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Phase Transitions in Quantum Spin Systems with
Isotropic and Nonisotropic Interactions

Freeman J. Dyson,® Elliott H. Lieb,? and Barry Simon2?
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We prove the existence of spontaneous magnetization at sufficiently low
temperature, and hence of a phase transition, in a variety of quantum spin
systems in three or more dimensions. The isotropic spin 1/2 x—y model and
the Heisenberg antiferromagnet with spin 1, 3/2,...and with nearest neighbor
interactions on a simple cubic lattice are included.
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1. INTRODUCTION

A basic subtlety in the study of statistical mechanics is the following: In
nature, we observe abrupt changes in certain basic physical quantities, such
as the magnetization of a magnet, but the statistical mechanics of systems
with finitely many degrees of freedom is typically real analytic in all external
variables. The resolution of this apparent paradox is that the abrupt changes
are only approximately abrupt: True discontinuities only occur in the limit
of an infinite system. For this reason, one must expect the problem of
rigorously proving the existence of phase transitions to be a difficult one
even for systems for which there is considerable numerical evidence or even
a heuristic explanation for such a transition. In fact, until recently, the only
general method available for directly proving the existence of phase transi-
tions was Peierls’ method, developed by Dobrushin® and Griffiths*® on
the basis of original ideas of Peierls.®® The method was developed originally
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for classical spin systems, but it has been extended by Ginibre®® and
Robinson®® to treat highly anisotropic (Heisenberg) quantum models and
by Glimm et al.¥ to treat certain quantum field theories. The quantum
spin systems were handled as perturbations of the classical (Ising) model,
so that this method seems to be restricted to the highly anisotropic regime;
the quantum field theories are treated by going to the Euclidean region,
where they become essentially classical models.*9+*

One way of describing the limitations of the Peierls argument is in terms
of the broken symmetries that often accompany phase transitions—the
simplest physical example is the occurrence of a spontaneous magnetization
in some direction in the absence of an external field. In all cases of the Peierls
argument accompanied by a broken symmetry, this symmetry has been a
discrete (finite) symmetry group. Until recently, one has been unable to
prove rigorously the existence of phase transitions in systems with a con-
tinuous symmetry group, such as the classical Heisenberg model (*“classical”’
spins with values on the unit sphere in R®) or the quantum Heisenberg
model. This situation has been changed by recent work of Fréhlich, Simon,
and Spencer 2 (henceforth FSS), who prove the existence of phase transitions
in a variety of classical spin systems, including certain classical Heisenberg
models. It is our goal in this paper to provide the first proof of phase transi-
tions in any kind of quantum spin system with continuous symmetry—in
particular, we will prove that such transitions occur in the spin-1 nearest
neighbor, quantum Heisenberg antiferromagnet on a simple cubic lattice in
three or more space dimensions. It is well known that a phase transition
accompanied by a spontaneous magnetization cannot occur for this model
in one or two dimensions.?1-2®

Since we use some of the ideas of FSS as an important element of our
proof, it is useful to recall them. While FSS deal directly with infinite volume
expectations, it is useful, for our purposes, to rephrase their results in terms
of finite volume statements. Let A be a paralielepiped in the simple »-dimen-
sional cubic lattice ZV of the form

A={al0<a1<L1—1,...,0<OCV<LV'—"1}

We shall refer to A as the standard L, x --- x L, box. In the classical model,
one has a “spin” S, for each a e A, where S has three components S,
j =1, 2, 3. These classical spins will be normalized by

Sa-Sy= 2 (SP) =1 ¢
7
and distributed according to the isotropic spherical distribution denoted by

¢ The Peierls argument has recently been extended to the entire anisotropic regime in the
classical case™® and to a large regime for the quantum anisotropic ferromagnet.“®
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dA(S). The basic Hamiltonian is
H==38," S ¥)
o,

where i is summed from 1 to v, and « is summed over A. Here §, is the unit
vector whose ith component is 1 and we use the convention thatife;, = L; — 1,
then (a + §,); = 0, i.e., H has periodic boundary conditions. It is important
that changing the boundary conditions does not affect the existence or
nonexistence of a phase transition, so that the imposition of periodic
boundary conditions is purely a matter of mathematical convenience. H has
each pair of nearest neighbors (in A, viewed as a torus) interacting once with
coupling 1. Since we will have the inverse temperature § as a free variable,
we do not add an additional factor J in front of (2). We will occasionally
use S, - S, = 1 to rewrite H as

H = const + % 2 (Sy — Syrs)? )
The partition function Z is defined :y
z = [expl-pr@N[] a1 (32)
and thermal expectations by
SSnis =27 [ 18) expl-pHOI[ T d(S) (3b)

Our translation of FSS is that their basic result is a proof that

im (3 (3 so) ) #o @

for B sufficiently large. Intuitively, (4) corresponds to macroscopic fluctuations
in the bulk magnetization (since (S’> = 0 by symmetry) and hence to the
presence of a multiplicity of phases. We return to the question of relating (4)
to other notions of phase transition at the conclusion of this section.

We introduce the Fourier variables S, by

S, = 777 2, xe(—in - S, )

where p runs through the dual lattice A*, ie., p; = 2mn,/L;; n; = —%L; +
1,...,1L; (L; even) or —3(L; — 1),..., 2(L; — 1) (L; odd). In terms of these
Fourier variables, H has the form

H = const + ) ES, - S_, 2"
where
v
Ep = ]7 [1 _ eXp(lp . 8)] =y — Z COs p; = 0 (6)
B i=1
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and with the sum over |8| over the 2v vectors +8§;. For a quantum system in
which each spin has angular momentum S, 2SE, is the energy of a
momentum-p spin wave,*:9:10 For later purposes we note that

E, ~ |p|?/2 for |p| small @
In terms of the Fourier variables, (4) has the form
Jim [A]7ig,-0 # 0 )
where
& =<5 ®)

The FSS proof of (4) comes from two bounds. The first is the Plancherel
relation (which is completely trivial in this case since finite sums are involved),
yielding a sum rule

|IT| S g, =SB = 1 ©)

peA*
(any value of a can be used). The second is the basic bound
& < 3/(2BE); p#0 (10)
proven by FSS. The condition (10) has the physical interpretation that the
average energy EP<S§,’" - 89,5 per mode is dominated by its equipartition
value of kT per degree of freedom, counting each value of j as a separate
degree of freedom. The bound (10) implies that
lim |A]"* > g, < (3/28)G,(0)
1Al p#0
where
G,0) = (2m)~" (Ep) " d'p (1n
pil=n
and we have obtained the Fourier integral (11) as a limit of Fourier sums.
G,(0) is finite when » > 3 by (7). The sum rule (9) implies that (4’) holds so
long as
(3/28G,0) < 1
ie.,
B > 3G0) = g8 (12)
This method relies on the fact that the bound (10) and the sum rule (9) force
a macroscopic occupation in the p = 0 mode. This is a kind of spin-wave
Bose condensation. The above discussion is for the ferromagnet, but the same
obviously applies to the antiferromagnet with p replaced by (a,..., ) — p in
suitable places.

To explain the problems that have to be overcome in extending the
FSS results to the quantum case, we must describe the model. Let S be a



Phase Transitions in Quantum Spin Systems 339

fixed number chosen from 1/2, 1, 3/2,.... Each site a € A has associated
with it a (2§ + 1)-dimensional space 5, >~ C25*! and three self-adjoint
operators S, (S¢,j=1,2,3) obeying the usual commutation relations
(summation convention used on Latin indices):

[SP, P = ieaSS (13
However, (1) is replaced by
8.2 =2, (59 =SS+ 1) 19

H
Since dim #, = 2S5 + 1, (13) and (1Q) essentially determine S, uniquely.
In volume A, the basic Hilbert space is #; = ®gen 5 = CESHDIAL We
abuse notation by letting S, stand for the triplet of operators on 5%, that are
the tensor product of 1 on each 7, for y # a and S, on . The basic

Hamiltonian is still given by (2) [or (2")] but now Z and thermal expectations
are given by

Z = T, [exp(—BH,)] (3Qa)
{Adap = Z 7 Tr[A exp(—BH,)] (30b)
We still define operators Sp by (5). Due to the commutation relations
[S&, S71 = 18upenaSs (13)
one has that
ISP, S = [A]"(ie1uS{q (139

In particular, S commutes with its adjoint $* = $¢), and, with the defini-
tion of g, by (8), we have g, = g_,. The expression (2”) still holds [we
caution the reader that the constants in (2) and (2”) are different from those
in the classical case]. The sum rule (9) is replaced by

D g = SO+ D) ©0)
IAI peA*

The difficult problem to overcome is that (10) cannot be true in the quantum
case! For, if (10) holds, then as f— oo with A fixed and finite, g, would
approach zero and this, in turn, would imply that S,-S, = f,, approaches a
constant as § - co. But as f— 0, f,, — S? for a # y and S(S + 1) for
o = y. Therefore, because of the values of f,, in the ferromagnetic ground

state, (10) is false in the quantum case. We believe that the following is true
for the ferromagnet:

g < V3S coth(VZSBE,) (100)

We will prove the analog of (10Q) for the antiferromagnet in a two-step
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process. First, we will prove (10) with g, replaced by a *“Duhamel two-point
function,” b,. Second, we will obtain bounds relating b, and g,. The second
step in the argument carries over to the ferromagnet. Our proof of the first
part does not. We believe that the first bound will be true in that case, but are
unable to prove it.

In Section 2, we discuss this Duhamel two-point function, which
is not new (see the discussion in that section), and in Section 3 we prove
a basic bound relating b, to g, (involving also the double commutator
3., 1S9, H], S"_")p]). Section 4 contains a proof of the analog of (10) with
g, replaced by b,. In Section 5 we put everything together to prove a phase
transition in the sense of (4). In Sections 6 and 7 and the appendices we
discuss the Heisenberg antiferromagnet and additional results.

We should emphasize here that certain aspects of our argument are
very general. The bounds in Section 3 are “operator theoretic’ in the sense
that they depend on no special properties of the Hamiltonian. As we will
explain, we believe that the bounds in Section 4 have an extension to any
antiferromagnetic quantum lattice system, but this part of our proof only
works for nearest neighbor interactions on a simple cubic lattice (or a rather
small class of other lattices that does not include face- or body-centered cubic
lattices). In any event, the bounds in Section 4 depend neither on algebraic
properties of the spins nor on the norms of the spin operators. It is only in
combining the bounds from Sections 3 and 4 with a sum rule of the type of
(90Q) that these detailed properties of the spin enter. It is here that the
S dependence of our critical temperature bounds arises.

We also note that modulo a factor of 3/2, the bounds that would follow
if (10Q) could be proved for the ferromagnet, have the interpretation of
making rigorous certain elements of spin-wave theory.*-%:*® We discuss this
point further in Appendix B.

Finally, we turn to relating the criterion (4) for phase transitions to
other criteria. This is a problem discussed already by Griffiths®® (see
Hepp and Lieb®® for related results). Let us begin by giving an abstract
version of Griffiths’ main theorem and corollary (Ref. 16, §IL.f) motivated
by the form of the results given in the appendix to Ref. 20.

To motivate the following theorem, it is useful to think of n as para-
metrizing the size of a magnetic system, x as the magnetization, y as a
magnetic field, and « as the partition function.

Theorem 1.1 (Griffiths®®), Let u, be a sequence of probability
measures (i.e., fdpn = 1) on the real line such that, for y in an interval
[—¢, ¢] about 0,

oy) = lim ;11-111 f e¥* dp,(x)
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exists (and is finite). We assume ¢ > 0. Let
a, = * }Ilf{)l {r He(£y) — «(0)]}

(which exists since « is convex). Let 6 > 0 be fixed. Then

o © 1/n S (a. —om 1/n
fim [ f dun(x)] <1 um[ f d;un(x)} <1
[{ i

ay +om -

Proof. We prove the first statement. Let

o0

b, = f dpn (X)
@4 +o)n
If the first statement is false, then lim(1/n) In b, > 0. Clearly, for y > 0

so that, if lim(1/n) In b, > 0,
«oy) = (ar + 9)y
Since «(0) = 0,
h'iny‘l[a(y) —o0)] > as + 8
vy0

which is impossible. [l
This theorem says that

@y +om
[
[(

a_—om
goes to 1 with exponentially small error.

Corollary 1.1. Under the hypothesis of Theorem 1.1, ifa, = a. = a
[i.e., if «(y) is differentiable at y = 0}, then for functions f obeying | f(x)| <
AeP*! for some B < ¢ (defined in Theorem 1.1)

tim [ £ dn () = /@
Remark. For f(x) = x*, this is a result of Hepp and Lieb.®®

Proof. For any f that is bounded, this follows immediately from the
theorem. Fix 8 > 0. Then

[ Vel di < 4] e dpuo

xzhn

< Ae=98 [ em ()

1/n
< Ae(B—c)B {f Paid d,l’n(x)]
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by Holder’s inequality. Thus
fm| |G| dps) < Aeole) + (=)
512 An
so that, given e, we can find B, such that
lim |f(x/n)] dpa(x) < €
n— 00 vix|=Bon

Since /(- /n) is bounded on (— Bn, Bon), We can use the remark at the beginning
of the proof to conclude that

fl@) —e< @_lff(X/n) dpa(x) < Hr_ﬁff(X/n) dpa(x) < fla) + ¢

Since e is arbitrary, the result follows. i

Corollary 1.2. Under the hypotheses of Theorem 1.1, for any function
f obeying | f(x)] < Ae®'*! for some B < ¢

Tm f fexim dpa) < max £(7)

In particular, if f(y) = y* (k an integer) and ¢_ = —a., then

ar > T | G )|

Remark. The case f(y) = y** with x/n bounded on supp p, is the main
result of Griffiths,*® whose proof is abstracted above.

Proof. For f bounded, the result follows from Theorem 1.1. The
general case follows as in Corollary 1.1. [l

Following Griffiths,'®> we can apply Corollary 1.2 to prove that long-
range order in the sense of (4) implies a spontaneous magnetization. Let
H, be the Hamiltonian of a system in a box with periodic boundary condi-
tions (but with no restriction on the form of the interaction). Let 4, be an
operator at site a. Define m(4) by

T o _
m(A4) = }llln(} an (kgllM ln{Tr[exp( BH, + '“‘ZAu)]})

As an immediate consequence of Corollary 1.2, we have the following
result:

Theorem 1.2. Under the above conditions, if .., 4, commutes with

H,, then
I 2k \1/2k
m(d) > lim <(|A|—1 zA,) > (14)
A—> ‘A

asA
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In particular, if there is a unitary operator leaving H, invariant but taking
A, to — A, and if the right side of (14) is nonzero for some k, then there is a
phase transition in the sense that lim,_,  |A| 7* In{Trlexp(—BHA + p 2 AD]}
is nondifferentiable at i = 0.

Remark 1. 1t is well known Y that the nondifferentiability of the free
energy implies multiple “phases” in the sense of several equilibrium states.

Remark 2. If Trlexp(—BH, + un 2 A,)] is replaced by Triexp(—BH,)
exp(p > 4,)], the commutation condition is not needed; the commutation
condition is only used to obtain the physically relevant object. The commuta-
tivity unfortunately fails in several cases of interest, notably the x—y and
the antiferromagnetic models. In Section 5, after Theorem 5.2, we develop a
different strategy for proving the existence of a phase transition in the
noncommutative case, and apply it there to the x—y model. In Section 6 we
use it again for the antiferromagnet.

Theorem 1.2 with k& = 1 shows that (4) implies there is a phase transition
in general systems, but one should expect that in the isotropic Heisenberg
model it yields a lower bound on m(S®) which is too small by a factor of
three. For, in the isotropic model, {5 S&)* = |2 8,|® by symmetry,
but as soon as an external field in the other direction is turned on, the Lee—
Yang theorem® implies that {(|A| =1 3 SP)?> —~0as [A| —oofori=1,2.
This can be remedied by the use of some angular momentum theory.

Theorem 1.3. In the isotropic Heisenberg model, the spontaneous

magnetization m{S®) obeys
2 =31 Al-1 z @ |2
>\ 3 Al-?;lo < l 4] S >

m(S®)? > lim <']A]‘1 > S,
A= acA

Remark. The only restriction on the interaction is its isotropy in spin

space, i.e., that H commutes with simultaneous rotations of all spins.

Proof. Let Jg = Jyen S& and define
V=& +JG+J0&+ D" -3
Letting
a(, k) =i+ 1) _zjj n®
we have by the isotropy of H that

I = 2 a(j, 2k) prob(|J| = j)

j
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For simplicity of notation, consider the case where |A| is even, so that |J|
has integral eigenvalues. For j integral

g i
a(j, 2k) > % + Z 2]+1 X2 dx
]2k 2_] g _] ~ .
% +12j+1° 32k 1’ j=0,1..; k=>1

Therefore, fork = 1,

2, 2 2 2 2
I = m@’l > 2 m@” e 15)

Using the definition of |J|, it is not hard to see that

lim <‘ |A]-1 >= lim|A| 2|72
aeA A—w

so that the result follows by taking k& — oo in (15) and applying Theorem

12. W

2. THE DUHAMEL TWO-POINT FUNCTION

For quantum systems in finite.volume with partition function Z =
Tr(e~5H), we define the Duhamel two-point function (DTF) by

1
(4, B) = Z- f Tr(e~#6% de~ -85 B) dx (16)
4]

One expression of the naturalness of this object is that it has been introduced
and discussed by a variety of authors, e.g., Bogoliubov,”® Kubo,?¥
Hohenberg,?¥ Mermin and Wagner,®® Mori,®® Naudts et al,®%3D
Powers,®® and Roepstorff.#? Frohlich“® has independently noted that it is
likely to be useful in finding quantum generalizations of (10). We warn the
reader that (16) may differ by factors of 8 and by adjoints from the con-
ventions of the above authors.

The name we have chosen comes from the fact that (1/2)p?(4, A)Z is
the second-order term in a perturbation expansion, first derived by Duhamel,
for Trlexp(—BH + pd)), i.e.,

(4, B)Z = Trlexp(—BH + uA + AB)] 17

o 8/\
From (17), or from the definition (16), it is obvious that
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so that, in particular, if 4 = A, + i4; with 4,* = 4,, 4* = A;, then

(4%, 4) = (4, 4) + (4, 4) (19)
If (B>, = {Trlexp(—BH + pA)]} ! Tr[B exp(—BH + pA4)], then
B2t =B = AXBy = (A=A B=<B)  Q0)

so that, for example, any kind of generalization of Griffiths’ second
inequality®” to quantum systems would involve the DTF and not the
thermal two-point function, {AB) = Z ! Tr[4B exp(—BH)]. Unlike (4, B),
{AB> is not symmetric in A and B. If H has a complete set of eigenfunctions
¢; with He; = e;; and a,; = (¢:, 44,), by = (¢, Be), then

1
4. B) =2 —lf 2 e~ *Peie= b dy

0 i35

= (BZ)7* Y. aubule™"% — e 5)f(e, — ) @)

Up to factors of B and Z, the reader will recognize the formula from Ruelle’s
book “Y for the inner product he uses in his proof of Bogoliubov’s inequality.
From either (21) or directly from (16) [writing Tr(e™*fHA%*e~Q-98H 4} =
Tr(C,*C,), with C, = e~ @ ~*8HI2 J¢~*8HI3] one sees that

(4*, 4) > 0 (22)
so that we have a Schwarz inequality [using (4%, 4) = (4, 4%)]
(4, B)| < (4%, A)"'*(B*, B)* (22)

Since the thermal expectation <AB) is not symmetric in 4 and B, it is
not clear which ‘““two-point function” is closest to its classical analog.
Some insight into this is obtained by looking at harmonic oscillators with
variable #. Let A = aV/%, with a being the “usual”’ creation operator. Then
H = wA*A. As can be seen by direct calculation (Appendix B), (4%, 4) is
independent of # but (1/2){A*A4 + AA*) is not. In this sense, (4%, 4) is the
most classical two-point function that can be constructed, and from this
point of view it is not surprising that the classical bound (10) also holds for
the corresponding DTF.

From knowledge of the DTF for all pairs 4, B, one can recover the
thermal expectations via the trivial identity

4y =(4,1) (23)

Conversely, one can recover the DTF in finite volume from thermal expecta-
tions and the action of the group of time automorphisms

a(d) = etH e~ iH
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To do so, one can use the function

f(2) = {Bep(4)) (24a)

which is defined a priori for z real. It has an analytic continuation to the
strip Im z < 1 with

Sz + 1) = CAa_4,(B)) (24b)
and

(4, B) = L i) dx (240)

This connection between the DTF and the KMS boundary condition is not
new; see, e.g., Refs. 31, 36, and 40. It leads quite easily®®’ to the bound

(A*, A) < IKA*4 + A4*> 25
for, since f with B = A* is analytic, the three-line lemma implies that
/(%) < a*b*~* < xa + (1 — x)b (26)

where a = sup,cp|f(i + 2)|; b = sup,p|f(z)]. But, for zeR, |[f(z + i)|<
[CAa_ (A% < <44*) and |f(z)| € {A*4> by the Schwarz inequality.
Thus a = {AA*) and b = {4*4), whence (25) follows from (26) by integra-
tion. The connection with the KMS boundary condition is also the key to
extending many of the above considerations to infinite volume.®V

The remainder of this section is not needed for the argument of the
paper but is included to give the reader a source for all the main lore about
the DTF. First, we want to prove (following Powers®®) Bogoliubov’s
inequality ®® using the representation (16). We will use (22'), (25), and the
formula

<[4, B = ([4, BH], B) @n
Now, (27) follows by noting that

Tr(e~*PH[A, BH e~ ~*#HB) = 4 Tr(e *fH e~ ~*¥HB)

dx
so that (16) can be directly integrated. Thus
KK[4, BD|? < |([4, BH], B)|? [by 27)]
< (B*, B)([4, BH]*, [4, BH]) [by (227]
< (3KB*B + BB*))([4*, BH], [BH, A]) [by (25)]
< ¥KB*B + BB*)}[4%, [BH, Al [by (27)]
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which is Bogoliubov’s inequality,
<[4, BD|? < <[4%, [BH, A]D(E{B*B + BB*)) 28)

We would like to note two properties of the thermal expectation of the double
commutator. First, <[4*, [BH, A]]> > 0. This follows from (27) or by an
eigenfunction expansion

[4% [BH, 411> = B iz (la]* + laa|®Ne — ee P
= %,BZ (@ + |ax|D (e — )% — e#49) = 0

since (x — y)(e™¥ — e~%) > 0 for all x and y. Second, if 4 = 4, + i4, with
A, and A, self-adjoint, then

[4*, [BH, A]> = <[4, [BH, 4,1 + <[4, [BH, A:]]> (29)
Finally, we want to say a few words about the infinite-volume DTF.

Proposition 2.1. If the finite-volume DTFs converge through some
sequence of volumes, so do the ordinary thermal expectations. Conversely,
if the ordinary finite-volume thermal expectations converge and the finite-
volume time automorphisms converge, so do the DTFs.

Proof. The proposition is a consequence of formulas (23) and (24)
relating ordinary thermal expectations and DTFs. [}

Remark 1. In infinite volume, one cannot define the DTF by (16), but
(24) still holds. From this realization @V follow all the relations we use in the
proof of the next section, so our results there hold directly in any KMS
state without reference to proving the result in finite volume and making a
limiting argument.

Remark 2. For discussion of the limit of finite-volume time automorph-
isms for spin systems, see Streater,** Robinson,®® and Lieb and Robinson.??

Definition. We say the (infinite-volume) DTF clusters if and only if
limyy.. (A4, 7,(B)) = <AD{B), where 7, is the space translation.

Theorem 2.1. The DTF clusters if the ordinary thermal function
clusters, i.e., imy, . »{A7,(B)) = {4){B>.

Proof. Suppose that the thermal function clusters. Let f,(2) =
{1(B)er,s(A)>. Then, by hypotheses, f,(z) — <4>{B)>—0 as a— o for z
real or z = i + real. Moreover, for all z and a, | f,(z)| < ||4] | B|. Thus, by
a simple complex variable argument, f,(z) — <A>{B> for all z, s0 (4, ,(B)) =

[ofalixy dx —<(4%B>.
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3. LOWER BOUNDS ON THE DUHAMEL TWO-POINT FUNCTION

As explained in the introduction, the natural quantum extension of (10)
involves the DTF, while the sum rule involves the thermal two-point function.
To put the two together, we need a lower bound on the DTF in terms of
the thermal two-point function. We have already seen that the easy bound
(25) goes in the other direction. The lower bound will involve the function
Jffrom [0, o0) to [0, 1) defined implicitly by the relation

f(xtanh x) = x~!tanh x (30)
and plotted in Fig. 1 (for which we thank J. F. Barnes). We will need:

Lemma 3.1. The function f given by (30) is convex.

This lemma is proved in Appendix A. By absorbing f into H and adding
a constant to H so that Tr(e ) = 1, we can always deal with thermal
expectations defined by (B> = Tr(Be™¥). We now define

g(A4) = KA*4 + AA*) = LTr[(4*4 + AA*)e H) (31)
b(A) = (4*, 4) = Jd Tr(A*e *H e~ ~2H) dx (32)
0

c(4) = <[4*% [H, A]]> = Tr([4%, [H, 4]le" ") (33)

1.0 T T ]

0.8 f(y tanh y)=|7 tanh y
08 — —
o7 — —

0.6 — —

0.5 — —

f(x)

04 —

03 — -

0.2 F 4{

ol — -

O S N S H B
o] | 2 3 4 5 6 7 8 9
X

Fig. 1. A graph of the convex function f defined for x>0 by f(y tanh y) = y~' tanh y.
This function appears in the inequality, Theorem 3.1, between the Duhamel and ordinary
two-point functions. For x = 6, f(x) = x~1! to five-place accuracy. (Values computed by
J. F. Barnes.)
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The following basic bound is a generalization and improvement of a
bound of Roepstorff®®—we shall discuss the precise connection after its
proof.?

Theorem 3.1. Let f be the function given by (30). Then for any 4 and
self-adjoint H

b(4) z g(A)f(c(4)/4g(4)) (34)
Proof. Let
h(x) = Tr(A*e~*E Ae~ @ ~»H)
Then

g(4) = 3[A0) + K(D)],  b(4) = f h(x)dx,  c(d) = h'(1) — K (0)

Moreover, if Hé, = E,¢, is an eigenfunction expansion of H,

h(x) = D |@nn|%e ™ Fne* =Fn =5 (35)

so that % is the Laplace transform of a positive measure. As a result, inequality
(34) clearly follows from Proposition 3.1 below. i

Proposition 3.1. Let f be the function given by (30). Let

h(x) = j e du (1)

for some positive measure p. Then b > gf(c/4g), where b = ﬁ h(x) dx,
g = 3[h0) + A(D)], ¢ = K1) — K(0).
Proof. Let dv be the measure
d(t) = 3" + 1) du(?)
Then

b= ft—l(et — 1) du(r) =f§tanh§dv(t)
g=[1e + Dt = [a0)

¢ = fz(et — 1) dult) = 4f%t tanh ¢ d(?)

5 Unfortunately we were unaware that Falk and Bruch®” had previously proved our
Theorem 3.1 [middle inequality in their Eq. (8)] and our Theorem A.4 [first inequality
in their Eq. (8)1.
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Since dw(t) = g~* du(t) is a probability measure and f is convex (Lemma
3.1), we have by Jensen’s inequality

gf(clag) = gf( f 3¢ tanh 3¢ de)
<g f £(3 tanh 3¢) deo

- gf(z/t) tanhdtdo = b [

Remark 1. The strict convexity of f and the above proof make it clear
that equality holds in (34) if and only if du is a measure concentrated at a
single point. From (35), this clearly holds if 4 is a creation operator and H
is the Hamiltonian of a harmonic oscillator; this also follows from explicit
calculation (see Appendix B).

Remark 2. Since one can shift the position of the point mass in Remark
1 by replacing the harmonic oscillator Hamiltonian H by «H, we can adjust
w so that ¢/4g, the argument of f, has any preassigned positive value. Since
equality always holds in (34) for the harmonic oscillator, it follows that the
function f'in (34) is the best possible.

Remark 3. In Ref. 40, Roepstorff proved a bound of the form of (34)
with two changes. First, he required that 4 = 4*, and second, he used the
function

Jfo(¥) =x7H(1 —e™%) (36)
in place of f. Since one can prove directly that
fx) = fax), allx (37

(see Appendix A), our inequality is stronger in two ways. Since we wish to
use the inequality for 4’s with 4 # A*, the former change is more significant.
Roepstorff’s inequality, had he proved it for all 4, would lead to a phase
transition in all systems where we prove one, albeit only at a lower transition
temperature than ours.

Remark 4. As we will see shortly, there is an abstract method of extending
inequalities like (34) or Roepstorfi’s inequality from Hermitian A4 to all 4.
Given this fact, (37) follows also from the best possible nature of our in-
equalities. (See Remark 2 above.)

Lemma 3.2. Let ¢y,..., ¢,, bq,..., b, £1,..., 2, be real numbers and let
¢c=2t16,b=271b,g= 2718 Assume that g; > 0 and g > 0, and
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gi=0=>5b; > 0and ¢; = 0. Let F be any convex function on an interval [
that includes all ¢,/4g; where g; > 0 and such that

b; = giF(cif4gy)
when g; > 0. Then c/4g lies in the interval I and
b > gF(c/4g)
Proof. Let p; = gi/g > 0, so that >7_, p; = 1. Then

cidg = > (cldgdp

where >’ means the summation over those i with p, > 0. Thus c/4g is a
convex combination of points in 7 and is therefore in 1. Moreover,

Faltg) = F(3 pieie))

< Z’ piF(ci/4g)  (by convexity)
=g'> gF(c/4g) < bz W

Corollary 3.1. An estimate of the form (34) need only be proved for
A self-adjoint (and in particular, Roepstorff’s estimate for 4 = A* implies
his estimate for all 4).

Remark. Since our estimate is proved directly for all 4 and is best possible,
this corollary is of academic interest only.

Proof. Let A = A, + id; with 4, = A.*, A; = A*. We have already
seen {Egs. (19)and (29)] that c(4) = c(4,) + c(4;), and b(A4) = b(4,) + b(4;).
That g(4) = g(4,) + g(4;) is trivial.

Corollary 3.2. Let A = (4,,..., 4,) be an n-tuple of operators, let
g(A) = 2, g(4), etc., and let £ be given by (30). Then

b(A) = g(A)f(c(A)/4g(A)) (38)

Remark. One can also prove this corollary by mimicking the proof of
Theorem 3.1, using the fact that the sum of Laplace transforms of positive
measures is again a positive measure.

In our applications, we want to go from upper bounds on b and c to one
on g. Theorem 3.2 is the perfect vehicle for this.

Theorem 3.2. Suppose thatb = gf(c/4g), where f is given by (30) and
b, g, c 2 0. Suppose that b < by and ¢ < ¢y. Then g < go, where

8o = 3(Ccabo)*'? coth x4 (39)
Xo? = ¢o/4bo. (40)
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Proof. First note that g, is just chosen so that gof(co/4go) = bo.
Suppose that g > g,. Then ¢/dg < ¢y/4g, and since f'is monotone decreasing
(see Appendix A),

gf(c/Ag) = gof(col480) = bo = b
thereby violating the hypothesis that & > gf(c/4g). I}

The following will not be needed in our applications but we think it of
sufficient interest to mention it.

Theorem 3.3. Under the hypothesis of Theorem 3.2,

— _ - 1 1/2 l — 1
b—g>by—go= 2(Cobo) (xo tanh xo)

Remark. In the cases of interest, we emphasize that b — g < 0.

Proof. The function g(f(c/4g) — 1) is seen to be monotone decreasing
in both g and ¢ (see Appendix A). Since g < go and ¢ < ¢,

> g(flc/4g) — 1) = go(flco/4g80) — D) =bo — g0 M

4. GAUSSIAN DOMINATION—THE QUANTUM CASE

Our goal in this section is to prove the quantum analog of (10). We will
succeed only if all the matrices can be simultaneously chosen to be real. As
will be shown later, the antiferromagnet can be accommodated, even though
it is essentially complex. This is discussed further in Ref. 50. We will restrict
ourselves to nearest neighbor interactions on a simple cubic lattice, but no
special commutation properties are required. Thus for each @ we choose a
copy #, of the same Hilbert space and copies of n + 1 basic operators
denoted by SL,..., S, 4,. To avoid unnecessary technical complications, we
suppose dim 3£, < oo, but it is clear that various unbounded operators on
infinite-dimensional spaces could be accommodated. The basic Hamiltonian

in A is
H=Z(ji,—

A

> 3 Sg)Séjism) (412)

i=1

-3 |4+t 3 6= Seny] (1)

acA

where 4, = 4, — vS,% We define S, by (5) and set

b = (§9, §9,)
the Duhamel two-point function. E, is given by (6). Then we will prove the
following result below:

Theorem 4.1. For Hamiltonians of the form (41) in boxes A of sides
L, x---x L,with each an L, even integer and such that Theorem 4.2 holds,

by < (2BEp)* (42)
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As in the FSS proof of the classical case, we prove (42) on the basis of
the following *“ Gaussian domination” estimate (Theorem 2.1 of Ref. 12). We
thank J. Fréhlich for having suggested the following result to us as a
conjecture:

Theorem 4.2. Let H be a Hamiltonian of the form (41), in which all the
matrices are real. Let {ha)lae A, i = 1,...,,v} be v|A]| vectors in R". Let
oh(x) = hi(ae + 6,) — hy(a) and o(h) = S, h(e) - S,. Let Abe L; x --- XL,
with each L, even. Then

Tr{exp[—BH + o(3 oh)]}
Tr(exp — BH)

where ||#]2 = 3, , |h(e)]2.

Proof of Theorem 4.1 Given Theorem 4.2. One can follow FSS; we
provide an essentially equivalent proof for the reader’s convenience—since
the proof below uses no operator theory, it will no doubt be more attractive
to some, less attractive to others. Taking #; —> A, in (43), subtracting 1 from
both sides, dividing by A2, and taking A to zero, we find

[A]*
28

< exp 43)

This equation has just been proven for /4 real-valued, but by (19) it extends
to complex-valued #’s. Fix p # 0 and j in {1,..., n}. Choose now

Mhi(@)], = S;{explip - (& — 8,)] — exp(ip + @} A1

where the subscript & labels the # components of h. We have

> Ih@)]? = 2, lexp(—ip - 8) — 1]* = 2E,

1,0 i
while

|> @] = auial=eE) expiin -

i k
so that (44) becomes
4EX3P, 69,) < QE,)B™*

which is (42). |}

We next turn to the proof of Theorem 4.2. In the FSS proof of (10) a
critical role was played by the inequality

{[exvt=16x =y - @1 auto dv<y>}2

< [ expl=3(x = )71 dusx) duy) [ expl—4x = 7] ) ()
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for any measures du, dv on R™ and any n-tuple of reals @. We begin the proof
of Theorem 4.2 with a quantum analog of this fact.

Lemma 4.1. Let 5, be a finite-dimensional vector space and let
H = A, Q H#,.If A, B,... are operators on #;, we use the symbols 4, B,...
for the operators 4 ® 1, B® 1,..., and the symbols 4, B,... for 1 ® 4,
1 ® B,.... Then for any self-adjoint operators A4, B, C,,..., C, with real matrix
representations and real numbers 4, ,..., &

(Tr{exp[A + B — Z; (€ - Ci— hi)2]}>2
< Tr{exp[A +4- 2121 (G- C‘i)z]}Tr{exp[B + B~ iZ (G- 6i)2]}

(45)

Proof. Let « denote the quantity being squared on the left-hand side
of (45). By the Trotter product formula (see, e.g., Section VIIL.8 of Ref. 37),
we have that'e = lim,_, , «,, where

oy = Tr({exp(4/n) exp(B/n) exp[—(C; — &1 — hy)¥fn] - --}")

Usipg the operator identity
exp(— D?) = (dm)-112 f exp(ik D) exp(—k2/4) dk
we have that
i = ()~ [

x Tr{exp(d/n) exp(Bn) expliky(C, — Cy)n*?] - -- }
x exp(—k?/4) exp(—ikhy + ---) (46)

The operators 4, B, etc., can be thought of as matrices. We have assumed
that they are all real. Then

Tr{exp(4/n) exp(B/n) explik:(C1 — C)/n*?]- - -}
= Trlexp(d/n) exp(ik,C,/n*"?)- - -] Trlexp(B/n) exp(ik,Cy/n'?)- - -] (47)

where we have used the reality of the matrices 4, B, etc., to take the complex
conjugate without reversing the order of the factors. We have also used the
fact that D and F commute for any two operators D and F. Using the
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Schwarz inequality on the dk integration in (46) and then using (47) with
B = A, we obtain

12

/A

((4Tr)-m/2 f A"k Tr{exp(A/n) exp(dn)

|en

X

expliks(Cy — Cofn?]- ) exp(—k2/4))

X

((477)—’*!2 f "k Tr{exp(B/n) exp(5/n)

X

explik(C, = O]+ exp(—Ko4))
Reversing the steps at the start of the proof, we obtain (45). [

Remark. In our original announcement®? we claimed that we could
prove a phase transition for the ferromagnet. At the time we believed that
Theorem 4.2 held for complex matrices by virtue of the following stratagem:
Complex matrices can be made real by doubling the size of the representation.
Unfortunately, if one doubles 5# then the reflection structure is destroyed.
If one doubles 5, then the trace can be changed in a nontrivial way. An
illustration of what can happen is provided by the fact that

Tr{(z Aiff,.)s} >0
for real A;, whereas for spin matrices,

Ti(o-0)® < 0

Proof of Theorem 4.2. Define

Z({Be))) = Tr[exp(— > {BAu + gﬂé:l [Sy — Syss, + B '1hm(a)]2})]

acA

Then (43) is easily seen to be equivalent to

Z({h(x)}) < Z({0) (48)

for all real {h{a)}. Since Z is continuous in the A’s and goes to zero as any
h,(et) — oo, it takes its maximum value Z, at some set of h’s, say hy(e). If this
maximum value is taken at more than one point, choose a point with the
largest number of A’s equal to zero. Thus, we must show ]-Ji(a) = 0 for all
a, i. If not, by relabeling we can suppose that bi(a) # 0 for i =1 and o =
(L — 1,0,...,0). Let o be the tensor product of all the #, such that
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Y= 1,0, py) With 0 < 9y € 1L; — 1 and y,,..., v, arbitrary. Then 3£, =
H#, @ #, in such a way that S, = S,, where P2 = yayeer, ¥y = Pyy 71 =
L, — 1 — y;. With this representation

2@ = Tefew| 0 + 5 - 3 @ - - |}

where D is all “interactions’ between J#-spins, the C; represent the spins
at sites (0, vg,..., y,)and 3L; — 1, v,,..., v,), and the y’s are the corresponding
A’s up to factors of 8.

By Lemma 4.1, we conclude that

Z({b(@))? < Z((P(ONZ (P ()
where h® (resp. h'®) is a set of 4’s invariant under the y — ¥ reflection and
equal to the I’s on the % (resp. Jﬁ) spins and zero on the bonds between
H#, and .

Now, on the one hand either {h{*(a)} or {h{®(&)} must contain strictly
more zero elements than {hy(e)} and on the other hand since Z ({l_li(a)}) = Z
and Z({h(o)}) < Z,, we must have Z({h(a)}) = Z,. This contradicts the
fact that the % has a maximal number of zeros, so it must be that all 4’s
are zero. |

We conclude this section with a few remarks on the restrictions we
have placed on the interaction. It is our belief that the basic bound (48),
snitably generalized to allow 4’s on each bond, holds for any ferromagnetic
interaction, but we are in the unhappy situation of not being able to prove
it (or phase transitions) even for face-centered or body-centered cubic lattices.
Our proof is restricted to lattices with the following property: The per-
pendicular bisector of any bond contains no sites and the lattice is reflection
symmetric about that bisector. For example, the two-dimensional honeycomb
(hexagonal) lattice can be handled.

5. PHASE TRANSITIONS: THE FERROMAGNETIC CASE

In this section we want to put the results of Sections 3 and 4 together
with explicit calculations of the double commutator to prove that phase
transitions occur in the spin 1/2 x—y model, where the matrices can be chosen
simultaneously real, namely

s=el® ). s-uf)

This is Example 4 below. We also present the consequences, in terms of phase
transitions, that would follow if Theorem 4.2 held for the ferromagnet; these
are contained in Examples 1, 2, and 3.
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We first rephrase the abstract result, Theorem 3.2. Suppose that we have
a lattice system on Z* (with no a priori restriction on the kind of interactions)
with operators S at each site. Define S¢ in the usual way and

d9 = <Sé])S§i)>; d = d(f)
2

B = (S, §9,); by = D b
H

g9 = <SPSD; &= D&
i

o
I

o = ISP, BH, SO > 0 =2

(Note that §¢ and S commute for any p and q.)
From the sum rule (Plancherel)

llfl Z g{,j) = g

peA*

and Theorem 3.2, one immediately concludes that:

Theorem 5.1. Suppose that there exist fixed measurable functions
By, C{” of p and a function D?(8) such that for every finite system L, - - - L,
with L; even, one has the bounds

(a) d? = DP(B) and limg_,, DB) = DY.
(b) b{{’ < B7'BY; B, < oo for p # 0.
(c) ¢ < BCY.

Further assume that
lim [A]-2 S B, = f B, d*p/Qm)

4] p#0
peEA*

Then there is long-range order at some finite 8 whenever (49) and (50) hold
for some j:

D2 > @0 [ aBpCy=Eap )
Ipyis®m
f BOdp <w; DR <o (50)
Ipji<m

There is long-range order for any B such that

DOB) > 2m)™7 | WBPCY) cothBBCYIBYY 1 dp (5D

Ipl<m
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In particular, if DY(B) is monotone nondecreasing in 8 and (49) and (50)
hold, then there is a long-range order for g > fB., where B, is the unique
solution of

DIE) = @) | HBYCPY" cothliB(CPIBYY 21 (52)
ipilsn
Proof. Theorem 3.2 and the stated sum rule yield (4) whenever (51)
holds. When (49) and (50) hold, (51) must hold for B large. To prove this,
(50) is used together with the bound (see Appendix A)

cothx < x ' + 1, x>0

and the dominated convergence theorem to obtain (49) as the f— co limit
of (51). Equation (52) has a unique solution since the right side of (51)
decreases strictly monotonically from co to

@m)~ WBYCPW2dp  as B> I
Ipl<n
Remark. 1f all superscripts j are replaced by dot products (i.e., X%, in
the usual Heisenberg case), the result still holds.

Example 1. Usual [isotropic, O(3)] Heisenberg model of spin S.
This is the model described in Section 1. For nearest neighbor simple cubic
coupling, we consider the consequence of supposing that we may take
B, = 3/(2E,). By a simple calculation (see below), we can take C, = 4SE,.
Finally, D(B) = S(S + 1) can obviously be taken. Thus (50) holds as long as
v > 3 and (49) becomes

S+ 1) > SvV3

which holds for S = 1/2, 1, 3/2, etc. In order to solve (52), one needs the
function (in v = 3 dimensions)

Hy(x) = 2m)~3 coth(xE,) d°p

oyl <=

which is tabulated in Table I and graphed in Fig. 2 (we owe these to J. F.
Barnes). The solutions of

S(S + 1) = SVZH,BSV?) (52H)

are shown in Table II (also due to J. F. Barnes).
For use below, we do the double commutator calculation in the general
case. Let H be given by (41) and define

08 = [S9, 891, iPEY =[S, @], R =[S, [4a, SY1I
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Hs (x)=(2—|")3fcoth(pr)d39

[esf=m

Hz (x}

0 Q.1 62 03 04 05 06 07 08 09

Fig. 2. Graph of the integral appearing in (52H) for three dimensions. The large-x
asymptotic form of H,(x) in v dimensions is given by H,(x) ~1 + B,x~"? and
B, = 2-v*t1np-v12{(y[2), with ¢ being the Riemann zeta function. B; = 0.117. (Values
computed by J. F. Barnes.)

Then, by a direct calculation,
[$9,, [H, SP1I

v n
— k3 {Re+ 3 5 ipste, v S0PHa, + 26080 - 8) 040K,
-4 m=1 =1

(53)
In the case of Example 1, R = 0, Q¥ = *§® 3, P¥ = —289 from
which one concludes that

S 159, [, S0 = 17 3 > 41 = cosp - 805,800,

i aeA m=1

In particular, as an operator,

Z [S%9, [H, S]] < 4E,S? (54)
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Table I. A Table of Values of the
Function Shown in Fig. 2

y Hi(») y Hy(y)
0.01  50.5562 075  1.2182
0.05  10.1591 0.80  1.1956
0.10 5.1537 0.85  1.1766
0.15 3.5168 0.90  1.1604
0.20 2.7206 0.95 1.1465
0.25 2.2591 1.00  1.1345
0.30 1.9637 1.50 1.0693
0.35 1.7621 200  1.0439
0.40 1.6180 250 1.0310
0.45 1.5114 3.00  1.0234
0.50 1.4305 4.00 1.0150
0.55 1.3676 5.00 10107
0.60 1.3178 6.00  1.0081
0.65 1.2778 8.00  1.0052
0.70 1.2451 10.00 1.0037

since S, - Sg < S2 In any state such that ¢S, - S,.;,> is independent of
a and m, :

<Z [$9,, [H, S‘{,")]]> = —4E,|A| "W KH) (55)

The fact that the P »+ Sand Q + Q terms combine so nicely is coincidental
(see Examples 3 and 4 below).

Example 2. O(n) Heisenberg model. Instead of three spin operators
S® (i = 1, 2, 3) obeying the O(3) commutation relations, we have n(n — 1)/2
spin operators obeying the O(n) commutation relations with the same
irreducible representation R at each point.

The commutation relations have each spin operator commuting with
(n — 2)(n — 3)/2 other spin operators. The other 2(n — 2) spin operators

Table Ill. Lower Bounds on the Critical 8 in
Three Dimensions [Solutions of (52H)]

S BASHSES + 1) S BAS)SS+ 1)
! 1.354 z 0.788

1 0.965 4 0.783

2 0.872 2 0.778

2 0.832 5 0.775

s 0.810 @ 0.758

3 0.797




Phase Transitions in Quantum Spin Systems 361

break into n — 2 pairs, which, along with the given spin, form n — 2 copies
of O(3). Using these facts, one quickly computes as above that one can take
as a bound on the double commutator

C, = 4(n — 2)KE,
where K, depending on the representation R, is the maximum eigenvalue of
S.+Sg(fora # B). The putative Duhamelfunction bound B, is n(n — 1)[4E,] 1.

Finally, let K be the value, depending on R, of > (S®)2 Then the condition
for a phase transition in v > 3 dimensions would be

K > BY2[n(n — D(n — 22 (56)

if one could extend Theorem 4.2. We consider the following examples.

(i) Identity representation. The “natural’ representation of O(n) on C”
by real rotations (spin 1 for » = 3) has K = n — 1 [each S obeys Tr(S®)?
= 2]. Moreover, K = 1—because the theory of weights®® implies that the
maximum value of S, + S; occurs in a space including a vector of the form
u ® v, so that the maximum value is of the form (u, S,u) « (v, Spv) and since
Tr(S, - a) = 0, Tr[(S, - a)?] = 2|a|? for any 3n(n — 1)-vector a, (u, S,u) is
always a vector of norm less than or equal to 1. The condition (56) holds for
n=3,4,5but notforn > 6.

(i) n = 4. It is well known“? that as a Lie algebra 0(4) = O0(3) @ 0(3).
Thus representations R are labeled by pairs (j, k) of half-integers. By direct
computation, K = 2[j(j + 1) + k(k + 1)] and K = 2[j* + k*]. One can
see that (56) holds for all values of (J, k) except for the values (j, k) = (0, 0)
and (0, 1/2).

The moral of these computations is the following: When putting together
the bounds of Sections 3 and 4, detailed estimates on algebraic properties
are needed, which one can sometimes prove and sometimes not. It is fortunate
that for the usual ferromagnetic O(3) model one can always verify the
algebraic conditions. We should emphasize that we believe phase transitions
occur in any quantum system of the type discussed in Section 4 (with not all
the S, constant); it is our method that has limitations.

Example 3. Anisotropic Heisenberg model. The anisotropic model
is like the isotropic model of Section 1, except that

v 3
D PR
asA m=1\i=1
We want to consider the prolate case J; = 1, J;, = J; smaller than 1 (but
positive). This is a.generalization of the case treated by Ginibre®® and
Robinson®? and if v > 3, we would, modulo the proof of Theorem 4.2,
recover their results. In fact, our method is ideal for discussing quantum
models of the sort that are small perturbations of classical models. For, if we
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try to prove (49) with S being the “classical” spin about which one is
perturbing, in this case j = 3, then the left side of (49) will have a nonzero
limit as the perturbation parameter goes to zero, and the right side will go to
zero. In the case at hand, we first argue that

lim D®(B) = S? (7
B w
and that (in infinite volume)
lim (S9S%,s,> = 5285 (58)

Clearly, (57) follows from (58) and the Schwarz inequality

(SPSHa < (SOSE) < 82
in translation-invariant states. To prove (58), note that S, - Sy < S% and
S8 < §% imply that <H)/|A] < »S?, while the bound Z, > exp(vS?)
(from the all-spin-up state) plus a standard convexity argument implies that

lim Z [7:¢Sq * Sqrany + (1 — JXSOSE5 D] = vS2

B0y
From this it follows that <SPS, > and (S, + S, .5,> both go to S, which
implies (58).
Now, suppose we can take B¥ = 1/2E,. Using (58) and (53),
lim <[S%),, [H, S®I]> = 0
B0

Thus, a simple modification of (49) (allowing C, to be 8 dependent) clearly
holds. We conclude that in » = 3 dimensions the prolate anisotropic model
(Js > J, = Jy) would have a phase transition for arbitrary spin if Theorem
4.2 extends to this case.

Example 4. The x-y model. This is the highly oblate anisotropic
case (J; =J, =1, J; = 0). We will verify (49) in this case without the
superscripts, i.e., sum over j = 1 and 2. Clearly D(8) = } can be taken for
all 8 and B, = 1/E,. Thus, if » > 3, (50) holds. By the Schwarz inequality,
(49) then holds if v > 3 and

[ f C,d’p (21r)”]Gv(0) <1 (59)
where G,(0) = (2m)~" [ B d"p By (53),
e [Cap =3 3 S (PESG, + SPPH )
i=1 m=1j=1
= 2 2 (SOS, + SPSNn,
m y=%x1

<30 + DP#
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where the last inequality follows from a bound in Appendix C on the ground-
state energy in the x—y model. Thus (59) follows from

GO0 + v H < 1 (60)

We will prove in Section 7 that »G,(0) is monotone decreasing in v, so the
largest value of (60) with » > 3 occurs when v = 3, where (60) is seen to be
true using Watson’s value“® of G5(0) = 0.505 - - .. We conclude that (49)
holds in the x~y model in any dimension v > 3.

We have thus verified (49) and therefore (4) for the x-y model. By what
we have done so far this does not imply a phase transition. Theorem 1.2 is
not applicable because >,., S5 does not commute with H. Fortunately, the
following alternative argument leading to a phase transition is available.

Instead of proving that
-1 z Su) 2> £0
acA A
we will in essence prove that
: : r|-1 2
i (i (w2 Z s p) #o

which directly implies nonclustering of the infinite-volume state and thus the
existence of multiple phases. To prove this last result requires us to transfer
our bound on g, to infinite volume, which we will do by some standard
manipulations of smearing spins with nice x-space functions.

Let f be a function of compact support on Z*. Define g4(f) by

)= |3 serw| )

= > J@f@KSLSEa

a,BeA

= |1T| 2. /@) (61)

peA*

lim (\ A

A—- o0

where g = (SPSD>, and

f®(@) = > fla) exp(+ip - @)

aeA

Now, forp # 0
8 < G, = H(BPCPY ™ coth[A(CE/BY]
so that, picking a subsequence of A for which the state < - .- > converges,

Jim g%(f) < 2m)™ [/ ®)*G, 4°p

Ipgl<zm
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whenever f(p = 0) = 0. [The sum converges to the integral because f has
compact support, so | f(p)| < C|p| if f(0) = 0.] Let F be defined by

F(a - B) = (SOS§a

and let £ be the measure given by the Fourier transform of F, i.e., formally
F@) = 2 [exp(ip - ®)]F(a)
Thus, since the sum in (61) is finite

J@rE® = 3 F@ @ - B

Il

lim () < [ 1/®16, @'

whenever f(0) = 0. It follows by letting f approach a 8-function at p#0
that

F(p) = C 8(p) + absolutely continuous in p

with |F(p)| < G, for p # 0. By the Plancherel relation,

lim C > DY — (2n)"" HBLCP)2 dop

b= ipilsn

so that (49) implies that (- -- >, does not cluster and there is a multiplicity
of phases.®*
We summarize Example 4 in a theorem:

Theorem 5.2. The spin 1/2 x—~y model with nearest neighbor interactions
on a simple cubic lattice in » > 3 dimensions possesses a phase transition at
sufficiently low temperatures.

As a final remark, we note that even if we could complete the proof of the
existence of the phase transition in the isotropic model, we presumably do not
get the correct value for the spontaneous magnetization as 7— 0. For, we
would obtain (from Theorem 1.3)

lim m(S®)? > (S + 1 - V3

T—0

while the correct value as 7'— 0 is presumably S2.
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6. PHASE TRANSITIONS: THE ANTIFERROMAGNETIC CASE

In the classical case, once one proves phase transitions for simple cubic,
nearest neighbor ferromagnets, one automatically has them also for the
antiferromagnets since the symmetry S, — (—D'*S,(ja| = >7.; ) takes
one Hamiltonian into the other. A similar argument works for certain
quantum systems, e.g., the x—y model, since there is a unitary operator that
takes 8@ — (—1)'*SP for i = 1, 2 (namely rotation by = about the z axis
of those a with |e| odd). However, for the isotropic quantum Heisenberg
model no such symmetry exists: Even for two spins, the smallest eigenvalue
of =8, + S (e % B) (which is —§?) is different from the smallest eigenvalue
of S, « Sy (& # B) [which is —S(S + I)]. In this section we shall prove that
the antiferromagnet has phase transitions if either S or v is not very small.

We still use Theorem 5.1 (with some obvious modifications). To complete
the proof, we need a modified version of the argument of Example 4 of
Section 35, since the staggered magnetization does not commute with H. We
have already computed >, [SP, [SP, H]] since the ferromagnetic and anti-
ferromagnetic Hamiltonians differ only by a sign. Knowing this, we will
turn below to estimating C,. Obviously we can take D = S(S + 1). Thus
our main problem will be to estimate B,, to which we turn first. Theorem 4.2,
suitably modified, can be extended to the case of ferromagnetically coupled
real matrices and antiferromagnetically coupled imaginary matrices. By a
local rotation, the quantum antiferromagnet can be brought into this form.

Theorem 6.1. Let H be the Hamiltonian of the simple cubic Heisenberg
antiferromagnet with nearest neighbor interactions. Then

3
> bY < 3)2E,
i=1

where
v
ES =v+ Z cos p;
i=1

The proof is similar to that of Theorem 4.1, so we only sketch the
details, emphasizing the differences. Instead of Lemma 4.1, we need the
foliowing result:

Lemma 6.1. Let ] be a finite-dimensional vector space with a
distinguished complex conjugation and let # = #; ® . If A is an operator
on 5, we use A for A® 1 and 4 for 1 @ 4. If 4, B, C,,..., C, are real
self-adjoint operators and Dy,..., D, are imaginary self-adjoint operators and
By ..., By are real numbers, then

{Tr[exp(X)]}* < Trlexp(¥)] Tr[exp(Z)]
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where

%
X=A+E_z(ci—'éi—hi)2+ Z(Di‘ﬁi)z
i=1 i=1

M...

k
Y=A+f‘f"' (Ci—éi)z""z(Dj—E/)z
=1

~ N
|..

Z=B+E“‘Z(C1_é1)2+ kZ(Dj—‘ﬁj)z
i=1 7

=1

Proof. This follows the proof of Lemma 4.1, except that we use
exp(F?) = (4m)-112 f exp(—1k? + KF) dk

to “linearize” the exp(D — D)? factors. JJij
Proof of Theorem 6.1. Let p’ be given by p/ = 7 — p; so that

E, = E, . Define S, by

(S0 = (=D=sP;  i=1,3

(S,)® = 59
There is a local unitary operator taking the S, into the S, (rotations by =
about the y axis for |a] odd). Moreover, the Hamiltonian for the S* system
is ferromagnetic in the 1 and 3 variables, which have real representatives,
and antiferromagnetic in the 2 variable, which has an imaginary representa-

tive. Using Lemma 6.1 and the method of the proof of Theorems 4.1 and
4.2, we see that

(b, < 1)2E,
for i = 1, 3. But (b,")® = bQ for i = 1, 3, so we have that
bY < 1/2E)
By symmetry
Zbg‘) <32E’ N
To estimate C,, we introduce a basic constant p, as follows. Let H, be

the Hamiltonian of the antiferromagnet with periodic boundary conditions.
We define

py = — lim(|A])~* inf spec(H,)
A- o

where one can show the limit exists as A — oo in a suitable (e.g., van Hove)
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sense by mimicking the standard arguments on the existence of the thermo-
dynamic limit for the free energy.“? By (55) we have that

C, < 4E,p,
Thus (49) becomes

S(S + 1) > V(p,)2@m) fl BBy ©62)

If v = 3 [so that (50) holds] and (62) holds, then a lower bound on the
critical B is given by the solution of

SS+1) =@ [ (BJE)(Gr /2 coth B2, E,Ey 3] b,
Ipyl<=n
(63)

‘We conclude this section by demonstrating that (62) holds for v > 3,
S = 1; and when S = 1/2, for » sufficiently large. To do this we use the
bound of Anderson® (reproduced in Appendix C):

py < SIS + ()71 (64)

Moreover, by the Schwarz inequality

vK, = 2m)™" (Bp/Ey) 2 d'p < [vG(0)]* (65)
Ipgl<z
[where G,(0) is given by (11)], so that (62) certainly holds if
S(S + 1?2 > 3[S + (v)"vG,(0) (66)

Using the fact that vG,(0) is monotone decreasing in v (see the next section)
and that G4(0) = 0.505...,% we see that (66) certainly holds if § > 1 and
v 2 3. Moreover, since vG,(0) — 1 as v — o0, even for S = 1/2, (66) holds
for v sufficiently large—in fact, (62) is so close to holding forv = 3, § = 1/2
when (64) is used that we expect that numerical analysis of vK, for v > 4
would show that, using (64) to bound p,, (62) holds for v > 4, § = 1/2, It is
also true that vK, is monotone decreasing in » by the method of Theorem 7.1,
because f(x) = [(1 + x)/(1 — x)]*2 is convex in [0, 1).

M. L. Glasser has kindly evaluated the integral in (62) for us and found
that

3K, = 1.157

[to be compared with the bound 1.23 of (65)]. Thus for (62) to hold with
S = 1/2, v = 3 one needs that p; < 0.28. The best rigorous bounds [from
(64) and the trivial p, = S?] are 0.25 < p3 < 0.33. The best numerical
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estimate on p; we can find is ps = 0.3,%® but there is a need for better
rigorous bounds to be certain that (62) fails for v = 3, § = 1/2 and to check
the v for which (62) holds when S = 1/2. We summarize with:

Theorem 6.2. The nearest neighbor, simple cubic antiferromagnet has
a phase transition at sufficiently low temperature if » > 3, S = 1, 3/2,... or
if S = 1/2 and v is sufficiently large.

7. DIMENSIONAL DEPENDENCE OF THE CRITICAL
TEMPERATURE

It is a well-known element of folklore that as v — oo, transition tem-
peratures approach those of the mean field approximation. Our goal in this
final section is to note the extent to which this piece of folklore is proven by
the upper bounds on the transition 8 of FSS for the classical N-vector model
and our putative bounds for the spin-S quantum Heisenberg ferromagnet. For
the classical case the results are summarized in Table ITI. In the third column
we give Griffiths’*® rigorous lower bound for the Ising-model critical 8 and
in the fourth column we give the lower bound obtained by applying the
method of Brascamp and Lieb® to the case at hand (see Appendix D). The
table should be supplemented with the following result:

Theorem 7.1. vG(0) is monotone decreasing and approaches 1 as
v —> 0.,

Proof. By the convexity of the function g(x) = x~* for x > 0, we have
that for f1,...,f, = 0Oand F = 3}, f;

Fr < Y n™¥n—~ IXF - f)™
j=1
since
-1 n
F=;,—m_ 1 F=5)

Table lil. Transition § in N-Vector Mode!

FSS upper Griffiths’ lower
N bound bound BL lower bound Mean field

1 1G,(0) tanh~2(2y) "1 1/4v 1/2v
=2 ING,(0) — Nf4v N{2v
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Taking f; = 1 — cos p; and integrating, we obtain
G,0) < n7'n ~ 1)G,-1(0)

proving the required monotonicity.
That the limit is 1 follows from the lemma below. [Jj

Lemma 7.1. Suppose that fi,...,f,,... are identically distributed,
independent, nonnegative random variables and that F is a function on
(0, o) such that:

(D) [F(x + €) — F(x)| < Ce/x*, all x >0, and 0 < ¢ < 1, for some
C k> 0. ‘
(i) Exp[(Cl-1f) *] < oo for some m, where Exp = ‘“‘expectation.”

Then
tim Exp| (5, 3 £) | = FEsor)

Proof. By the convexity of 1/x* and the argument above, Exp{[l/n
>F_1 fi17%} Is monotone decreasing in n. Thus, for n > m and 0 < ¢ < 1

i) - 3]
< Ce Exp[(iifi)_kmk}

Moreover, by the usual strong law of large numbers™

Exp[F(% 2 O+ e))] > FEXD() + 9

These two formulas and the continuity of F imply the result. [

Given this theorem, we see that the ratio of the FSS bound to the mean
field theory bound approaches 1. Since the Griffiths bound also approaches
mean field theory, we have the following theorem:

Theorem 7.2. Let T.' be the true transition temperature of the
simple cubic, v-dimensional Ising model. Then

T 2v—1

as v —> 0.

Unfortunately (for reasons we explain in Appendix D), the Brascamp-
Lieb bound appears to be off by a factor of two in the nearest neighbor case,
so for N > 2, where the only upper bound we have on 7, is theirs, we cannot
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prove that NT.*/2v converges to 1. We do know, however, that its lim is >1

and its [im is <2, so that the FSS bound certainly has the right » dependence

and if mean field theory is asymptotically correct, then FSS is asymptotically
correct.

To discuss the v dependence of our presumed upper bound on the critical

B in the spin-S quantum Heisenberg model, we abstract the argument of
Theorem 7.1:

Theorem 7.3, Let fi,..., f,,... be identically distributed, independent
random variables. Let F be a nonnegative convex (respectively concave)
function on the convex hull of Ran f;. Then Exp[F((1/n) 271 f;)] is mono-
tone decreasing (respectively increasing) in .

Proof. Use the convexity and
1, I 1 )
"t=Zlﬂ nj;("—11¢ f) W

i
Theorem 7.4. Let B.(S,v) be the solution of (52H) and {(S,v) =
vB(S, v). Let {(S, o) be the solution of the equation

S + 1 = V3 coth[VZS (S, )] (67)

(tabulated in Table IV). Then {(S, ») is monotone decreasing to (S, o) as
v —> 00,

A
/S

n

Proof. Let f, (i = 1, 2,...) be the function 1 — cos p; on [—=, 7]® with
the natural product probability measure X dp;/2n. Let F be the function

F(x) = V2 coth(v2x)

Table IV. Values of* (S, ©) =
lim,.o VBu(S. V)

s S2US, ©) S(S + 1){(S, ©)
3 0.702 2.1
1 0.873 1.75
3 0.985 1.64
2 1.06 1.59
5 1.12 1.57
3 116 1.55
2 1.20 1.54
4 1.22 1.53
15 1.41 1.50
50 1.47 1.50
@ 1.50 1.50

@ v is the lattice dimension; S is the spin.
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Then (S, v) solves

S+1= Exp[F(SC(S, v)u-lzl f)] (68)

Now F is convex and strictly monotone decreasing (see Appendix A). So,
using Theorem 7.3,

Exp[F(SC(Ss v—Ip™ izvlﬁ)]
< Exp[F(SC(S’ v = Do~ 1)_1§ﬁ)]

=S+1= Exp[F(Sg(S’ ”)”_lzﬁ)]

By the monotonicity of F, {(S,v — 1) = {(S, v). Thus { approaches a limit
{». By a simple extension of Lemma 7.1, {, solves (67) and so equals

{(S,0). W

Mean field theory gives the same transition temperature for the spin-§
Heisenberg model and the spin-S Ising model. Thus the (S, co) result does
not agree with mean field theory, but at least the gross (i.e., v~ 1) structure of
mean field theory and our bound agree.

APPENDIX A. A GARDEN OF COTH AND TANH

In this appendix, we collect some basic properties of the functions
coth x and f given by f(x tanh x) = x~! tanh x.

Theorem A.1. The function
g(x) = coth x
is strictly monotone decreasing and convex on [0, c0). The function
h(x) = g(x) — x~*

is strictly monotone increasing and concave on [0, c0) with 4(0) = 0. The
function g(x) obeys

xl<gx) <1+ x72, x>0 (AD)
lg(x + €) — g(x)]| < €/x?, O0<e O0<x (A2)

Proof. By direct calculation, g’(x) = —(sinh x)~2and g"(x) = 2(cosh x)
(sinh x)~3. The first sentence is then obvious. The bound sinh x > x (which
comes from the power series for sinh) then yields 0 > g'(x) > —x~2, from
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which (A2) follows, as does 4’ > 0. Now lim,._,, #(x) = 0 is obvious from
the power series expansion of coth and sinh. Condition (Al) just says
h(0) < A(x) < h(co). This leaves the concavity of 4. Given g” above, we need
that

x3 cosh x < sinh® x

or equivalently that

inh 2 sinh x\4
szx X < ( lx x) (A3)
or
H [0+ @] < [0+ Gy (Ad)

which is obvious. [Ji

Remark. The convexity of g and concavity of A are useful in obtaining
quick (i.e., hand calculator!) estimates on the function

Hx) = (2m)~ f coth(xE,) d’p

Ipsi<n
For example, they lead to the bounds
coth(vx) < H,(x) < coth(vx) + (vx) 1[G, (0) — 1] (AS)

via Jensen’s inequality and the fact that (2=)~" fml@ E,d'p = .
Now we turn to the study of the function given by

f(x tanh x) = x~! tanh x (A6)

Theorem A.2. fis a well-defined, strictly monotone-decreasing, convex
function of (0, o) to (0, 1) with lim,_ ¢ f(x) = 1 and lim,., ., f(x) = 0.

Proof. Let ofx) = xtanh x. Since o is strictly monotone increasing
from (0, o) to (0, o), it has an inverse function B(x) which is also strictly
monotone increasing. Let v(x) = x~! tanh x. Then y'(x) = x~*(cosh x)~2 —
x~2tanh x = (x cosh x)~![(cosh x)~! — x~!sinh x] < 0 since (cosh x)~!
< 1 and x~*sinhx > 1. Thus f = yof is strictly monotone decreasing.
Since B(0) = 0, B(0) = oo and p(0) = 1, p(c0) = 0, we have the limiting
statements.

This leaves the proof of the convexity of f. Our original proof involved
a straightforward but rather brutal computation. V. Bargmann provided
us with the following proof, which, while not free of complexity, is a con-
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siderable improvement. We first note that for a function G on (0, o) to be
convex, it is necessary and sufficient that forany0 < x < y < z

1 x G
det]l y G(»| =20 (A7)
1 z G2

for, if H is the linear function with H(x) = G(x), H(z) = G(z), the determin-
ant in (A7) is [H(») — G(»)(z — x) and convexity is that G(3) < H(y).
Thus convexity of fis equivalent to
1 xtanhx x ‘tanhx
det(l1 ytanhy y ‘tanhy| 20 (A8)
1 ztanhz z ltanhz
for x < y < z, where we have used the monotonicity of «. Multiplying by

xyz(coth x)(coth y)(coth z) and interchanging columns, we find that (AS8) is
equivalent to

1 x* xcothx
det{l 32 ycothy! <O (A9)

1 z2 zcothz

Again using the criterion (A7), we see that (A9) is equivalent to the con-
cavity of the function P(x) = x/2 coth(x'/?).

We have therefore shown the convexity of f'is equivalent to the concavity
of P. By a straightforward calculation,

4y3(sinh® y)P"(y?) = 2y? cosh y — cosh y sinh* y — ysinh y
= )(y cosh y — sinh y) + (cosh y)(»* — sinh?y)

4
< y(y cosh y — sinh y) + (cosh y)(— %)

o 1 1 1
—_ 2n+4 — — | ————
=2 {(2;1 T 73 3] @1 <0
In the third step, we used
—(y* — sinh? ») = (¥ + sinh y)(sinh y — ») = )(%/6). W

Theorem A.3. Let F be any convex function on [0, c0). The function
H(y, ¢) = y[F(cy~%) — 1] for y,c > 0 is jointly convex in (y,c). If F is
monotone decreasing, then H is monotone decreasing in both y and c.
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Proof. The second derivative matrix

2.3 ey —2
P )
y — Cy_ 2 y— 1
is positive semidefinite. For y fixed, H is monotone decreasing as ¢ increases
since F is monotone decreasing. For ¢ fixed, 0H/oy = F(cy~*) -1 —

cy~*F'(cy~?) is negative by the convexity of F [which implies that (0, F(0))
must lie above the tangent to F at the point (cy~%, F(cy~*))]. W
Theorem A4.°
f&x) 2 x7' (1 —e™) (A10)
Remark. As we explained in Section 3, this can also be proved by

appealing to the best possible nature of our bound there and to the bound
of Roepstorfl.

Proof. In (A10) replace x by (x/2) tanh(x/2) = (x/2)(e* — 1)/(e* + 1).
Then (A10) is equivalent to

2e’°—-l>ge’“+11_ex xe* — 1\]
Y +1° xe =1 Pl=3& 11

or
5 _ xe¥ ~1
4e(e* + 1)~2 exp( 3T 1)
or
e” 41 xe® —1
b A YL
or
3e* + 1 e+ 1
0x) = x 77 —4l—5—<0 (Al1)

Now, by a simple computation, @(0) = 0 and
Q'(x) = 2¢%(* + 1)"*(x — sinh x) < 0
s0 (All) holds. I}

APPENDIX B. COMPUTATIONS WITH HARMONIC
OSCILLATORS

Let H = wA*A with [4, A*] = s, where s > 0 is the ¢c-number com-
mautator, in a space where there is a vector i, with Ay = 0 and {(A*)"f,}
a spanning set. Then there is an orthonormal basis i, with Hy, = nwsfs,

8 See footnote 5, p. 349.
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and (fn, Ah,) = 8, -1(ns)*'2. Thus, using (21) when B = 1, it is easy to
verify that

(4%, 4) = w™? (B1)
Moreover,
I(A*4 + AA*)) = (A*4 + 45> = §s + 0w XH> = scoth(Fws) (B2)
Finally,

[[4*, H], A] = ws® (c-number) (B3)

s0, in particular,
[[4*, H], A]>) _ ws ws ,
A0 T A47) ~ 2 ta“h< 2) (B3)

There are three important things to notice about the formulas (B1)-(B3'):

(i) Of the various quantities, only the Duhamel two-point function is
independent of the commutator parameter s. This adds to the evidence
elsewhere in this paper that the DTF is “closer’” to the classical two-point
function than the usual thermal two-point function.

(ii) The inequality of Section 3

(4%, 4) 2 KA4*4 + A4 f([4*, H], AD/(4 - :KA*4 + AA4%)))
is saturated in the case at hand, and, as » and/or s vary, the argument of f
runs through all values from 0 to co. This implies that fis the best possible
function.

(iii) The Bogoliubov inequality in its strong form (8 = 1)

IK[4, CD|* < (4%, AXIC*, [H, CI
is saturated in the example at hand if C is chosen to be 4*.

Not only are the inequalities of Section 3 saturated by a single harmonic
oscillator, but those of Section 4 are saturated by a system of coupled
harmonic oscillators. This is not surprising since the classical analogs of these
inequalities*? are saturated by classical harmonic oscillators. For, in a
»-dimensional box A, let

H=3%3 @2+ %) =T 2 xx%
acA le-gl=1
on LAR'2Y) with p, = (1/i) &/ox,. By using normal modes (which are just
Fourier series), it is easy to see that for H to be positive one needs

2 < 1 (B4)
[for the frequencies obey uw(k) = 1 — 2J >7_; cos k;] and
((k)*, £(k)) = [Bud)]~* (B3)
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As J approaches (2v) ! [the largest value allowed by (B4)], the inequality of
Section 4 [in which the right side of (BS) is replaced by (2JE,) ~1] is saturated.

The saturation of the inequalities from Sections 3 and 4 means the pre-
sumed lower bound on the transition temperature given by (52H) will agree
with the transition temperature in a spin wave theory (which is essentially a
harmonic approximation) with three degrees of freedom at each site instead
of the usual two.

APPENDIX C. LOWER BOUNDS ON THE GROUND-STATE
ENERGIES OF SOME QUANTUM SPIN
HAMILTONIANS

In this appendix, we wish to derive lower bounds on the ground-state
energy of the Hamiltonian of the x—y model and of the isotropic Heisenberg
antiferromagnet. These bounds are needed, respectively, in Sections 5 and 6
to obtain upper bounds on |A]~*{— H,>. At first sight one might expect the
x—y model to look more like the Heisenberg ferromagnet, which has an
exactly calculable ground state, rather than the antiferromagnet. This
expectation is wrong, as can be understood by making a 180° rotation about
the z axis at each site in one of the natural sublattices of the x~y ferromagnet.

We shall prove the following result:

Theorem C.1. For » + 1 independent spin-1/2 spins S,,..., S, the
maximum eigenvalue of

n

n
Ayog = S§ Z S+ SW z S
i=1

i=1
is 1ifn = 21 — L and [I( + D2 if n = 21,

Theorem C.2 (Anderson®). For r + 1 independent spin-S spins
So,eeer Sy, the maximum eigenvalue of

n

By = —So * Z S

i=1
is S(rS + 1.

Theorem C.2 and the proof we give here for the reader’s convenience
are due to Anderson.” Both lead directly to upper bounds on |A|~% —H,>
since — H, can be written as a sum of |A| operators unitarily equivalent to
14,1 (resp. B, ;) where n = 2,

Proof of Theorem C.1. We first note that for two spins, with the usual
up—-down notation,

Al ++> =0, Agl—=>=0
Al =>=4|= 4> A= =4+~
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Since 4, is a sum of pair operators equivalent to A4,, A, is also a matrix
with nonnegative elements. By the Perron-Frobenius theorem, the largest
eigenvalue has an associated eigenvector with nonnegative coefficients in the
up—down basis (see Lieb and Mattis5-28)), Moreover, if we decompose the
Hilbert space into »# + 2 pieces %, corresponding to j up spins, 4, leaves
each piece invariant and the matrix is ergodic on each 5. Thus, on S the
largest eigenvalue is simple and has strictly positive coefficients. In 5%,
there are (;,) basis vectors with S§ = + £ (call their sum ¢) and (}) with
S = —1 (call their sum ). By the above remarks, the eigenvector cor-
responding to the maximum eigenvalue A, is of the form » = ad + by

Now, given the action of A4,, A, applied to a basis vector summand in
¢ yields £ times the sum of n — j + 1 vectors, which are summands in ¢. By
symmetry it follows that

ot ool ) (-
T e

The equation A,n = Am thus becomes ja = \b and $(n + 1 — /)b = Aq,
so that A2 = X(n + 1 — j)j. The maximum value of A; clearly occurs for
j=Iwhenn=2or2l-1. |}

and similarly

Proof of Theorem C.2 (following AndersonV). This is an exercise in
addition of angular momentum since B,.; = —S, - J with J = >F_, S,. If
J is the eigenvalue of J and « = min(S, j), then the maximum value of
Bn+1 iS

“HIS—JlAS =1+ D =SS+ D =jG+ DI =jS +

Among the values j = 0,...,nS, the maximum value of this occurs when
j = ns. .

APPENDIX D. ON THE BRASCAMP-LIEB UPPER BOUND

In Ref. 6, Brascamp and Lieb applied a basic theorem on log concave
function to give upper bounds on transition temperatures in pair interacting
Ising models (with no restriction that the interaction be either ferromagnetic
or nearest neighbor). In this appendix, we extend this result to the classical
N-vector model. We begin with an abstraction of the Brascamp-Lieb
argument:
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Theorem D.1. Let du be a measure on RY with support on {s] |s| = 1}.
Define the convex function f on R by

fx) = log f exp(x - 5) du(s)

Let a = max,(6%]0x; &x;)., Where (4;;), for a matrix A;; indicates its
largest eigenvalue. Hence —3ax® + f(x) is concave in R”. Let I' be a lattice
in R* (ie., discrete subgroup of RY) and let J be a function on I' with
Saer |J(@)] < 0 and J(—ea) = J(a). Let Jy,x (Tesp. Jpim) denote the largest
(resp. smallest) point of the spectrum of the operator

(IX)e = 2 JuegXp (D1)
B .

on [?(I"). Then, if

B(Jmax - Jmin) < a_l (Dz)
there is no long-range order in the model with finite-volume partition
function:

Zy = [[Tdutsd o3 3 Juss -5

[- 1.8

Proof. Without loss, we can take B = 1 by absorbing it into J. Let
J4 denote the operator on /%(A) obtained from (D1) by restricting the sum
to A. Choose € small and A large so that

€+ Jr%a.x - Jrﬁin <a?? (D3)
Let
Agﬁ = (E + Jﬁax)sub - Ju—p

which is positive definite on /2(A). Moreover, exp[—3ax? + f(x)] is a log
concave function, so, by the argument in Ref. 6,

Dz < 2 250wy Q= a(l — ad®)™
o,peA a,p

for any z [by (D3), 1 — ad” is strictly positive definite]. Taking A — oo,
we conclude the absence of long-range order. [Jj

Remark 1. By taking an Ising model with J,_, = 1if | — B| < » and
taking n — oo (“mean field model”’), one sees that (D2) is best possible in
that B(Jmax — Jmin) = (1 + €)@~ occurs with long-range order. However,
for ferromagnetic Ising systems where a = 1, 8 240/, < 1 has no long-
range order by a result of Griffiths.*® If J is normalized so that J(0) = 0,
then S, 40 |Jy] = Jmax i the ferromagnetic case. For the nearest neighbor,
simple cubic case, Jyax ~ Jmin = 4v While Sy 20 |Ju| = 2v. As a result, (D2)
is off by a factor of 2 at least in the Ising model, and we presume in general
models, in this nearest neighbor case.
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Remark 2. The restriction that du have support on the sphere is easily
removed by replacing f by log f exp(X + § + BJmaxs?) du(s).

Theorem D.2. Let

f(b) = log f exp(h - s) dQ,

Isf=1
seRN

The]fl maXh (a%f‘/ahz 3hj)w = ]./N.

Proof. When h = 0, (8%f/oh, 0h;), = 1/N by inspection. By symmetry,
f(h) = F(h) is spherically symmetric. For k 3 0, it is easily seen that
o°f/oh; oh; has eigenvalue F"(h) once and F'(h)/h, N — 1 times. Clearly
F'(0) = 0 by symmetry, so F'(h)/h < maXeg.<p F"(x) and thus

max (0%f/oh; 0hy))o = max F'(h)

We will prove that F”(h) < 0 for 2 > 0 so that max F'(h) = F'(0) = /N
[see, e.g., (D5) below]. We remark that the concavity of F’' for N > 3
follows®® from general criteria of Ellis et al.*¥ for GHS inequalities [the
distribution for s; is a limit of distributions of the form exp(—V) with
V = a,x% + a,x* + -+ -, with a,, gg,... = 0].

In terms of the obvious probability measure,

O*foh; 0h; = <sis;p — {80, Offoh = {sp
Picking h = (4, 0,...},
(82> = d?F/dh® + (dF|dh)?, (8% = h"YdFldh, i>2

We conclude from (3 5% = 1 that g(h) = dF/dh obeys the differential

equation

gl +gh)? + (N — Dhigh) =1 (D4)
From (D4) and the fact that g is odd we see that
gh) = N~*h — N3N + 2)"h® + O(°) (D3)

so that g”(4) < 0 for s small. If g"(k) < O is not true for all 4 > 0, let 4,
be the first positive zero of g”. Now g’ is positive (f is convex by Jensen’s
inequality) and g is thus positive for all 2 > 0. Multiplying (D4) by % and
taking two derivatives and using the fact that g, g’ > 0, we get

hg” + [(N+ 1)+ 2hglg" < 0
Since Ag is monotone and g” < 0 on (0, 4;), we have

hg" +0g” <0, 0<h < hy; a =N+ 1+ 2hog(ho)
or
hg"y <0, O<h<h
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It follows that
g"(ho) < ho®hi"g"(hy) < 0

where A, is chosen so small that g”(h;) < 0, A; < hy. This contradiction
proves that F"(h) < 0, so that max F“(h) = F"(0) = 1/N. I}

Corollary D.1. In the nearest-neighbor, N-vector, v-dimensional ferro-
magnet, there is no long-range order in the two-point function if § < N/4v.

APPENDIX E. TRANSFER MATRICES IN QUANTUM SPIN
SYSTEMS

The transfer matrix is a useful technique in classical spin systems, both
as a calculational tool in one-dimensional systems and in the Onsager
solution,®%:*® and as a general theoretical tool (e.g., the appendix of Ref. 12).
It is a well-known folk theorem that quantum spin systems do not possess
transfer matrices. In this appendix, we want to show that this folk theorem is
wrong, although the definition of our transfer matrix is sufficiently abstract
that it is unlikely to be a useful calculational tool; it may turn out to be a
useful theoretical tool. Our construction is borrowed from axiomatic and
constructive quantum field theory, where a particular positivity condition
has been emphasized by Osterwalder and Schrader®® in recovering the
Hamiltonian semigroup from the Euclidean Green’s functions. Klein ?® has
emphasized the idea of exploiting the notion of Osterwalder-Schrader posi-
tivity in more general contexts.

It should be emphasized that our transfer matrix differs from the usual
one in an important way: Our basic inner product will have a lattice spacing
built into it; that is, if 4, B are operators at a single site and 7 is the transfer
matrix, then the matrix element (4, 7™(B)) will involve a thermal expectation
of operators at sites a distance #n + 1 from each other.

We shall consider general Hamiltonians of the form (41) with real mat-
rices. Consider a volume A withL; = 2my,e; = —my + 1, —my + 2,..., my.
Define an automorphism R from operators on the sites with «; > 1 to the
operators on the sites with «; < 0 by reflecting about the plane «; = 1/2,
e.g.,

' RSy = Sy

with e, = 1 — oy, @)’ = as,..., ;) = «,. Thus H, has the form
k
Hy = B+ R(B) — D CR(C) (E1)
i=1

where B, C;,..., C;. are operators on the sites with «; > 1. The first (resp.
second) term represents the interactions to the right (resp. left) of o; = 1/2,
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while the third term is the interaction across the plane «; = 1/2. The minus
sign in (E1), which restricts us to ferromagnets, will be crucial.

Theorem E.1. Suppose all matrices are real. For any operator D on the
sites with «; > 1,
CR(D)D) 2 0 (E2)
Proof
(R(D)D) = [Tr(e")]7* lim Tr{R(D)D exp(~B/n)

x exp[— R(B/n)] exp[C:R(Cy)/n] - - - }
by the Trotter product formula. Now expand each factor exp[C,R(C;)/n] in

a power series. Then (R(D)D> is a sum of terms of the form Tr[R(Q)Q; - -
R(Qn)Qn] = Tr[R(Ql e Qn)] Tr(Ql ct Qn) = Tr(Ql o Qn)2 = 0 since

Q) -+ O, are real matrices. JIj

Now let { - - - >, denote an infinite-volume state obtained as a limit point
of the states in volumes with L, even. The state {--- >, is automatically
translation invariant since each finite-volume state is. Let R be defined as
above, and define an inner product ((-, -)) on the operators on the sites with
a; = 1 by (4, B)) = (R(A*)B). Let # be the Hilbert space obtained by
completing in this inner product. Following the idea of Osterwalder and
Schrader,®® we have the result:

Theorem E.2. Let 7, be the automorphism on the infinite-volume quasi-
local algebra obtained by translating # units to the right. Then, there is a
self-adjoint contraction T on # such that for any operators 4, B on the sites
with e; 2 1

(4, 7(B))) = ((4, T*(B))) (E3)

Remark. Tis an abstract version of the transfer matrix with the important
difference of #n 4+ 1 spacing mentioned above.

Proof. We begin by proving that

(4, (B < (4, 4))**(B, B))* (E4)
for 4, B bounded. Clearly, |((4, 7.(B))| < |4| |B]. Moreover,
(4, 7(B))) < ((4, )*((7:(B), (B = (4, A)"(B, 7o(B))*?

(4, A)2(B, B)Y4(B, r{(B))M* - - -

<
< (
< (4, )((B, B)22(B, ron+3(B))2 "7
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Taking n to oo, (E4) results. Thus, there is a contraction T such that
(4, 7:(B))) = (4, T(B)). Since ((1(4), B)) = ((4, m1(B))), T is self-adjoint.
Moreover, since 7, = (r1)", we have (E3).

Corollary E.1. Fix «s,...,, , and an operator B at a single site. Let
g(a)) = (B a.....apBr,az,....ay fOr o > 1. Then there is a positive
measure dug on [—1, 1] such that

gle) = f . A% dug(X), a=12,.. (ES)

Proof. Since g(oy) = ((Bi,ag,....an> T2 1B, ay,....a0))> (ES) follows by
the spectral theorem. [Ilj

There is at this point one important difference from the Euclidean field
theory case. A semigroup indexed by R of self-adjoint operators is auto-
matically a semigroup of positive operators. This is not automatic in the
discrete case. It is natural to ask if this is so, i.e., if dug in (E5) is supported
on [0, 1].
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