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Introduction

The AdS/CFT correspondence has been a fruitful avenue to understand quantum gravity

in asymptotically AdS spacetimes. A question of interest is whether the holographic prin-

ciple makes sense in more general spacetimes, such as our own universe. Some proposals
have been made for de Sitter [1], Kerr [2] or warped AdS [3, 4]. The asymptotically flat
case is particularly interesting because it can be obtained as a flat limit of AdS [5, 6].

Other approaches to flat space holography exist, such as applying AdS/CFT on hyperbolic

foliations of Minkowski spacetime [7] or using the recently discovered equivalence between
BMS Ward identities and Weinberg’s soft theorems [8].
The flat space limit of AdS is an ultra-relativistic limit, or Carrollian limit, of the dual

field theory. Already at the level of the symmetries, one can show that the conformal Carroll



group is the BMS group [9], which is the symmetry group of asymptotically flat gravity [10].
More precisely, the conformal Carroll group associated with the future boundary, i.e. null
infinity Z, is isomorphic to BMS3 when Z+ = R x 8! and to BMS; when Zt = R x S2.
Therefore, the putative dual theory should enjoy a Carrollian symmetry. Recent works
have been able to match the gravitational dynamics with ultra-relativistic conservation
laws [11, 12]. This suggests that the holographic duals of asymptotically flat spacetimes
should be Carrollian CFTs [13].

An important insight from AdS/CFT is the role of entanglement in the emergence of
the bulk spacetime from the field theory degrees of freedom. The Ryu-Takayanagi prescrip-
tion [14], and its covariant generalization [15], have lead to a more precise understanding of
bulk reconstruction [16, 17] and a landmark result was the derivation of the gravitational
equation, linearized around AdS, from the first law of entanglement in the CFT [18-20].
This suggests that linearized gravity can be understood as the thermodynamics of entan-
glement. Jacobson’s earlier result [21], and its more recent refinements [22, 23], suggest
that this connection is very general and goes beyond asymptotically AdS spacetimes. In
this paper, we show that a similar result holds for flat space holography in three and
four dimensions, under some general assumptions that allow us to use an analog of the
Ryu-Takayanagi prescription.

Entanglement entropies in 3d Minkowski spacetime were considered in [24] and were
matched with computations in conjectured dual theories. We will follow the geometrical
picture proposed in [25], where the authors used a generalization of the CHM transforma-
tion [26], to propose an RT prescription for flat spacetime. This requires some assumptions
on the putative dual theory which are given in full details below. Under the same work-
ing assumptions, we refine their 3d prescription to include perturbations and propose a
generalization to 4d.

This paper is organized as follows. In section 2 we detail our working assumptions
on flat holography. This allows us to use an analog of the Ryu-Takayanagi prescription in
Minkowski spacetimes. We review and generalize the existing 3d prescription in section 3
to include perturbations. In section 4 we prove that the gravitational equations, linearized
around 3d Minkowski, follow from the first law of entanglement.! In section 5 we perform
a flat limit of AdSs, also considered in [6, 28], to identify the holographic stress tensor asso-
ciated of 3d Minkowski, a necessary ingredient for the proof. In section 6 we generalize the
RT prescription to 4d Minkowski and prove that the first law of entanglement is equivalent
to the gravitational equations of motion. Our proof is valid for general theories of gravity.

2 Working assumptions on flat holography

Holography in asymptotically flat spacetimes is not well understood. The putative dual
field theory should be defined on null surfaces and it is not clear how one should understand
objects such as local operators or path integrals. Therefore, to obtain a well-defined equiva-

!Before submitting our paper, we learned that another group is currently pursuing similar ideas [27].



lent of the Ryu-Takayanagi prescription, we need some general assumptions on holography
in flat spacetime which are listed below:

e (Assumption 1) There exists a quantum system living on the future boundary ZT,
such that we can associate a Hilbert space H to any slice ¥ of constant retarded time
u. To any bulk configuration on ¥, we can associate a state in H. For the purpose
of this work, we could also weaken this assumption by taking the bulk configurations
to be only linear perturbations of Minkowski.

e (Assumption 2) For a subregion A of 0¥ among a special class, we can associate
a density matrix p4. If the Hilbert space factorizes on subregions, we expect that
pa = Trz|0)(0| where A is the complement of A on the slice and |0) is the Minkowski
vacuum. We allow p4 to be only defined on some subspace Hcoqe of H.

The domain of dependence D of A is defined to be the union of all the images of A under
translation along the u direction. This is simply the ultra-relativistic limit of the Lorentzian
domain of dependence. Indeed, in this limit, the width of the lightcone vanishes (see figure 2
for an illustration). Following [25], we define a generalized Rindler transformation to be
a symmetry transformation on ZT which maps D to a spacetime which has a thermal
circle.?. The generator (4 of the thermal identification, which is called the modular flow
generator, is required to annihilate the vacuum and leave D and 9D invariant. A Rindler
transformation is a generalization of the CHM conformal transformation [26].

e (Assumption 3) If we can find a Rindler transformation, the density matrix can be
written as py = U le ®AU where K4 is the operator that generate translations
along the thermal circle and U is a unitary operator acting on the Hilbert space
which implements the symmetry transformation. For this definition to make sense,
K 4 needs to be bounded from below in H¢oge.

From the knowledge of the boundary modular flow (4, one can find a bulk modular flow
&4. It is the Killing vector field of Minkowski spacetime which asymptotes to (4.

e (Assumption 4) The expectation value §(K 4) for a linear perturbation of the vacuum
is computed by the Iyer-Wald energy dE4™ associated to the Killing vector &4 of
the corresponding bulk configuration on 3.

e (Assumption 5) The von Neumann entropy S4 = —Trpylogpa is computed by the
area® of the special bulk surface A that is preserved by the bulk modular flow €4 and
is homologous to A. This is the analog of the Ryu-Takayanagi (RT) prescription and
A will be called the RT surface.

These assumptions can be derived for holographic CFTs with AdS duals. There, the special
class of entangling regions are spatial balls in the boundary CFT. Also, Assumptions 3 and
5 were obtained in [26] and Assumption 4 is a consequence of the AdS/CFT holographic
dictionary. The RT prescription for more general entangling regions was derived in [29, 30].

2This means that one coordinate of the new spacetime should have an imaginary identification & ~ z+38.
30r the adequate functional for other theories than Einstein gravity.



In this work, we want to consider the implications of the above assumptions for flat
holography. In particular, we will investigate the consequences of the first law of entan-
glement 0S4 = 6(K4) which is valid for any quantum system where these objects can
be defined. Paralleling the AdS story [19], we will show that the linearized gravitational
equations of motion are equivalent to the first law. We believe that although the micro-
scopic theory is not well understood, this approach can provide valuable insights about
holography in non-AdS spacetimes.

The results that we have proven can also be phrased purely in classical gravity. We
have shown that for linearized perturbations of Minkowski spacetime, the gravitational
equations of motion are equivalent to the first law

5SE™ =SB, (2.1)

for a set of boundary regions A among a special class, and where S§ is the gravitational
entropy of the surface A defined to be the surface homologous to A and fixed by the
Killing vector field £4. The existence of a holographic theory such that 659%™ = 654
and 0E4™ = §(K4) provides a microscopic realization and an interpretation in term of
entanglement which renders the first law automatic.

3 Ryu-Takayanagi prescription in 3d Minkowski
We consider three-dimensional flat spacetime in Bondi gauge
ds? = —du® — 2dudr + r*d¢?, (3.1)

where v = t —r. The boundary is the null infinity Zt (at r = oco) and the boundary metric
is degenerate:
ds® = 0 x du® + dg¢?. (3.2)

Let’s pick a region A on Z7. We would like to compute the entanglement entropy associated
to A in a putative holographic theory living on Z*. This can be computed with an analog
of the Ryu-Takayanagi formula, which was proposed in [25]. In this section, we will review
and refine this prescription.

3.1 Review of the 3d prescription

In [25], the authors proposed an RT prescription for 3d Minkowski spacetime by using a
“generalized Rindler method”. This consists of finding a transformation, which satisfies the
same properties as the Casini-Huerta-Myers conformal mapping [26]. One should look for
a symmetry transformation which maps the domain of dependence D of a subregion A to a
Rindler spacetime characterized by a thermal identification. The modular flow generator,
which is the generator of the thermal identification, is required to annihilate the vacuum
and to leave D and 0D invariant.

Let’s consider an interval A on the boundary, it is characterized by its sizes £, and /4
in the v and ¢ directions. The authors of [25] were able to find a Rindler transformation
for A and to derive a boundary modular flow. Then, the Rindler transformation was



extended into the bulk by finding a suitable change of coordinates. The bulk image of
the transformation is a flat space cosmological solution [31], which is the flat space analog
of the hyperbolic black hole in AdSs;. This maps the entanglement entropy into thermal
entropy, which is computed geometrically from the area of the horizon of the flat space
cosmological solution. This leads to the following picture: the RT surface is the union of
three curves

A=y UyUn, (3-3)
where v4 are two light rays emanating from the two extremities 0A of the interval and -~ is
a bulk curve connecting v4+ and v_. In Einstein gravity, the entanglement entropy is then

obtained as

B Length(~)
Sa="—rq (3.4)

We illustrate this procedure in figure 1. This prescription is consistent with computations
in conjectured dual theories [24]. This RT surface was also shown in [32] to correspond to
an extremal surface. See also [33] for a discussion on the replica trick in this context.

We would like to consider more general theories of gravity and derive a first law. In
a more general context, the RT configuration is the same but the entanglement entropy is
given by Wald’s functional

Sa= /EQ[fA] (3.5)

where £ 4 is the bulk modular flow reviewed below. As we will show, it is important to inte-
grate over A here, instead of just -y, if we want to have a first law. In Einstein gravity, (3.5)
reduces to (3.4) because Wald’s functional vanishes when integrated on 4 and ~y_.

Generalized Rindler method. We are now going to review how the generalized Rindler
method is implemented in [25]. The Rindler transformation in the 2d boundary theory is

sin (%’) /
u = J T+ #Sinhp , (3.6)
cosh p + cos (7‘#) 2sin (%)
sin <%’> sinh p
¢ = arctan

1+ cos (%”) cosh p

The thermal identification is given by p ~ p + 2wi. The boundary modular flow is the
thermal generator 270, which is

27 £y, cOS @ by

. l
Ca —using + - Oy + (cosd —cos () ) 0
sin (%) 2tan (%”) 2sin (%”) ( ( ? ))
(3.7)
This modular flow generates a transformation of BMS3 since it can be written as
Ca=(uY'(¢) +T(4))0u + Y ()0, (3.8)
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Figure 1. Examples of Ryu-Takayanagi surfaces in 3d Minkowski spacetime.

where Y (¢) corresponds to a superrotation and 7'(¢) to a supertranslation. It is depicted
together with its Wick rotated version in figure 2. A simple shape for the region A when
£, # 0 is a portion of sinusoid with equation

L
uw=——"—sing, (3.9)
2sin(5)
although the precise shape doesn’t matter in the computation of the entanglement entropy.
The bulk modular flow can be found by looking for a Killing vector of 3d Minkowski which

asymptotes to (4. It takes the form

27 ) 4y by
{A:Sin(%) usmqﬁ—i—m(%)cosqb—m(%) o (3.10)
+ | cos (%’) —cos¢ — %cosqﬁ + 2t&jﬂ(€§> sil;¢ Dy
(u+7) sin¢ + 2taju<£2¢)cos¢) Or



The bulk modular flow £4 vanishes on the curve «. It doesn’t vanish on the two light rays
v+ but is tangent to them. This is enough to guarantee the existence of a first law, as
explained in section 3.3.

Entanglement entropy as Rindler entropy. To understand better the bulk picture
described above, it is useful to go to Cartesian coordinates (¢, x,y) defined as

t=u+r, T = 1cos ¢, y=rsing. (3.11)

In these coordinates, the bulk modular flow becomes

2 l L
§A:7ﬂ' y+——— | O+ | ycos (6—4’>+7u 8m+(t—xcos(€—"’))8y ,
. (g . (g 2 Ly 2
sin (7) 2s1n< o > 2tan <7>
(3.12)
which is simply a boost, as can be seen by defining new Cartesian coordinates
- t L
tziz—cot(%) x, ;%:Lﬁ—cot(%) t, g]:y—l—iue. (3.13)
sin (%) sin <7¢> 2 sin (%)
In these coordinates, the modular flow is simply
Ea=2m (§O;+10y) . (3.14)

In appendix A, we confirm that the Rindler thermal circle is the same as the one appearing
in the generalized Rindler transform (3.6).* This geometry should be seen as the analog of
the hyperbolic black hole in AdS.

We will now review the explicit RT prescription of [25] but in Cartesian coordinates
where the description becomes simpler. This will be important in discussing the more
general prescription in section 3.2 and the 4d generalization in section 6. As depicted
in figure 1, we consider two bulk light rays that go to the two extremity points of A on
Z7". There is an ambiguity in choosing such light rays, as discussed in section 3.2. The
prescription adopted in [25] is to impose that these two light rays pass through the spatial
origin r = 0, which is natural given a choice of Bondi coordinates. A parametrization of
these two light rays is

t:—%—}—s t:%+5
Ty T = scos (%) , v : T = SCoSs (%’) . (3.15)
- -]
Y= —ssi{ 5 Yy =ssin | 5

L L
u— =, u— —3,
T+ ; ) Y- g2 ’ (316)
6= =3

4One should remember that in the upper wedge, the Rindler time is spacelike, which is consistent with
the boundary picture, see figure 2.
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Figure 2. Boundary modular flow for 3d Minkowski. The left pictures represents the modular flow
with the entangling region A (in blue) and its domain of dependence D (shaded) for ¢, = 0 and
Ly # 0. The right picture is the Wick rotated version with ¢, = i¢, where we see that the modular
flow circles around a point at infinity. In contrast with the corresponding AdS/CFT picture (which
is figure 2 in [20]), the modular flow does not “transport” the entangling region A but is parallel
to it. This suggests that the density matrix p4 is more naturally associated with the domain of
dependence D, as argued by [34] in the AAS/CFT context. Since they have the same domain of
dependence, this suggests that the case ¢, = 0 is really equivalent to the case ¢, # 0, as we will
explain in section 3.2.



so that they intersect the two extremities of A on Z* as required. The bulk modular flow
vanishes on the Rindler bifurcation surface

t=7=0. (3.17)

The curve « should be located where the bulk modular flow vanishes. Therefore, it has
to lie on the bifurcation surface. To determine which portion it covers, we should look
for the intersection of 4 with the bifurcation surface which gives two points P, and P_
with coordinates

- 4
P.: t=¢=0, a}:ii“ (3.18)

2sin <é2¢ >
The curve ~ is then the segment [P_P.]. The resulting RT surface becomes

A=~ Uy Uy, (3.19)
where it is understood that we only consider the portions of v+ that connect v to A. From
the general prescription (3.5), the entanglement entropy of the region A is be given by the
integral of Wald’s functional on A. For Einstein gravity, this reduces to the length of
and this leads to

l, o .
Sa = i cot ( ) (Einstein gravity) . (3.20)

We illustrate this prescription in figure 3 in the coordinates (3.13) where the modular flow
is a boost. A success of the prescription of [25] is that this reproduces the entanglement
entropies obtained through field theoretic methods in [24]. We can now understand what
is going to happen when we will perturb the bulk geometry: the portion of the bifurcation
surface in consideration will satisfy a first law on-shell (this is true for any Killing horizon)
that will map, through the assumptions we have made earlier, to a first law of entanglement
of a putative dual field theory. This is explained in details in section 3.3.

More RT surfaces. The authors of [25] derived a prescription to compute the entangle-
ment entropies for a particular set of boundary regions. The prescription is summarized
in figure 1 with two qualitatively different cases ¢, = 0 or £, # 0. There is a simple way
to generate the RT surfaces associated to more general regions on Z*. This can be done
by acting with bulk isometries on the initial configurations. In Minkowski spacetime, we
should act with elements of the Poincaré group. Their actions on Z* are given by BMS3
transformations which transform A into a new reglon A’. This new region will be a more
complicated curve. The corresponding RT surface Al s simply obtained as the image of A
under the bulk isometry. These transformed RT surfaces are depicted in figure 4 and play
a crucial role in the proof of the linearized gravitational equations of motion from the first
law of entanglement.

3.2 General 3d prescription

We will explain an important ambiguity in the RT prescription of [25], which we reviewed
above, corresponding to the choice of how the light rays reach infinity. This ambiguity
was also considered in [32]. As a result, we will show that additional RT configurations
are possible.



Figure 3. Ryu-Takayanagi surface in coordinates (f,,7) in which the bulk modular flow is a
boost. It is given by A = v_ U~y U ~4. The surface v lies on the Rindler bifurcation surface (the
dashed line) and the light rays 4 and v_ are tangent to the modular flow.

Infalling light sheaf. This ambiguity is most apparent when we consider the following
fact: the case £, # 0 can actually be obtained from the case ¢, = 0 by acting with the
bulk translation

by
2sin (%’)
This is apparent from the formula of the bulk modular flow (3.12): the modular flow for
£, # 0 is simply the image of the bulk modular flow for £, = 0 under this translation. On

the boundary, this translation becomes

U — U+

L
— —sing, (3.22)
zsin ()

sin ( -
and maps the boundary interval with £, = 0 to the one with £, # 0, see figure 2. This fact
is puzzling because it implies that the configuration with £, = 0 and the configuration with
¢, # 0 are physically equivalent, as they are related by a bulk translation (which should
be a true symmetry of the Minkowski vacuum). However, the entanglement entropies
computed earlier are not the same for ¢, = 0 and ¢, # 0, as seen for (3.20).

~10 -



In fact, this arises because the RT prescription depends on a choice of how the light rays
arrive at infinity, or a choice of infalling light sheaf. For a given point on ZT with coordinates
(u, @), there are many inequivalent bulk light rays that go to this point, differing by bulk
translations. We define an infalling light sheaf to be a set of light rays whose intersection
with ZT is OA. The RT prescription will depend on the choice of such a light sheaf and
acting with a bulk translation will modify this choice. To obtain a good RT prescription,
we must require that the light sheaf satisfies the following two conditions:

1. Each light ray in the light sheaf must intersect the Rindler bifurcation surface.
2. The bulk modular flow must be tangent to the light sheaf.

The first condition is necessary to be able to define an RT surface (which should contain a
portion of the Rindler bifurcation surface) while the second condition ensures the existence
of a well-defined first law as we will show in the next section.

Heuristically, the choice of a light sheaf amounts to a choice of cutoff surface at infinity.
In more mundane language, we are just saying that the entanglement entropy is cutoff
dependent (even though it is finite). It is difficult to be more precise about what we mean
by “cutoff” because the dual theory is not well-understood. We believe that this ambiguity
reflects some properties of the UV structure of the dual theory.

Generalized 3d prescription. In 3d, the boundary dA consists of two points By and
B_. Hence, the choice of infalling light sheaf is the choice of two light rays v and y_ that
arrive at these points and satisfy the two conditions stated above. An explicit parametriza-
tion of this light sheaf can be given as

t:%+3+Y+Sin(%) t:—%—&—s—Y_sin(%”)
Vi x = S$Cos %‘” , v : T = S$Cos (%’) (3.23)
Yy = ssin % + Yy y = —ssin (%)—FY,

where s € R is a parameter on the light ray and Y, ,Y_ are arbitrary constants. The
light rays v+ arrive on Z, respectively at the points By. As required, they intersect the
bifurcation surface § = £ = 0 and are tangent to the bulk modular flow. Note that we
have also used the freedom of reparametrization of s to reduce the number of independent
parameters. At the end, we obtain a family of light sheaf parametrized by two arbitrary
constants Y, and Y_. The light rays v+ intersect the bifurcation surface at £ = T with

l l
B=e—t o —Vieos(%),  F=—t4voeos(%). (329
2tan (7") 2 tan <7¢>
The length of v is therefore given by the separation in  which leads to the entropy
Sa = 1 Y t Ly Y. Y- to 3.25
4= g5 [tucot () + (Ve +Y-) cos (5] (3.25)

The case Y, = Y_ = 0 corresponds to the prescription adopted of [25] described above.
This prescription can also be obtained by requiring that the light rays intersect the line

- 11 -



r = 0, which makes this prescription natural given a choice of Bondi coordinates. Another
simple choice is

L
V=Y. =-—— . (3.26)
2 sin (7¢)
In this case, the two light rays 74 and «_ intersect at the point
- . 4y,

(0N
2sin (7‘#)

This gives a vanishing entropy and it corresponds to the case where we have applied a
bulk translation to go from the ¢, = 0 configuration shown in figure 1 to a configuration
with £, # 0 in which the light rays vy and ~_ still meet. We can see that the intersection
point (3.27) is indeed precisely the image of the origin by this translation. We would like to
emphasize that there are no reason to favor one prescription or the other. Instead, we be-
lieve that we are free to choose any light sheaf satisfying the two conditions described above,
and we interpret this choice as reflecting a choice of regulator in the putative dual theory.

3.3 First law of entanglement

In quantum mechanics, the first law of entanglement is a general property of the von
Neumann entropy, which holds whenever we have a well-defined density matrix. It states
that under a variation p — p + dp, we have

58 = §(K), (3.28)

where S = —Trplogp and K = —logp. The proof uses simple manipulations on density
matrices and is given in [19]. When p is the density matrix associated to the boundary
region A, we will denote 54 the entropy variation and dE4 = 0(K) the energy variation.
The first law of entanglement states that

0S5, =0FE,. (3.29)

We would like to compute the corresponding gravitational quantities §S§™ and §E§™
under a general perturbation of the metric. Following the general prescription discussed
above, we consider the RT surface A = v+ UyU~_ where v+ are given in (3.23). In Einstein
gravity, the gravitational entropy associated to the RT surface A is nothing but its area
in Planck units. The variation of the entropy is then computed from the variation of the
area of A. We want to allow for general theories of gravity so we introduce Wald’s Noether
charge Q[£4a] associated to the Killing vector field £4. The variation of the gravitational
entropy is then given by

053 = /,z 5Q[Ea. (3.30)

The gravitational energy is defined as the boundary term appearing in the expression of
the canonical energy of the region X such that 9X = AU A. It has the expression

e = [ (Qlea] - €4-009) (3:31)

- 12 —



where @ is the presymplectic form. Paralleling the AdS story [19], let’s define the form

X = 0Q[€a] — €a- ©(09), (3.32)

we will show that x satisfies the same properties as its AdS counterpart. The bulk modular
flow &4 vanishes on ~. It doesn’t vanish on 4 where it is tangent, nonetheless, the integral
of £4-©(0¢) on v* vanishes because €4 - (€4 - O(6¢)) = 0 since © is a 2-form. This shows
that [;&4-©(d¢) = 0 and that we have

5T — /~ X. (3.33)
A
Using similar manipulations as in section 5.1 of [19], we can also show that
SEE™ = / X (3.34)
A
and that
dx = —2640E ", (3.35)

where 0 E,;, are the equations of motion. Therefore, the gravitational entropy and energy
satisfy a first law for on-shell perturbations

§SE = SEEY (3.36)

which follows from the fact that

5Eirav_5sira\,:/X_[X:/dXZO. (337)
A A 2

The goal of our paper is to show that the converse also holds: the first law of entanglement
for all the regions A (among a special class) implies the gravitational equations of motion.

Einstein gravity. For pure Einstein gravity, we have

O3g) = oo

The expression for x reads
x(6g) = 6Q[€a](0g9) — £a - ©(dg) (3.39)

1 ac 1 cy7a a ¢C ac a c
= To-GS <6g Vet = 509V €h + V09" £h — Vebg™*&y + Vo 055‘4) :

1
Vydg® — V%g,?), Q[¢] = — oo GV“fbeab. (3.38)

We now consider a small perturbation of the metric around Minkowski
Gab = Nab + Ahap, (3.40)

such that dg., = Mgy, where A is small. For instance, one can consider a perturbation in
Bondi gauge (see section 5.2 for a complete description),

hapda®dz? = (‘; — Qﬁ) du® — 4Bdudr — 2r*Ududr + 2r2p d¢? | (3.41)

~13 -



where V', 8, U are functions of all coordinates, while ¢ depends only on u and r. The
linearized Einstein equation are obtained for small \:

1
Rap = 5 Rgap = 0Eap ()X + O(\?). (3.42)
Using (3.39), we have computed x explicitly and checked that indeed
dx = —26%6E e . (3.43)

Note that this formula follows from the general derivation given in [2]. It ensures the
validity of the first law for on-shell perturbations. A simple class of asymptotically flat
on-shell perturbations is

ds® = neyda®dz® + A ((—)(¢) du? + 2 <E(¢) + g%@(fb)) dud¢) , (3.44)

where © and = are arbitrary functions of ¢. They were found in [10] and we show how to
obtain them in section 5.2. We focus on an interval A on the slice v = 0 (taking ¢, = 0)
and with width /4. We compute explicitly the energy variation

L
OEs = /AX: 481111(%)/% do (cosqb—cos (%’)) E(p) . (3.45)

Note that this can be written in term of the modular flow (3.7) as

_ b ¢ =
5Ba= o /A a6 ¢4 =(6). (3.46)

We conclude that this perturbation should be accompanied by a variation of the entropy
for the first law to be satisfied.

Refined prescription. In [25], the RT prescription was proposed only for Minkowski
spacetime. For linearized perturbations at first order, the RT surface A is unchanged so
we expect to be able to use the same prescription for perturbed Einstein gravity:

Length(A)
Sp=—7"—1—, 3.47
s = Loned (3.47)
where the length is computed in the perturbed geometry. For the perturbation (3.44), it
is easy to see that vy and ~_ are still light rays that intersect at the origin and, since A
is the union of them, the prescription would imply that §S4 = 0.° This contradicts the
first law of entanglement because d 4 # 0. The resolution of this problem comes from the

corner in A between v+ and v—. We should regulate it by considering a smooth curve Kreg

5We are using here the light sheaf prescription where we impose that the light rays pass through the
origin r = 0. This is the prescription used in [25].
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arbitrarily close to A= Y4+ U~v—. In other words, the corner has a non-trivial contribution
to the integral.® The correct prescription is then

Sa= [ Qieal=lim [ Qleal, (3.45)

where 21; is a smooth curve that regulates the corner in A= v+ U~- and converges to A
when € — 0. From the fact that dx = 0 on-shell and that A. is a smooth curve homologous

/1 X = /Ax =0Ex4, (3.49)

which would not be necessarily true if A, had corners. From the definition (3.32) of x, we

to A, we have

can see that

5S4 = lim / (X +E4-©). (3.50)
e—0 gs

In the limit where ¢ — 0, the integral of £4 - © vanishes because 4 is tangent to v+ and
vanishes at the corner v4 N~_ (while © is finite at the corner). Therefore, we have checked
the validity of the first law of entanglement for the RT prescription,

0S4 =0FE,4. (3.51)

Note that for Einstein gravity, (3.48) doesn’t reduce to the length of greg because Q[€4]
computes only the length of the surface on which £ 4 vanishes. In particular, S4 can become
negative for some choices of perturbations. We comment on this in section 3.4.

3.4 Positivity constraints

Let’s consider the interval A with £, = 0 and use the prescription in which the light rays
intersect at the origin, see figure 1. In Einstein gravity, the entanglement entropy Sx
vanishes. This implies that the state p4 is pure. This is unlike any standard quantum field
theory, where the vacuum entanglement entropy has a universal divergence. This suggests
some form of ultralocality as discussed in [35]: the vacuum factorizes between subregions
of a constant u slice of ZT. A perturbation will then create a nonzero entropy

SA =054 =0FE4. (3.52)

From the explicit expression of (3.46), we can see that this expression can become negative.
This is in tension with the fact that von Neumann entropies are always positive. This gives
a constraint on perturbations of the form (3.44) that can be described within a quantum
system on ZT satisfying our assumptions. Imposing that

Su=06E4>0 (3.53)

SThere is a similar problem with the origin in polar coordinates. For example, we have fsl df = 27 for

a circle SI of radius . Stokes theorem implies that this integral doesn’t depend on €. In the limit ¢ — 0
though, S! reduces to a point which suggests that the integral should be set to zero. This is incorrect
because df is not defined at the origin.
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Figure 4. Examples of new RT surfaces obtained by bulk isometries acting on the reference
configuration for ¢, = 0.

gives a constraint on Z(¢) according to (3.46). To understand this better, let’s restrict
the Hilbert space H that contains only the perturbations (3.44) of 3d Minkowski. The
condition (3.53) implies that we should restrict to the subspace Heoqe € H on which
0(K 4) > 0. This implies that the operator K 4 is bounded from below on Hc4e and hence,
that the density operator e %4 is well-defined there. As a result, positivity of the entropy
gives a constraint on the perturbations that can be described within a quantum system
satisfying our assumptions. This is similar to the constraints on AdS perturbations coming
from quantum information inequalities [36-38].

Sign ambiguity. The generalized Rindler method doesn’t fix the sign of the modular
flow. If a path integral formulation can eventually be given, the sign would be fixed from the

choice of the vacuum state. Choosing the new modular flow ¢’y = —(4, with new modular
Hamiltonian K’y = —K4, the condition S4 > 0 selects a different subspace H.,_,, C H: the

subspace on which K’ is a positive operator. This ensures that for the modular flow ¢/,

/
code*

of the modular flow amounts to selecting a different subspace on which p4 is well-defined.

we have a density operator e~ 4 which is well-defined on H Hence, changing the sign
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4 Flat 3d gravity from entanglement

In this section, we show that the first law of entanglement implies the gravitational equa-
tions of motion, linearized around three-dimensional Minkowski spacetime. Our proof is
valid for any theory of gravity, including higher-derivative terms. The generalization to
four dimensions is treated in the section 6.

4.1 General strategy

Let’s consider a general off-shell perturbation of 3d Minkowski. The one-form x satisfies
dx = —266E e, (4.1)

where 0 E, are the equations of motion for the perturbations and €, = %albcdxb Adze.T As
explained in (3.37), the first law of entanglement implies that for all surfaces ¥ bounded

by A and Z, we have
/ dx =0. (4.2)
b

We would like to show that this implies that § E;, = 0. This is reasonable because we have
a large number of such surfaces ¥. The derivation will be similar to the AdS case [19]
although the RT surfaces are more involved here. Bulk isometries will play a crucial role.

The strategy is to start with some reference configuration. By varying the parameters
of this configuration, we will obtain constraints on the gravitational equations §E,,. We
will then act on this configuration with bulk isometries to obtain new constraints. This
amounts to probing the perturbation with new RT surfaces, obtained by applying a bulk
isometry to the reference configuration. The new constraint is obtained by replacing d E
by its image under the transformation. The logic can be phrased as follows: the first law
of entanglement gives the equation

/Z £ Eq(2)e’ = 0. (4.3)

We can consider a new configuration 3. obtained by performing a bulk isometry x — .

b

The associated bulk modular flow €% and volume form & can be obtained by applying the

transformation to £* and €®, which gives

&Ea@e 0. (1.4)

We are probing the same perturbation d E,, with a different RT surface and we emphasize
that 0E,(#) is now evaluated on the new RT surface . Now, we can change variables in
the integral using the inverse bulk isometry x — 2. This gives

/256 (f;; gf:l(SEab(i(x))) e = 0. (4.5)

Teabe IS a totally antisymmetric tensor such that ey.¢ = /—g.
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This shows that if (4.3) allows us to prove that some functional of the equations of motion
vanishes:

F [0 Eqap(x)] =0, (4.6)

then we immediately have that the same functional but applied to the transformed equa-

tions of motion vanishes:
9xc 9

da® dab

This procedure is made mathematically precise in appendix B.

F §Eu(i(z))| = 0. (4.7)

4.2 Linearized gravitational equations

We now describe the proof of the gravitational equations, linearized around 3d Minkowski
spacetime. Although the proof is conceptually similar to the AdS case derived in [19)], it
is rather more challenging in flat space. In particular, we will have to use different RT
prescriptions as discussed in section 3.2. Bulk isometries will also play an important role
in generating enough constraints on the perturbation.

Reference configuration. The reference configuration is an interval A with £, = 0 at
u = 0 and with length /4 centered at ¢ = 0. We can parametrize the interval A by

A: u=0, qse[—%,%]. (4.8)

The RT surface A consists of two semi-infinite light rays starting at the origin and ending
at the extremities 0A, as in figure 1. The surface 3 at u = 0 which is bounded by A and
A can be parametrized by r and ¢ with

S: ou=0, r>0, QSE{—%’,%’}. (4.9)

The bulk modular flow (3.10) evaluated on ¥ reduces to
2m

= — (rsin¢8r + (cos¢ — oS (%)) 8¢) . (4.10)
sin (7“5)
Let’s write explicitly the equation (4.1). In Bondi coordinates, we have
e =—g,=—rdrNdo. (4.11)
Hence, the pullback of dx on ¥ is®
dx|s = 2r{*0E.dr ANdo. (4.12)

From (4.1), we obtain’
2

/_% do /;C><> dr (1%sin ¢ 0By, + 7 (cosg —cos () 0B,s) =0, (413)

8The 2-form dr A d¢ is singular at 7 = 0 so we need to restrict the integration range to 7 > ¢ and take
€ — 0 at the end. This is always what we will be doing implicitly.
9We thank Hongliang Jiang for pointing out a mistake in the previous version of this formula.
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Expanding this equation at small £, implies that
+00
/ dr (r*040Fyr(0,7,0) + 76 F,.4(0,7,0)) = 0. (4.14)
0

Rotations and time translations. We can consider new configurations obtained by
performing rotations. They are the same as the reference configuration but centered at
¢ = ¢g. The new RT suraces are obtained as the image under the bulk isometries

¢ — ¢+ ¢o. (4.15)

The Jacobian of this transformation is simply the identity. Therefore, following the logic
exposed in the previous section, we obtain that the vanishing of the functional (4.14) but
applied to the image of §E,; under this isometry:

—+o00
/ dr (12058 By (0, 7, o) + 76 By (0,7 o)) = 0, (4.16)
0

for any angle ¢9. We can do the same with translation u — u + ug in retarded time u,
to obtain

+oo
/ dr (T28¢6ET7” (uﬂa r, ¢0) + TéE’r’d)(uO; r, ¢0)) =0. (417)
0

light sheaf deformation. We consider the same boundary interval A as in the reference
configuration (4.8). The latter followed the prescription in which the light rays ~; and ~_
intersect the spatial origin r = 0. This is not the most general prescription, as discussed
in section 3.2. Here, we will use a more general prescriptions to derive more constraints on
0FE 4. An alternative proof of this step is presented in the appendix C.

We consider a more general light sheaf for the interval A. We take the parametriza-
tion (3.23) where we set ¢, = Y_ = 0 and Yy = Y. The two light rays intersect the
bifurcation surface at £ = 0 and £ = —Y cos (Zi’). The first law tells us that for any Y,

2
we have

/ dx =0, (4.18)
Yy

where the surface 3y depends on Y and can be chosen to be any surface such that 0¥y =
AU A. In particular, one can choose Yy = Y (y—o) U Ny, where Ny is the strip created by
the union of all the half light rays 4 given in (3.23) where the parameter Y, goes from 0
to Y. From (4.18), it then follows that for any Y, we have

dx =0. (4.19)
Ny

We now take the derivative with respect to Y and evaluate at Y = 0. The integral reduces
to an integral over the Y, = 0 light ray and the integrand is contracted with 0z as the
effect of changing Y, is to translate the light ray in the Z-direction. At the end, we get

/ d; - dx =0, (4.20)
Y+
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where v, is the usual light ray from the origin to the point (u,¢) = (0, %’). Converting
the vector to Bondi coordinates, we obtain

0z = sin%g‘b) [(cos (%”) — cos ¢) Oy + cos ¢ O — Sil;¢8¢ . (4.21)

The integral is evaluated at ¢ = %’ where the expressions for 0z and for the bulk modular
flow (4.10) simplify to

1

0z = cot (%) Or — ;&75, €a = 27mr Oy (4.22)
The pullback on vy only keeps the dr component so in the expression (4.1) for dx, we
only have a contribution from " = —rdr A d¢. As a result, O - clx\ﬁy+ = —4nrdE,, dr and

we obtain

+o0
/ drrdE..(up, 7, ¢0) =0, (4.23)
0

where as above, we have used rotations and time translations to make this expression valid
for any ug and ¢y.

Radial translations. Let’s consider a new configuration which is obtained by trans-
lating the reference configuration by a distance rg in the direction ¢g of the light ray on
which (4.23) is integrated. In Cartesian coordinates, such a translation is given by

t—t+ro, T — T + rgCos ¢y, Yy — y+rosingg . (4.24)

These configurations are illustrated in figure 4. We can apply the reasoning presented in
section 4.1 for these new configurations. In Bondi coordinates, the transformation becomes

u—>7"+r0+u—\/r2+2rrocos(¢—¢o)+7“8, (4.25)

r = (/T2 +2rrgcos(p — ¢o) +1d, (4.26)
rsin(¢) + ro sin(¢o)

¢ — arctan(TCOS(¢) Tro cos(qbo))' (4.27)

The constraint (4.17) applied to the image of dE,, under this isometry gives the new
constraint

/+OO dr (r — o) 6 Epr(uo, 7, ¢0) =0, (4.28)

7o
where we have also performed the change of variable » — r — ry in the integral. Taking
two derivatives with respect to rg shows that

5Err (ZLO, To, (Z)()) =0 s (4.29)

for any value of wg, 79, ¢o. From this, the equation (4.17) simplifies to

+o0
/ drrdE,4(up,m,¢o) =0. (4.30)
0
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We use the same radial translation on this equation to obtain the constraint

oo _ 2
/+ dr (TTTO)(SET(b(uO, r, ¢0) . (4.31)

0

Taking three derivatives with respect to r¢ implies that

dEr4(uo, 70, 00) =0, (4.32)
which is true for any value of ug, g, 9. Hence, we have shown that
OB, = 0,4 =0, (4.33)
everywhere in the bulk.

General translations. We consider a general bulk translation dx# = v#. This gener-
ates a new family of configurations, illustrated in figure 4. Acting with the infinitesimal
translation on 0E,4 = 0 leads to

(vycos ¢ — vy 8in @) (r*0 By + 6Eyy) =0, (4.34)

which implies that
§Epy = —120Ey, (4.35)

everywhere in the bulk.
Conservation equation. We now consider the conservation equation
Va(0E™®) =0, (4.36)

which is always satisfied by the equations of motion. Here, V, is the derivative with
respect to the background Minkowski spacetime. We will use this equation together with
an additional holographic input to cancel the remaining components. Indeed one should
remember that in AdS, the proof requires a holographic input that is the conservation and
the tracelessness of the boundary stress tensor. In a radial Hamiltonian perspective, they
correspond to initial conditions on the boundary surface. In the flat case, similar initial
conditions are required. We will show in the next section how to make sense of a boundary
“stress tensor” and derive its constraint equations using a flat limit in AdS.
For b = u, the conservation equation implies

which leads to 6B, = Co(u,¢) and 0Ess = —r?Co(u,d). We expect that the trace
conditions (5.29) and (5.30) imply that Cp = 0 although we have not been able to show it
conclusively.!? Assuming that this is the case, we obtain

§Eur = 6B4 =0, (4.38)

10This would be done by turning on an off-shell perturbation in the Bondi gauge such that (5.29) and (5.30)
are violated which would allows us to identify the corresponding components of Einstein equations. We
leave this analysis for future work.

- 21 —



everywhere in the bulk. The conservation equation for b = ¢ then gives

0Eyus + 10 (0Eys) = 0. (4.39)
The solution of this equation is
C
By = Q(ngb) . (4.40)

In the next section, we show that the equation Cy = 0 is precisely the conservation equa-
tion (5.13) of the boundary stress tensor, so we have 6E,4 = 0. Finally, the component

with b = r gives

0Euy +10r(6Eyu) =0, (4.41)
with solution o
5By = S 9) (4.42)
T

The equation C; = 0 is the other conservation equation (5.12) of the boundary stress
tensor, so we have 0F,, = 0. Hence, we have shown that all the components of the
linearized gravitational equation vanish.

5 Holographic stress tensor in flat spacetime

In AdS, the boundary is a timelike hypersurface which allows for the definition of a non-
degenerate boundary metric whose dual operator is the boundary stress tensor. In flat
space, things are more subtle, because the metric becomes degenerate on the boundary
(its determinant vanishes). This is simply because Z1 is a null hypersurface. To have a
good understanding of the flat case, it is helpful to start from its AdS counterpart and
perform a flat limit sending the AdS radius to infinity, we will see that this amounts to
perform a Carrollian limit on the boundary (or ultra-relativistic limit). We will show that
the induced geometry on a null hypersurface contains more than a degenerate metric and
that additional geometrical objects appear naturally when performing the flat limit. The
concept of boundary stress tensor will also have to be modified.

5.1 AdS3 in Bondi gauge

We consider the following metric, written in Bondi gauge:

ds? = %ewdqﬁ — 262Bdudr + ’r‘262¢(d¢ — Udu)z- (5'1)

We are going to consider small perturbations around global AdS, the most generic pertur-
bation in Bondi gauge is given by

~ ~ 2 ~
3 =\g, V:—r<1+22>+)\v, U=\, &=y, (5.2)

where A is a small parameter. From now on, all the expressions will be linearized in .
Solving the (r,7), (r,u), (r,¢) and (¢, ¢)-components of the linearized Einstein equations,
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with negative cosmological constant, gives

B = 60(“1 ¢)a
N(u, ¢) 204
U= =5 +Up(u.9) + =2, (5.3)
27“250
V=rM(u,¢)+r <— 2 2r (0,Uo + augo)> )

The flat limit was considered for the case Sy = Uy = 0 in [6]. There are two residual
equations, given by the (u,u) and (u, ¢)-components of Einstein equations

OuM = 204Uq + 203Up — 20,80 — 40,0580 + 20up + 20,050 + 20 204N ,

1 (5.4)
The latter can be understood as the conservation of a boundary stress tensor
v, T" =0, (5.5)
where p = {u, ¢}. The boundary metric and the stress tensor are given by
14478
(e A TRV 1w
G = , = T, (5.6)
—AUy 142\ 8G

where
70 = % (=14 A (M + 650 + 49360)) »
70 = —0 (=1 4+ A (M + 260 + 2¢ + 2020,0,Up + 2020;p) ) .

This stress tensor can be obtained, for example, through the Brown and York procedure.
It is well-known that the boundary theory is a 2d CFT whose central charge is given by [39]

3¢
= 5.8
= (53)
and this is confirmed by computing the anomalous trace of the stress tensor
c l
T =——R=—— .
" 12R g GR, (5.9)

where R is the scalar curvature of the boundary metric.

5.2 Flat limit and Carrollian geometry

We have now all the ingredients to perform the flat limit. In the bulk, the £ — oo limit
of the metric is given by another metric in the Bondi gauge (5.1) but whose defining
functions are

B=X3, V=—r+AV, U=XU, &=2\p, (5.10)
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we notice that this is now a perturbation around Minkowski. Solving the (r,7), (r,u), (r, ¢)
and (¢, ¢)-components of the linearized Einstein equations, this time without cosmological
constant, gives

B = ﬂO(Q’La ¢)>
v =YD | ) 4 2P (5.11)

V =rM(u,d) + 1 (=21 (04Uo + Oup)) -
The two residual equations, the (u,u) and (u, ¢)-components of Einstein equations, are

OuM = 205U0 + 203Up — 20,0 — 40,0560 + 20up + 20,03, (5.12)
OuN = S0,M — 0y, (5.13)

To be more precise, we have that the (u,u) and (u, ¢)-components of the linearized Einstein
equations scale with r as
OE = Gi(w¢) and 0FE,4 = M, (5.14)
r r
such that C; = 0 < (5.12) and Cy = 0 < (5.13). These conditions are the holographic
input we need for the proof of section 4. The difference with the AdS case is that we cannot
recast these two conservation equations as the divergence of a boundary energy-momentum
tensor for the simple reason that there is no non-degenerate boundary metric that allows
us to build the usual covariant derivative. In the following we will show how to obtain the
right geometrical structure to describe the boundary geometry.
To perform the limit on the boundary, it is useful to decompose the boundary metric
and energy-momentum tensor with respect to their scaling with £. We start with the metric

Juv = hMV - giznunyy (515)
where
1+2X 0 =AU,
n, = fo | Dy = o). (5.16)
0 —>\U0 1+ 2)\@
The inverse metric is
gh = —LPvh¥ + b (5.17)

where

1—2) 0 0
ot = ) . (5.18)
AUy 0 1-2X\p

This decomposition allows us to define properly the geometry on the null infinity. It will be
composed of a degenerate metric h,, (which induces a real metric on the boundary circle)
whose kernel is given by the vector field v# which represents the time direction, a temporal
one-form n, and the pseudo-inverse metric h*" (indeed, as h,, is degenerate, it does not
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enjoy a true inverse). These are the ingredients of a Carrollian geometry [40, 41]. One can
check that they satisfy the following relations

hv” =0, hW¥n, =0, ov'n,=1 and h~"he, =6 —vin,, (5.19)

at first order in A\. These can be taken as the defining relations of a Carrollian geometry.
We will also make use of the scalings of the Christoffel symbols with ¢:

Iy, = £2X,fjp + Yl + ﬂzgp, (5.20)

where XV, Y}, and Z[, can be written in terms of the Carrollian geometry as'!

l ) o
lejp = _57} v (al/hap + 6phfcru - aa'hup)y (5.21)
VY, = b, + 0" (00 e — (O )ny)) +0"0my), (5.22)
Zﬁp = ((60n(u)np) - n(yap)na) ’ (523)

where ’y’Jp = %h”" (Ovhop + Ophoy — Ozhy)p) is the Levi-Civita of the pseudo metric hy,.
The boundary energy-momentum tensor scales with £ as

T = (3T + (T}, (5.24)

so the boundary dynamical data decomposes in two pieces, 7" and T{", defined on Z*.
For the perturbation in Bondi gauge, they are given by

, 1 (0 2AN
T = —, , (5.25)
8G \2AN 1 — \(M + 26y + 2¢)

o _ L <1 — MM + 68 +482B0)  A(Up + 202Uy + 28¢6u<p)>

o (5.26)
8G \\(Uo + 202U0 + 2050up)  —M(20u0,U0 + 202¢)

We can now take the { — oo limit of the conservation equations. We obtain the two
following conservation laws, a scalar one and a vector one

ne (OuT1 + YT + Y7 TP + X[ T8 + X7, T37) = 0, (5.27)
huo (0T + YTY + Y2 T4° + Z T + Z3,T1") = 0. (5.28)

In three dimensions, the vector conservation corresponds only to one equation since its
projection on v* vanishes by definition. These two equations are the analog of the con-
servation of the stress tensor in AdS3 and reproduce perfectly the two equations (5.12)
and (5.13). They are the holographic input that we need in the proof in section 4 to cancel
the integration constants C7 and Cj.

" One can check that Y}, is a torsionless “compatible” Carrollian connection [40], which means that it
parallel transports v* and hy. .
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There is also a Carrollian equivalent of the relation between the trace of T#” and the
scalar curvature. It is obtained simply by taking the ¢ — oo of the formula (5.9) which
splits into two equations:

R

hyu T — n,m, T = —é , (5.29)
R

hy T = —é , (5.30)

where Ry and R; are two Carrollian scalar curvatures defined as

_ v e B ra B ey v B ey B o
Ro = Ry — 200" (0233, + Y1, 200 + 20, Y55) + 20 (20, X2 + X0, 225)

v 1% uy’ o
_ B B B
Ry = =200 (0,5, + Y, Y8 + 200, X3 + X1, 235 (5.31)
v B B
2 (D0 XL Y0, X+ X1, Vis)
and Ry is the scalar curvature associated with Y,f;):
Ry = hi (aaY;; — Y+ YEYS — Y, ;;) . (5.32)

Equations (5.29) and (5.30) are the third holographic input that we have to impose for
the proof in section 4. They are the equivalent of the tracelessness condition for the
holographic stress tensor in AdS, that one has to impose on top of its conservation. For
the Bondi perturbation, Ry and R; are given by

Ry = —4936 , (5.33)
Ry = 2(8¢8uU0 + 63@) . (5.34)

Finally, we can focus on the case 8y = Uy = ¢ = 0, which is the space of solutions
considered in section 3.3 (see [10]). The two cuvature elements Ry and R; vanish, therefore
it corresponds to a “flat” Carrollian geometry on the boundary (we also have that X[,
Y}, and Zl, vanish). Moreover, the two pieces of boundary dynamical data simplify to

1 0 2AN
™ = — .
0 8G (2)\N 1— AM) ’ (5-35)
1 ([1-AMDO0
™ = — 5.36
! 8G ( 0 0) ’ (5-36)
and their two conservation laws become
OuM =0, (5.37)
OpM = 20, N . (5.38)

The solutions are given by M = ©(¢) and N = §930+Z(¢). One can check that with these
defining functions, together with 5y = Uy = ¢ = 0, the line element (5.1) becomes (3.44):

ds? = npdada® + A (@(@ du? + 2 (5(¢) + ga¢@(¢)) dudgb) + 00N, (5.39)

which is the metric perturbation we have used for exact on-shell computations.

— 96 —



6 Generalization to 4d

In this section, we give the Ryu-Takayanagi prescription in 4d that follows from the assump-
tions given in section 2. We find a Rindler transformation and describe the corresponding
entangling regions and RT surfaces. We show that the general RT prescription depends
on the choice of an infalling light sheaf, i.e. a choice of bulk light rays which intersects Z+
at the boundary A of the entangling region. Using these RT surfaces, we show that the
gravitational equations of motion are equivalent to the first law of entanglement, assuming
that the constraints on the boundary stress tensor imply the vanishing of d F, at infinity.
Our proof is valid for any theory of gravity, including higher-derivative terms.

6.1 Ryu-Takayanagi prescription in 4d Minkowski

Rindler transformation. We describe a transformation which satisfies the assumptions
of the generalized Rindler method. It maps the coordinates (u,,¢) on ZT into the coor-
dinates (7, p,n) according to

T

1
coshp’ (6.1)

6 = arctan (sinh p) + g ,
¢p=1.

This can be compared with the 3d case (3.6). It is in fact a BMSy superrotation, which
maps the round sphere into a conformally flat space

1
d6* + sin%0 d¢?* = Cosh%(dp2 +dn?). (6.2)

It is a Rindler transformation because the space that we obtain has a thermal identification
p~p+2mi. (6.3)

The modular flow (4 is the generator of this thermal circle, given by
Ca =210, =27 (ucosO 0, +sinfhdy) . (6.4)

This vector belongs to the BMS, algebra and hence annihilates the vacuum, as required
for a boundary modular flow. To obtain the bulk modular flow, we can look for a Killing
of 4d Minkowski which asymptotes to 4. We obtain

(r +u)

r

Ea=—2m <u cos 0 0y, — (r +u)cosf 0, + sin089> ) (6.5)

Note that this is much simpler than trying to find the gravitational solution which is dual
to a thermal state, i.e. the flat space analog of the hyperbolic black hole, which is what we
do in appendix A.
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Watermelons. We focus on entangling regions that lie on the slice u = 0 as other
configurations can be obtained by acting with bulk isometries. The entangling regions A
are given by patches on the sphere at infinity that are invariant under the flow. They are
“watermelon slices” whose boundaries follow the flow and with width £4. They can be
parametrized as

-3<¢<%

0<o<m, (6.6)

and are represented in figure 5. The domain of dependence D and its boundary 9D can be
checked to be invariant under the flow.'?

Generalized Rindler transformations. When the sphere is written in complex coor-

dinates
z = e"Pcot (g) , zZ=e “cot (g) , (6.7)
we observe that the Rindler transformation (6.1) can be written as
z—e Y, z—e (6.8)

where w = p —in, w = p + in. This suggests a way to obtain more general Rindler
transformations, obtained by acting with a Mobius transformation on the sphere. Let’s
consider the following transformation

u —

zZ —

zZ —

cos g

; 6.9
cosh p +cosnsin00T (6.9)

sin O + €“ (1 + cos 6

i

sin 0y e¥ + (1 + cos 6y
W

)

)
( )
sinfp + e (1 + cos )
sin fp e® + (1 + cosfy)

which is a BMS, transformation. The boundary modular flow is the vector 279, given by

=— 00,+k), 6.10
Ca =~ (0300, + ) (6.10)
where k is a conformal Killing of the sphere given by
k = (sin@ — sin @y cos ¢) O + sin fy cot Osin ¢ 0y . (6.11)
The bulk modular flow is
2
€4 = Cosﬁeo ((u +7)cos00, — %sin@ 69) +Ca. (6.12)

It is obtained as the Killing vector of 4d Minkowski spacetime which matches with (4 on
the boundary. The transformation described in (6.9) has also the thermal identification p ~
p + 2mi. It is a one-parameter generalization of the previous Rindler transformation (6.8),
obtained by considering a more general conformal Killing k of the sphere.

12The boundary A is not fixed pointwise by the flow, which is different from the AdS case or in 3d
Minkowski. This is inevitable for 4d Minkowski because there is no conformal Killing on the sphere which
admits a one-dimensional set of fixed points [42].
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Disk at £y =7 Smaller disk at £y =7

Figure 5. Examples of entangling regions (in blue) and associated RT surfaces (in red) for 4d
Minkowski on the constant v = 0 slice. They are associated to the modular flow (6.10) and its bulk
extension (6.12).

Generalized watermelons. To understand the entangling regions associated to this
modular flow, we should look at regions on S? that are preserved under k. There are two
fixed points given by

P_:(8,¢) = (6,0), Pi:(0,8)=(m—6,0). (6.13)

The vector field k is a flow from P_ to P,. The entangling regions are deformed “wa-
termelons slices” whose boundaries are tangent to this flow, as depicted in figure 5. The
domain of dependence D and its boundary 9D can be checked to be invariant under the
flow. An entangling region A can be parametrized by

—U0) <p <L), bHh<O<m—10, (6.14)
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where /() satisfies the condition

6) = (k*/k) (6.15)

¢=L(0) ’

which ensures that the boundary 0A is tangent to the vector field k. This makes sure that
A and 0A are preserved under the modular flow. Explicitly, we obtain

cos(26y) — cos(26)

tanf(0) = ; Z = 7
2sin6 <Cot(2¢’) sin @ + sin 6 \/1 +cot?(2) — sm90>

(6.16)

sin?6

where £, parametrizes the width of the entangling region. For 6y = 0, we have £(8) = £4/2.
At small /4, we have

00) = (1 ~ 0o > o> +O(45) - (6.17)
At the special value ¢, = 7, the watermelon becomes a disk on the sphere. This is

illustrated in figure 5. The opening angle of the disk is m — 26.

Ryu-Takayanagi surfaces. The entangling regions described above are the generaliza-
tion of the 3d story with ¢, = 0. The bulk modular flow (6.12) is very similar to the bulk
modular flow in three dimensions (3.10). The RT surfaces associated to the above regions
are easy to describe, they lie on the slice u = 0 and are the union of all light rays starting
at the origin and ending on JA. We illustrate this prescription in figure 5 by representing
the sphere at infinity on the slice v = 0. The entangling regions A are in blue and the RT
surfaces A are in red. We also represent the boundary modular flow on the sphere. The
entanglement entropy of the region A is then given by

SA—/ZQKA]. (6.18)

For Einstein gravity in the Minkowski vacuum, the areas of all these RT surfaces vanish
because they have a null tangent vector everywhere.

Perturbations. As an illustration, we can consider on-shell perturbations of 4d
Minkowski in the Bondi gauge. The flat metric is given by

ds? = —du® — 2dudr + Tzfyijdxidacj, ’yijdxid:nj = df?* + sin®0 d¢p? | (6.19)

we consider the linearized on-shell perturbations studied in [43] with Cj; = 0, which cor-
responds to setting the gravitational wave aspect to zero. Asymptotically, the perturba-
tion reads

M = M) O, b= T N(@) +O0T), hy=0().  (6:20)

The subleading pieces in r should not contribute to the charges at infinity. This allows us
to compute dE4 in a similar way as in the previous section. We obtain on a slice u = 0

3
~ 8cos by

dE 4 /Ad9d¢ [(cos ¢ sin By — sin ) Ny(0, @) — cot @ sin ¢psin Oy Ny (6, ¢)], (6.21)
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which can be written in terms of the boundary modular flow (6.10) as

3

SE4 = ——
A7 16m /4

dOde ChN; (0, ¢) . (6.22)
Exactly as in the 3d case, the entropy has to be computed using the refined prescrip-
tion (3.48) where we regulate the corner of the RT surface. The fact that 0E4 = S4, which
has to be positive, gives some constraints on the perturbations that can be described by a
quantum system on Z* satisfying our assumptions, similar to the discussion in section 3.4.
These constraints impose the functions A in the perturbation to be such that (6.22) is
positive for a given region A. This selects a subspace Hcoge on which K 4 is bounded from
below and this makes the density operator e %4 is well-defined.

6.2 General 4d prescription

In this section, we discuss the general RT prescription in 4d, in the same spirit as the 3d
discussion of section 3.2. Given a boundary entangling region, we will describe the most
general choice of light sheaf that satisfies the requirements to give a good RT configuration.
That is, the light sheaf must connect JA to the Rindler bifurcation surface and the modular
flow must be tangent to it. As explained in the 3d case, the first condition ensures that we
can define an RT surface (as a portion of the Rindler bifurcation surface) and the second
condition is required to have a well-defined first law.

Modular flow for non-zero £,. In Cartesian coordinates (¢,x,y, z), the bulk modular
flow given (6.5) takes the following form
27

Ea= P [2 0y + zsinfp Oy + (t — xsinby) 0,] . (6.23)

We note that this it is similar to the 3d bulk modular flow at ¢, = 0. This suggests the
following generalization for ¢,, # 0 in 4d, obtained by performing a bulk translation

Ly
“__ 6.24
FoEt 2cosfy’ (6.24)

which leads to

27 Ly, . £, tan g .
€= cos 0o [(z + 2COS€O> O + <zsm90 + 2) O + (t — :rsmﬁg)(?z] . (6.25)

Going back to Bondi coordinates (u,r, 6, ¢) and taking the limit » — 400, we obtain the
corresponding 4d boundary modular flow, which reads

Cq = 2m [(—ucos@ + b (1 — sin 6y sin 6 cos ¢)> Oy, (6.26)

cos Oy 2 cos by

+ (sin Oy cos ¢ — sin 0) Py + sin O cot O sin ¢ 8¢] )
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One can check that this modular flow follows from a generalized Rindler transform, which
is the previous Rindler transform (6.9) with a different transformation for u

cos g b, .

v cosh p + cosnsin 6y <T * D cos eosmh '0> ’ (6:27)
sin Oy + e* (1 + cos byp)
sin By ¥ + (1 + cos by)
sin 6 + €“(1 + cos )
sin 6 e® + (1 4 cos by)

)

z —

i

and which remains a BMS, transformation. The generator of the thermal circle 270,
reproduces the boundary modular flow given above. This was guaranteed to work because,
as in 3d, the case ¢, # 0 is simply the image of the case ¢, = 0 by a bulk translation, which
becomes on the boundary

u—u+ cosf. (6.28)

2 cos b

On the boundary, this bulk translation changes the shape of the region A which is the same
as before but with an extension in wu:

u= cos @, 6 € [6p, ™ — 6] . (6.29)

Similarly to 3d, the bulk modular flow (6.25) is simply a boost. This can be seen explicitly
by defining new coordinates

~ ‘s
f= t — tan® i = — tanfyt, 5 = , 6.30
cos By anvo s, = o8 0o T hanbo Sk 2 cos Oy (6.30)

in which the modular flows is given by
Ea=2m (20;+105) . (6.31)

In appendix A we show that, exactly like in the 3d case, there exists a change of coordi-
nates in the bulk defined on the exterior of a Rindler horizon that maps to the transfor-
mation (6.27) on the boundary.

RT prescription. In 4d, the prescription where we impose that the light rays pass
through the origin 7 = 0 is inconsistent in the case £, # 0 because most light rays won’t
have an intersection with the bifurcation surface. Instead, we should consider the most
general light sheaf which satisfies the requirements necessary for a good RT configuration,
as was done in section 3.2 for the 3d case. We will take all these choices of light sheaf to
be equally physical, reflecting a choice of UV cutoff in the putative dual theory.

The boundary of A on Z* has two pieces A = B, U B_ which can be parametrized as

By : ¢=1(), 6o <60 <m—0p, (6.32)
B_: ¢:—€(9), 90§9§7T—90,
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where £(0) is defined in (6.16), while their extension in the u-direction is given by (6.29).
The most general light rays that arrive at a point (0,¢) = (6,4££(f)) on Z* can be
parametrized as follows in Cartesian coordinates

t=s+1T4(0) t=s+T_(9)
x = ssinfcost(0) + X (0) x = ssinfcosl() + X_(0)

. (0) : o s =(0): o 7
y = ssinfsinl(0) + Yy (0) y = ssinfsin(0) + Y_(0)
z=scosf+ Z,(0) z=scosb+ Z_(0)

(6.33)
and the arbitrary functions T4 (0), X1 (0), Y+ (0), ZL(0) reflect the ambiguity in choosing
these light rays. This ambiguity will be partially fixed by imposing the necessary require-
ments. Firstly, the light rays v (6) and v_ () should intersect Z at A, so that the value
of u at infinity is given by (6.29). Then we should impose that all these light rays intersect
the bifurcation surface of the Rindler horizon associated with the bulk modular flow, i.e.
t = 2 = 0. To do this, we impose that after transforming (6.33) to the new Cartesian
coordinates (6.30), Z and ¢ become proportional. This also imposes the relation

o - B cos 6 cos Oy
zZ=f(0)t, (0) = 1 — cos/(f)sinftanfy

(6.34)

Denoting the two light sheafs

Y+ ={7+(0) | 0 € [6o, ™ — bo]}, (6.35)
—={y-(9) | 0 € [0, ™ — Ool},

we see that v, and _ span over the quadrant ¢ > |Z| because the function f(#) is a
bijection between the interval [0y, m — 6y] and the interval [—1,1]. To find the region -,
which is a 2d surface in 4d, we should consider the intersection of v+ with the bifurcation
surface, which is the plane (Z,7). From the explicit parametrization, we find that the
intersection of v+ with this plane is restricted to the lines

T %+ cos by tan(g) 7=0. (6.36)

Lastly, we should impose that the modular flow is tangent to the light sheaf v, U~_ which
is required to have a well-defined first law. This is necessary because we need £4 - © to
vanish when integrated on the light sheaf, see the paragraph below for more details. To do
this, we consider the two tangent vectors

ozt oz

g O o O (6.37)

and we require that the modular flow £4 can be written as a linear combination of those.
For the light sheaf v, , we find that this is only possible if the light sheaf v, intersects
the bifurcation surface at a single point P,. That is, we need all the light rays in v4 to
converge to the same point Py on the bifurcation surface. We have a similar condition
on y— which should intersect the bifurcation surface at a single point P_. These points
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cannot be arbitrary in the plane (Z,7) since they have to belong to the lines given in (6.36).
Importantly, P, and P_ don’t have to be the same. Enforcing all these constraints, we are
able to fix the functions T4 (6), X1 (0), Y+ (0), Z+(0) and we can write the following simpler
parametrization for the light sheafs

t = Fy+ sin by tan(%) + s,
T = Fy+ tan(%) + ssinf cos £(0)

=) 6.38
) Yy =g+ + ssinfsinl(0) ( )
= —ch;;eo + scosf

In this parametrization, the light sheafs ~4 intersect the bifurcation surface £ = Z = 0 at
P, and P_ whose coordinates are given by

~

P.: t=2=0, J= U+, & = Fcos by tan () Ja - (6.39)

The simplest choice is to take P = P,. The RT configuration that we obtain is the one
described in the previous section (up to a bulk isometry) and the RT surface has a conical
shape. We can also have configurations where P_ and P, are separated. In this case, we
should add additional light rays to close the light sheaf. To do this, we define new light
sheafs vn and g consisting of light rays that go from the two poles of JA given by

N:(0,0) = (65,0), S:(0,0)=(r—0,0), (6.40)

and intersect the bifurcation surface. It turns out that it is possible to make such a light
ray intersect an arbitrary point on the bifurcation surface. For example, a parametrization
of vy and g can be given as

t = scos b, t = scos B,
= Xn(v) = Xg(v)
IN@) , o s(v) g (6.41)
y="Yn(v) §="Ys(v)
Z = scos by Z = —scosby,

where v parametrizes the different light rays in the light sheafs vy and ~g. These light
sheafs satisfy our requirements: they intersect Z, at the two poles N and S (with the
required value of u) and the bulk modular flow is tangent to them. The intersection of ~yy
with the bifurcation surface is at s = 0 and gives a curve Cy : (Z,9) = (Xn(v), Yn(v))
parametrized by v. Similarly, vg intersects the bifurcation surface at the curve Cyg : (Z,7) =
(Xs(v),Ys(v)). Both of those curves must connect Py to P_. The total light sheaf is given
by v+ U~n U~s U~—. This configuration is illustrated in figure 6.

The surface v is the portion of the bifurcation surface which is in the interior of the
contour formed by Cy and Cg. It is depicted in the plane (Z, §) in figure 7. The RT surface
A is the union of the total light sheaf with . The entanglement entropy of A is given by

Sq = /ZQ[fA] (6.42)
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Figure 6. Ryu-Takayanagi configuration in coordinates (,Z,4, Z) in which the bulk modular flow
is a boost. The RT surface A is given by the union of the light sheaf v_ U vy U vs U y4 with
the surface v on the Rindler bifurcation surface (Z,y). See figure 7 for an illustration of v in the
(Z, 9)-plane. The modular flow is tangent to the light sheafs vy, s because they are portions of the
Rindler horizons and to v_, v+ because they are half-cones whose transverse sections are hyperbolas
which are tangent to the boost.

In Einstein gravity, the integration of Wald’s functional on the light sheaf vanishes so the
entanglement entropy of A is given by the area of the region ~y

_ Area(y)
4G
The possible regions v can be obtained by the following procedure: put two points Py on
the two lines (6.36) (depicted in grey in figure 7). Then, connect them by two arbitrary
curves Cy and Cg so that their union has a well-defined interior. This interior is the region
~ and the entropy is given by the area of  (in Einstein gravity). We see that as in 3d, the
entropy is sensitive to the choice of light sheaf, which should reflect a choice of UV cutoff
in the putative dual field theory.

Sa (6.43)

First law of entanglement. We have the following definitions

5S4 = /A 5Qlen],  OEa = /A X (6.44)
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Generic case Configuration used in proof

Figure 7. Ryu-Takayanagi configuration in the Rindler bifurcation surface (Z,g). This surface
intersects the light sheafs v, and «v_ at the points P; and P_, which are restricted to lie on the
lines (6.36) (in gray). The light sheafs vy and g intersect the bifurcation surface at the curves Cy
and Cg (in orange). These light sheafs are represented in figure 6.

the first law states that these two expressions are equal on-shell. The 3d derivation of
section 3.3 can be carried out in 4d. In this derivation, the first law follows from the
fact that

/ﬁA @59 = 0, (6.45)
A

which holds whenever €4 is tangent to A. This is the case here since &4 vanishes on v and
is tangent to the light sheaf (this was one of our requirements). As a result, all the RT
surfaces described here satisfy a first law for perturbations.

6.3 Linearized gravitational equations

In this section, we prove that the four-dimensional linearized gravitational equations follow
from the first law of entanglement. The proof is very similar to the three-dimensional case
described in section 4, to which we refer for more details.

Reference configuration. We consider a watermelon A at u = 0 with £, = 0. The first
law of entanglement gives the equation

w—0o £(6) 400
/ do / de / dr&%Eeb =0, (6.46)
o —£(9) 0

where ¢, = %Eabcddazb A dz® A dz? and £(6) is defined in (6.16) and contains the parameter
¢4 which parametrizes the width of A. The dependence on f; enters in a complicated
fashion. However, we can differentiate with respect to £y at 4, = 0, where we can use the
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expansion (6.17). This leads to

T—0g . —+o00
/ 9 <1 o 90) / dr €6 Epeb = 0, (6.47)
6o 0

sin 6

where the 1.h.s. is evaluated at ¢ = 0. In Bondi coordinates, we have
e = —e, = —r’sinfdr Adf Adgp. (6.48)

The bulk modular flow (6.12) evaluated at u = 0 and ¢ = 0 is given by

2
o=

= o0 (rcosf 0, — (sinf —sinfy) dy) , (6.49)

so the integral becomes

T—0y +o00
0= / 46 (sin 0 — sin 0) / dr (—r3cos06Ey, + r(sinf — sin o) 6Eyg) . (6.50)
0o 0

The expansion around 6y = § implies that

—+o0
/ dr (r*0p0 Eyy + 21°0E,¢)| =0. (6.51)
0

(u,0,8)=(0,5 ,0)
Rotations and time translations. As in the 3d case, we can consider new configura-
tions obtained by performing rotations. They are the same as the reference configuration
but centered at ¢ = ¢9. We can also consider a translation v — w + ug in retarded
time u. The Jacobians of these transformations are the identity which implies that the
expression (6.51) becomes

0, (6.52)

™

+o0
3 2 -
/0 dr (1000 Ervy +21°0E16) | (0,61~ (a0, % ) =

for any ug and ¢g.

light sheaf deformation. We consider the same boundary region A but with the more
general configuration described in section 6.2. For the proof, we consider the configuration
depicted on the right of figure 7. We put Py at the origin and P_ at a distance ¢ from Py
on one of the axis and we connect them by the two curves Cy and Cg, as represented on
the figure. The configuration is parametrized by the length ¢ of the segment [Py P_]| and
the overture angle o at P_. The first law of entanglement gives

(o, 0) = /2( | dx=0. (6.53)

where Y., the interior of the RT surface, depends on these two parameters o and ¢. Let’s
denote by n the vector normal to the segment Cg

n = cos (%’) 0z + cos 0 sin (%‘”) 0y - (6.54)
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Taking the derivative of (6.53) with respect to « and evaluating at o = 0, we obtain

/OJroods/Oédv(n-dx):O, (6.55)

where we have used the fact that vy (6.41) can be parametrized by s and v. The vector
tangent to Cg is given by

m = cos (%) Oy — cos fp sin (%) 0z . (6.56)
We can now take the derivative with respect to ¢ and evaluate at ¢ = 0.
+o0o
| - @)oo =0 (657
We have reduced the integral to a light ray going from the origin to the point of dA with

(0,¢) = (60,0) (and u = 0 as we are considering a region A with £, = 0). We can then go
to Bondi coordinates. From the change of coordinates, we can compute

~

. 4 l
m = —sin 6 sin (745) 0y — o3t s;n <7¢> Op + C:;SIQZO) Dy (6.58)

cot 6y sin (%"’)
0s ,

. cos (%)
n = cos (7‘?) tan @y 0, + Oy +
r

when evaluated at § = 6y and ¢ = 0. In the definition (4.1) of dx, the non-trivial contri-
bution comes from

€' = —e, = —r’sinfdr Add Adp. (6.59)

Hence, we obtain that
m - (n-dx) |y = 2 (1 ~ sin%6p sin? (%)) €46 By dr . (6.60)
The bulk modular flow at (u, 8, ¢) = (0,60,0) is simply given by
&a = 27mr O, (6.61)

Hence, we obtain

+oo
/ drréEpr(0,7,600,0) =0. (6.62)
0

As previously, we can act with rotations and time translations to show that we have

+oo
/ drrdEy-(ug, 6, 60) =0, (6.63)
0

for arbitrary ug, 6, ¢o.
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Radial translations. Let’s consider a new configuration which is obtained by translating
the reference configuration by a distance ro in the direction (6p, ¢o) of the light ray on
which (6.63) is integrated. In Cartesian coordinates, such a translation is given by

t—t+mrg, T — x + 7o cos By cos ¢y, Yy — Yy + 79 cos O sin ¢, z — z+rgsinfy .
(6.64)
This leads to the new constraint

+o00o
/ dr (1 — 1) 8 Ey» (0, 7, 00, o) = 0. (6.65)

0

where we have also performed the change of variable r — r — rg in the integral. Taking
two derivatives with respect to rg shows that

6ETT<’U'O7T07907¢0) - 07 (666)

for any value of wg, 79, 0o, ¢o. From this, the equation (6.52) simplifies to

—+00
/0 drr® §E(uo,m, 5, ¢0) = 0. (6.67)
We use the same radial translation on this equation to obtain the constraint
+oo _ 2
[ ar = o ). (6.68)
r
To

Taking three derivatives with respect to r¢ implies that
B9 (uo, 70, 5,¢00) =0, (6.69)
which is true for any value of ug, ro, ¢g-

Vanishing of dE,g everywhere. The equation (6.69) at ¢y = 0 shows that 0E,.g van-
s
2
the plane (x,z). Under such rotations, Lp covers the full disk in the y = 0 plane, shown

ishes on the semi-infinite line Lp given by (0, ¢) = (5,0). Let’s now consider rotations in

in orange in figure 8. The Jacobian of this transformation, when evaluated at ¢ = 0, is
diagonal in Bondi coordinates because it simply corresponds to a shift in 6. It is given
explicitly by

ox? 1
cosa — cot @sin o

so we obtain dF,9 = 0 when evaluated on this disk. For any point on this disk, we can
then consider a rotation in the (z,y)-plane, whose Jacobian is the identity. This shows
that §FE.9 = 0 vanishes everywhere inside the ball. This implies that

5B, =0, (6.71)

everywhere in the bulk. This procedure is illustrated in figure 8.
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Figure 8. Illustration of the proof that §E,9 = 0. After showing that dF,y vanishes on the
orange line Lp, we use the (z, z)-rotation (orange arrow) to show that 0 E.9 = 0 in the orange disk.
With the (z,y)-rotation (gray arrow), we can show that dE,y = 0 everywhere in the ball. These
transformations all have diagonal Jacobians where they are evaluated so they don’t mix §F,.¢ with
other components.

Boosts and rotations. We now act with boosts and rotations on the previous configu-
rations to generate more constraints on d E,p,. Transforming the equation 0 F.g = 0 under
the infinitesimal (z, z)-rotation, the (¢, y)-boost and the (¢, z)-boost, we obtain

6B, =0Eps = 0B, =0,  6Egg = —1°6E,, . (6.72)
Then, the image of 0 Fyy = 0 under the (z, z)-rotation implies that
§Epy = —17sin’0 By, . (6.73)
Conservation equation. As in 3d, we consider the conservation equation
Va(6E?®) =0, (6.74)
which is always satisfied by the equations of motion. For b = r, this implies that
0r(6Eyr) =0, (6.75)
which leads to
O0E. = Cy(u, ¢), 6Egg = —12Co(u, ¢), 0By = —r?sin?0 Co(u, ¢) . (6.76)

We expect that an analysis similar to the 3d one in section 5 can be performed in 4d and
that it will lead to a trace condition and three conservation equations for the holographic
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stress tensor in 4d Minkowski. A proof of this statement will require a detailed analysis of
the flat limit of perturbed AdSy in Bondi gauge, which we leave for future work. From now
on, we will assume that these boundary conditions ensure the vanishing of the components
0E,, at leading asymptotic order. The trace condition, similar to (5.29) and (5.30) in 3d,
should imply that Cy = 0, leading to

0By, = 0Egg = 0E44 =0, (6.77)
everywhere in the bulk. The conservation equation (6.74) for b = 0, ¢ gives
2 2
8T(6Eu9) + ;(5Eu9 =0, ar((SEw)) + ;5Eu¢ =0. (6.78)
The solutions of these equations are
Ci(u,0) Ca(u, 9)

We expect that the conservation of the boundary stress tensor implies that C; = Cs = 0,
leading to 0E,9 = 0E,s = 0. Finally, the conservation equation (6.74) for b = u gives

2
Or(0Euy) + ;(5Euu =0, (6.80)
which is solved by
03 (ua ¢)
0y, = —2 (6.81)

and C5 = 0 is expected to follow from the conservation of the boundary stress tensor. Thus,
we have shown that all the components of the linearized gravitational equation vanish.

7 Conclusion

In this paper, we have considered holographic entanglement entropy in asymptotically flat
spacetimes. Under some general assumptions on the dual field theory, an analog of the
Ryu-Takayanagi formula was obtained in [25] to compute the entanglement entropies of 3d
Minkowski spacetime. We have refined and generalized this prescription and showed that
it satisfies a first law when perturbations are considered. Using this RT prescription, we
have shown that the first law of entanglement is equivalent to the linearized gravitational
equations of motion. We have also extended all these results to 4d.

This result could have also been phrased purely in classical gravity, although it is nat-
ural to motivate it from the perspective of holography. It will be important to understand
better the dual field theory, and try to prove the assumptions detailed in section 2. Some
recent progress in this direction include [13, 44-52].

Another line of research would be to push further the consequences of the RT prescrip-
tion described here. One could hope to get some hints on the microscopic definition of the
dual field theory, or show that one of the assumptions was incorrect. An important feature
of our analysis is the importance of the choice of an infalling light sheaf. We believe that
this is a hint towards the UV structure of the dual theory, which we hope to investigate
in future work. The RT formula in AdS has given rise to a wealth of results connecting
quantum information to the emergence of spacetime. It would be interesting to investigate
these ideas in asymptotically flat spacetimes, using the RT prescription described here.
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A Bulk Rindler transformation

In this appendix, we describe the bulk extension of the generalized Rindler transform (3.6)
on the boundary. The image of Minkowski spacetime under this bulk transformation turns
out to be the upper wedge of a Rindler spacetime.

Bulk Rindler transformation in 3d. We describe the change of coordinates that
brings the metric in Bondi coordinates to the upper wedge of a Rindler spacetime. The
Cartesian coordinates are related to Bondi coordinates using

t=u+r, T = 1cos @, y = rsin ¢, (A1)

and the coordinates in which the modular flow is a boost are

E:M—co‘c(%)x, j:sinzéd’)_mt(%> t, gj:y—FQSin&i%). (A.2)

2 2 2
We define new coordinates (7, p) satisfying

t =e"coshp, § = e sinhp. (A.3)

These coordinates only cover the upper wedge > — 2 > 0. In these coordinates the bulk
metric and modular flow are given by

€a =270, ds* =¥ (—di?*+dp?) + di*. (A.4)

We recognize the Rindler metric and the bulk modular flow generates the (spacelike)
Rindler evolution. The Rindler horizon is situated at 7 = —oco. To obtain the bulk exten-
sion of the generalized Rindler transform, consider the new coordinates {7, z, p} satisfying

T=¢ — i, (A.5)
defined only for 7 > —Z. The metric becomes
ds® = —dr* — 2drdz + (1 + &)2dp?, (A.6)

and the bulk modular flow is still {4 = 279,. The Rindler horizon is at 7 = —Z. Finally,
the bulk transformation is obtained by writing the new coordinates in terms of Bondi
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coordinates {u,r, ¢}:

24 1/2
1 ( ! s
T=—T+ |——F— |r+u—rcos - cosgp | —— 67+2rsin¢ ,
sin? (E—“’) 2 4\ sin <E—¢>
2 2
= @—cot (%“5) (r+u),
sin (745)
r 4+ u — rcos <%¢> cos ¢
p = arccoth (A.7)

%” + rsin (%) sin ¢
This coordinate system allows us to perform an asymptotic limit r — co, which gives

2u sin (%) — £y sin ¢

T = 7 ) (AS)
2cos ¢ — 2 cos (7"5>
1 —cos (%) cos ¢
p = arccoth 7 (A.9)
sin() sin ¢

One can check that this is exactly the inverse of the boundary generalized Rindler trans-
formation (3.6), reproduced below

B sin (%’) gu )
u = J T+ ——~sinhp |, (A.10)
cosh p + cos (%’) 2sin (%ﬁ)
sin (%“5) sinh p
14

1+ cos(5) cosh p

¢ = arctan

Bulk Rindler transformation in 4d. The same procedure can be carried out in 4d.
Again, consider the bulk transformation from Bondi coordinates to Rindler coordinates in
the upper wedge:

t=u+r, x=rsinfcos¢, y=rsinfsing, z=rcosb, (A.11)
followed by
t tan i tanfot, 7 =2+ b (A.12)
= —tanfpx, Z= —tanfyt, =y, Z=2z , .
cos By 0 cos by 0 y=9 2 cos fg
and then
t=eTcoshp, Z=¢€Tsinhp, & =pcosn, §=usinn, (A.13)

where the last two spacelike coordinates are mapped to polar coordinates: p € [0, 00| and
n € [0,27[. In these coordinates, the metric and the bulk modular flow become

€ =2m0,, ds* =¥ (—dF? + dp?) + du® + pdn?. (A.14)
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Exactly like in 3d, we recognize the Rindler metric and the bulk modular flow generates
the (spacelike) Rindler evolution. The Rindler horizon is at 7 = —oo. To obtain the bulk
extension of the boundary generalized Rindler transform, we consider the new coordinates
{7, 1, p,m}, such that

T=¢ —u, (A.15)

defined only for 7 > —u. The metric becomes
ds? = —dr? — 2drdp + (1 + p)2dp* + pPdn?, (A.16)

while the bulk modular flow is still given by {4 = 279,. The new radial coordinate is y and
by taking the limit ;4 — oo we confirm that the boundary metric is indeed the degenerate
flat metric dp? + dn?. The Rindler horizon is at 7 = —pu. Finally, the bulk transformation
is obtained by writing the new coordinates in Bondi coordinates:

r4+u S| 14 2
T = < —rsin@tan@ocosqS) —4< = +2rcos€> (A.17)

cos g cos 6y
. 2
—\/7“2 sin?f sin?¢ + (TSIDQCOSd} —tanfy (r + u)) , (A.18)
cos 6y
. 9 2
o= \/r2 sin?6 sin?¢ + <TSIDCOS¢ — tanp (r + u)> , (A.19)
cos Oy
4
=+ rcosbycost
= arctanh 2 A.20
p = archan ((r—i—u)—rsin@osinecosqb)’ ( )
7 cos 0y sin 6 sin ¢
= arct A.21
1 arckan <rsin0cos¢—sin90(r+u)> ( )

This allows us to perform the asymptotic limit » — oo which gives

- ucos gy — %“ cos 6 (A.22)
V/(sinfy sinf cos ¢ — 1)2 — cos20y cos2f
cos By cos 6
1 —sinfy sinGcos¢> ’
cos 6 sin 0 sin ¢ >

sin 6 cos ¢ — sin 6y

p = arctanh ( (A.23)

n = arctan (

One can check that this is precisely the inverse of the boundary generalized Rindler trans-
formation (6.27), reproduced below

cos g by
- h A.24
4T osh p + cosnsin O <T + 2cos by o p> ’ ( )

sin By + e* (1 + cos by)
sin fg e + (1 + cosfp)’
siny + e®(1 + cos bp)
sinfp e® + (1 + cos )

)

where z = €' cot(g) and w = p —n.
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B Precisions on the general strategy

In this appendix, we make precise the general strategy explained in section 4.1. Let g :
M — M be a bulk isometry, i : ¥ — M the original RT surface and iy = goi: ¥ — M
the image of this surface through isometry. The original RT surface is associated to a bulk
modular flow ¢ to which corresponds a two-form dx[{]. The pullback of this two-form

on X is
1
F(AX(E]) = €10 Eunli(0)) yebali(o) 22 O o, (B.)
where o stands for the coordinates on the two-dimensional manifold ¥. Suppose that from
the vanishing of the integral of this two-form on 3, we have been able to derive that some

functional of d E,; vanishes at i(o),
F[0Eq(i(0))] =0, (B.2)

for some a,b. We can now consider another surface, (g o i)(X) in M and we call its
associated bulk modular flow £,. We should consider the pullback on the corresponding
two-form dx[,] because

[ axie) = [ aaxie,). (B.3)
(goi)(X) z
The pullback is given by
. L , , 1, , dg¢ dg¢ Ox° Ozt
ig dX[&]) = €409 0 1(0)0Ean(g 0 i(0))gebuly 0 i(0)) e 22 S 200 (5.4)
Now we can insert the identity matrix dp = gf; ‘g—”g“; to impose the equality of two b-index,
leading to
” e . ) og® (0291 dg° Og?
i) = (00 i0)0Ewg 0 1) 3% (T getataeiN 3L 3% ) @9
9z Ozt
——d A do?
9% Do P N do

Now we can use the fact that g is an isometry, while 6?d is the volume form to obtain
than the parenthesis is actually %sgf(i(a)). Moreover we know that the modular flow
for the image surface is the image of the modular flow of the initial surface under the
g-transformation: &7 (g oi(0)) = mb 9. €b(i(0)). Finally, we obtain

staxte]) = €60 (9528 skl o)) 3y it0)) e D™ o, (B

which, is exactly (B.1) with the replacement

, dg° dg? .
SEq(i(0)) — 69 8gb5Ecd(goz(a)), (B.7)
which implies that (B.2) ensures that
F[2 00 §Eu(goi(o)] =0. (B.8)

Oz Oxb
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For example, if we can show that some components of d F,;, vanish using a set of RT sur-
faces, we immediately obtain that other components, obtained by applying bulk isometries
according to (B.8), will also vanish.

C Alternative proof in 3d

In this appendix, we provide an alternative to the step in the 3d proof of section 4.2
where we used the light sheaf deformation. Here, we insist on doing this step using only
RT configurations where the light rays v, and y_ pass through the spatial origin r = 0.
We will consider such configurations with ¢, # 0 described in section 3.1 which is the
prescription used in [25]. Although a better and equivalent!'? derivation is presented in the
main text, it is instructive to perform this step as presented here.

We should note that if we consider only the surfaces with ¢, = 0 (and with light
rays passing through r = 0), together with their image under bulk isometries, then the
first law does not imply the gravitational equations: these surfaces don’t provide enough
constraints. Indeed, the only constraint that we obtain is

5ET¢ + T8T5ET¢ — T‘8¢5Err =0, (Cl)

and its image under bulk isometries. This does not imply that d E,, = 0 as it’s possible to
find explicit counterexamples.

Hence, we need to consider RT surfaces with ¢, # 0 (still requiring that the light rays
pass through » = 0). The computation becomes simpler in the limit of small ¢,. More
precisely, we consider

b, = e, ly=c¢, (C.2)

where we take € to be small. We would like to compute
I= / £ E e’ (C.3)
b

in an expansion around £ = 0. The first law of entanglement will constrain §F,;, to be
such that I = 0. It turns out that lim._,o I = 0 for any perturbation, so we don’t get any
constraint at zero order in €. To compute I at first order in €, it is enough to consider the
surface ¥ at first order in €.* The configuration simplifies because the points By and B_
are at u = O(¢?). Hence, we have

By (u,d)):(O,g), B_: (u,qﬁ):((),—%), (C.5)

13This is because all the configurations described in section 3.2 can be transformed with a bulk translation
to a configuration where the two light rays pass through the line r = 0.
" This can be justified as follows. Denoting i. : S — M the embedding of ¥, in M, we have

I [ €68 = 5 [ €20iu()IEae(0))elulie(o)) (1) (1) 5o A do” (C4)

Se

where (J:)¢, is the Jacobian of the embedding. This shows that, to compute the leading non-trivial term
of I, it is enough to take i. at first order in €, which corresponds to taking the surface ¥, at first order in e.
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to first order in €. We also have the following parametrization for the light rays

e
T+ ¢ (t,:v,y) = <_277+ S, _277 + s, 5(_27]—1_ 5)) ) s> 0 (CG)
e
V- (t,iﬂ,y):(277+5,277+8,—§(2T]+8)>, 5207

where we only kept the terms at first order in €. The curve + is simply a straight line
connecting the two points

P+ : (t7 z, y) = (_2777 _2777 _776)7 P_: (ta z, y) = (2777 2777 _776) (07)

We can show that v_ stays at u = 0 everywhere and that v, is at w = 0 for s > 27, which
corresponds to all its points before it crosses the origin. Let’s call 4_ the segment that
connects the origin to P_, which, which is in the continuation of v_ past P_. The plane
surface bounded by v_,45_ and v (up to the origin) lies on the constant slice u = 0. It
has the same shape as the RT surface for ¢,, = 0 depicted in figure 1.

The additional piece consists in another triangle, bounded by v, y_ and 7, where v
is the piece of v, connecting the origin to Py. This is the triangle T' = P_P,O. Let’s
introduce coordinates

Ty =t+uw, r_=t—ux (C.8)

In these coordinates, we have (at first order)
P+ : (er’ x—, y) = (_4>\7 07 _>\€) (Cg)
P_: (zy,xz_,y) = (4X,0,—Xe)

We see that the triangle T'= P, P_O can be parametrized as follows

4
r_ =0, —Ae<y<0, J|o <Y (C.10)
(3

The integration over the triangle is

4y/e
I—/ dy/ dey F(xy,z_,y), (C.11)
Ae 4

y/e

where F' is the appropriate integrand. We can redefine y = negy so that it becomes

4y
I= )\5/ dy/ dri F(x4, 2, Aey). (C.12)
4Ng
We now come back to the full integral
I= / £ Ege” (C.13)
b

which we want to evaluate at first order in €. The integral splits in an integral over the
pizza slice and an integral over the triangle

[=1Ip+1Ip. (C.14)
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The integral over the pizza slice is
€/2 400
Ip = / d¢/ drr&*9E,, . (C.15)
—&/2 0

The integral over the triangle is found by looking at the metric in the (z4,2z_,y) coordi-
nates. We have 04 = %((% + 0;) so that

0 —10 0 -10
1
gw=5[-100], ¢v=2{-100]. (C.16)
0 01 0 01

The volume form on the triangle is
et = —2e, =dyANdzy (C.17)

this implies that

0 —4y/e
Ir = / dy / det %6 Eqy, . (C.18)
—ne 4

y/e

Both integrals Ip and It can be computed explicitly at first order in €. We now take
derivatives of the result with respect to n. The first law gives I = 0 so for any n we have

031 |y=o = 0. (C.19)
On the other hand, one find that

O Iply—o = O(?), (C.20)
O3 I7|y—0 = —16me (6E,r(0,0,0) — 20Ey,(0,0,0) + 20 Eyy (0,0,0)) + O(e?)

which provides the new constraint
6E,1(0,0,0) — 26 E,-(0,0,0) + 26F,,(0,0,0) = 0. (C.21)
Following the general strategy, we obtain a new constraint by acting with the translation
t=t+ro, T = x + 10 COS ¢y, g =1y -+ rgsingg. (C.22)
Evaluating the result at ¢ = ¢g, we obtain
O0E (0,70, 00) — 20 Eyr (0, 70, p0) + 20 Eyr (0,70, ¢9) = 0, (C.23)

for any 7, ¢g. We can then consider time translations to show that this relation holds at
any u. Finally, acting with a boost in the (¢, z)-plane and evaluating at ¢ = 0 leads to

5E7’7‘(u07r07¢0) = O? (C24)

for any wug, g, ¢g- The rest of the proof follows.
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