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Abstract. We establish an analogue of Weyl’s classical theorem for the asymptotics
of eigenvalues of Laplacians on a finitely ramified (i.e., p.c.f.) self-similar fractal
K, such as, for example, the Sierpinski gasket. We consider both Dirichlet and
Neumann boundary conditions, as well as Laplacians associated with Bernoulli-type
(“multifractal”’) measures on K. From a physical point of view, we study the density
of states for diffusions or for wave propagation in fractal media. More precisely, let
o(x) be the number of eigenvalues less than x. Then we show that g(x) is of the order
of 2%s/2 as & — +o0, where the “spectral exponent” dg is computed in terms of the
geometric as well as analytic structures of K. Further, we give an effective condition
that guarantees the existence of the limit of z~%4S/2p(x) as  — +oo; this condition
is, in some sense, “generic”. In addition, we define in terms of the above “spectral
exponents” and calculate explicitly the “spectral dimension” of K.

0. Introduction

In this paper, we will study the asymptotic behavior of the spectrum of the Laplacians
on some self-similar sets. This problem occurs naturally in the study of physical
phenomena, such as waves and diffusions, on fractal objects.

At first, we recall Weyl’s classical result. Let {2 be a bounded domain in R™, with
boundary 0f2. We consider the following eigenvalue problem:

Au = —ku on §2,
ulpn =0,

(DE) {

n
where A = >~ 9%/9x? is the Laplacian on R™. It is well known that the eigenvalues
=]
— i.e., the scalars k£ such that (DE) has a non-trivial solution u — are non-negative and
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have finite multiplicity. Also they have only one accumulation point, namely +oc.
And hence we can define the eigenvalue counting function:

0o(x) = #{k | k is an eigenvalue no larger than z} .

Of course, we are taking the multiplicity into account in the above definition. Then
Weyl’s famous asymptotic formula for the Dirichlet Laplacian is

Theorem 0.1. As x — +00,
0o(@) = 2m) "7, |92, x"* + o@™?),

where |$2|,, denotes the n-dimensional Lebesgue measure (or “volume” ) of §2 and .7,
is the volume of the unit ball in R™.

Remark. Weyl proved the above result under certain regularity conditions on the
domains in [W1,2]. Now it has been shown for arbitrary bounded domains in R™.
See Métivier [Me]. (See also Lapidus [Lal-3] and the references therein and at the
end of this introduction, for associated sharp error estimates (and related results)
expressed in terms of the “fractal” (Minkowski) dimension of the boundary of (2.)

Our purpose in this paper is to obtain an analogue of the above result in the case
of Laplacians on fractal sets.

There have been many early works about diffusions on fractals in physics. They
were dealing, for example, with diffusions on percolation clusters and fractally
structured media, currents on fractal electrical networks, as well as transport in porous
media. For works in the physics literature on this subject, see in particular, Dhar [D],
Alexander-Orbach [AO], Rammal-Toulouse [RT], and the references therein; see also
the survey paper by Liu [Liu], as well as Havlin-Bunde [HB] and Chap. I, esp. pp. 40—
45 in Schroeder [Sc].

In mathematics, Kusuoka [Kul], Goldstein [G] and Barlow-Perkins [BP], have
defined and studied the “Brownian motion on the Sierpinski gasket.” From their
probabilistic point of view, “Brownian motion” is defined as a renormalized limit of
random walks on the pre-gaskets (see Fig. 1), and the “Laplacian” is the infinitesimal
generator of “Brownian motion.”

Later, Kigami [Kil] has defined the “Laplacian” on the Sierpinski gasket (S.G. for
short) as a kind of renormalized limit of finite-difference operators on the pre-gaskets.
We shall now briefly recall this analytical approach. Let the pre-gaskets {G,,}>°_, be
the sequence of finite graphs defined in Fig. 1a. The Sierpinski gasket is the closure

of |J V,,, where V,_ is the set of vertices of G,, (see Fig. 1b and Example 2 in
m>0

Sect. 3). The discrete Laplacian on G,,,, denoted by 4, is a finite-difference operator
defined as follows. For f:V,, — RandpecV,,

Anh)y=5" > (f@— fo),
qevm,p

where V,,  is the set of vertices connected to p by an edge of G,,,. Then the Laplacian

on the S.G. is defined as a limit of A, by
Af = im ALf.

Of course, the former probabilistic approach and this definition have treated the
same objects from different viewpoints.
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Fig. 1a. The Sierpinski pre-gaskets. q; = F3(p,) = Fy(p3); @ = F\(p3) = F3(py); @3 = Fy(py) =
F\(p,). b. The Sierpinski gasket

Afterwards, these approaches have been extended to some classes of “finitely
ramified” fractals: nested fractals by Lindstrgm [Li] (see Example 5 in Sect. 3) and
postcritically finite (p.c.f. for short) self-similar sets by Kigami [Ki2]. As a result
of the latter work, the Laplacian on the S.G. defined above should be called “the
standard Laplacian on the S.G.,” because it is now know that there are many other
“Laplacians” on the Sierpinski gasket.

Now, what happens to the asymptotic behavior of the eigenvalue counting function
on fractals? A natural analogue of Theorem 0.1 in that case could be stated as follows:

d d
0o(@) = Cu7,()x? +o(x?) as z — o0, (0.1)

where (2 is a fractal set, d = dj; is the Hausdorff dimension of {2, .7, is the d-
dimensional Hausdorff measure and C|; is a constant independent of {2. (For notational
simplicity, we write “z — 00 instead of “z — +00” throughout this paper.)

Indeed, the physicist Berry made such a conjecture in [Bel,2]. Unfortunately, this
is wrong, as will be explained below.

The eigenvalues and eigenfunctions of the standard Laplacians on the S.G. have
been determined exactly by Shima [Sh] and Fukushima-Shima [FS] by means of
the eigenvalue decimation method introduced by Rammal-Toulouse [RT] and further

studied by Rammal [Ra]. According to their result,
_ds _ds
2 2

0 < liminv gy(x) < lim sup gy(x) x < o0, 0.2)
r— 00

T— 00
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where dg = igzz is called the “spectral dimension” of the S.G. In particular, there
exist positive constants ¢,, ¢, such that ¢,z%/% < g (z) < c,2%s/2, for all x large
enough.

From the probabilistic point of view, this exponent dg was previously obtained by
Barlow and Perkins [BP] in the case of the S.G.

Before these mathematical works, physicists (Dhar [D], Alexander-Orbach [AO],
Rammal-Toulouse [RT], Hattori-Hattori-Watanabe [HHW]) had obtained this value of
the “spectral dimension” (also called “fracton dimension”) from different points of
view.

Comparing (0.2) with (0.1), the following two facts are remarkable and suggest
several questions:

(1) dg = log9/log5 is not equal to the Hausdorff dimension of the S.G., dj; =
log3/log?2. How can we calculate the asymptotic order of the eigenvalue counting
function of Laplacians on fractals?

(2) The limit as x — oo of go(x)x’ds /2 does not exist. In general, does this kind of
limit exist for Laplacians on fractals?

In this paper, we will give an answer to these questions for Laplacians on p.c.f.
self-similar sets defined in [Ki2] and which will be introduced in Sect. 1.

The Laplacian on a p.c.f. self-similar set K depends on the choice of a “harmonic
structure” (Dirichlet form) and a probability measure x4 on K. In this paper, we assume
that p is a Bernoulli (i.e., self-similar) measure.

Let py(x) be the eigenvalue counting function of the Laplacian on K, with
Dirichlet boundary conditions. Our main result, Theorem 2.4, enables us in particular
to determine the asymptotic order of g,(x) as * — oo. More precisely, we show that
there exist positive constants ¢, and ¢, such that

<o) <z 2, 0.3)

for all z sufficiently large.
Here dg, called the “spectral exponent of the Laplacian,” is the unique positive
number such that

N
Z’Vzds =1, 04)
i=1

where the positive numbers -y, are not the contraction ratios of K but are determined
by the harmonic structure and the probability measure p.

As an example of application, we deduce from (0.4) that dg < 2 for (regular)
“finitely ramified fractals.”

Moreover, we give an effective condition that guarantees the existence of the limit
of

_ds
o(x)yr %, as x— 0.

Roughly speaking, our results show in particular that this limit exists (and is non-zero)
for “almost all” Laplacians on a given p.c.f. self-similar set K.

We also obtain analogous results for Laplacians with Neumann boundary condi-
tions (see Corollary 2.5).

The rest of this paper is organized as follows. In Sect. 1, we provide some of
the necessary facts about p.c.f. self-similar sets. In Sect. 2, we state and prove our
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main results (Theorem 2.4 and Corollary 2.5) concerning the spectral distribution of
Laplacians on K. In Sect. 3, we illustrate our theorems by discussing several examples.
In Sects. 4-6, we then prove some key lemmas needed to establish our main results.
[In particular, in Sects.4 and 5, we study the variational approach to the Dirichlet
and Neumann problems on K, as well as the consequences of (a refinement of) the
method of “Dirichlet-Neumann bracketing” in this context. Further, in Sect. 6, we
deduce from the self-similarity of K a basic scaling property of the Dirichlet form
(or “energy functional”).] Finally, in an appendix, we define by means of the above
“spectral exponents” the “spectral dimension” of K and calculate it explicitly in
terms of the geometric and analytic structures of K.

We close this introduction by mentioning several related results and motivations
for the present work.

Barlow-Bass [BB1,2] have defined and studied a “Brownian motion” on the
Sierpinski carpet, which is an “infinitely ramified” fractal and hence not p.c.f. The
associated spectral dimension is shown to exist in [BB3,4] and computed numerically
in [BBS]. (See also the review paper [Ba].)

From the point of view of the spectral distribution, there is an analogy — pointed
out by Lapidus in [La4] — between the present situation and that of Laplacians on
bounded open sets {2 C R™ with “fractal” boundary 9f2. In the latter case, under
mild assumptions, the following sharp remainder estimate holds (see [Lal]):

dy
@) =p@)+0x 2 ) as z— oo, (0.5)

where ¢(x) = (27?)_”%’nl.(2|na:”/ 2 is the leading term in Weyl’s formula (0.1)
and D € (n — 1,n) is the Minkowski dimension (also called Bouligand or “box”
dimension) — rather than the Hausdorff dimension — of the boundary Of2. (This
estimate is also established for more general elliptic operators as well as for Neumann
boundary conditions in [Lal, Theorems 2.1-3 and 4.1, pp. 479483 and 511]. A pre-
Tauberian form of (0.5) (for the trace of the heat semigroup) was previously obtained
for the Dirichlet Laplacian by Brossard-Carmona [BC]. See also [LF] and [La2].)
Further, in certain specific cases, the behavior of the asymptotic second term of the
eigenvalue counting function has been investigated by Lapidus-Pomerance in [LP1-
3]. In particular, the limit as £ — oo of (gy(x) — () M /2 sometimes exists
and sometimes does not. (See esp. [LP2, Examples 4.3 and 4.5, Sect. 4.3], the main
example of [LP3], as well as Sects. 3-5 of the survey paper [La3]; see also [La4].)
Partly motivated by these results and work of Lalley [L], a specific conjecture has
been made by Lapidus in [La4] regarding the dichotomy for the existence of this
limit for Laplacians on open sets with (suitable) self-similar fractal boundary. (See
[La4, Conjecture 3, pp. 163-164, Sect. 4.4.1]. This conjecture was first made by the
second author during a plenary address to the Regional Meeting of the American
Mathematical Society held in Tampa, Florida, in March 1991 [La5].). The main result
that we shall establish in the present paper for Laplacians on p.c.f. self-similar sets
is very analogous to this conjecture. Further, it corrects, specifies and proves in this
situation the counterpart of this conjecture (also made at the aforementioned meeting
and stated in [La4, Conjecture 5, Remark 5.11(b), (c), pp. 189-190, Sect.5.2]) for
Laplacians on (suitable) self-similar fractals.

Finally, we note that in the terminology of [Lal-5], our work deals with the
vibrations of “drums with fractal membrane” rather than of “drums with fractal
boundary,” studied in particular in [BrCa, LF, Lal-5, LP1-3, LM1-2].
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1. P.C.F. Self-Similar Sets

In this section, we will briefly introduce post critically finite (p.c.f. for short) self-
similar sets and Laplacians on them. The concept of p.c.f. self-similar sets is a
mathematical justification of the notion of “finitely ramified” fractals. According to
Hutchinson [Hu], a self-similar set is defined as a compact subset K of a Euclidean
space R™ such that

N
K =] f.(K),
1=1
where f|, f,, ..., fy are contraction mappings from R™ to itself and V is an integer
> 2. In this terminology, finitely ramified fractals are roughly thought of as the self-
similar sets K such that |J (f;(K)N fj(K )) is a finite set. For instance, the Sierpinski

1#]
gasket, a well-known example of self-similar set, is finitely ramified. In fact, for the
Sierpinski gasket K, |J(f,(K)N f] (K)) consists of three points.
1#]

On the other hand, it is known that a self-similar set can be considered as a quotient
space of one-sided shift spaces ¥ = {1,2, ..., N} by a quotient map 7: % — K
defined by

{m(w)} = ﬂ fo, 0 fuy 00 fo, (KD,

n>1

where w = w w,ws . ... In this manner, we can view a self-similar set as a purely
topological object without the a priori assumption that it is embedded in some
Euclidean space or that the mappings f; are contractions. This way of defining self-
similar sets is natural for studying analysis on fractals because, as we will see later,
Laplacians, Green’s functions and Dirichlet forms depend only on the topological
structure but not on the specific choice of metric.

We now define the notion of self-similar structure.

Definition 1.1. Let K be a compact metrizable topological space and X be the one-
sided shift space defined by ¥ = SN, where S = {1,2,..., N }N. Also, let F,, for
1= 1,2, ..., N, be a continuous injection from K to itself. Then, (K, S, {Fl»}fil)
is called a self-similar structure if there exists a continuous surjection 7:) — K
such that F, om = moi forevery ¢ = 1,2, ..., N, where :: X — X is defined by
WWiwyws .. .) = W WHws . . ..

Remark 1. 1t is shown in [Ki2] that if (K, S, {F,}Y,) is a self-similar structure, then

for all w = wywywy ..., (| F, oF, o...0F, (K) consists of a single point and
n>1
that 7 is uniquely determined by {m(w)} = () F,, o F, o...0F, (K).
n>1

Remark 2. There is a more general definition of self-similar set as a quotient space
of X by an equivalence relation ~ such that w ~ ' implies iw ~ iw’ for all
i=1, ..., N. In this case, 7 is the natural projection map from X to X/ ~. In this
setting, however, X'/ ~ is not always metrizable. See Kusuoka [Ku2] and Kameyama
[Ka].

Notation. W,, = {1,2, ..., N}™ is the collection of words with length m. For
w=ww,...w, €W, wedefine F,,:K — Kby F,,=F, oF, o...0oF,
and K, = F, (K).

Next, we give the definition of a post critically finite (p.c.f.) self-similar structure.
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Definition 1.2. For a self-similar structure (K, S, {F,}Y,), we define the critical set

¢ and the post critical set by ¢ = 7! ( U FI(K)ﬂFj(K)) and 7 = |J o™(#%),
1#7 n>1

where 0: Y — Y is the shift map given by o(w,w,w;...) = wyw; ..., and o™ denotes

the n™ iterate of o. Then a self-similar structure is said to be post critically finite

(p.c.f. for short) if 7 is a finite set. Further, K equipped with this structure is called

a p.c.f. self-similar set.

The nested fractals introduced by Lindstrgm [Li] are p.c.f. self-similar sets. For
further examples of p.c.f. self-similar sets, we refer to Sect. 8 in [Ki2], as well as to
Sect. 3 below. Hereafter, we fix a p.c.f. self-similar structure (K, .S, {Fl}f\; - Also we
assume that K is connected, because oterhwise, K is totally disconnected and there
is no non-trivial diffusion (with continuous paths) on K. By Hata [Ha], a necessary
and sufficient condition for K to be connected is that for each pair (¢, j), there exist
ijiy, ooy iy €{1,2, ..., N} such thatiy = 4,4, = jand F, (K)NF, (K)#0
form=1,2,...,n—1.

The next topic is a calculus on a self-similar structure, including Dirichlet forms,
Laplacians and Green’s function.

Definition 1.3. V|, = m(7°) and for m > 0,

v, = U‘Qmwm.
wEWm

The finite sets V,,, are thought to be an approximating sequence of K. In fact it
is easy to see that V,, C V, ., and K = the closure of V., where V, = (J V,,. In
particular, Vj, is thought of as the “boundary” of K. m>0

Remark. In the case of nested fractals, V|, coincides with the set of essential fixed
points of K.

Constructing, first, a calculus on a finite set V, ,, we will then obtain a calculus on
K through the natural limit as m — oo.

Notation. Let U and V' be sets.
() V) =A{f] f:V — R}. We use (f), or f, to denote the value of f € (V) at
peV.ForpeV, x, € (V) is defined by

L if ¢g=p,
Xp(@) = {O otherwise.

(2) Let A:l(V) — I(U) be linear, then we use qu or (A)pq to denote the value
(Ax,), for g € V and p € U. Note that qg/ A, fy = (Af),.

3) C(K)={f| f € (K) and f is continuous on K }. The space C(K) is endowed
with the metric of uniform convergence on K. Note that it can be viewed as a subset
of I(V,) because the countably infinite set V. is dense in K.

Now we introduce a class of finite-difference operators on V;), which are discrete
Laplacians on the finite (non-empty) set V.

Definition 1.4. Let 7 (V) be a collection of linear operators D from I(V}) to itself
such that
() 'D=D,
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(2) D is irreducible; that is, for each (p, q) € V|, XV}, there exists a sequence {p, }7,
with p, = p, p,, = ¢ and Dmma #0foralli=1,2,...,n,
3) Dpp <0Oand D,, =0forall p €V,
€W
4) D,,>0ifp#q.

D e F(V,) induces finite-difference operators H, :1(V, ) — I(V, ) as follows,
where r = (r,7,, ..., ry) is thought of as representing a ratio of weights of
the subsets (F(K), F,(K), ..., Fjy(K)). Note that for ¢ = 1,2, ..., N, the map
F,:K — F,(K) is a homeomorphism; however, F,(K) and Fj (K) may have different
“sizes.”

Definition 1.5. Let D € #(V;) and let r = (r;,7,, ..., ry) with each 7, > 0. We
define a linear operator H,,:1(V, ) — I(V,,) by

H,= > r,''R,DR,,

m
wWEWm

where R, :I(V,,) — I(V}) is the natural restriction of f € I(V,,) to F,(V;); that is,
R,(f)=foF,andr, =1, T, ...T, forw=wmw,.. w,. Moreover, we write

H,,f=MH,[),forpeV,.

For further arguments, it is important that the pair (D, r) be assumed to be invariant
under a kind of “renormalization.” To introduce the desired ‘“‘renormalization,” we
divide H, into four parts as follows:

T, 'J,
me= (5 %)

where T, :1(Vy) — 1(Vy), J,,,:1(Vy) — I(V,,\V,) and X, :1(V,\Vy) — LV, \Vp).

Definition 1.6. (D, r) € F# (V) x (0, 00)Y is called a harmonic structure if
D=XNT-'JX"'J)

for some positive A > 0, where T' =T, X = X and J = J,. Further, if A > r, for
1=1,2,..., N, then (D, ) is said to be a regular harmonic structure.

Remark. Let (D) = T —'JX~1J, then %: #(Vy) — F#(V,). Hence the above
definition of harmonic structure is equivalent to the conditon that D is an eigenfunction
of the non-linear operator ./ with a positive eigenvalue. This operator .7 is a
kind of renormalization of finite-difference operators on V. Essentially the same
renormalization equations have been considered by Hattori-Hattori-Watanabe [HHW],
Lindstrgm [Li] and Kusuoka [Ku2] in other approaches.

From now on, we focus our attention on a regular harmonic structure (D,7r)
associated to a p.c.f. self-similar structure of K. It is natural to ask whether there
always exists a regular harmonic structure. Unfortunately, a general answer to this
question has not yet been found. For the nested fractals, however, there exists a
regular harmonic structure with equal ratio of weights r = (1,1, ..., 1). This result
is obtained (with a different terminology) by Lindstrgm in [Li]. See [Ki2] and Sect. 3
below for several concrete examples of regular harmonic structures.
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The natural discrete Dirichlet form associated with H, , is given by
& vy = Nl v
for u,v € I(V,,,). By virtue of the invariance under renormalization, we have

Proposition 1.7. Let
F ={uluelVy), &, (uly, ,uly ) has a finite limit as m — oo},
where uly, denotes the restriction of the function u to V..

Then % is a dense subspace of C(K). Moreover, for u,v € %, let
E(u,v) = lim & (uly, ,vly, )
m—00

and B
Z(u,v) = E@,v)+ Y up)v(p).

pEVY

Then (7, &) is a Hilbert space.
Next we define the harmonic functions associated with (&,.%).

Proposition 1.8. A continuous function f on K is called harmonic if H,, ,f = 0 for
allm > landallp € V, \V,. Then

(1) The space of harmonic functions is contained in 7 .

(2) For any o € l(V}y), there exists a unique harmonic function f such that f IVO = 0.
Moreover, f is also the unique solution of the following variational problem:

E(f, ) = min{ & (u, ) | ueﬁanduh,o = o} .

F urthgrmo;fe, for p € Vi, we denote by ,, a harmonic function whose values on V,
coincide with x,.

Also, Green’s function g is defined as follows.

Proposition 1.9. There exists a unique continuous function g on K x K such that for
all x € K and for every f € 7,

B H=f@ - > f@v,)),

PEVY

where g* is defined by ¢g*(y) = g(x,y). Further, g is a non-negative valued function,
g? =0 for all p € (Vy) and g(x,y) = g(y,x) for all x,y € K.

Note that all the concepts introduced so far are independent of the choice of a
measure on K. To define the Laplace operators, however, we will need to introduce
a measure on K. Hence, from now on, we will fix a (Borel) probability measure p
on K such that
(1) p(0) > 0 for all non-empty open sets O in K.

(2) p is non-atomic; that is, u(U) = O for every finite set U.

A familiar example of a measure satisfying the above conditions is the Bernoulli

measure |, which is characterized by

ICE ) = oy By -+« Hagy,
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for all w = ww,...w,,, where u;,u,, ..., py are positive numbers such that
N

> p; = 1. (Note that p, = w(F;(K)), fori=1,..., N.)

i=1

We need one more remark before giving the definition of Laplacians. Forp e V|
we define t,, ,, as the unique continuous function on K such that
D Y plv, = X
(@) ¢y, 0 F,, is harmonic for all w € W,,.

Obviously, {¥,, ,},cv,, is a partition of unity on K and if p ¢ K, then

Ymp = 0 on K, for all w € W, . Hence, if we set j,, = z‘; Hom p0ps Where
pPEVm
onp = ;{ ¢m,pdﬂ and 6p denotes Dirac’s measure at p, then p,,, converges weakly

to u as m — oo. And so 1, on V, can be thought of as a discrete approximation
of yon K.

Definition 1.10. Let 1 be a probability measure satisfying the above conditions. For
u € C(K), if there exists f € C(K) such that, as m — oo,

sip (AT, — )] 0,
PEVM\Vy

where (Aj'w), = /\mu;}pH u, then we define A u by A, u = f. The domain

m,p
of A, is denoted by &,. Further, the operator 4, is called the Laplacian on K
associated with p.

Remark 1. Naturally, A, depends not only on the measure x but also on the given
harmonic and self-similar structures on K.

Remark 2. Clearly, A 4 is a local operator, in the sense that (for f € ’@u and z, € K)
if f = 0 near z, then so does A, f.

Proposition L.11. (£,.7) is a local regular Dirichlet form on L*(K, ) and 7, C
F C C(K).

For the definitions and fundamental results on Dirichlet forms, we refer to
Fukushima [Ful]. (See also Definition 4.1 below where is recalled the definition of a
Dirichlet form.)

Finally we state two results that are analogues of classical facts for the ordinary
Laplacian, Green’s function and Dirichlet form on (“smooth” bounded domains of)
R™. At first, we give a formula for the solution of the Dirichlet problem for Poisson’s
equation.

Theorem 1.12. Given f € C(K) and ¢ € I(V}), there exists a unique v € F such
that
{ Au=f,
uly, =o-
Moreover, this function u is given by
u@) =Y o) ,(@) — / 9@, y) f () i(dy) .
PEVY K

In particular, v € C(K) is harmonic if and only if v € &, and A, v = 0.
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The second result is the counterpart of “Gauss-Green’s formula” in this context.

Theorem 1.13. For uw € % and v € @p we have

£ u,v) = Z u(p) (dv),, — /uAMvdu,

PEVY K
where (dv),, is called the Neumann derivative of v at p € V,, and is defined by

(dv), = lim —\"H,, u.

The above limit does exist if v € &,.

2. Main Results; the Spectrum of Laplacians

In this section, we state and prove our main results about the asymptotic distribution
of the spectrum of the Laplacians defined in Sect. 1. We fix a p.c.f. self-similar
structure (K, .S, {Fl-}fil) and a regular harmonic structure (D, ) on this p.c.f. self-
similar structure. Further, p is an arbitrary Bernoulli measure on K (as defined after
Proposition 1.9). Under these conditions, the Laplacian A ., acts from @“ to C(K).
For simplicity, we will write & and A instead of &, and A, respectively.

First we formulate the eigenvalue problem of —K with (homogeneous) Neumann
boundary conditions and Dirichlet boundary conditions (for short, the Neumann and
Dirichlet Laplacians).

Definiton 2.1. For k € Rand u € &, if
Au = —ku,
(du), =0 forallp €V,

then k is said to be an eigenvalue of —A with Neumann boundary conditions and u
is said to be an associated eigenfunction. Also, if

{Au-———ku,
'U;|VO=07

then k is said to be an eigenvalue of —A with Dirichlet boundary conditions and u
is said to be an associated eigenfunction.

As we will see in Sect. 4, the eigenvalues of —A are non-negative and have finite
multiplicity and they have no limit point other than 4-oo under either Dirichlet or
Neumann boundary conditions. Hence we can consider the associated (eigenvalue)
counting function.

Definition 2.2. The eigenvalue counting function of —A with Neumann boundary
conditions is given by

@) = #1k k is an eigenvalue of —A with Neumann
o= boundary conditions, with k < z ’

where each eigenvalue is counted according to its multiplictly and #A denotes the
number of elements in the (finite) set A.

Similarly, we define g,(z), the eigenvalue counting function of —A with Dirichlet
boundary conditions.
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Obviously, o(x) and g,(z) are non-decreasing and right continuous. Further, note
that p(0) = 1, because O is the first Neumann eigenvalue (and K is connected),
whereas 0,(0) = 0. (See Sect.4.) We are interested in the asymptotic behavior of
o(x) and gy(x) as x — oo. The following facts are crucial for obtaining our main
results.

Lemma 2.3. For all x > 0, we have

N
12 T
1 L < py(x) < p(x) < 2tz
M Z@( >_go<>_@(>_i§=;g<A )
and
2 00(2) < 0(x) < go(@) + M,
where M = #(V})).

The proof of part (1) (resp., (2)) of Lemma 2.3 will be given in Sect.5 (resp.,
Sect. 6). Part (2) will be proven by using a suitable refinement of the method of
“Dirichlet-Neumann bracketing” — as was done in [Lal] for regions with fractal
boundary — and by also taking into account the specific features of our present

situation, particularly the finite-dimensionality of the space of harmonic functions
on p.c.f. self-similar sets. Fukushima [Fu2] has obtained part (1) of Lemma 2.3 in the

1
special case of nested fractals where r, = 1 and p, = N foralli=1,2,..., N, so

that p is the natural Hausdorff measure on K.

‘We now present our main results, which provide an analogue of Weyl’s theorem for
Laplacians on p.c.f. self-similar fractals. Our result for the Dirichlet problem is stated
in the following theorem, while the corresponding result for the Neumann problem is
given in Corollary 2.5 below.

Theorem 2.4. Under the above hypotheses, we have
_d4s _ds
0 <liminv gy(x)xz 2 <limsupgy(z)z 2
T— 00

r—00

< 00} 2.1)

i.e., there exist constants c;,c, > 0 such that c,z%s/> < g(z) < c,2%5/2, for all x
large enough. Here, dg is the unique positive number such that

d

N e\
Z(T) =1. (2.2)

i=1
Further, let v; = /™=, for i =1, ..., N, so that Z ~% = 1. Then

(1) Non-Lattice Case: If the (additive) group Z Zlog~; is a dense subgroup of R,
then =1

_dg -1 7
lim gy(x)z * = (—nyfs 1ogfyi> / e IStR(e*h)dt, (2.3)

i=1

—0o0

where (R is bounded, right continuous and) R(x) := gy(z) — Z % ( Liki )
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(2) Lattice Case: If Z Zlog~y; is a discrete subgroup of R (ie., is equal to hZ for
=1
some h > 0), let T be its positive generator (i.e., the smallest such number h > 0).

Then ,
05(x) = (G(loi"”) + (1)> e (2.4)

where o(1) denotes a term which vanishes as x — oo and G is a positive periodic
function with period T' given by

N -1 +o0
Gt) = T< — Z 75 Jog %> Z e~ dstHIT) R+ D)y (2.5)
i=1 j=—o0

Moreover, G is right continuous and bounded from above and away from zero.

The next corollary follows immediately from Theorem 2.4 and part (2) of
Lemma 2.3.

Corollary 2.5. Under the hypotheses of Theorem 2.4, exactly the same results hold
for o(x), the eigenvalue counting function for the Neumann Laplacian. Moreover, d g
is still given by (2.2) and, in the counterpart of (2.3)—(2.5), the functions R and G
involved are the same as in the case of g,(x).

We refer the reader to Sect.3 (as well as to the appendix) for a discussion of
several examples illustrating our main results.

_n
2

Remark 1. In the original Weyl’s theorem, the positive constant lim gy(z)z has
— 00

a simple geometric interpretation; namely, it is expressed in terms of the volume
of the domain in R™ (see Theorem 0.1). Unfortunately, we do not have a similar
interpretation for the value of the limit in our non-lattice case. Actually, in view
of the results and examples in [LP3] and [La3] obtained .for regions with fractal
boundary, it may not be easy to find one. Nevertheless, our present results show that
in the non-lattice case, the proportionality “constant” involved in (2.3) is the same
for the Dirichlet and Neumann problems (see Corollary 2.5).

Remark 2. In the lattice case and when dg is not an integer, we conjecture that the
periodic function G(t) in (2.4) is non-constant, and hence that the limit in (2.3) does
not exist. Intuitively, these oscillations in the leading asymptotics of the spectrum
should be caused by the high symmetry of K (as well as of (D, r) and u) which gives
rise to eigenvalues with large multiplicity. (Compare [LP2, Remark 4.7(b), p. 67].)
According to the result of Fukushima and Shima [FS], this conjecture is true for
the standard Laplacian on the Sierpinski gasket | which, of course, corresponds to
1
the lattice case since then, 1y = ... = ry = land py = ... = py = N/ It
is noteworthy that when dg is an integer, the limit in (2.3) may exist even in the
lattice case. For example, if K is the Koch snowflake curve, equipped with its natural

Hausdorff measure p, then K is isomorphic to the unit segment [0, 1], equipped with
Lebesgue measure; hence dg = 1 and the limit in (2.3) exists.

Remark 3. (“Spectral exponents”.) In view of the above results, the positive number
dg defined by (2.2) determines the asymptotic order of the eigenvalue distribution of
the Laplacian. We will call dg “the spectral exponent of the Laplacian.” 1t depends
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not only on the space K but also on the self-similar structure (K, S, {F,}X,), the
harmonic structure (D, ) and the probability measure p on K. In the case of the
Sierpinski gasket, the spectral exponent of the standard Laplacian, dg = In9/1In5,
has been called “the spectral dimension of the Sierpinski gasket.” As was noted above,
however, there are many spectral exponents associated to a given p.c.f. self-similar
structure. In an appendix to this paper, we shall propose a notion of spectral dimension
corresponding to a specific choice of spectral exponent. (See Theorem A.2.) Of course,
it will be equal to In9/1n5 in the case of the Sierpinski gasket.

Note that our (direct) definition of dg is very analogous to that of the “similarity
dimension” of a (strictly) self-similar set (e.g., [Fa, Sect.9.2, esp. Theorem 9.3,
p. 118]); namely, dg is the positive solution of the equation

Zvds =1. (2.6)

However, the coefficients -y, no longer represent the scaling factors of the similarity
transformations involved, but rather are now defined by 7; = (Hﬂ”z /N2, for

1 = 2, ..., N. Finally, observe that in our case, dg < 2 because Z v? < 1. This
i=1
follows since (p;r; /) < p; and Z i; = 1, where we use the fact that r; < A because
=1
the harmonic structure is assumed to be regular, in the sense of Definition 1.6. Hence,

in the present setting, dg is an integer if and only if dg = 1, which is noteworthy in
view of Remark 2 above.

Remark 4. Combining ideas of Kusuoka [Ku2] and Fukushima [Fu2], Kumagai [Km1]
has obtained the value of the “spectral exponent” for a special Bernoulli measure and
under certain rather technical conditions on the (regular or non-regular) harmonic
structure. After having learned about our present work, he then removed these
technical conditions in [Km2], still working with the above measure, and also
remarked that our methods and his could be combined to extend our main results
(Theorem 2.4 and Corollary 2.5 above) to non-regular structures, thereby allowing dg
to be greater than 2.

Remark5. When N = 2, the lattice case occurs if and only if logy,/ log -y, is rational;
ie., if and only if 7§ = ~¥ for some positve integers p and ¢. Clearly, a similar
criterion holds when N > 2.

Proof of the Main Results. The rest of this section is devoted to the proof of
Theorem 2.4. First, for a given integer n > 1, we define a collection of words with
various length, 4, C |J W,

m>1

d d
An = {U) =W Wy e Wy, I (’)/wlwz.“wm_l) s> a” Z ’sz} ’

where o = min{*yfl ,fyg e ’yi, }and 7, = Yy, Va, - - - Yao, - (AN analogous set
was introduced by Moran in [Mo].) The followmg acts are easily deduced from the
definition.

Lemma 2.6.

(1) Q™ >~ > o™ forallwe A,
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and

2) U Y,=% and X, ,NX, =0 for ww €A, wih w#uw,
weAn

where X, = {w € X | w = wwywy, ...}

Lemma2.7. Let A ¢ |J W,, satisfying J X, = ¥ and X, N X, = 0

m
m>1 wEA

for w,w' € A with w # w'. Then given f:[0,00) — R and positive constants
0,0y, vy Oy, We have:

N

(1) I f@=) flao), then f@) > fa,),
i=1 weA

where o, = a, @, .. Q,  fOr W= WW, W,
N

@ I f@=> flam, then f@)=) fla,).
i=1 weA
N

3) If f@<) flew, then f@)< ) fla,2).
1=1 weA

Proof of Lemma 2.7. We will show (1). We define n(A) = min {m ! Ac U Wl} and
i=1

use an induction on n{A). First, if n(A) = 1, then obviously A4 = {1,2, . , N} and
so the claim holds. Next if n = n(A4) > 1, then, for w = ww,...w, € W, N A, we
can see that {w,w, ... w,_,j}}_, C A. Further, we note that the assumption implies

N
f(aw1w2~~wn——1x) z Z f(awlwzmwn—ljx)'

J=1

And so, if we let

n—1
A= (Aﬂ(UWZ))U{wlwz...wn_l | w=ww,...w, €W, NA},

i=1

then it follows that A’ satisfies the same conditions as A, n(Ad) = n(d) — 1

and > f(a,z) > > f(a,x). Hence by the induction hypothesis, we have
weA! weA

f@) > Z fla, ).
The proof of (2) and (3) is entirely similar. O

If we now combine Lemma 2.6 and Lemma 2.7, Lemma 2.3-(1) implies

Y ot <am <ot < Y etih.

wEAp weAn

Since g, and g are non-decreasing, we have

2 2
#(A,) 005 1) < 0o(t) < 0(t) < #(A,) 0(a" T 1).
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On the other hand, by Lemma 2.7-(2), we have
Z v =1 and this implies #(A4,)a" > 1> #(A,)a"!.
wEAp

Hence we have
n (DA il M
a "oyla Tdst) < gy(t) < o) < a” " gg(a ds ).

2
Replacing ¢ by ta "ds | we obtain

2 2 2
oo(@dst) < agyta "I5) < aota” ) < alot).

2 —nZ (n+ 2
Now we choose ¢ so that gy(a?st) > 0. For z € [ta "ag Jta D3 1,
_dg —— _ds _ds (a2
t 2 a”“go(ta nds) <g@z 2 <t 2 a"gy(ta (ot )dS).
Therefore, we have
_dg 2 _dg _ds
t T agyatst) < g T <t 2 a )
This implies immediately (2.1) from Theorem 2.4:
_dg _ds
0 <liminv gy(z)x ? <limsupgy(zr)x 2 <oo.
r—00

r—00

To establish the refined results stated in Theorem 2.4, we need the following well-
known renewal theorem from probability theory.

The Renewal Theorem (Feller [Fe]). Let v be a Borel probability measure on [0, 00)
o0
such that [ xzv(dx) < co. Let u € L'(R) be such that u(z) — 0 as |z| — oo. Suppose

0
that z is a bounded measurable function which satisfies the renewal equation
o0
z2(x) = uw(x) + /z(:c —tyv(dt), forxzeR, 2.7
0

and such that z(x) — 0 as x — —o0.

Then
(1) Non-Lattice Case. If the support of v does not lie in any discrete subgroup of R,
then the limit z(c0) = Ilingo 2(x) exists and '

(o] —1 +oo
z(00) = (/xu(dcc)) /u(w)d:v.

0 —o0

(2) Lattice Case: If the support of v lies in some discrete subgroup of R, then if T' is
the “greatest common divisor” of the support of v, the limit G(t) = lim z(t + nT)
exists for every t and nee

o0 =1 400
G(t) = ( / :w(d:c)) Z u(t + 57T).
0

j==o0
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Remark I. The above version of the renewal theorem is a slight modification of the
classical renewal theorem [Fe, Theorem 2.1, p. 349], which follows easily from the
proof given in [Fe] as well as from [Ru, Theorem 9.15, pp. 219-220]. Note that in
[Fel, the “lattice case” is called the “arithmetic case.”)

Remark 2. Lalley [L] has used the renewal theorem in a related context in order to
study the asymptotic behavior of certain geometric counting functions associated with
self-similar fractals in R™.

Lemma 2.8. Let R(z) = gy(z) — Z 00(V2x), where ~; = (,11,/ N/, then R(zx) is a

non-negative bounded function and for some k; >0, R(z) =0 on [0, k,].
Proof of Lemma 2.8. By Lemma 2.3-(1), R(z) is non-negative. Also by Lemma 2.3,

N N
0p(x) <D 0o(VT) <Y (gy(Viw) + M),

1=1 1=1

Hence R(z) < M N. Finally, let k; be the smallest eigenvalue of —A with Dirichlet
boundary conditions. Then it is easy to show that k; > 0. (See Sect. 4.) Therefore
Qo(% z) = 0 (since y; < 1) and hence g,(z) = 0 on [0, k,]. This implies that R(x) =
on [0,k]. O

End of the proof of Theorem 2.4. We let z(t) = e~t5 g,(e?), u(t) = e~'’s R(e*') and
v(dt) = Z Y, dsg_ log 7, (d8), where 6, is the Dirac point mass at x. (Observe that v

is a probablhty measure since by definition of dg, we have Z % = 1; see (2.2) or
i=1]
(2.6). | Then, using (2.6) again, we immediately deduce the renewal equation (2.7):

oo

2(z) = ulz) + / z2(x — tyv(dt).
0

Further, it is easy to check that the assumptions of the above renewal theorem are
satisfied. Thus Theorem 2.4 is now a direct consequence of the renewal theorem. [J

3. Examples

This section is devoted to examples illustrating our results. In each example, item
(I) describes the self-similar structure, item (II) describes harmonic structures and in
item (III), we discuss various properties of the spectral exponents of Laplacians. In
the appendix, we shall revisit several of these examples from the point of view of the
spectral dimension.

Example 1. Interval
(I) Fori=1,2, the maps F,: R — R are contractions defined by

Fi@) =3z and Fy@)=3x+1.
Let K = [0, 1]. Then (¥, {1, 2}, {Fsz}) is a p.c.f. self-similar structure. In fact,
7 ={12,2i}, 1=nr12)=nh,
7={1,2}, 0=n1) and 1=n().
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[Here and thereafter, we use the following convention. Given a symbol s, we denote
by $ the constant infinite sequence associated with this symbol s. For example,
i=1111...]

(IT)

-1 1
D=< I -1>’ et

with 0 < o < 1. Then (D, r) is a regular harmonic structure where A = 1.
(III) For a Bernoulli measure p, let 4, = B and p, =1 — 3 with 0 < g < 1. The
spectral exponent dg of the Laplacian given by (D, r) and p is characterized by

ds ds
(@) +( (- -p)2 =1. (3.1

Consequently, dg = 1 if and only if o = 3, and dg < 1 otherwise. Further, we are
in the lattice case if and only if log((1 — «) (1 — 5))/ log(a3) is rational.

Example 2. Sierpinski Gasket (Fig. 1)
(I) Given an integer NV > 2, consider the standard unit N-simplex in RN-1 with
vertices {p;, ..., py} and edges of length 1. For i = 1,2, ..., N, F:RV-! —
RN~ is a contraction defined by

Fi@)= 3@ —p)+p,.

The N-Sierpinski gasket is the unique (non-empty) compact set satisfying

N
K =|JFK).

i=1
Then (K,{1,2, ..., N}, {F;},_;, . n)is a p.c.f. self-similar structure. In fact,
o | . .
v = J{kl 1k}, 5 (py) = mkl) = 7(lk),
k<l

7={i,2,..., N} and p,=n(k) for k=12,...,N,

where % (pyp,) denotes the midpoint of p, and p;,.

y
—(N-=1) 1 1
D_ 1 -(N-1) . : ,or=(,1,...,1).
1 I —(N-1

N+2
Then (D, ) is a regular harmonic structure where A = —+
[For N = 2, K is an interval as in Example 1 above, whereas for N = 3, K is the
S.G. discussed in the introduction and represented in Fig. 1b. Note that in Example 1,
we chose r = (1/2,1/2) whereas in the present case, we take r = (1, 1); this explains
why here A = 2 instead of A\ = 1.]
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(III) The spectral exponent dg of the Laplacian given by (D,r) and a Bernoulli
measure p is characterized by

s N g
N \? =

i=1
We deduce from (3.2) that dg < 2log N/ log(N+2) and the equality holds if and only

1
if 41 is the normalized Hausdorff measure where i, = — foralls = 1,2, ..., N. This

latter situation, that of ordinary IN-Sierpinski gasket, is that studied by Fukushima-
Shima in [FS]; clearly, it corresponds to the “lattice case” (in our present terminology)
and hence according to Theorem 2.4 and Corollary 2.5, for the associated Dirichlet and
Neumann Laplacians, not only does (2.1) holds — as was already shown in [FS] — but
also (2.4) holds, where the periodic function G defined by (2.5) is non-constant since
by [FS], ~%s/2p(x) does not converge as x — oco. This value, 21og N/ log(N + 2),
will be called “the spectral dimension” in the appendix.
It is noteworthy that the Hausdorff dimension of K is equal to log N/log?2 and
that for N > 2,
2log N log N

log(N +2) = log2 '

Example 3. Modified Sierpinski Gasket (Fig. 2)
(D Let {p,.p,,p;} be the vertices of a regular triangle in C and let

(3.3)

Py = % (P2p3) 5 Ps = % P1p2), P = % (P2p3) -
Further, let the contraction F,:C — C be defined by
oz —p;)+p, for 1 =1,2,3
Fi(2) = .
(I -20)(z—p,)+p;, fori=4,75,6,

where z € C and the parameter « satisfies % <a< % The unique compact set K C C

6
which satisfies K = |J F,(K) is called the modified Sierpinski gasket (M.S.G. for

i=1
short). It is easy to check that (K, {1,2, ..., 6}, {F;},_,, ) is ap.c.f. self-similar
structure. In fact,

v = \J {klmk,mlik}, g, =) =n(mk)

k<l<m
k+l+m=9

and ¢, = w(ml) = n(lk) for each triple (k,l,m) such that k < [ < m and
k4 14+m=09. Also, 7 = {1,2,3} and p, = (k) for k = 1,2, 3.
The Hausdorftf dimension of the M.S.G., denoted by d;;, is the unique positive
number which satisfies
398 +3(1 — 2a)%H = 1.

axn

D=1 =2 1|, r=@011,4¢1,
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with ¢ > 0. Then (D,r) is a harmonic structure and it is regular if and only if
-1+ 21
o<t< ———.

() Of course, we could choose any Bernoulli measure 1 on K. However, we now
focus on the normalized Hausdorff measure, where p, = u, = p; = o and
g = fis = pis = (1—2a)?H , because this measure seems natural from the geometrical
point of view. Then the spectral exponent dg of the Laplacian given by (D, r) and

is characterized by
d d
dg\ 5 1— A\ >
3<%—> +3(%) ~1. (3.4)

It is remarkable that there are no particular relations between « and ¢ and so these two
parameters are mutually independent. In such a case, as was mentioned in Remark 3
of Theorem 2.4, we cannot use an expression such as “the spectral dimension of the
M.S.G.”

Finally, we note that for a fixed harmonic structure (i.e., for a fixed ¢ and hence
), we are clearly in the “non-lattice case” for “almost every” « (in any reasonable
sense).

Fig. 2. Modified Sierpinski gasket

Example 4. Hata’s Tree-like Set (Fig. 3)
This tree-like set was introduced by Hata in [Hal.
(I) For a complex number (3 satisfying

Bl<1, [1-p6<1 and ImB3#0,
we define two contractions on C by
Fi(z)=8z and F(z)=1-|8Pz+|8?.
The unique compact set K satisfying
K = F{(K)U Fy(K)

is called Hata’s tree-like set. (K, {1,2},{F,},_; ,) is a p.c.f. self-similar structure. In

faCt’ . . . .
7 ={112,21}, q¢=n112) =72i),

7={i,2,12}, p,=71), p,=7Q) and p; =7r(12).



Spectral Distribution of Laplacians on Fractals 113

()
~(A+a 1 ot
D= 1 -1 0 |, r=(l1-d»,
a ! 0 —-a!

with 0 < o < 1. Then (D, r) is a regular harmonic structure where A = 1.
(III) The spectral exponent dg of the Laplacian associated with (D, r) and a Bernoulli
measure 4 is given by
ds b 38
() > + (1 —a%)) 2 =1. (3.5)
Next, if we choose o = || and the normalized Hausdorff measure p (with p; = adH
and 1, = (1 — a?)?H), then (3.5) becomes

ds ds
@@ET) T (1 —aP)yHh 2 =1, 3.6)

Now, since d;, the Hausdorff dimension of K, is the unique positive number such
that a?H + (1 — a?)?# = 1, we obtain the following remarkable relation between dg
and dy:

2y

S dy+ 1

Also in this case, the dichotomy between the lattice or non-lattice case, respectively,
is that log v/ log(1 — a?) is rational or not.

dg

3.7

Fig. 3. Hata’s tree-like set

Example 5. Nested Fractals
(I) The “nested fractals” introduced by Lindstrgm in [Li] are p.c.f. self-similar sets
(K, {1,2, ..., N},{F,},_, 5  n) such that

K CcR™ for some n,
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the contractions F; are a-similitudes of R™ with the same scaling ratio « (that is, for
all z,y € R", |F,(z) — F,(y)| = o]z — y|, where | - | is the Euclidean distance and
0 < a < 1), and they have strong symmetry.

Further, recall that the Hausdorft dimension d; of K is given by

log N
loga

H=

(3.8)

(II) Using the strong symmetry of K, Lindstrgm [Li] has shown that there exists a
symmetric decimation invariant random walk on V;. In our terminology, this implies
that there exists a regular harmonic structure (D,r) with r = (1,1,..., 1) and
“renormalization constant” .

1
(M) If we take, for example, the normalized Hausdorff p, where p, = ¥ for

i=1,2, ..., N, then we deduce from (2.2) in Theorem 2.4 that the spectral exponent
dg of the associated Laplacian is given by

_ 2logN
S 7 log(NA) S

We thus recover a result obtained by Fukushima [Fu2] in the case of the normalized
Hausdorff measure. From the probabilistic point of view, the corresponding asymptotic
order for the trace of the heat semigroup associated with “Brownian motion” on K
was obtained earlier by Lindstrgm in [Li]. Note that in this situation, we are always
in the “lattice case” since u,7,/A = 1/NAforalli=1,..., N, and thus it follows
from Theorem 2.4 that (2.1) and (2.4) hold; in particular, as z — oo, we have for the
associated Dirichlet Laplacian,

d
04(x) = (G(lﬂi—QC) + o(l)) s, (3.10)

where G is the positive periodic function of period T'= 1/v/ N given by (2.5).
Now, according to Fukushima [Fu2], the integrated density of states for nested
fractals is defined by

@) = lim o(NV)'x)/N', (3.11)

where [ € N. It thus follows immediately from Theorem 2.4 that the limit in (3.11)
exists and is given by

(3.12)

dg
Sy(@) = G(lii—f) z? .

In the above, our results are stated for the Dirichlet Laplacian. According to
Corollary 2.5, however, exactly the same results hold for the Neumann Laplacian;
in particular, if ./"(z) is defined by (3.11) with g, replaced with g, the analogue of
(3.10) and (3.12) holds for g(z) and ./"(z), respectively, where G is the same periodic

ds
function as for the Dirichlet problem. In particular, ./ (z) = Jj(z) = G (% log :r) T2,
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4. Dirichlet Forms and Dirichlet-Neumann Bracketing

In this section, we introduce the method of Dirichlet-Neumann bracketing according
to Métivier [Me] and Lapidus [Lal, Sect. 4,1 pp. 490-497]. It originally treats more
general situations of spectrum of certain self-adjoint operators on Hilberts spaces. In
this paper, however, we confine our interest to Dirichlet forms. First we recall the
definition of Dirichlet forms. (For the theory of Dirichlet forms, see, e.g., Fukushima
[Ful].) Let X be a locally compact separable metric space and let v be a regular
Borel measure on X such that #(O) > 0 for all open sets O C X.

Definition 4.1. Let F be a dense subspace of L>(X,v) and let E be a non-negative
symmetric bilinear form on F. Then (E, F) is called a Dirichlet form on L*(X,v) if
(1) For o« > 0, let E_ (u,v) = E(u,v) + au,v),, where (u,v), = fuvdl/. Then,
(F, E,) is a Hilbert space. X

(2) Markov Property: For every u € F, let

v

1 if u(x)>1,
wx)=< 0 if u(x) <0,
u(xr) otherwise.
Then, 7 € F and E(u,u) < E(u,u).

Remark 1. 1t is easy to see that if (¥, E,) is a Hilbert space, then so is (£, E,) for
each a > 0.

Remark2. If (E,F) is a Dirichlet form on L?>(X,v), then (F,L*(X, v),E,) is a
variational triple. See, e.g., [Lal, Sect. 4.1.A, p. 491] for the definition of a variational
triple.

Next we formulate the eigenvalue problem associated with a Dirichlet form.

Definiton 4.2. Let (E, F') be a Dirichlet form on L*(X,v). If
E(u,v) = k(u,v),

for all v € F, then k is called an eigenvalue of (¥, F') and u is called an eigenfunction
belonging to k.

Throughout this section, (E, F') denotes a Dirichlet form on L*(X, v). Further we
assume that the natural inclusion map from the Hilbert space (F, E,) into L*(X,v)
is a compact operator. Then it follows from some well-known facts about self-adjoint
operators that the eigenvalues of (£, F) are non-negative and of finite multiplicity
and that the only accumulation point is +00.

In this case, the eigenvalues are characterized by the Max-Min principle.

Proposition 4.3. Let {k;} 1 be the sequence of eigenvalues of (E, F), written ac-
cording to multiplicity and so that 0 < k, <k, forn=1,2, ... Then

(k, + )2 =d,_ (S (F)),

where, for B C L*(X,v), S,By={ueBNF|E,/(uu) <1l}andd;, = d/(B)is
defined by

d, = inf{ sup inf |z —yll2x,, |Y is an i-dimensional subspace of L*(X, 1/)} :
2€B yeY ’
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Remark. Obviously, if B C Y where Y is an n-dimensional subspace of L?(X,v),
then d,(B) = 0 for ¢ > n.

The above result yields immediatley an expression for the eigenvalue counting
function.

Proposition 4.4. Let us define the eigenvalue counting function o(x; E,F) by
o(z; E,F)=#{i | k, < z}. Then

0@ B, F) = #{i 2 0 d(S,(F)) = (@ + a)~'/?}.

Now we consider another Dirichlet form (E’, F') on L*(X,v) such that F’ is
a closed subspace of F' and E' = E|p m. The method of Dirichlet-Neumann
bracketing gives a relation between o(x; E, F) and o(x; E', F'). By Proposition 4.4,
it is easy to see that

Theorem 4.5.
ol@; E' F') < o(z; E, F). 4.1

To estimate the difference between o(z; E, F) and o(x; E’, I), we shall need the
following refinement of the method of Dirichlet-Neumann bracketing:

Theorem 4.6. [Me]
o(@; E,F)— o(x; E',F') = N(z; E, F, F') — dim(F' N Z,), 4.2)
where Z, = {u | u € F, E(u,v) = x(u,v), for all v € F'} and
N B, F,F') =#{i | d;,_|(S,(Z,)) > (x+ )"/},
Remark 1. Theorem 4.6 is established in [Me, Proposition 2.7, p. 138]. (See also [Lal,
Proposition 4.3, p. 493].)

Remark 2. The above refinement of the method of Dirichlet-Neumann bracketing
provided by Theorem 4.6 was needed in [Lal] to obtain sharp remainder estimates for
the spectral asymptotics of elliptic operators on open sets with fractal boundary and
will also be necessary in the present paper. (For the original method — which makes
use of a special case of inequality (4.1) rather than of the more precise equation (4.2)
— we refer to Courant and Hilbert [CH] or Reed and Simon [RS].)

We will use the following special case of Theorem 4.6 in the next section.
Corollary 4.7. If dim F//F’ < 4oo0, then, for all z,
oz, E',F') < o(x; E, F) < o(x; E', F') + dim F/F’ . 4.3)

Remark. The reason why we shall be able to apply Corollary 4.7 is that on a p.c.f.
self-similar set, the space of harmonic functions is finite dimensional.

Proof. First, assume that F' N Z, = {0}. Let G be the orthogonal complement
of F' in F with respect to the inner product E,(-,-) and let p:F — G be the
natural projection. As F' N Z, = {0}, it follows that kerp|, = {0}. Hence
dimZ, < dimG = dim F/F’. And so by the remark following Proposition 4.3,
N(z; E,F,F') < dim F/F'. Using Theorem 4.6, we thus have

ox; E,F) < o(z; E', F') + dim F/F".

Now, note that {z | F' N Z, # {0}} is a countable set because it coincides with the
set of eigenvalues of the Dirichlet form (E’, F'). Also o(z; E, F) and o(x; E’, F') are
right continuous. Therefore the above inequality holds for all z. O
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5. Laplacians and Dirichlet Forms; the Proof of Lemma 2.3-(2)

In this section, we will relate eigenvalue problems for Laplacians to eigenvalue
problems for Dirichlet forms and prove Lemma 2.3-(2). Recall that (K, S, {F,}Y)
is a self-similar structure and (&,.%) is a Dirichlet form on L?(K, 1) constructed by
means of a regular harmonic structure (D, r). Also A“ is the Laplacian associated

with (D, r) and p. The domain of A ., 18 denoted by ,@#.

Now, the eigenvalue problem for the Dirichlet form (£,.%) on L?(K, 1) turns out
to be equivalent to the eigenvalue problem for the Laplacian A ., With homogeneous
Neumann boundary conditions as follows.

Proposition 5.1. For k € R and u € 7,

&(u,v) = k(u, U)Lz(Kyu)
for allv € 7 if and only if u € 7, and

{ A LU == ku,

(duw), =0 forall peV,.
Proof. First, assume that for all v € %,

E,v) = kU, V) 12k -
Then letting v = g%, we have by Proposition 1.9,

u(@) =Y up)y, ) +k / 9z, y)uy) 1(dy) .
PEVD 4

Using Theorem 1.12, the above equation implies that v € & and Au = — ku.
Therefore, by Theorem 1.13, we can see that

Ew,v) =Y v(p) (du), + k, v) 2 )
PEVD
for all v € & Hence we have (du), = 0 for all p € V;,.
The converse follows immediately from Theorem 1.13. O

For defining the homogeneous Dirichlet boundary conditions, we introduce a new
Dirichlet form (&, %) as follows.

Proposition 5.2. Let % = {u € ¥ | uly, = 0} and let &, = &| 5 5. Then (%,,.%)
is a local regular Dirichlet form on L*(K, p1). Further, for k € R and u € %,
&o(u, v) = k(u, U)LZ(K,M)
for allv € % if and only if u € Yy = 2, N % and
{ A#u = —ku,
ufy, =0.

Proof. Note that ¥ = %, + H, where H is the set of harmonic functions, and that
dim H = #(V})). Hence it is easy to check that .% is dense in L*(K, ). Further, the
other conditons follow immediately from the definition of (&;,.%,). And so (&;,.%) is
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a local regular Dirichlet form on L?(K, ). The proof of the second part of the above
proposition is similar to that of Proposition 5.1. O

Now we proceed to give the proof of Lemma 2.3-(2). By the above propositions,
ox) = o(x: £,7) and  gy(z) = o(z; &), %),

where we use the notation of Proposition 4.4. And thus we can apply the method of
Dirichlet-Neumann bracketing if the natural inclusion map .# < L*(K, u1) is shown
to be a compact operator.

Lemma 5.3. There exists a positive constant C such that, for all u € &,

Cllul% < &Eu,u) + [Jul2,

where ||ul| .. = sup |u(@)| and ||ull, = [ [ u?dp.
zeK K

Proof. By Proposition 1.9, we have

VWG, 9%V E ) > |£(g7,u)| = lu@) - a@)],

where @(z) = ) u(p) Y, (x). Also by Propositon 1.9, &(g*,g") = g(x,z). Hence
we have PEVY

[lu — a||2 < C & u,w),

where C| = sup g(z, z).
zeK
Now note that @ € H. As H is finite dimensional, the norms || - ||, and || - ||, are
mutually equivalent. Therefore, there exists a positive constant C, such that, for all
u €7,
lallo < Gollall, < Cyflully + flu—ally) -

Since || - ||, > || - Il,, we obtain, for some C; > 0,

Since ||@|, + |lu — @]l > [|ull,, the proof of Lemma 5.3 is complete. [
Lemma 5.4. The natural inclusion map 7 — L*(K, j1) is a compact operator.

Proof. Let U be a bounded set in .%# with respect to the inner product & (u,v) +

[ wvdp. Then by Lemma 5.3, there exists a positive constant A such that, for all
K
ue U, |lull,, < A. Hence U is uniformly bounded.

On the other hand, using Proposition 1.9, we have
£(g" — g¥,u) = u(@) — uly) + ( 3 u) @, @) — zp,,(y))) .
PEVD

Hence we deduce that

VEGT = g% 9" = g & () + AKVY) max [ih,(2) = %, )] 2 Ju(@) — u@)

Since £(g* — ¢¥, g% — ¢¥) = g(z,z) + g(y,y) — 29(x,y) and & (u,u) are bounded,
we conclude that U is equicontinuous.

Thus it follows from the Ascoli-Arzela theorem that U is relatively compact in
C(K). And hence U is relatively compact in L2(K, u). O
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Proof. Lemma 6.1 and the definitions imply (1) and (2) immediately.

(3) Let U C .% be bounded in (£,.%). Then, for each i = 1,2,..., N, U,
{foF, | f €U} is abounded set in (¢,%). And so it is relatlvely compact in
LXK, u) Hence U is relatively compact in L>(K, p).

(4) Let f be an eigenfunction of the Dirichlet form (é” F %) with eigenvalue k. Then

by the definitions, for all g € .7,
NS g0 = g = e = kS b / fg.dn.
1=1 1=1

Hence we have for any h € . %
A
F g(fia h) = k“i(fi’ h)Lz(K,p,) :

Therefore, for each 4,9, = f o F, is an eigenfunction of the Dirichlet form (£, %)
T .
with eigenvalue Bila y. The converse is obvious and hence we have

N
0@ £, F) ="y Q(%x) .

i=1
Using Theorem 4.5, the above proposition implies a part of Lemma 2.3-(1), that is

@(w)<z (“’ : >

To obtain the remaining part, we introduce another Dirichlet form on L*(K, ).
Proposition 6.3. Let % = {f | f € 7, fly, = 0} and let Zy = £| z = Then
(1) (%,.%) is a local regular Dirichlet form on L*(K, ).
. . N o
(2) o(w; &5, ) = 3. QO<M;\’ 96)
i=1

The proof of this proposition is entirely similar to that of Proposition 6.2.
Finally, we deduce from Theorem 4.5 that

N

> 00<ui\r” x) < 0y(@).

i=1

Hence we have completed the proof of Lemma 2.3-(1).

Appendix: The Spectral Dimension

In Sect.2, we have established a formula to calculate the spectral exponent dg
of a Laplacian A“ associated with a self-similar structure (K, {1,2,..., N},
{F,}iz12, ... n)> a regular harmonic structure (D,7) and a Bernoulli measure z on
K. The formula is

N
Yol =1, (A.1)
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Remark. 1t follows from the above proof that the inclusion map .% — C(K) is a
compact operator.

Finally, using Corollary 4.7, we have
0o(®) < p(x) < golx) + #(Vy) ,

because #(1;) is finite and dim.7# /7% = dim H = #(V;,). Hence we obtain Lemma
2.3-(2).

6. Scaling Property of Dirichlet Forms; the Proof of Lemma 2.3-(1)
In this section, we will prove Lemma 2.3(1). The key is a kind of scaling property of
the Dirichlet form (¢,.%), as given below.

Lemma 6.1. For u,v € .7,

N
E(u,v) = A Z ri_lff(qui,voFi).

=1
Proof. By Definition 1.5 (and with the obvious simplified notation),
EpwoF voF)==X" Y r YR (uo F))D(R,voF)).
wEWm

Note that R, (f o F;) = R,,, f; hence the above equality implies

N N
A Z r & (o FvoF)=—\"" Z Z T (R, w) D(R,,v)
1=1 1=1 weWpnm
=&, u,v).
In view of Proposition 1.7, we complete the proof by letting m — oco. [

Remark. This kind of scaling property of Dirichlet forms on self-similar sets was first
established by Fukushima [Fu2] for nested fractals.

Now we introduce a new Dirichlet form on L*(K, ju).

Proposition 6.2. Let F be defined by
F ={f:K\V, =R |fori=1,2,..., N, foF, = f, on K\V, for some f, € 7}.

Let & be a nonnegative symmetric form on F defined by

N
EEP=A>_r'E(f9).

=1
Then . .
) FCF and & = &| 7 7.
2) ((22 ,9? ) is a local regular Dirichlet form on L*(K, ).
(3) The natural inclusion map F — LXK , k) Is a compact operator.

. . N .
@ oz &,7) = E_:I 9(%35).
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A
between this spectral exponent and the so-called spectral dimension. We will fix a self-
similar structure and a regular harmonic structure and think of the spectral exponent
as a function of u. And so we write dg = d (u). Fist we will define the similarity
dimension of the harmonic structure.

AL
where v, = ,/’—MZ for ¢ = 1,2, ..., N. In this appendix, we will obtain a relation

Definition A.1. The unique positive number S which satisfies
N , S
<) =1 A2
> < 3 ) (A2)
i=1
is called the similarity dimension of the harmonic structure (D, ).

Then we deduce the following theorem from an elementary calculation.
Theorem A.2.

28
max{dg(p): p is a Bernoulli measure on K} = 31 (A3)
where the maximum is attained only at the Bernoulli measure 1 such that
P\ S
Ni:(i) , fori=1,..., N. (A.4)
The positive number
25
dy = —— A5
STS+1’ (A-3)

defined by (A.3), with S given by (A.2), is called the spectral dimension of the harmonic
structure (D, r).

Proof. We can determine the maximum of dg(p) as a function of (u, ..., pun),
N
subject to the constraints Y u, =1, 4, >0 =1, ..., N), by using the method of

i=1

Lagrange multipliers. E]z

Remark 1. Clearly, we always have d < 2. Further, d§ = S if and only if S = 1.
(This is of interest in view of Remarks 2 and 3 following Corollary 2.5.)

Remark 2. Fujita [Fj1,2] has studied generalized diffusions on an interval associated
with self-similiar measures and has obtained the corresponding relation between the
similarity dimension and the spectral dimension as above. This result indicates that
our relation could be extended to generalized diffusions on fractals.

Remark 3. Our results suggest certain formal analogies with the interesting work of
Strichartz [St1,2] on the “Fourier asymptotics of (self-similar) fractal measures” in
R™.

Now we revisit some of the examples discussed in Sect. 3. (For simplicity, we
number the examples in the same way as in Sect. 3.)

Example 1. (Interval.) For the harmonic structure (D, r) where

D:(? ﬂ) and r=(a,1—a),

the similarity dimension is 1. Hence the spectral dimension of (D, r) is 1.
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.3
Example 2. (Sierpinski Gasket.) For the harmonic structure (D, r), % = 3 Hence the

similarity dimension is log 3/(log 5 —log 3) and the spectral dimension is log 9/ log 5.
This value is the so-called “spectral dimension of the Sierpinski gasket.”
More generally, for the IV-Sierpinski gasket studied in Example 2 of Sect. 3, we

r
h 2=
ave 3 Ny and hence
log N " 2log N
S = d == A.6
gV +2)—togn W 45 = N1 (A.0)

Example 4. (Hata’s Tree-like Set.) For the harmonic structure (D, r), where
—(14+aH 1 at
D= 1 -1 0 and 7= (o, 1 —0a?),
a”! 0 ot
the similarity dimension is given by
o+ (1—-ahH¥=1.

If we choose o = |3|, then S equals the Hausdorff dimension dj;, where the
contractions are

Fi(z)=pz and F(2)=1— P2+ 6.

Further, the Bernoulli measure which gives the spectral dimension of (D, r) is the
natural (normalized) Hausdorff measure with respect to the above contractions. In this
case, we have already stated the relation between the similarity dimension and the
spectral dimension in Sect. 3; namely, (A.5) yields

2d
d¥ = 22 A7
ST dy+ 17 A7)
as was obtained in (3.7).
Example 5. (The Nested Fractals.) For the harmonic structure (D, (1,1, ..., 1)), the
similarity dimension is given by
log N
S = . A8
log A (A-8)
Hence, by (A.5), the spectral dimension d§ is given by
2log N
*
== A9
S log(N A) (A.9)
1
where the corresponding measure p is characterized by u, = N fori=1,..., N.

In particular, we recover formula (3.9) obtained in Example 5 of Sect. 3. Note that in
this case, u is the natural (normalized) Hausdorff measure on K.
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