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Abstract. Under weak technical assumptions on a net of local von Neumann
algebras {</(0)} in a Hilbert space #, which are fulfilled by any net associated
to a quantum field satisfying the standard axioms, it is shown that for every
vector state ¢ in J# there exist observables localized in complementary wedge-
shaped regions in Minkowski space-time that maximally violate Bell’s
inequalities in the state ¢. If, in addition, the algebras corresponding to wedge-
shaped regions are injective (which is known to be true in many examples), then
the maximal violation occurs in any state ¢ on %(s#) given by a density matrix.

I. Introduction

With the discovery of Bell’s inequalities [6, 7] and their subsequent refinements
[10, 24, 26, 32], it became possible for the first time to test experimentally whether
or not certain concepts of classical physics can be used in a description (at least
within a fairly general metatheoretic framework) of processes that take place on an
atomic or subatomic scale. The inequalities concern statistical correlations of
measurements made on two parts of one system and are derived from two basic
assumptions. One is that all measured correlations p(a, f) between outcomes o
measured on one subsystem and outcomes  measured on the other subsystem can
be modelled within a classical probabilistic theory (which subsumes, of course,
deterministic theories). The second is that this description is “local” in the sense
that the choice of a measuring device operating upon one part of the system does
not affect the probabilities of outcomes measured on the other part. For a more
thorough discussion of the assumptions and the metatheoretical framework
within which Bell’s inequalities can be derived, see [32].

Itis not our intent to enter into a philosophical discussion of Bell’s inequalities
in this forum. Our aim is to show that, just as quantum mechanics does, quantum
field theory (QFT) predicts a maximal violation of Bell’s inequalities, and that in
fact, unlike quantum mechanics, QFT predicts that this maximal violation is
generic in a sense we shall explain.
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Let {Z(0)}o.r+ be a net of local algebras satisfying the usual axioms [27, 1]
and let ¢ be a state on the algebra .o/ of quasilocal observables generated by
{<(0)}. Then for 0,0, two spacelike separated open regions in Minkowski
space-time, we define the maximal Bell correlation in the state ¢ to be:

B, L(0,), #(0,))=3supd(A,(B, + B,)+ A,(B; — B,)), (1.1)

where the supremum is taken over all selfadjoint 4, .2/(0,), B;€ o/(0,), satisfying
—1=£4;=1, —1=<B;=1,i,j=1,2. Such quadruples {A,B j} are henceforth called
admissible.) It was shown in [32] that the Clauser-Horne version of Bell’s
inequalities [10] can be written in algebraic QFT as:

B(o, (1), #(0,))=1. (1.2)

It is known [32] that the following inequality must hold a priori in algebraic QFT
for any state ¢ and regions ¢, 0, as above:

B($, A(0,), 4 (0,))<)/2. (1.3)

If equality is attained in (1.3), then we say that Bell’s inequalities are maximally
violated [in the state ¢ by suitable observables in #(0,), o/(0,)]. In hindsight, it is
seen that quantum mechanics predicts the attainment of ]ﬁ for the maximal Bell
correlation for suitable states and observables [10, 4], and that the experiments
reported in [3-5] yield this maximal violation of 1/5, within experimental error.

In [33] we showed that if ¢, is the vacuum state of a free Bose or Fermi field
theory and «/(W), o/ (W') are the corresponding observable algebras for the wedge
regions W and W’ (W’ is the causal complement of W), then

B(do, L(W), (W) =]/2. (1.4)

For dilatation-invariant, free field theories, (1.4) has been demonstrated to hold for
other space-time regions ¢,, @, (including bounded ones) [32, 33]. Thus, even in
free field theories the vacuum fluctuations are such that suitable observables
maximally violate Bell’s inequalities. The proof of these results pointed to a
connection with the modular theory of the von Neumann algebras of the net
{/(0)},and investigation of this connection soon made it clear that much stronger
theorems can be proven by invoking deep results of Connes, Stermer, Driessler
and others.

Specifically (and the assumptions will be made explicit in Sect. 3), we shall show
that for any net of local von Neumann algebras {.o/(¢))} on a Hilbert space # and
any vector state ¢ on (),

B($, A(W), L(W))=)/2 (1.5)

[/ (WY is the commutant of /(W) and W is any wedge-shaped region]. Thus, if
the net satisfies duality for the wedge regions, then

(g, L (W), L (W) =]/2. (1.6)

Moreover, if the wedge algebras are injective (which is known to be the case in
many examples), then for any normal state ¢ on Z(s#), (1.5) holds, and thus (1.6)
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obtains if duality is satisfied. This is what we mean by the genericity of maximal
violation — in (nearly) every quantum field theory, and for every normal state in
such a theory, there are observables localized in W and W’ that maximally violate
Bell’s inequalities. Surprisingly, this genericity of maximal violation is connected
with a technical property from the theory of operator algebras that was originally
identified for totally different reasons. We shall show, in fact, that (1.5) holds for all
normal ¢ on () if and only if it is possible to find a sequence of admissible
quadruples that is a maximal violator for all normal states, and that this holds if
and only if the wedge algebras /(W) are strongly stable in the sense of [34]. All
injective, infinite factors (excepting some type III,) are strongly stable [14, 2].

We proceed now to the details. It should be mentioned that all results hold for
two, three or four space-time dimensions.

II. Results on von Neumann Algebras

We commence by proving a result about type III, von Neumann algebras (see [11]
for the classification of type III factors), which we shall apply to QFT in the
following section. %(s#) will always denote the von Neumann algebras of all
bounded operators on the Hilbert space #.

Theorem 2.1. Let ./ be a type 111, factor with cyclic and separating vector in a
Hilbert space # and let ¢ be a vector state on B(H). Then B(¢p, M, M')= ]/5

Proof. 1. Firstit is shown that f(¢, #, #') is independent of the choice of vector
state ¢. Let £2,,Q, be unit vectors in # and ¢(A)={Q,, AQ,>, Ae B(H), the
corresponding vector states on %(#). By the definition of f§ there are, for any
g, >0, selfadjoint contractions A;e .#, B;e /' (i=1,2) such that

3<Q4,(A4(By +B,)+ A5(B; — B)) Q> 2 f(y, M, M)~ .

By Corollary 6 in [15] there are, for any ¢, >0, unitaries U € #, U’ e 4" such that
“92 - UU/QI || §82. ThUS, With Ai= UAlU* € e%, Bi= UIBiU/* € ﬂ/, {Ai’ Bj}i,j= 1,2
is an admissible quadruple and one has

(s, M, M) 2520, (A1(B, +By)+ Ay(B, — B,))2,)
2 B(by, M, M)~ —Oe,).

Hence, by symmetry between ¢, and ¢,, f(¢, M, M )= B(¢p,, M, M').

2. It remains to be proven that S(¢, #, #')= ﬂ holds for a suitable vector
state ¢(-)=<Q,-Q2), Qe . Consider a faithful normal state ¢, € #, of the form
¢, ~do® 3 tr with respect to some isomorphism 4 ~ .4 ® M ,(C), where M ,(T) is
the algebra of all 2 x 2 matrices with complex entries, and consider the isometry

0 1
v~1® < 0 0
=exp(ia)v+exp(—in)v* is selfadjoint and unitary. Let Qe # be a vector with
0,(A)=<Q2,AQ) for all Ae.# (the existence of this vector is assured by
Theorem 2.7.9 in [29]), and let P'e.#’' be the projection onto .#Q. Since the
operators B; yet to be chosen will be contained in P'.#'P’, it can be assumed that

). Then v is in the centralizer of .# in ¢, and for any aeR, A(x)
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P’'=1,ie.that Qis cyclic and separating for .# (in other words, if Q is not cyclic for
M, then cutting the Hilbert space # and the commutant .#’ down to P's# and
P'.4'P’ gives a lower bound on the original f; if this lower bound is ]/5, then the

proof is completed).
Let S=J4'? be the modular involution associated with (.Z, Q). Then

{Q, A(0y) JA(ep) JQ2) =< Q, Aloy) 412 A(er) Q)
(since A(y) = A(xt,)* and JA(x,) JQ = A% A(a,)* Q)
=<, A(xy) A(oy) 2) =cos (o — ),

since A(,)is in the centralizer of .# in ¢, and thus commutes with 4'/2, Therefore,
defining selfadjoint unitaries A;€ .#, B;e #'(i=1,2) by A,=A(0), A,=A(rn/2),
B,=JA(n/4)J, B,=JA(—=r/4)J, one obtains

1(Q,(A,(B, +B,)+ A(B, — B,)) 2> =2cos§ /2. O

Remarks. 1. If # is a separable Hilbert space, as is always the case in QFT, then
any type IIl algebra always has a cyclic and separating vector in #
(Corollary 2.9.28 in [29]).

2. We anticipate that if .# is any von Neumann algebra with no typel
summand, then (¢, #, H')= \/i for any state ¢ determined by a vector that is
cyclic and separating for .#. This has been verified for type II algebras, but we shall
not present the proof here since the result probably has no relevance to QFT.

We note that Theorem 2.1 gives (¢, A, H')= ]ﬁ only for vector states ¢. In
the theorem to be shown next, we give necessary and sufficient conditions on ./ in
the Hilbert space # so that (¢, #, #')= l/i for every normal state ¢ on %(H#),
i.e. for every state given by a density matrix in %(s¢).

In Theorem 2.4 (3) in [31] we showed that if A;€ .# and B;e ./’ are admissible

and satisfy
$¢(A,(B, +B,)+ A,(B, — By)=]/2, (2.1)

for some given state ¢, then 4, A, (respectively B, B,) are in the centralizer of .#
(respectively .#') with respect to the state ¢. Any sequences {4; ,}uens {Bi.o}aens
i=1,2, of admissible quadruples whose expectations in the left-hand side of (2.1)
approach ]ﬁ would then be expected to be centralizing sequences in the state ¢. As
it turns out (see below), if f(¢, A, M')= ﬂ for all ¢ € B(A#)"), then there exists a
sequence of admissible quadruples that constitutes four centralizing sequences in
the sense of Dixmier and Lance. We remind the reader of the necessary
background.

Definition. A bounded sequence {A4,},.n in a separable factor .# is called
centralizing if
|¢(AMA_AAn)|§8nHA”s all Aevﬂ,(ﬁeﬂ*,

with &,—0as n— o0 ({&,},.n can depend on ¢). Two sequences {4, }, { B,} are said to
be equivalent and are written {A,} ~ {B,} if {4, — B,},.~ converges g*-strongly in
M. A centralizing sequence is called trivial if it is equivalent to a sequence of
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multiples- of the identity. For a fixed- ultrafilter @ on N, a bounded sequence
{A,}nen is called w-centralizing if ¢,—0 along the filter w. Let €(.#) [respectively
€. (#)] be the set of all centralizing (respectively w-centralizing) sequences of .#.

% ,(A) is a C*-algebra, and we consider the subset .# ,(#) of all sequences
converging to zero o*-strongly. .# (%) is a norm-closed ideal of € (.#) [13, 12].
Let 4, (M)=%C (M) S (M). Then M (M) is a finite von Neumann algebra with
the trace 1, defined by

2ulX)= lim §(4,), e M7,

where X =mn,({4,}) with =, the canonical quotient map of ¥, onto .4, 7,(X)

does not depend on ¢ e.#LH) [13,12].
We shall need the following result from the literature. %, is the hyperfinite
type 11, factor, and o/ ~ % denotes &7 is W*-isomorphic to 4.

Theorem 2.2 (Theorem 2.2.1 in [13]). For a factor with a separable predual, the
following conditions are equivalent.
Q) MA=MRR,.
(i) A (M) is not abelian for some ultrafilter w.
(iil) A, (M) is a von Neumann algebra of type Il,.

A factor ./ is called strongly stable if any of the above conditions hold [34].
T (#) will denote the space of trace-class operators in Z(#).

Theorem 2.3. Let ./ be a von Neumann algebra in a separable Hilbert space # with
cyclic and separating vector. Then the following conditions are equivalent.
Q) M= MRR,.

(ii) For every normal state ¢ on B(H), B(P, M, H')= ﬂ

(iii) There exist sequences {A1 4}uers {42, a}aenC M, {B1 a}aers {B2,a}aenC A’
of selfadjoint contractions such that T,=73(Aq By .+ B+ A4, B1.,—B,.,)
converges to ﬂ 1 in the o(B(H),T (#))-topology (i.e. the o-weak operator
topology) as o— o0, where 1 is the identity on #.

Proof. 1. The first step is to show that when .# =2, then (iii) must hold. Let
# = R (H#,Q,) be the incomplete tensor product of #,=C>*QC? aeN, with
aeN
1 .
Q,= —5@1@@1 + @,®P,)=Q for some basis {®,, P,} e C?, o€ N. Then by the

construction of Araki and Woods [2], #, ~%(#,, B(C*)®1, Q,,0cN) holds,
using their notation for the factor on the right-hand side which is the infinite tensor
product of Z(C?)® 1 with itself on #. Consider the following operators in . Let
Ay, A, e B(CH®1 and B,, B, € 1Q@%(C?) be selfadjoint contractions with

(@, TQ>=<Q,5(A,(B,+ B,)+ A,(B, — B,)) 2> = /2. 22
From Theorem 2.4 of [32] it is known that such operators A4,,4, and
A= %[Al, A,] (respectively B,,B, and B; = —%[B 1 B2]> must give a realization

of the Pauli spin matrices. A straightforward calculation shows that (2.2) is in fact
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fulfilled by the choices described as follows. Let 6, 5, 6; be some realization of the
Pauli spin matrices such that @, (respectively @,) is the eigenstate of o,
corresponding to the eigenvalue +1 (respectively —1). If ¢ is the matrix vector
(04,0,,05)and 4(d)), 5(0 ) coplanar unit vectors in R obtained by rotating a given
unit vector ¢ in the plane by the angle 0,0, i,j=1,2, then define 4, =¢-4(0)®1,
A,=6-4(n/2)®1, B,=1®¢6-b(n/4), B,=1®¢6 - B( n/4). These operators deter-
mine an admissible quadruple that verifies (2.2).

Continuing with the proof, let 4;, B o T,c B(#) denote copies of the
operators just constructed, acting in the a-th tensor factor alone. Let furthermore

=R P, =R ¥, with ¢,=¥,=0Q, for almost all a. By definition of the
aeN aeN ~
incomplete infinite tensor product, such vectors are total in . But one has

(D, TY)=(D,¥)- ]/—for all o larger than some o, (depending on @ and ). Since

the sequence {T,},.n is norm-bounded, it follows that T—»[ﬁ 1 in the weak
operator topology on %(#). Of course, 4; ae.%’(%”ﬂ, B(C*R1, Q4 peN) and
B; e R(H,, 1@ B(C?), Qp, BeN) for all o, and (¥) Q, is cyclic and separating for

aeN
these algebras. Since .# has a cyclic and separating vector in 5, 4 =%, and

R(H, fCHR1,Q,, 0 N) are unitarily equivalent with a unitary W: # — # that
also intertwines their commutants %) and #(#,, 1Q%(C?),Q,, aecN). Thus,
{W*T,W},cn provides the desired sequence.

2. (i)=>(iii): Let .# (respectively £, ) be represented with cyclic and separating
vector in the Hilbert space #, (respectively #,). Then the isomorphism

M~ MQR, is spatial and there exists a unitary W: # — #, ® H#, intertwining A
w1th MROR, and M’ with (M QR,) = M'®R;. Then pick sequences {4; ,},cn,
{Bl a}azs]N’ 1—1 2 of the form {1 ®A1 a}aeN’ {1®'931 a}aeNa with {Al a}aeN’ { i, a}aeN
chosen as in step 1. The unitary equivalence already established and step 1 yield
the claim.

3. (ii) =(iil)): Let I' denote the o-weakly closed convex hull of the set of
operators T=%(A4,(B, + B,)+ A,(B, — B,)) with A;€ .# and B;e .#' admissible. I'
is o-weakly compact, since the unit sphere in %(#) is compact in the
a(B(), T (#))-topology. Then for every ¢ as described in (ii) there exists such a
Tel such that B(¢, #, H#')=@(T). For any unit vector e, let I'(P)

={Tel'|(2, T<I>>=ﬂ}. This is a o-weakly closed convex face of I'. Since by
hypothesis

ﬂ=ﬂ< DRCALINE %’)—sup Y —(®, T,

Teli=1Hh

for any finite collection {®;}7_, of unit vectors, it follows that ﬂ I'(®,)+0 for any
such collection. Hence, () I'($)=+0, by the compactness of T.
D

4. (iit) = (ii): This imph;atlon is trivial.
5. (iii) = (i): Set A,=%(A4, ,+iA, ,) and

B (Bi,at+B;, o +i(By,s— B, 4),

1
a_m
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o€ N. Then for any unit vector Qe H#,
(Q,(1-2""*T)Q>=(A,— B)Q|I> + [[(4* - B} Q|?
+3<4Q,{(1-4} )+(1—45 )+(1—B} )+(1—B3 )} 2> =¢;

converges to zero as a— oo by hypothesis. Note (1 — A?,) and (1 — B?,) are positive.
Hence, as a— oo the following quantities are of order ¢,, where ¢, | 0:

(4, — BRI, (4% — BRI, |(1— A2 )@l (1 - B )R] -

[Here one should recall that if C=0, ||C||<1, and <{Q,CQ)>=0(e), then
[CY2Q|2 = 0(e) and thus ||CQ||2=0(e).] For any Ae ./,

KR, [4, 4,19 =KR,[4, A,— B,]2|< | A - O(e,). (2.3)
Moreover, since [4,, B,] =0 all aeN, A2—B2=(4,— B,)(4,+ B,), so that
I(4Z — BD) Q| < [|(Aq+ By |(4,— B)2Il = O(,). 24
Similarly,
I(4%*—BF*) Q[ =0Ce,). 2.5)
Further, note that B —B}?=i(B} ,— B3.,), so that
(B2 - B*)QI < (1 - B, )| + (1 - B3 )2l =0,)- (2.6

Thus, by (2.4)—(2.6),
13(A1,042,0+ A5 41 )R = (47 — A Q|
< (42— BRIl + (B2 — B¥*) Q| + [|(BF* — AF*) Q]| = O(e,) - (2.7)
Also, note that

|

1
<A1,a— —(Bl,a+Bz,a)> Q“ = (4, + 43— B,— B)
12

2 (4, — B + [I(47 — B3) 2l = 0(e,). (2.8)

Therefore,
i 2
<Qa <1 - (‘2' [Al,as A2,a]> ) Q> =1- “% [Al,a,AZ,a]'QHZ

=1- <Q’ Al,aAZ,aA2,aA1,azQ> + O(Sa)

[using (2.7)]
1

=1- <Q’Al,aAg,aﬁ(Bl,a+B2,a)Q> +0(e,)

[by (2.8)]

1
=1 —_ <—2(B1’a+B2,a)Qi AI.GA%,GQ> +0(Sa)

7

=1-(4,,,2,4, .43 .25+ 0(,)
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[where (2.8) was used again]
=1—<A42 QA3 ,2>+0(,)=0(,). (2.9

From (2.3) and Proposition 2.8 of [12] one can conclude that {4,},.y is a
centralizing sequence and since €,(.#) is a C*-algebra, {4, ,},cn and {4, ,}oen
must also be centralizing sequences. Let a,, a, be the corresponding elements in

My (M) for some (any) ultrafilter w. By (2.9) and the positivity of

2
( [4y .4, a]) , one has < [4, .4, a]> Q converging strongly to Q as

2
a— o0, for arbitrary Qe #. Thus, <§ [al,a2]> =1in M (M), so that M (M) is

not abelian. Theorem 2.2 then yields the condition (i) if ./ is factor.
If ./ is not a factor, let

®
M= [ MO0, H= ] HOIMO),

be its central decomposition. Condition (iii) then holds in v-almost all #({) with
the corresponding operators in the decompositions

I A;,(0)dv(0), Bj .= I B; (0)dv(),

I.= I (A1, 0) By () + By, o) + A2,o0) (By, () — B, ol0)) dV(() -

It follows from the above demonstration that .#({)~.#({)® %, for v-almost all
M(). Thus, M~ M RR, (see Proposition 10 in Sect. IL3 of [35]). [

Theorem 2.3 makes an unexpected connection between the generic maximal
violation of Bell’s inequalities, condition (ii), and the technical property of strong
stability, condition (i). Moreover, if either of these conditions holds, then there
exists a sequence of admissible quadruples that in the limit maximally violate Bell’s
inequalities in all normal states on (). We shall see in the next chapter that
there are many physically interesting cases known where the algebras of local
observables are in fact strongly stable, or type III; for the application of
Theorem 2.1.

III. Applications to Quantum Field Theory

In this section we present the genericity of the maximal violation of Bell’s
inequalities as an application of the results established in the previous chapter. Let
{(0)} ¢ g be anet oflocal von Neumann algebras in a separable Hilbert space #
with the net satisfying the usual axioms of isotony, locality and Poincaré
covariance under the action of a nontrivial, strongly continuous, unitary
representation U(21,) of (the covering group of) the Poincaré group £ that
satisfies the spectrum condition (see, e.g. [27, 1] for further details about these
axioms). The net is said to satisfy duality for the wedge algebras if /(W) =/ (W'Y
for every wedge-shaped region We #” (see, e.g. [22]). We mention that although
we discuss here explicitly only nets of “observable algebras,” all results are valid
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mutatis mutandis for nets of local field algebras satisfying the assumptions in [20].
Also, all results are valid for two, three and four space-time dimensions.

We present first an immediate consequence of Theorem 2.1 for algebraic QFT
in the following corollary, and then we discuss conditions on the structure
(#,{(0)}, U@)) under which the hypothesis of the corollary are satisfied.
Thereafter, Theorem 2.3 will be treated similarly.

Corollary 3.1. Let {/(0)} g4 be a net of von Neumann algebras in a Hilbert space
H as above that satisfies, in addition,

(i) (W) is atype I, factor for each We W',

(i) A(W)=A (W'Y for each We W .

Then for each vector state ¢ on B(H), (¢, L (W), A (W)= 1/5

Remark. By the covariance assumption and the fact that every wedge region W is
the appropriate Poincare transform of any given W, € #7, it suffices that (i) and (ii)
be satisfied by one wedge algebra «/(W).

Let P, denote the selfadjoint projection in # onto the subspace of U(2,)-
invariant vectors. In [17] (see also [28]) it was shown that if the dimension of Py #
is one, then assumption (i) does indeed hold. In addition, in [9] it was shown that if
(#,{4(0)}, U(2")) is a massive single particle representation, ie. if the mass
hyperboloid H,,= {pe R*|p* =m? p, >0} is contained in the singular spectrum of
the generators of the translation subgroup of U(2') and if the joint spectrum of
these generators is contained in H,,u{p e R*|p> = M?, p, >0} for some M >m >0,
then there exists a (vacuum) representation (w, #,) of o/ that is Poincaré-covariant,
for which dim Pys#, =1, and for which the algebras associated to regions in the
causal complement of some space-like cone are unitarily equivalent to the
corresponding algebra in the original net (see [9] for details). Hence, if
(#,{4(0)}, UP")) is a massive single particle representation, then condition (i)
holds. The same is true, and for similar reasons, for the representations of the
quasilocal observable algebras in the superselection sectors appearing in the
theory of superselection structure of Doplicher et al. [ 16]. There may well be other
physically interesting situations in which assumption (i) in Corollary 3.1 obtains. If
so, these would provide natural candidates for maximal violation of Bell’s
inequalities in all pure normal states in the representation.

Without assumption (ii) one could conclude that (¢, A (W), L(W))= ]ﬁ for
all vector states, but unless (ii) holds, the violators in /(W) may well not be
localized in the wedge W'. Duality for the wedge algebras is known to be satisfied
by the net {/(0)} if dim P, = 1 and if there exists a quantum field ¢ satisfying the
standard axioms [30] with a cyclic vector Q € P, and the field is associated with
the net in the following weak sense:

(C) There exists a test function f; of compact support [supp(f,) CO,e A", the
set of double cones in R*] whose Fourier transform vanishes nowhere and sat-
isfies

{Q(f) @, AV) = A* D, p(f)* ¥, G.1)

for all Ae o/(0,) and all @, ¥ e 2, (R*)Q, where 2, (R*) is the smallest unital
*-algebra containing ¢(f;) and all of its Poincaré transforms.



256 S. J. Summers and R. Werner

For a proof of this claim and for further conditions that also yield assumption
(ii), see [22]. An independent set of sufficient conditions using the funnel property
and duality in another (locally normal) representation can also be put together
using [19, 31].

Thus, assumptions (i) and (ii) of Corollary 3.1 hold in many situations of
physical interest. The reader can formulate the obvious theorems for himself. We
shall present a generalization of one such theorem that we mention here explicitly
because it makes another point.

Theorem 3.2. Let {.o/(0)} be a net of local von Neumann algebras such that (C) holds
for a quantum field ¢ satisfying the above-mentioned conditions. Then

B, L (W), L(W'))= ]ﬁ for any We W and any vector state ¢ in .

Proof. The additional point here is that only dimP,# =1 is assumed and not
dim Py =1 as required to apply [17,28]. If dimP,# > 1, then the algebras
{o/(W)|We W} are not factors [20]. But under the given assumptions it follows
from [20-22] that the central decomposition of the quasilocal algebra
A" ={A4(0)| OCR*}" leads to a direct integral decomposition of
(#,{(0)}, UPY), o(f), Q) into “pure phases” #((), etc., where dim (P #) ({) =1
and in which /(W) ({) is a type 111, factor for all We %" (see [20, 21] for details).
Since this decomposition gives a standard probability measure v on the spectrum
of the center of .&/” such that

¢(A1(Bl +Bz)+A2(B1 _Bz))= (@, {Al(Bl +Bz)+A2(B1 —Bz)} ?)
®
= [ {D(0), {A41(0) (B1())+ B(0) + A,(0) (B1(O) — Bo0))} B(0) av(0),
and since by Corollary 3.1 and the above remarks

e, (W) (), L W) () =)/2
v-almost everywhere, the assertion of the theorem follows. []

We now turn to applications of Theorem 2.3.

Theorem 3.3. Let one of the following obtain.

(i) {A(O)}ocra is a net of local algebras associated to a Bose of Fermi free
quantum field (in the sense (C)) with finitely many components in a separable
Hilbert space #. [ The uniqueness of the (cyclic) vacuum is not required.]

(i) {A(O)}ocrais anet of local algebras in a vacuum representation with at least
one vacuum vector Q cyclic for o/(0), all O € A oW . The net is locally generated, i.e.
for each We W', A(W)={AL(0)|OeA,0CW}" and for each OeA', 4(0)
={(0p)|0ge A", 0,5 O}, it satisfies the funnel property, i.e. for any 0,,0,€ A
such that the closure of 0, is contained in the interior of O, there exists a type I von
Neumann algebra M such that o(0,)C M CA(0,), and it satisfies duality for
wedges and double cones. Moreover, o/(0) has no type 111, summand, all Oe A".

Then for every normal state ¢ on %(¥),

B, A (W), st (W)= /2= (¢, #(0), (O, (3-2)
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forall We# and 0 € &'. (If {Z(0)} is a net of Fermi field algebras, then .«/(W’) and
&/(0")in (3.2) are replaced by their images under the appropriate Klein transform —
see [16, 20].)

Proof. (i) If Oe " uW , then &(0)is an injective von Neumann algebra, since it is
the weak closure of a CCR- or CAR-algebra over a separable Hilbert space. It is
infinite because the vacuum vector is cyclic and separating for all o/ (0), O € A VW .
But infinite, injective algebras are strongly stable [14, 2], excepting some type III,,
algebras; but 7(0) is not type III, (it is type III, [25]). Theorem 2.3 yields the
assertion at once, since duality holds for these algebras.

(i) Since type I algebras are injective [14], it follows from Proposition 6.4 of
[14] that o/(0) is injective for each @ € # U# . It is infinite by hypothesis and the
reason given above. By the assumptions and [14, 2], it follows that it is strongly
stable. [

Remark. Fredenhagen [25] gives very general conditions that, in (ii), yield the
assumption that double cone algebras have no type IIl, summand as a
consequence.

The assumptions (ii) are known to hold in a number of interesting examples
[19, 31]. And work is underway to prove more generally that wedge algebras are
typically injective [23]. In the next chapter we discuss the above results and some
possible extensions.

IV. Discussion

We shall restrict ourselves here to discussing one point in particular — the
remarkable genericity of maximal violation of Bell’s inequalities in the sense that

B, A (W), L(W'))= 1f2 for all normal states on %(s#). It should be emphasized
that maximal violation, or even violation of Bell’s inequalities, is not generic in this
sense in quantum mechanics. It was shown in Theorem 2.1 in [32] that if ¢ is a
convex sum of product states across /(W) and ./ (W’'), then
p(o, L (W), L(W’))=1, ie. Bell’s inequalities hold in such states. In quantum
mechanics the algebras of observables are type I, and there are many normal
product states across commuting type I algebras. Quantum field theory is thus
even less compatible with “local hidden-variables” theories than quantum
mechanics is (we refer the reader to [32] for a mathematically exact elucidation of
what we mean by “local hidden-variables theory”).

If Oy and O, are strictly spacelike separated regions, then the genericity of
maximal violation, even of violation, can fail. For example, when the net satisfies
the funnel property, then there exist normal product states across 2/(¢,) and
(0,). However, the algebras associated to tangent double cones, i.e. double cones
whose closures intersect in only one point, will not have normal product states
across them. We conjecture the genericity of maximal violation of Bell’s
inequalities across such algebras, and because such regions are of finite extent, it is
of physical relevance to prove this conjecture. Work is underway on this problem.
For a proof of maximal violation of Bell’s inequalities across tangent double cones
at least in the vacuum state in dilation-invariant theories, see [33, 32].
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