'2 — k3 — k3 —m2.
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By assumption 0 < 2a < m, thus both poles lie in the lower half plane and the full
contour integral vanishes. Moreover the integrand falls off exponentially in the upper
half plane, such that the branch cut does not contribute to Iy at all.

Hence, we have Ir(—iu,x) = Ipole(—iu, x) and this contribution can be estimated by

TIVESE fw(k), p(k)

2V k* + m? ko=i\/k?+m?
g d3ke*r\/’c2+m2eRx/lw(lep(’f)\z
B C/ 2V k? + m?2 ko=ivV/k>+m?

The values of w(k) and p(k) at the pole kg = z = iV k* + m? are

w(k) = \/msin(a) —ikycos(a), pi(k) = i\/mcos(a) — ky sin(a) .

Thus under the square root of the integrand we have

I (~iu,@)| = | [an®

lwk) 2+ [p(k)> = k2 +m? + k2 + k2 + k2 + m? = 2(k?> + m?) .

This implies that the integral decays exponentially in || = r uniformly in r as r > 2R,
since:

e TV k2+m2€\/§R\/ k24+m?2
2V k% + m2
—(r— 24+m2—m
-, e_(”_\/ﬁR)m/dSk e~ (r—V2R)(Vk?*+m?—m)
B 2V k% + m?
67(27\/5)]%(\/ k24+m2—m)
2V k% + m?2 '

<o

I (—iu, )| < c/dSkz

< Ce—(r—ﬁR)m/dSk

The same argumentation can be done for Iji:

e(\/iR—b—r)\/ k2 +m?2
2V k? + m?2 .

This proves the claim. O

‘Iji(—iu,a:)‘ = ’Igole(—iu, a:)‘ < c/d3k:

The other proposition concerns the singular directions of the functional derivatives
that appear in the expansion of the truncated vacuum expectation values.

Proposition 8. Define for Ay, ..., A, € 2 the compactly supported distribution

k 62

V@1, Tyt 06) = ||

A ®- @ A,
1:15%(1)(@)5@(1)(%)( 0@+ 8 An)

fo="=¢n=0
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where 5,7 : {1,...,k} = {0,...,n} such that s(1) < r(l) for alll € {1,...,k} and let ¥
denote its Fourier transform. Then

(pla'” 7pk) — \ij(_plw")_pkaplu"'pk)

s rapidly decreasing inside a neighborhood of the union of k-fold product of the closed
forward lightcone (VF)* with that of the backward lightcone (V7).

Proof. Using the tensor product rule for wavefront sets (see [36]) and the fact that
the functionals A; are microcausal (see the beginning of Appendix , one finds that
U (—P, P) is rapidly decaying in every direction, except the cone defined by

{(pl,...,pk GT*Mk Z D — Z =0, m:(),...,n}
I=1,..k I=1,..k
s(l)=m r(l)=m

Assume that all of the momenta lie inside either the forward or backward lightcone.
Taking the first condition (m = 0) we see that that {l € {1,...,k} : r(I) =0} = 0. This
implies

Y =0 = p=0 Vie{l,...,k}:s(1)=0.

But the set {l € {1,...,k} : s(l) = 0} contains in particular all indices {l € {1,...,k} :
r(l) = 1}. This information can be put into the next condition, m = 1, which yields

S Y m=0 = p=0 Vie{l,.. k}:s()=1

as, once again, all the directions are contained in one of the lightcones V', V~. This

can be iterated until m = n with the result that all momenta {p; : { = 1,...,k} vanish,
hence (p1,...,px) &€ T*MF. O
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