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Preface

This book presents mathematical descriptions of behavior of crystalline
solids following theoretical methods of modern continuum mechanics.
Emphasis is placed on geometrically nonlinear descriptions, i.e., finite or
large deformations. Topics include elasticity, plasticity, and ways of rep-
resenting effects of distributions of defects or flaws in the solid on the ma-
terial’s thermomechanical response. Defects may include crystal disloca-
tions, point defects such as vacancies or interstitial atoms, rotational
defects, deformation twins, voids or pores, and micro-cracks. Representa-
tive substances towards which modeling techniques forwarded here may
be applied are single crystalline and polycrystalline metals and alloys, ce-
ramics, minerals, and other geologic materials and their constituents.

An early and substantial part of the text is devoted to kinematics of fi-
nite deformations, multiplicative inelasticity, and representations of lattice
defects in a differential-geometric setting. An accurate depiction of kine-
matics is deemed necessary in order to accompany rigorous models of
thermodynamics and kinetics of material behavior, since kinematic as-
sumptions tend to enter, implicitly or explicitly, subsequent thermody-
namic and kinetic relations. Descriptions and derivations of fundamental
mechanical and thermodynamic balance laws and inequalities are then
given. Constitutive frameworks are provided for representing thermome-
chanical behaviors of various classes of crystalline materials: elastic solids,
elastic-plastic solids, generalized inelastic solids with lattice defects, and
dielectric solids. In each case, material responses corresponding to large
deformations are emphasized, though complementary geometrically linear
theories are included in some cases for completeness and for comparison
with their nonlinear counterparts. General kinetic concepts are described,
but relatively less attention is directed towards development of specific ki-
netic relations, since these tend to be more strongly dependent upon micro-
structures of particular materials (e.g., crystal structure or chemical com-
position) within each general class of materials considered. Appendices
provide supporting discussion on crystal symmetry and material coeffi-
cients, atomistic methods (i.e., lattice statics and origins of stress and elas-
tic coefficients), and elastic models of discrete line and point defects in
crystals. The content of this book consists of a combination of the author’s
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interpretation and consolidation of existing science from historic and more
recent literature, as well as a number of novel—and sometimes less con-
ventional—theoretical modeling concepts, the latter often presented, de-
veloped, or refined by the author (and collaborators in many cases) in a
number of archival publications over the past ten years. With a few excep-
tions, the text is written in the context of generalized (e.g., curvilinear) co-
ordinates, a rarity among other recent texts and monographs dealing with
similar subject matter.

This book is intended for use by scientists and engineers involved in ad-
vanced constitutive modeling of nonlinear mechanical behavior of crystal-
line materials. Knowledge of fundamentals of continuum mechanics and
tensor calculus is a prerequisite for accessing much of the material in the
text. The book could conceivably be used as supplemental material in
graduate-level courses in continuum mechanics, elasticity, plasticity, mi-
cromechanics, or dislocation mechanics, for students in various disciplines
of engineering, materials science, applied mathematics, or condensed mat-
ter physics.

A number of individuals have contributed, directly or indirectly, to the
content or production of this work; a number have suggested specific
changes to early drafts resulting in significant overall improvement to the
final manuscript. Technical discussions, interactions, and/or close collabo-
rations with the following individuals over the past decade are gratefully
acknowledged (in alphabetical order): Doug Bammann, Peter Chung,
Datta Dandekar, Misha Grinfeld, Jarek Knap, Dave McDowell, Rich
Regueiro, Mike Scheidler, and Tim Wright. However, any technical in-
consistencies, unjust omissions, or errors that may remain are entirely my
own. [ also appreciate support and resources of the U.S. Army Research
Laboratory (formerly known as U.S. Army Ballistics Research Laborato-
ries), including a diligent library staff that was able to efficiently provide
or obtain a number of historical works referenced in this text. Finally, I
am most appreciative of my wife and daughter, who have remained sup-
portive and patient during the many hours I have spent working on this
book over the past 3% years.

John D. Clayton
Aberdeen, Maryland, USA
2010



Contents

1 Introduction 1
1.1 Objectives and SCOPE......ccueevierrierieeie ettt et 1
1.2 BaCKEIOUNd.......oouiieiieiie ittt 6
1.3 INOTALION ...ttt et et et 7

2 Mathematical Foundations 11
2.1 Geometric Description of a Deformable Body ............cccceeeeenee. 12

2.1.1 TermMINOLOZY ..cuvvevveeiiieiieieesiteeee ettt eie e eeae e s 12
2.1.2 Manifolds, Coordinates, and MetriCS...........ccoevvvvvuvvveeeeeeeeeennn. 15
2.2 Linear CONNECHIONS .. .....cccvieeerreeereeeereeeetreeeeteeeeaeeeenreeeenreeeereeeenneeas 22
2.2.1 The Covariant Derivative and Connection Coefficients.......... 22
2.2.2 Torsion and CUIVALULE ...........cc.eeevveeeerereeieeeeeeeeereeeeaee e 25
2.2.3 Identities for the Connection Coefficients and Curvature ....... 26
2.2.4 The Levi-Civita CONNECtION .......cc.eeeeveeeereeeereeeeireeereeeevee e 28
2.3 Notation, Differential Operators, and Other Identities ................... 31
2.4 Physical COMPONENLS ........oeruiiriiiiiieiieiiesiee st 35
2.4.1 General Orthogonal Coordinates............ccceeveruerveienienieneennnn 35
2.4.2 Cylindrical Coordinates............cevverieeieeniieniiesie e eie e 36
2.4.3 Spherical Coordinates. ..........cceeeerieeneenienieiieeieeeesee e 37
2.5 The Deformation Gradient..............coovveeeeiiiieieeeiiiiee e 38
2.5.1 FundamentalS............ccooveiieeiiiieeieiieee e 38
2.5.2 Derived Kinematic Quantities and Identities.............c..cceeneen. 43
2.5.3 LINCATIZATION ......uvveeeeeeeieieeeeeteeee et eeeee et e e 47
2.6 Velocities and Time Differentiation ...............ccoeeeveeeiviiiereceiinneeenn, 48
2.6.1 The Material Time Derivative ............coovvveeeeeiveeeeecieeee e 48
2.6.2 The Lie DerivatiVe .........cceeeeiuveeeeeeieeeeeeciieee e e 51
2.6.3 Rate KinematiCs.........cceeevvieierieieiieeeiee e 52
2.7 Theorems of Gauss and StOKES........ccveeevvvvvieeeeiiiieeeeeeee e 53
2.7.1 Gauss’s TheOIreM .......cc.ecovviiieieieeieeeeee e 53
2.7.2 Stokes’s TREOTEM ........vvvieieeiieie e 55
2.8 Anholonomic Spaces and Compatibility ..........cccceevevveieniriennennnnn 57
2.8.1 ANhOIONOMICILY ....vevvieiiieiieiieciie ettt 57

2.8.2 Strain Compatibility .......ccceeveiiiiiiiiiiieieeeeeeee e 59



viii  Contents

2.8.3 Connection CompatiDility........ccveveveevieeriierienieiie e 61
2.8.4 The Jacobian Determinant for Anholonomic Mappings ......... 62

3 Kinematics of Crystalline Solids 65
3.1 Crystals and Lattice Deformation............ccceceeveerienienienieeceens 67
3.1.1 Crystal StrUCLUIES ....ceevviiiieieieeieie et 67
3.1.2 The Cauchy-Born Hypothesis ..........ccccceeviieiiiinienieeieeieeene 75
3.1.3 Elastic Deformation and Thermal Deformation ...................... 78
3.2 Multiplicative InelastiCity ........cccoeeruierirrieeiieierieee e 80
3.2.1 Background..........coccueiiiiiiieiieie et 80
3.2.2 The Multiplicative DecompoSition...........ccceevereereereeneeeeennenn. 81
3.2.3 The Metric Tensor in the Intermediate Configuration............. 87
3.2.4 Kinematics, Rates, and Kinematic Approximations................ 92
3.2.5 Dislocation PIastiCity .........ccceeeuieriierienieniieiieiesie e 95
3.2.6 Crystal PlastiCity.......cccouiiiieiierienie e 108
3.2.7 Macroscopic PlastiCity.........cceevievierieniieeiieiieniesie e 111
3.2.8 Inelastic Volumetric Deformation.............ccocceeveveeieenieenennee. 112
3.2.9 Residual Deformation and a Multiscale Description............. 116
3.2.10 Multiplicative Atomistic P1asticity .........ccccevvrvierereeniennenne. 125
3.3 A Linear Connection for Lattice Defects.........cccceveevierieiennenncnne. 127
3.3.1 General Form and Properties of the Connection ................... 129
3.3.2 Dislocations and the Crystal Connection............ccccceevueeneeenee. 136
3.3.3 DiSCHNAtIONS ....eveviiiiiiciieiniericnte e 146
3.3.4 Point DEfECtS ....ocuvieeieiieeiieeieeiteie e 160
3.3.5 SUMMATY ..coiiiiiiiiieeeeee e 164

4 Thermomechanics of Crystalline Solids 167
4.1 Classical Balance Laws and Definitions.........cc.cceeoeevveeieeneeneene 169
4.1.1 DEfINIIONS .cveviiiniiienieieiiciieieeierteee ettt 169
4.1.2 Mass CONSETVALION ........eerureriieriieriieeieesieeniieseee e eeeeseeeseee e 173
4.1.3 Momentum COnServation ...........cocoveeeeerererienenenenereereenens 174
4.1.4 Energy COonServation ...........ccceceereeerueeseeesieesaesneeneeneeeseeenens 178
4.2 Internal State Variables and the Dissipation Inequality................ 181
4.2.1 Constitutive and Internal Variables for Crystalline Solids.... 183
4.2.2 The Clausius-Duhem Inequality..........ccccoocevviiirireiienienne, 188
4.3 Kinetics and Inelastic Rates...........occveverenieieciiininenenecceenne 191
5 Thermoelasticity 197
5.1 Nonlinear Elasticity and Thermoelasticity ...........cccocceeriereennnne. 199
5.1.1 Constitutive ASSUMPLIONS......cccvierrrerieeireerriersaesreereesseesenenens 199
5.1.2 ThermodynamicCs ..........cccceereerieeieeniesie e 203

5.1.3 Materially Nonlinear Hyperelasticity ..........ccccoevererieniennne. 207



Contents  ix

5.1.4 Materially Linear HyperelastiCity.........cccoevvevrierverreereenneenne. 213
5.1.5 SYMMELTY vttt 214
5.2 Thermostatic Relationships .........c.cccceeeveriieniiiiiiiiicieeeeee e, 221
5.2.1 Three-dimensional Stress States...........ccoeevevvienieiienieneenee. 221
5.2.2 Hydrostatic Stress States ........ccevereerierieeierieniieieneeeeieeeeenes 226
5.3 Finite Elastic Volume Changes ...........cccccceevienierieiiieiesie e 235
5.4 Geometrically Linear EIasticity ........cccccveeriienieniiiiciiceceee 238
5.4.1 Constitutive ASSUMPLIONS......eerveeriierieereerieereieseeeeereeneeeseeenens 238
5.4.2 ThermodynamiCs ..........cocueerierienieeie e 240
5.4.3 Materially Nonlinear HyperelastiCity ..........cccovverveeerennenne. 241
5.4.4 Materially Linear HyperelastiCity.........cceevvevierieniienieeenee. 245
5.4.5 SYMMELTY covviiiiiiiiieiieiie e 246
5.5 Explicitly Resolved Thermal Deformation............cccceevveeieennenne. 248
5.5.1 Constitutive ASSUMPLIONS.....ccververuieriereieriereereeienreeeeneeeneenss 249
5.5.2 ThermodynamiCs ........c.cccverrierierreerieiienreereereeseesseeseneennes 250
5.5.3 Representative Free Energy ........ccccoeevevieeeiieiienieniicieeee 252
5.6 Lagrangian Field Theory of Elasticity .........cccceevevirierenieieene. 255
5.6.1 The Variational Derivative ...........coccoeevevecieieninenenreneenenenn. 256
5.6.2 Hamilton’s Principle in Nonlinear Elasticity...........ccccueue..e. 257
5.7 Elasticity of Grade TWO......c.cccvevvieriierieeie e 262
6 Elastoplasticity 273
6.1 Two-term Multiplicative ElastoplastiCity ...........ccoceverieneenerencene. 275
6.1.1 Constitutive ASSUMPLIONS......eevvierieerieereereeeriieseeeereeneeenaeeees 277
6.1.2 ThermodynamicCs .........ccoeceereererierienieienie e 280
6.1.3 Representative Free Energy ........cccoecvevieveiiiiienieniecieeee 288
6.2 Dislocation PIastiCity .......c.cecueerierienieeieesiiesie e 292
6.3 CrySstal PIASHICILY ...veevvieiieiieciie ettt sen e ens 297
6.4 MacroscopiC PIaStiCItY .....c.cevueeruieriierieeieeiiesie st 305
6.5 Geometrically Linear Elastoplasticity ..........ccccovveeveririenieneencene. 311
6.5.1 Constitutive ASSUMPLIONS......eerveerrierieereeeeeriiesieeeereeneeeneeeees 311
6.5.2 ThermodynamiCs ..........ceoueerierieiieeie et 312
6.5.3 Representative Free Energy........ccccoevevvevciieeienieciecieeeee, 313
6.5.4 Linearized Dislocation Plasticity ..........ccceevevierienireiienienne, 314
6.5.5 Linearized Crystal PlastiCity........cccceveririerienieienieienieeeene 315
6.5.6 Linearized Macroscopic Plasticity........ccccceevienienienieeinnne. 316
6.6 The EShelby Stress.....coovvieiiiieiieieeieece e 317
6.7 Elastoplasticity of Grade TWO ......ccccceevvienieniieniieiieriecreereeiens 323
6.7.1 Covariant and Variational Derivatives ...........cccceevueeneenenne. 324
6.7.2 Constitutive Assumptions and Governing Equations............ 326

6.7.3 Relationship to Dislocation Theory...........ccooceviieiiiniennne. 333



x  Contents

7 Residual Deformation from Lattice Defects 337
7.1 Multiplicative Kinematics ..........cccceeruerierienienienieseeeseeeeie e 339
7.1.1 Plastic Deformation ..........cccoceeeevevineneieieeeieenenceeenen 340
7.1.2 Lattice Deformation...........cccueecueenienieniieeieeieee e 342
7.1.3 Multiplicative Decomposition of Total Deformation............ 343
7.2 Nonlinear Elastic Interpretation of Residual Elasticity ................ 344
7.2.1 Self-equilibrium Conditions ..........ccccceeveereeniieneenienie e 345
7.2.2 HYPErelaStiCIty ...ccueevueeeeiieiieeieiiesiieeeie et 346
7.2.3 Average Residual Elastic Strain .........ccccooeevienieiieinceneee, 347
7.2.4 Residual Elastic Volume Changes............c.coecvevveereenieennnnne 351
7.2.5 Straight Edge and Screw Dislocations............cccceeeveerieeneennee. 357
7.2.6 Approximate Volume Changes ..........cccocceevvereeieneneeniennenne 360
7.2.7 Examples: Dislocations and Disclinations in Copper............ 361
7.3 Atomistic Interpretation of Residual Elasticity ..........cccceceuennenne. 365
7.3.1 Atomic Stress MEaSUIES .......ccevuevverveeereieiiniereneererereeeenienne 366
7.3.2 Harmonic and Anharmonic Interactions............ccccceevueeeeenee. 367
7.3.3 Residual Deformation in a Self-equilibrated Lattice............. 369
7.4 Point Defects and Residual ElastiCity..........cccoovvevveeciieniienieeeennne, 373
7.4.1 Spherical Deformation from a Point Defect............ccu...... 373
7.4.2 Example: Vacancies in COPPET.......cccvevrierrieriercreereeieenieenens 376

8 Mechanical Twinning in Crystal Plasticity 379
8.1 Mechanisms: Elasticity, Slip, and Twinning ............cccceceevveruenneen 382
T O 1 T 13 LTSRS 382
8.1.2 PlastiC SIP c..eeueeeiriieieeieeieie et 384
8.1.3 Deformation TWINNING .......c.ccvveeriierieiieeie e 385
8.2 Crystal Plasticity with Twins and Inelastic Volume Changes...... 394
8.2.1 KiINeMALICS ....euvimieiiiiiiieieieieiieic ettt 394
8.2.2 Constitutive ASSUMPLIONS.....ccveerrerrreriieiieaieenieeseeeseeeseenneas 401
8.2.3 ThermodynamiCs .........ccecereerierieienieiesieeeeie e 403
8.2.4 Representative Free Energy........ccocoveeveniiiiiiiecieeceen 406
8.2.5 KINELICS ..e ettt 416

9 Generalized Inelasticity 423
9.1 Three-term Elastoplasticity: General Principles...........ccccccoennenee. 425
9.1.1 Kinematics and Summary of Physical Mechanisms.............. 425
9.1.2 Constitutive ASSUMPLIONS......eeviereieriieereetieriieseeeeeeseeeseeenens 427
9.1.3 ThermodynamiCs ..........cccceereereerierieeieniesieeieie e 430
9.2 Porous ElastoplastiCity ..........ccverierieiiieeiieeiiieniesie e 435
9.2.1 Void Nucleation and Growth.............cocceviiiiiiiiiiinnieeeee 436
9.2.2 Continuum Damage Mechanics..........cccooereeeeneneeeenieenenne 443

9.2.3 Volumetric Compaction and Pore Collapse .............ccoeeueeee. 446



Contents  xi

9.3 Multiscale Description of Residual Elasticity .........ccccceeeveevrennenns 449
9.4 Inelasticity with Dislocations and Disclinations............cccccc.c.u..... 451
9.4.1 Background............cccoevuieiieeiiieniieniiesie e e 452
9.4.2 KINEMALICS ...ceuvteeitieniieiie ettt ettt ettt 455
9.4.3 Constitutive ASSUMPLIONS.....ccververeieierieeieieerieienreeeeneeeneens 457
9.4.4 ThermodyNamiCs ........cccceueeeeeriieniiesie et esiee et seee e e 460
9.4.5 Macroscopic and Microscopic Momentum Balances............ 461
9.4.6 Representative Free Energy ........cccoecvevieeciiiiienieciecieeee 465
9.4.7 Kinetics and Evolution Equations ..........c.cccccceeviiniiiieeneene. 472
9.4.8 Dislocation ThEOTY ........cccveevvieriieriienieeie e 477
10 Dielectrics and Piezoelectricity 481
10.1 Maxwell’s EQUAtiONS ........cceeiiiiiieiieieesieesiieciie e 483
10.1.1 Classical Electrodynamics..........cccccvereerierieniesieeieeeeenne 484
10.1.2 Lorentz and Galilean Invariance.............cccoeceeveerienieaneeenne. 487
10.2 Electrostatics of Dielectric Media ........ccccceeceeivininenieiecinnnnenn 490
10.2.1 Maxwell’s Equations of Electrostatics ............ccccccvevveeunnnne. 490
10.2.2 Material Forms of Maxwell’s Equations .............cccceeveeneene. 495
10.2.3 Momentum Conservation ............cc.ceeeeeveeeenernenenneeeennens 496
10.2.4 Energy COonServation ............cceeeeeerierieeeenienreeneenseeeensesneenns 500
10.2.5 Entropy Production............cccecveviiiieeniieniieeie e 503
10.3 Elastic Dielectric SOIdS.......coiiiiiiiiiiiieriesieeeeeeeeee e 504
10.3.1 Constitutive ASSUMPLONS. ...ceervieierierrieienieeeieiesreeienieeneenns 504
10.3.2 ThermodynNamiCs ..........ccueerreerieerieeieeieesieesee e eereeseeseee e 508
10.3.3 Material CoetfiCIeNtS .......coevveveeeiecrininieieeeeeeeeseeene 511
10.3.4 Representative Free Energy.........cocceveeeiieiiinieniecieeeee 519
10.3.5 Materially Linear Electroelasticity ...........ccooceeveeriiiiieenennne 523
10.3.6 SYMIMEITY ..eeeiiieeiiieeiieeeiie et e ettt e et eeieeestee e e seae e 525
10.3.7 Comparison with Other Theories............ccevcervieriieciienennne. 529
10.4 Linear Elastic Dielectric SOlidS ......ccccoceveieiecciinininicicinenenn 534
10.4.1 Governing EQUations ...........ccccuerevieiienienie e 535
10.4.2 Constitutive ASSUMPLIONS.....ccueerueriieeieeiierieesiieeiie e 535
10.4.3 ThermodynNamiCs ..........cceervverrierueeireerieesieeseesereereesseesseenens 536
10.4.4 Representative Free Energy.........cocceveeeeiieiiiniienieeieeee 537
10.4.5 Constitutive Equations of Linear Piezoelectricity ............... 541
Appendix A: Crystal Symmetries and Elastic Constants................... 543
A.1 Crystal Classes, Point Groups, and Laue Groups ............ccccuen... 543
A.2 Generic Material CoeffiCients...........coeevevveieieininenenieieienenens 547
A3 Elastic CONSTANES........ccoouiiiieiieiieiie et 553
A.3.1 CubiC SYMMELTY ..c.eevvieiieiieiieie et 558

A.3.2 Transverse ISOtroPY ...o.eeeeveeeiiieeriieeriee e 559



xii  Contents

WV T 510 800 ) 2 USRS

Appendix B: Lattice Statics and Dynamics
B.1 DYNAMICS ...vieivieiieciieeiie ettt sve e eveesaeesiaesaessaeessaesaensaees
B.1.1 Newton’s EQUAtiONS .........cccoeeiiiiiiiinieiie e
B.1.2 Lagrange’s EQUatiOnS..........ccecevieienenieienieeierie e
B.1.3 Hamilton’s EQUations............ccccceviieriienienieiie e
B2 StatiCS .eeiiieiieeite et
B.2.1 Governing EQUAtions ..........ccceceerirrieiiieeiiesie e
B.2.2 Interatomic Potentials and Forces..........cccceviiiiineeneannnne
B.2.3 Kinematics of Homogeneous Deformation..............cccoc.......
B.2.4 Stresses and Moduli for Homogeneous Deformations .........
B.2.5 Harmonic and Anharmonic Interactions............cceceeceeeueenee.
B.2.6 Examples: Pair Potential and Embedded Atom Method.......

Appendix C: Discrete Defects in Linear Elasticity
C.1 Volterra Defects .........ceueriirieiiiiiieecieeesee e
C.1.1 Edge Dislocation..........cccueeeeeiieniiesie et
C.1.2 Screw DiSloCation .......c.ceverueeierierieiesieeieseeeeie e
C.1.3 Twist DiSclination..........cceveeeererienenieiesceeses e
C.1.4 Wedge Disclination...........cceeeereeienienieienieieseeeee e
C.1.5 Mixed Line Defects ........ccccerierierieieniiieecceeeeeene
C.1.6 Dislocation Energies in Anisotropic Crystals.............cc........
C.2 DEfeCt LOOPS ..uviviereentieiieiieiieiiesie ettt ettt
C.3 Point DefectS....ccueeiiiiriieiiiieeseeee e e
C.3.1 Rigid Defect in Infinite Body .........cccoovivieninieninieieeeeee,
C.3.2 Rigid Defect in Finite Body.........ccccccevevieeiienieniieiieieee,
C.3.3 Deformable Defect in Finite Body........c.cccoooeeniiiinicenne.
C.4 Dislocation Nucleation and Motion ..........ccccecveverieneneeienneenennn
C.4.1 Frenkel Model........ccoooeiiiiiiieiieiece e
C.4.2 Loop Nucleation in a Perfect Crystal..........cccceveririenrennnne.
C.4.3 Peierls Model .......ooceeviiiiiiiieiee et

Appendix D: Kinematic Derivations
D.1 Total Covariant Derivative of Deformation Gradient..................
D.2 Piola’s Identity for the Jacobian Determinant ...............c.cceeeenn.
D.3 Compatibility Conditions via Convected Coordinates ................
D.4 Anholonomic Connection Coefficients ............ccoeeeeeveereeeneeenennnns

Appendix E: SI Units and Fundamental Constants
BT UNIES ottt e
E.2 Fundamental COnsStants ...........cccecveveeeieenieenieniesieeieeieesieesieens



Contents  xiii

References 657

Index 691






	Nonlinear Mechanicsof Crystals
	Preface
	Contents




