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HYPERGEOMETRIC SERIES, TRUNCATED HYPERGEOMETRIC SERIES,
AND GAUSSIAN HYPERGEOMETRIC FUNCTIONS

ALYSON DEINES, JENNY G. FUSELIER, LING LONG, HOLLY SWISHER, FANG-TING TU

ABSTRACT. In this paper, we investigate the relationships among hypergeometric series, truncated
hypergeometric series, and Gaussian hypergeometric functions through some families of ‘hypergeo-
metric’ algebraic varieties that are higher dimensional analogues of Legendre curves.

1. INTRODUCTION
1.1. Motivation. When a prime p satisfies p = 1 (mod 6), the p-adic gamma value —T'), (%)3 is a
quadratic algebraic number with absolute value \/p which can be written as a Jacobi sum. Thus,

r, (%)6 is not a conjugate of —1I, (%)3 in the sense of algebraic numbers [I3]. However, considering
truncated hypergeometric series we have when p =1 (mod 6),

11 1 7l 1N3 . 1\ ¢ 5
3 3 3. — 3 —
(1.1) 3 F, [ 23 1} = Z( B > (-1)F =T, <§> (mod p?),
p—1 k=0
which was shown by the third author and Ramakrishna in [31], while numerically we see that

2 2 2 p=l o, 2N3 i 1\3 s
3 3 3. - 3 =
(12 w7 T =X () = (5) s,
p—1 k=0
and we will show this holds modulo p? in this paper. By Dwork [16],
111 111 1\
; 3 3 3. 3 3 3. _ -
pon 3 o] Sl )= ()
ps—1 psTi-1
while
2 2 2 2 2 2 1\3
lm «F, |3 3 3.1 /F333~1 —_r ()
sl{go 342 |: 1 1 3 :| . 342 1 1 3 . p 3
ps—1 D —1
When p = 5 (mod 6), Dwork in [I6] showed that there is a similar congruence that involves

2 2 2

11 1 2 2
both 3F5 [3 i i ; 1} and 3Fb [3 i i ; 1] . It is tempting to think of the param-
ps—1 p371—1

eters % and % as ‘conjugates of some sort’. Also, if one considers the finite field analogue of

11 1
3 Fy [3 i i ; 1] due to Greene, what corresponds to % is a cubic character, which is determined

up to a conjugate. Putting these together, it appears that —I" (%)3 is some sort of ‘conjugate’ of

r (%)6. One motivation of this paper is to investigate these seemingly contradicting phenomena

via the relations between hypergeometric series, Gaussian hypergeometric functions and truncated
hypergeometric series. These objects correspond to periods, Galois representations, and unit roots

(in the ordinary case) respectively.
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In recent work [I5], the authors use the perspective of Wolfart [43] and Archinard [3] to consider
classical o F-hypergeometric functions with rational parameters as periods of explicit generalized
Legendre curves

CRYHH YN = 271 — 2) (1= Aa).

In [I5], the main players are hypergeometric series and Gaussian hypergeometric functions. The
authors use Gaussian o F1-hypergeometric functions to count points of C;N;Z’] k] over finite fields and

hence compute the corresponding Galois representations. This arithmetic information together with

the periods of C’;N;i’j Kl in terms of hypergeometric values yields information about the decompo-

sition of the Jacobian variety .J )[\N;i’j k] constructed from the desingularization of C’;N;i’j kK When
ged(i, 7, k) is coprime to N and N ti+ j + k, then J)[\N;Z’]’k} has a degree 2¢p(N) ‘primitive’ factor

Jy?, where ¢ is the Euler phi function. The authors prove the following theorem.

Theorem 1 ([I5]). Let N = 3,4,6 and 1 < i,j,k < N with ged(i,j, k) coprime to N and N ¢
i+j+4k. Then for each \ € Q, the endomorphism algebra of JYY contains a 4-dimensional algebra

over Q if and only if
N—i N—j k 2N —i—j—k —
B(N’N)/B<N’ N >6@’

where B(a,b) = Fr(gig;) , and I'(+) is the Gamma function.

The second motivation for this paper is to explore the following higher dimensional analogues of
Legendre curves

Cn’)\ oyt = (1’11’2 oo xn_l)n_l(l - a;l) oo (1 — xn_l)(azl — AToxg - a;n_l).

In particular, the curves Cs ) are known as Legendre curves. Up to a scalar multiple, the hyperge-
ometric series

— 3=
— 3=

nFn—l ; A

for any 1 < j <n — 1, when convergent, can be realized as a period of (), .

1.2. Results. Our first theorem shows that the number of rational points on C), ) over finite fields
[F, can be expressed in terms of Gaussian hypergeometric functions. For a definition of Gaussian

hypergeometric functions please see Section [2.3] 0 Let F; denote the group of all multiplicative
characters on F.
Theorem 2. Let ¢ = p° =1 (mod n) be a prime power. Let n, be a primitive order n character

and e the trivial multiplicative character in Fg . Then

“ S SR,
o =L Y ()
>

Meanwhile, we are also interested in knowing how to use information from truncated hypergeo-
metric series to obtain information about the Galois representations and hence local zeta functions
of Cp x. For instance, we have the following conjecture based on numerical evidence for the case
A=1.

IThe subscript ¢ for a Gaussian hypergeometric function records the size of the corresponding finite field and should
not be confused with the subscript for truncated hypergeoemetric series which records the location of truncation.
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Conjecture 3. Let n > 3 be a positive integer, and p be prime such that p =1 (mod n). Then

n-1 n-1 n—1 p=l s1-p\n i 1\" s
. - _
WEo_1 | ™ 711 ;L : 1L_1 ._I;)< Z > (=) =— p<g> (mod p°).

Using the Gross-Koblitz formula [22], recalled in Section [24] we have for a prime p =1 (mod n),

1

. g 1 (n=1) n
TNy 1) T My 2) -+ T (2 72) = (1) 7250 7°T, <;> ;

n—2+ 1+(7:7’71)P

where J(-,-) denotes the standard Jacobi sum. We see that (—1) = 1 when n is odd
—1

and 7, is an order n character of F; such that n,(r) = x5 (mod p) for all z € F),. From the
perspective of Grossencharacters (Hecke characters) (see Weil [40]), this product of Jacobi sums
is associated with a linear representation x of the Galois group Gal(Q/Q(e*™/™)). We would like
to explore whether the Galois representation arising from C), ; contains a factor that is related to
X- When n = 3,4, the answer is positive. In proving these results the work of Greene [2I] and
McCarthy [32] on finite field analogues of classical hypergeometric evaluation formulas plays an
essential role.
Ahlgren and Ono [I] show that for any odd prime p,

2 2 2 2
(1.3) Yo (774’ Zf" Zf" Zf‘;l> = —a(p) — p,
) ) p

where a(p) is the pth coefficient of the weight 4 Hecke cuspidal eigenform

n(22)"'n(42)",
with 7(z) being the Dedekind eta function. Here, we show the following.

—

Theorem 4. Let 1y, n3 or ny denote characters of order 2, 3, or 4, respectively, in Fy .
(1) Let g =1 (mod 3) be a prime power. Then

¢ 3P <n3, Zf” 23;1> = J(n3,m3)> — J(n3,m3)-
’ q

(2) Let g =1 (mod 4) be a prime power. Then

¢ 4Fs <774’ 73_:4’ 7754’ 24; 1) = J(na,m2)* + qJ (na, m2) — J (71, m2)°.
) b q

Here we observe J (71, 12)? = na(—1)J (M1, 71)J (71, 712). To prove Theorem @ we use the work
of Greene [21] and McCarthy [32], except in case (@) when ¢ = 5 (mod 8), in which we use
Grossencharacters and representation theory. The reason we do this is because a key ingredient of
our proof is Theorem 1.6 of McCarthy [32], for which we assume 7, is a square, i.e., ¢ = 1 (mod 8).
Combining this with the theory of Galois representations, we can reach our conclusion when ¢ =5
(mod 8). We wish to point out that the above results can be interpreted in terms of Galois repre-
sentations. {| Result (1) describes the trace of the Frobenius element at ¢ in Gal(Q/Q(v/—3)) under
a 2-dimensional Galois representation arising from the second étale cohomology of C'3 1 in terms of
Jacobi sums (and hence Grossencharacters); while (2) describes a 3-dimensional Galois representa-
tion of Gal(Q/Q(v/—1)) arising from the third étale cohomology of Cy 1 in terms of Jacobi sums.

2 In a different language, our results correspond to the explicit descriptions of some mixed weight hypergeometric
motives arising from exponential sums which are initiated by Katz [24], and are explicitly formulated and implemented
by a group of mathematicians including Beukers, Cohen, Rodriguez-Villegas and others (from private communication
with H. Cohen and F. Rodriguez-Villegas). Here we can use the explicit algebraic varieties to compute the Galois
representations directly. A different algebraic model for the algebraic varieties is given in the following recent preprint

.
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Both cases are exceptional. Consequently we can describe the local zeta function of C3 1 and Cy 1
completely. For instance when p =1 (mod 3) is prime, by the Hasse-Davenport relation for Jacobi
sums (see [23]), the local zeta function of Cs; over F), is

1
(1 =T)(A + (op +@p)T +pT?)(1 — p*T)(1 — (of + )T + p*T?)

ZCs,l (T’ p) =

where o, = J(n3,m3). Note that the factor (1 + (ay, + @,)T + pT?) appearing in the denominator
has roots of absolute value 1/,/p; meanwhile following Weil’s conjecture (see [23]) such a term
should appear in the numerator instead. We believe the discrepancy is due to the fact that we are
not computing using the smooth model of (), \ as no resolution of singularities is involved so far.
Similarly, we have for any prime p =1 (mod 4)

2001 (Typ) = (1 + (82 + B)T + p*T*) (1 + (B, + B)pT + p°T?)

(1— (B2 + BT + p*T)(1 — a(p)T + p*T2)(1 — pT)
(1—-T)1 - p°T) ’

where a(p) as in (L3) and 5, = J(n4,72). The factor corresponding to
y? = (z12023)3 (1 — 21)(1 — 22) (1 — 23) (21 — To23)
is
(1 —a(p)T + p*T%)(1 — pT)
(1-T)(1 - p°T) ’

Zega(T,p) =

and new primitive portion is

Zepew(Tp) = (L4 (B2 + BT + T2 (1 + (B, + BT + p*T)(1 — (82 + B,)T + p*T?).

6

Part (1) of Theorem Ml explains why —Fp(%)?’ appears to be a conjugate of Fp(%) . There are

two ways to specify a cubic character in F)l when p =1 (mod 3), i.e. n3(z) = 2®~D/3 (mod p) for
all z € F, or n3(x) = 22P~1/3 (mod p). Either way gives an embedding of

2. n3, m3, 713
P 3F2< . E,1>p

to Zy,. Then the image of the Gaussian hypergeometric function is congruent to —Fp(%)3 or Fp(%)6
respectively via the Gross-Koblitz formula [22] 37]. Using this formula, we also prove the following
result which relates Gaussian hypergeometric functions to truncated hypergeometric series.

Lemma 5. Let r,n,j be positive integers with 1 < j < n. Let p=1 (mod n) be prime and n,, € F)
such that n,(z) = 7®~Y/" (mod p) for each x € F,,. Then,

107«—1.7,177,_1 <77n7 ’r(/;v : 77;@) —
p
1 n—j n=j n—j 9
_1 . F_ n n n . _
( ) rdr—1 1 1 ) T .
(=1 (*7)
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—1 77_TL7 77_m Ty 77_n _
pr 'rFr—1< ;$> -
g, s g »
1 1 1 1
(—1)r+1 Y ol i 2y - (mod p).
n n p—1

Thus, (TI) and (2) hold modulo p. It is shown in [31] that () holds modulo p3. These kinds
of stronger congruences are known as supercongruences as they are stronger than what the theory
of formal groups can predict. We will establish a few here. In particular, we prove the claim that
Conjecture B holds modulo p?.

Theorem 6. Conjecture [3 holds modulo p>. Namely, for n >3, and p =1 (mod n) prime,

n—1 n—1 n

n—1 n—1 n—1 Pl 1p\ 7 . 1\" 5
nF n S | = n 1) = — — d .
7 T () o= (R) e

k=0

Remark. Theorem [@ also holds for n = 2, due to Mortenson [35].

We note that in [33] Defn. 1.4], McCarthy defines a new function ,Gy[- - - ] in terms of sums and
ratios of p-adic Gama functions. Recently, the second author and McCarthy produced families of
congruences between these ,,GG,, functions and truncated hypergeometric series [19]. New identities
for these functions have also recently been obtained by McCarthy, et. al. [7] and it is possible they
could be used to prove Conjecture [3] in full.

For the truncated hypergeometric series related to C4 1 we have another result.
Theorem 7. For each prime p =1 (mod 4),

1

10101 1 pml o 1nd 1 (1 1\° A
A ] B @) e
p—1

k=0
Corresponding to Ahlgren and Ono’s result (I3]), Kilbourn [25] shows the supercongruence

1

101 1 1 ”i _I\Y 5
aF3 [2 22 2;1] = <2> =a(p) (mod p”),
(U T k

k=0

where a(p) is defined as in ([L3]).

Supercongruences are not only intellectually appealing, they are of very practical use for our
computations. For instance, Theorem [1 corresponds to the properties of the third étale cohomol-
ogy group of U4 as mentioned earlier. By the Hasse-Weil bounds for them, which are constant
multiplies of p and p3/2 respectively, the supercongruence results allowed us to compute the traces
of Frobenius without any ambiguity, from which we were able to nail down the local zeta functions
of C31 and Cy,; and discover Theorem llnumerically before proving it. There are a variety of differ-
ent techniques for proving such results and each has its own strength. See [I1] for another Women
in Numbers (WIN) project on supercongruences, which was motivated by the work of Zudilin [44]
and his conjectures. We prove Theorems [0l and [1 by deforming truncated hypergeometric series
using hypergeometric evaluation identities (several of them are due to Whipple [41] 2]) together
with p-adic analysis via harmonic sums and p-adic Gamma functions. This technique is originated
in [I0] and is later formulated explicitly in [31].
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1.3. Outline of this paper. Section | contains some background material. In Section Bl we
consider the familiar setting of Legendre curves. This section serves as a showcase of our techniques
without getting into too much technicality. We prove Theorem [l and Lemma[Hlin Sectiond. Section
is devoted to proving the results on Gaussian hypergeometric functions in Theorem [l In Section
6, we prove Theorem [0 based on an idea of Zudilin (private communication), and then prove
Theorem [l Sections Ml [, and [@ are technical in nature. In Section [ we end with some remarks
including a few conjectures based on our numerical data computed using Sage.

2. PRELIMINARIES

2.1. Generalized hypergeometric series and truncation. For a positive integer r, and «;,

B; € Cwith g; ¢ {...,—3,—2,—1}, the (generalized) hypergeometric series , F,_; is defined by
a1 Qo ... (679 > (al)k(ag)k... (Oér)k /\k
rFr— N Al = N
' [ Bi oo Braa } 2 Bk Br—1)k K

k=0

where (a)p := 1 and (a); :=a(a+1)--- (a+ k — 1) are rising factorials. This series converges for
Al < 1.
When we truncate the above sum at k = m, we use the subscript notation

PP [al P arl;A}mrzi(al)’“(“”k”'(%)k.“

B oo B = Bk (Br1)k K

We note that the books by Slater [38], Bailey [5], and Andrews, Askey and Roy [2] are excellent
sources for information on classical hypergeometric series.
The following gives an alternate truncation for hypergeometric series modulo powers of primes.

Lemma 8. Let n > 2 be a positive integer, j an integer 1 < j < n, and p = 1 (mod n) prime.
Then for x € Z,,

i3 ... 1 J 1 J
rFr—l " iL iL ; l‘] ; = rFr—l " il il ; l‘] (HlOd pr)‘
L(p-1) p—1
Proof. The lemma follows from the fact that when @ +1 <k < (p—1), the rising factorial
<%)k € pZ,, since it contains the factor p (%), while (1) is not divisible by p. O

2.2. Euler’s integral formula and higher generalization. When Re(;1) > Re(ag) > 0, Euler’s
integral representation for o F} [2] states that

a ay | '(B1)
21 [ B A] - D(a)D(B1 — a9

More generally, one has that when Re (8,) > Re (ay4+1) > 0 (see [2] (2.2.2)])

1
) / :170‘2_1(1 — :17)61_0‘2_1(1 — Ax) Y.
0

a1 6y ... Opgq F(,BT»)
91) ,u1Fr S| =
( ) o |: 51 57“ :| F(ar-i-l)r(/@r_ar-i-l)
1
/ xar+1—1(1_x)ﬁr—ar+1—1rFr_1 ap Q... (075 ;)\LZ' da.
0 Br - B

From the above two integral formulas, one can derive that for each 1 < j < n — 1 the series
i :
n

nFn—l

= 3~

i
71L ; /\] , with a suitable beta quotient factor, is a period of C, y.
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2.3. Gaussian hypergeometric functions. Let p be prime and let ¢ = p®. We extend any
character x € Fg to all of F, by setting x(0) = 0, including the trivial character e, so that
e(0) =0. For A,B € F}, let J(A,B) := >_zer, A(@)B(1 — x) denote the Jacobi sum and define

(g) = B(_l)J(A, Z A(z)B(1 — ).

z€ly

In [21], Greene defines a finite field analogue of hypergeometric series called Gaussian hyperge-
ometric functions, defined below.
Definition 9 ([2I] Defn. 3.10). If n is a positive integer, x € F, and Ag, Ay, ..., Ay,
Bi,Bs,...,B, € F;, then

Ay, Ay, ..., A, q Aox [(A1x AnX
nt1Em ’ ’ ’ ; =— .
i < By, ..., Bn x),] qg—1 Z( X ><le Bnx x(e)

x€Fg

Greene showcases a variety of identities satisfied by his Gaussian hypergeometric functions,
many of which provide direct analogues for transformations of classical hypergeometric series. For
example, he provides a finite field analogue of (21]), shown below.

o~

Theorem 10 (Greene [21]). For characters Ao, As, ..., Ap,B1,..., By in Fy, and x € F,,

Ao, Ay, ..., A
n+1Fn< 0 Bi B27x> -
S ey q

Aan(_l) <A0 A1 . An—l > —_
_E nF_ ’ ’ ’ oy <AL ()AL By (1 — ).
q ; L Bi, ..., Bai") () (1-y)

To extend Greene’s program, McCarthy provides a modification of Greene’s functions below. We
let g(x) = Z X(:E)ngr(x) denote the Gauss sum of yx, and Tr the usual trace map form F, to F,,.
z€lFy

Definition 11. [32] For characters Ao, A1, ..., Ay, B1,..., By, in Fg,

°

Ay, Ay, ..., A, ) 9(Ax) 71 9BiX) 1
(g ) - 0, 57
+1 ; g X)X X

Bi, ..., By7), q—l ZH 1;[ 9(Bj)
Xeq

McCarthy makes explicit how the two hypergeometric functions are related, via the following.

Proposition 12 (McCarthy [32]). If Ay # ¢ and A; # B; for each 1 < i <n, then

AQ, Al, ceey An *_ - Ai - AO; A17 R An
n+1Fn< By, ..., Bn7$> - ]~_I<BZ n+1Fn By, ..., Bn’gj q‘

q =1
McCarthy uses this hypergeometric function to provide analogues to classical formulas of Dixon,
Kummer, and Whipple for well-poised classical hypergeometric series [32]. For example, consider
Whipple’s classical transformation below:
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Theorem 13 (Whipple [41]). If one of 1 + %a —b, ¢, d, e is a negative integer, then
b c d e 1
l14a—b 14a—¢c 14+a—d 14+a—e’
Tl4+a—-cTl4+a-dT(1+a—e)l(1+a—c—d—e)
T+ alf(l+a—d—el(14+a—c—dI(1+a—c—e)
1+3a—b c d e 1
1—1—%@ c+d+e—a 1+a—0b""1"

a
5Fy

<4 k3

McCarthy provides a finite field analogue to this result using his hypergeometric series.

Theorem 14 (McCarthy, Thm. 1.6 of [32]). Let A, B,C,D,E € ﬁ% such that, when A is a square,
A#e, B#¢e, B2+ A CD# A, CE# A, DE# A, and CDE # A. Then, if A is not a square,

A, B, C, D, E \"_
5F4< AB, AC, AD AE’1>q_0’

and if A is a square,

P A, B, C, D, E'l*_
5 AB, AC, AD AFE’ q—

9(A)g(ADE)g(ACD)g(ACE < RB, ¢, D, E 1)*
9(AC)g(AD)g(AE)g(ACDE) 4= R ACDE, AB’
<Z E)g(ACD)g(ACE)q A B Y
+ L )6(D)9(E)9(AC 9 (AD)9(AE) 2F1< AB 1>q'

Gaussian hypergeometric functions have been used to count points on different types of varieties
over F, and they are related to coefficients of various modular forms [26, [36, 17, (18 27, [39] 6] [1].
We use Greene’s hypergeometric functions to count points on €, y in Section 4.1. We make use of
McCarthy’s hypergeometric function, as well as the previous theorem, Theorem [I4], in the proof of
Theorem M in Section Bl Values of McCarthy’s normalized version of the hypergeometric function
over finite fields have also been shown to be related to eigenvalues of Siegel modular forms of higher

degree [34].

2.4. p-adic Gamma functions and the Gross-Koblitz formula. We first recall the p-adic
I'-function. The p-adic I'-function is defined for n € N by

Lp(n) = (=" ] 4,

0<g<n
pij

and extends to x € Z, by defining I',(0) := 1, and for = # 0,
Fp(.’,l') = rlLl—>Inw Pp(”)v

where n runs through any sequence of positive integers p-adically approaching z.
We recall some basic properties for I',(-) which will be useful later (see Theorem 14 of [31]).

Proposition 15. Let x € Z,. We have the following facts about I'),.
a) I'p(0) =1
b) I'p(z+1)/Tp(z) = —z unless x € pZ, in which case the quotient takes value —1.
¢) Tp(x)Tp(1 — x) = (—1)%@) where ag(x) is the least positive residue of x modulo p,



TRUNCATED HYPERGEOMETRIC AND GAUSSIAN HYPERGEOMETRIC FUNCTIONS 9

d) Given p > 11, there exist Gi(z), Ga(x) € Zy, such that for any m € Zy,

2 3
Typ( + mp) = Tp(2) [1 +Gilemp + o) 4 ) L] (amod )

e) Gi(z) = G1(1 — x) and Ga(x) + Go(1 — x) = 2G4 (x)?,
f) If v =y (mod p"), then I'y(x) =T, (y) (mod p").

We note that c¢) above implies in particular that for any integer n > 1 and prime p =1 (mod n),

1 1 It(n—1)p

Thus when 7 is odd, I')($)I,(1 — ) = —1.
We now recall the Gross-Koblitz formula [22, 7] in the case of F),. Let

@:IF‘S—)Z;

be the Teichmiiller character such that ¢(z) =z (mod p). The Gross-Koblitz formula states that
the Gauss sum g(¢ /) defined using the Dwork exponential as the additive character satisfies

(2.2) g(¢77) =—-mT, <]ﬁ> :

where 0 < j <p—2, and 7, € C, is a root of 2P~ +p =0.

3. IN THE SETTING OF LEGENDRE CURVES

We first briefly explain the relationships between Gaussian hypergeometric functions, hypergeo-
metric series, and truncated hypergeometric series using the Legendre curve

Cyn:y? = 21(1 — 21) (21 — N),

which is isomorphic to the more familiar form y? = x(x — 1)(x — A) over Q(v/—1). It is well-known
that one period of Cy y is given by
1

11
7T'2F1|:2 i7A:|

Assume A € Q and 72 € F;; is of order 2. It follows from the Taniyama-Shimura-Wiles theorem
[42] that for good primes p,

ap(\) =p+1—#Co\(Fp) = =) ma(a1(1—a1)(z1 — N) = —p-2 Fy (772’ 7762 ;)\>

z1€Fp p

is the pth coefficient of a weight 2 cuspidal Hecke eigenform that can be computed from a compatible
family of 2-dimensional f-adic Galois representations of G := Gal(Q/Q) constructed from the Tate
module of Cy ) via L-series. This gives a correspondence between the 2 Fy Gaussian hypergeometric
functions and the Galois representations arising from Cs y.

When a,()) is not divisible by p, i.e. p is ordinary for C5 ), then a result of Dwork [16] says that

1 L1
3.1 lim F |2 2540 /LR |2 250
(3.1) i}m21[ 1,}3 21 1 o
ps—1 D —1
is the unit root of T2 — a,(\)T + p, where A = ¢()\) is the image of A\ under the Teichmiiller
character.
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Since A = 1 is a singular case, we study the case when A\ = —1, for which the corresponding
Legendre curve admits complex multiplication. Let p = 1 (mod 4) be prime, then by [21} (4.11)],

p-oF (m’ 272;_1> = J(na,m2) + J(M1,m2),
p

where 74 is a primitive order 4 character of B I the perspective of Dwork, the value (B.1]) agrees
1

1y, (1
with the unit root of 7% + (J(na,m2) + J(M1,m2))T + p, which is % by the Gross-Koblitz

P

|

formula. Using Lemma [B we have the following.
Proposition 16. For each prime p =1 (mod 4)
11 T (L1 (L T (1
o F [2 i;_l] - p(;) ;(4): - lp(;)§
p—1 p(4) p(z) p(4)

Proof. By Lemma [§] and Lemma [5 we obtain that

I

|
—~
B
@}
o
S

1

1 1

2 F1 [2 2 —1] = o[ [2 2 —1] =-p- 20 <772’ 772;_1> (mod p).
1 p—1 1 p_l p

It remains to show

(3.2) p-oFy (7727 2 ; _1> = _PP (%) FP (%) (mod p)‘

By the relations

p-oFy (m’ Zz;—1> = J(a,m2) + J(Mz,m2) =
p

using the Gross-Koblitz formula, we see that

p=1 3=l p=1
. mo, 2. ) ™ Le(g) (mp (3" +m7 T (1))
p 2F1 ’ 1 - p—l 1 3
c P mp Ty (Z) Ly (Z)
_ _FP (%) (= Ly (%)2 +1p (%)2)
Tp (1) T (3)
which yields the result. U

Using a different technique via hypergeometric evaluation identities, one can prove the following
stronger result. We will also outline this strategy here (for details, see [31]). First we deform the
truncated hypergeometric series p-adically so that it becomes a whole family of terminating series
that can be written as a quotient of Pochhammer symbols (a); via appropriate hypergeometric
evaluation formulas. We further rewrite the quotient of Pochhammer symbols as a quotient of
p-adic Gamma values using the functional equation of p-adic Gamma functions. Then we use
harmonic sums to analyze the terminating series on one side and use the Taylor expansion of p-adic
Gamma functions on the other side. Now picking suitable members in the deformed family, we
compare both sides to get a linear system which allows us to conclude the desired congruence.

Proposition 17. For any prime p =1 (mod 4),

2 F1 ; — =S 1T 3, (modp7).
T P W ETWED

3When p =3 (mod 4), 2 F1 (7727 n; ; —1) =0.
P
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Remark 1. Proposition [Tl was first obtained by Coster and van Hamme [I4] using a refined version
of formal group laws.

Proof. We first recall a theorem of Kummer (see Corollary 3.1.2 of [2]) which says that whenever
b is a negative integer,

(3.3) JF [a b ] _ ?(a—b+1)r(a/2+1) (et 1)

a—b+1’ (a+DT(a/2—-b+1)  (a/2+1)
We now estimate the left hand side of the proposition statement, modulo p?. Observe that for any
positive integer 1 < k < p—gl, and x,y € Zy,

1 1 o
<— + xp) = <—> (1+ 23:pH,g dd)) (mod p?),
2 k 2/

(1+yp), = (1), (1 +ypHy) (mod p?),

k

k
1 .
where H (odd) Z and Hy, = Z — are harmonic sums. Thus we have for any x1,x2,y €

Z j=1 2‘7 j=1
D3
5@ g+ wop 33 2
(34) oF ;-1 = o[ ; =11 4 (z1+a2)Ap—yBp (mod p°),
1+yp p—1 1 p-1

2 2

k (odd k
where A = Z(km) 2H,"  and B = Z(w)‘ Hy.

Ifb= 2 + x9p is a negative integer, then by ([B.3]) and the above analysis

1 (3 + 1)
2 1P)_
251+ (w1 a)Ap— (31— 22)Bp = 5
1 p1 (F+5%2),
1 _
We now estimate the right hand side of the proposition, which can be also written in terms of the
Pochhammer symbols. One can use Lemma 17 of [31] to convert it to a quotient of p-adic Gamma
function values. For example, if we let 1 = 1, zo = —1 in @) (thus b = 152), the right hand
side becomes

1

(3.5) oy [2

(mod p?).

() 1
T LG+

- _
(22),, DG+OnG+D

By Proposition [T5],
Lp(a+mp) = Ty(a)[L + Gi(a)mp]  (mod p?),
and Gi(a) = G1(1 — ). Thus,

L,(p)T,(L+2 (L 1 1
- 1p( )p ols 3 4)3p = _% [1 +G1(0)p — Gy <—> P _a <—> E} (mod p?).
Lp(z + 501+ 1) Lp(3)Tp(3)
Equating both sides in ([3.5]) gives that

1
2F1 |:272; —1:| —BpE
p—1
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Similarly, letting z1 = —3/2, 9 = —1/2, we get

_ L%) 1—G1(0)p + G, <1> 3p G4 <l> ]—9} (mod p?).

Ly(3)T,(2) 2) 2 4)2
Letting 1 = —1/2, 29 = —3/2 (here b = % but the series terminates at the p%lth term as
-1
a=—t),
11
o Fy [2’2;—1] —2A—-Bp=
9 1 p—1
2
Tp(z) 1\ p 1Y 3p 2
g |1+ G0p+Gi {5 )5 -G 5 ) 5| (modp?).
Lp(3)Tp(7) 2) 2 4) 2
By summing the first two and last two congruences and comparing, we arrive at the proposition,
in light of Lemma Rl O

Based on Lemma [, we observe the following numerically which is a companion form of the
congruence above.

Conjecture 18. For any prime p =1 (mod 4),

4. PROOFS OF THEOREM [2] AND LEMMA

4.1. Proof of Theorem 2l We first prove Theorem 2] which counts points on C,, x over finite fields
[F, in terms of Gaussian hypergeometric functions. We begin with a lemma.

Lemma 19. Let n > 2 be an integer and let q be a prime power with ¢ = p¢ =1 (mod n). Suppose

—

N € By is a character of order n and € denotes the trivial character. If k € {1,...,n — 1}, then

Yoo wp )" (A=) (=) (@1 — Ay 21))
z; €Fy

n—k n—k n—k
_ qn—l X nFn—l <Tln s T ) 7A> .
£, iy, & .

Proof. We apply Theorem [I0 (n — 3) times, noting that %% = 1%, This gives
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n—k n—k n—k

_ (Uﬁ_k(—l))n_g n y M y 1 .
= "3 Z 3k | " "6, "6 s AT Lo
-'E27---7$7L72€]Fq

S (@ wa2)i (L= 22) - (1= a2)).
We next apply Corollary 3.14(ii) of [2I] to the 3F» function to obtain

g, cee € g1

ST M@ w1 =) (L= @)@ = Az )

Z1,.,Tn—1€Fg

B <n¥i"“, o, nﬁ"“.)\> _ =)
q

Since (7 *(—1))"=2 = " M= (1) = 1 and

(@1 @)™ ) =0 @ mr) = 0 (@ @),

we have the result.

We are now able to prove Theorem [2

Proof of Theorem[2. For convenience, we denote

f(l‘l, e ,l‘n_l,)\) = (:El B ':En_l)n_l(l — l‘l) e (1 — l‘n—l)($1 — )\ZEQ N 'fEn—l)-
Then
HCuA(Fg) =1+ > #{y€Fy:y" = f(ar,... . 201, \)}
miEFq
=1+ Z #{yqu:yn:f(xlv"'7$n—17)‘)}
miGFq

f(x1,. @0 —1,X)F#0

+#{(@1, .. wn1) €FLN flan, .. @am1, A) = 0}

Using Prop. 8.1.5 in [23], we rewrite the first sum to see

n—1
#Cn,)\(}Fq) =1+ Z Z’r}f@(f($17 <o Tn—1, )‘))

z;€Fy i=0
+ #{(azl, . ,xn_l) S IFZ_I Cf(xy, .o, A) = O}
n—1
=1+ + D Y n(f@n, w1, N),
LEiEFq =1
since

e(f(xy,...,xn_1,N) + #{(z1,...,2p-1) € Fg_l cf(z1, . a1, N) =0} = ¢ L
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Finally, we have

n—1
HCuAF) =1+¢" 4+ i (f(@r,. .. Tn1,N)

i:lxiEFq
1 1 n-1 nn—i nn—i nn—i
1 1 ;" " €, ..., € .

by Lemma [[9 which gives the result.

4.2. Proof of Lemma [Bl To prove Lemma [l which relates certain Gaussian hypergeometric
functions to truncated hypergeometric series, we first give a lemma, which analyzes the Gaussian
hypergeometric functions modulo a power of p.

Lemma 20. Let n be a positive integer, and p =1 (mod n) prime. Let ¢ denote the Teichmiiller

—1 .
character, and n, a character of order n on F, corresponding to (,DPT], for some 0 < j <p—1.
Then

r—1 Tl_na n_TH Ty Tl_n —
(4'1) p rFr—l < €, . - ,l’) =
p
_ k n—i T
1 p—2 Dol — =
p—1 ) <pk j) ?(z)+ (=1)" | (mod p"),
e \Io (757) T (3)
r—1 s Tin, » Tin —
(4'2) p rFro1 < g, o, € ,x) =
p
-0 -1p (kN p (1)
-1 p —1 P\n r
— (pj) k<) P+ (1)) | (mod p).
P k=0 Ty (zﬂm)

Proof. For x € ', it follows from the definition that

r 1—r
, , ot p TIn X p —
o <”" s Z.";:s) D (X ) x(@) = -3 T 0 (- Dxa),
P XEF)

and also that

X(=D)pg(@nx) if v #e,

J@mx,X) = { g@m)g(x)

while, J(n,x,X) =
-1, if y =¢,
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Thus, we have that

D2 O (Ox(@) =9 Y ”"X ox(@) + (1)
X X;ﬁs
(p—l)(n_,:j)—l =Ltk p—2 —k—(p—1)2=L\p
r " — r g\p " — r
-y, LE _)k “(z) + S+ ()
- 9@ )@y k=1 (n=dy 9@ ) g (@)

Similarly,

We are now able to prove Lemma [Bl

Proof of Lemma[d. For the first congruence, we use (4.2]). By Proposition [[3] when k& < p we have
that I')(—k) =T',(—k)/T'p(0) = 1/k! and Fp(p%l) =TI,(—k) (mod p). Similarly,

r
=_7 d
p (mod p)

- (-9 (-2)-(-2),

When k = (p—1) < > we have 7, (£(=1)") = (1__) 2k (+1)% (mod p). Thus the first claim follows.

For the second claim, we consider ([4.]) and use a similar argument. Notice that

and

Ip(3) N  0-De-i)-k-1)
and there is no —p(";j ) in the numerator since for (p — 1)("_3 ) < k < p— 2 the denominator,

(1— —) k+1, Will contain a multiple of p, which is p(*=2 1). This term will not show up in the quotient
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of p-adic Gamma values and the corresponding term is —1 by the functional equation of I',(-).

Thus i .
T.(k _n=j
p(p_1 _n ) =__ P (mod p),
FP(%) (2 - %)k
which concludes the proof of the second claim.

5. THE PROOF OF THEOREM [
The following proposition establishes case (1) of Theorem [

Proposition 21. Let g = p® =1 (mod 3) be a prime power and let n3 be a character of order 3 in
Fy. Then

¢ - 3B <n3, Zf” 23;1> = J(n3,m3)> — J(n3,m3)-
’ q

Proof. Beginning with Theorem 4.35 in [2I], we have

2

2 n3, 13, 13 2 9 n3\ (13 13
q '3F2< ;1> =q°n —1< >< )—qn3—1< )

€, c . 3( ) 7732’ 7732, ( ) 3

Then, since (Zg) = %J(T]g,ng) and (Zé) = @J(ng,,ng,), we get the result.

We now restate an equivalent form of case (2) of Theorem [l

Theorem 22. Let ¢ = p® =1 (mod 4) be a prime power and let ny and ng be characters of order
4 and 2, respectively, in Fy. Then

> m@®yP (- 2) (1 - ) (1 - 2) (@ — y2) = T, 02)° + ¢ (7, m2) — T (1, m2)*.
x,y,2€F,

Equivalently, we have

Nas N4, N4, Ta — —
q* - 4F3 <n Z Z Z;1> = J (M1, m2)* + qJ (71, m2) — T (114, m2) .
) 9 q

As mentioned in the introduction, this result says that a 3-dimensional Galois representa-
tion of G =) = Gal(Q/Q(v/—1)) arising from Cy; is isomorphic to a direct sum of three
Grossencharacters. The proof contains two steps using totally different approaches. We first es-
tablish the case for ¢ = 1 (mod 8) using results of Greene and McCarthy. This is equivalent to
proving the two Galois representations are isomorphic when they are restricted to the subgroup
GQ(EA/?) := Gal(Q/Q(v/—1,v2)). In the second part of the proof, we use representation theory
to draw the final conclusion. We now start with the case when ¢ = p® = 1 (mod 8) is a prime
power, we prove this case via the series of results below. The Lemma below evaluates two modified
Gaussian hypergeometric functions.

Lemma 23. Let ¢ = p® =1 (mod 8) be a prime power. Then

%7 N4, T4, T8 :
F: 1] =
s ( ns, mE, € >q

1

J(n87ﬁ4)3>
J(774,%3) ’

(Jms,m) (D) TR () +
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3 *

N3, T4, T4, 78, o

F M 1) =
s < 77837 7737 € >q

1
J(na,m3)

Proof. Firstly, we obtain that

—_ * -1 —_
N8, M4, M4, 718 14 14 N8y, M4, M4, 78
F: 1) =— F: ;1) .
! 3( m, M e >q q((ng)(n%)) ! 3( m, M e >q
Using the transformations Theorem 3.15(iv), Theorem 4.35 in [21], and the fact 74(—1) = 1 when
g =1 (mod 8), we have

%7 nNa, M4, 18 N8, M4, N4, ﬁ8
F: 1) =4 F i1
: 3( ns, M, € >q : 3< N8, M, € >q

_ <n4> . (m, s ﬁ8.1> ns(=1) <778> <m>
= 312 3 ) o 7
US Mg, € /4 q N4/ \s

N8, M4, M4, 18 '
F: i1
s < ULE 7737 € >q

J(ﬁs7ﬁ4)J(ﬁ4m§’)2> _

(J<n§’,m> (1) T (s T ) + :

- m <J(”8’ﬁ4> —ns(—1)J (78, 78)J (02, m4) +

Likewise, we have the equality

3 *
nNg, M4, N4, 78, o
f2 1) =
s < 77837 775:;)’7 € >q

J(ng,7y)?
q > ’

1 _ _ J (g, 714) (74 m5)?
o (T — ()T, ) + LT ),
J(n4,75) q
O
Next, we relate our target to a modified Gaussian 5Fy hypergeometric function.
Proposition 24. Let ¢ = p* =1 (mod 8) be a prime power, and ng a character of order 8 in Fg

with n? =ny4 . Then

4 My M4y s AL\ _ 4 M, M4 M4 s 8.\
q 4F3< e e 871>q—J(7787778) q 5F4< e e el 77871>q'

Proof. Comparing the definitions of finite field hypergeometric functions given by Greene and Mc-
Carthy, one can find

5F4 (7747 N4y M4, T4, 778’ 1>
g, g, g, 78 q

1 * 1
= —=5Fy (774, Nas T4, T4, 778; 1) + <1 _ _> W F <774, Tas T4, 774; 1) .
q g, g, g 18 q q &, g, € q
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On the other hand, by [2I, Theorem 3.15(ii)], the Greene’s 5Fy function is equal to
1 J(ns,ms)*
g oS (774, N4, T, 774; 1> + (s 4778) .
q g, g, 9 q q
These lead to the desired result. O

We now evaluate the 5F; modified Gaussian hypergeometric function using Theorem [I4] which
is due to McCarthy.

Proposition 25. Let ¢ = p® =1 (mod 8) be a prime power. Then

My M4y na M ms.q ) _ J(s,ms)t B 5 .
5F4< € & & 778’1> - q qJ (1 m2) = J(n2,m4)” + J (02,74)"

q
Proof. According to Theorem [I4] we can deduce that

N4y M4, M4, N4, N8 : q N4, M4 .
F, 1) = ——F -1
° 4< & & & g >q T (1) 1< € >q

J(ns,m8) <% naooma Ms ) ng, Mas My s\
+q—=—= | 4F3 1) +aFs (™ L ’ i1 .
(%, 77s) s, M €, = <),

We now apply Lemma 23] and the following fact which arises from Theorem 1.9 of [32]
2 F (774 24; 1> = —J(n8,M4) — J (g, TR)-
q

To simplify the formulas, we recall the facts that if ¢ = p¢ = 1 (mod 8), we have 12(2) = n4(—1) =1
and the identities

J (g, ma) = T3(—4)J (2,714,
J(@4,m3) = ns(=1)J (T, 13) = Tis(—4)J (n2, 74),
J(n8:74) = J(na,08) = 18 (= 1) (13,m3) = ns(—1)J (11, 78).
For more details on Jacobi sums, please see [8, Chapter 3]. O

We now conclude with the second case using representation theory. We first describe the
Grossencharacters corresponding to the Jacobi sums

— Jmm)? = ¢J @) + ) = —J@ne)® — Jm2) I () + J(a,n2)?
and then we use properties of induced representations to draw the final conclusion.
The proof of the case when prime powers ¢ =5 (mod 8). For each prime ideal p prime to (4) in
Z[v/—1], let ¢ be the norm of p. Then ¢ =1 mod 4, and let 1, be a homomorphism of Z[/—1]/p
to the order 4 multiplicative group (v/—1) such that ¢, (z) = T mod p for each x € Z[\/—1]. The
map that assigns — Z (I (x)¢g(1—x) = —J(¢y, zbg) to p extends to a Hecke (or Grossencharacter)
z mod p

character ¢ of Gy(,/—1) (see [40] by Weil). In particular, ¢ is of conductor (1+v=1)*) = (4) and
infinity-type [1,0], which is corresponding to the elliptic curve with complex multiplication which
has conductor 64. Explicitly, for any a + by/—1 € Z[/—1], (a+by/—1) = (—=1)°(a + by/—1)x1(a +
by/—1), where

(-3 y=1, ifa=0 (mod2),b=1 (mod 2),

xi(a+bv/=1) = { (=1)*5, ifa=1 (mod?2),b=0 (mod 2),
0, otherwise.
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Here, we remark that the unit group of Z[v/—1]/(4) has order 8 and it is generated by /—1,

—1+4 24/—1. The Dirichlet character x; takes values x1(v/—1) = v—1, x1(—1+2y/—1) = 1.
By class field theory, ¢ corresponds to a character x of GQ( J=T)- Similar to the discussion in

[15], for each Frobenius class Fr, € Goy=i,v3) With ¢=1 (mod 4),

S [Fm (@ - 2)(1 - )1 = 2) (@ —y2) — T (2P (1 - 2) (1 - y) (1 - 2) (2 — y2))]
x,y,2€F,

coincides with the trace of Fr, under the 6-dimensional semisimple representation
— e =3 o (=2 2
p = IndGQ(m) XX ox)®x).

Moreover, p|GQ = =97, with the restriction o|¢g being isomorphic to the restriction of

Q(vV=1,v?2)
o x?Pex) ®x?to GQ(\/—_I,\@)' As GQ(\/—_I,\@) is an index-2 subgroup of GQ(\/—_l)’ by Clifford’s
result [12], o is also direct sum of the form

X’ 0™ X ox®e"™) e (* ©¢™)
where ¢ is the order 2 character of GQ(@) with kernel GQ(\/—_L\/i)’ ni,na,n3 € {0,1}. From
computing a few primes p = 5 (mod 8), we determine that each n; = 0 and the claim for p = 5

(mod 8) thus follows. O
6. SUPERCONGRUENCES

We first prove Theorem [6] using the technique outlined before Proposition [I7 The initial idea of
the proof is due to Zudilin, and uses the following particular case of the Karlsson—-Minton formula

[20 eq. (1.9.3)]: for any non-negative integers myq, ..., my,
— b ... b
6.1) niiFl (mi+--4+my) b z-m1 n -Zl)- My 1
1 e n

(my + -+ mp)!
(bl)ml U (bn)mn '

Note that when n = 2, we can derive a different proof using a formula of Dixon. We present the
proof below as it applies to all n.

_ (_1)m1+-~-+mn

Proof of Theorem [@l.
Let n > 3, and p = 1 (mod n) be prime, which has to be odd. Set m = p—;1, and let y be any

integer. Letting by =1+ yp, by =---=b, =1, and m; = --- = m,, = m in (6.1]), we get that
l-p 1+m+yp 1+m --- 14+m
6.2 F, ;1
( ) n+14'n 1+yp 1 1 3 :|
- 1)

(L +yp)m(mh)m=1 (1 + yp)m (mhn=1"
Now we compare the left hand side with the left hand side of Theorem [l We observe that

(== -p Y5 (mod ),
222 (1
(I +yp)r = ()i + ypz Tk (mod p?),
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and so

(6.3) LoDk gy zk:i_l p  (mod p°)
' (A +yp) — '

Also,

<1 - %>k+ (% —|—y> i% p (mod p?),

1 + mpt = <1 - %)n_l + <n; 1) <1 — %>n—2 i% p  (mod p?),

and so
S0))

Thus ([6.3) and (6.4) give that the left hand side of (6.2]) can be written modulo p? as

SO n[f () )}

Z nik <1 +(1+y)
Using harmonic sums we conclude that there exists A € Z,, such that

(6.4) (1 4+ m + yp)p(l + m)z_1 = <1 - l>n (1 +(1+vy)

n/

n—1
k=0 (D

l-p 1+m+yp 1+m --- 14+m
. F, 01
(65) n+1 n|: 1+yp 1 1 5 :|
o Tl 0-AG e od )
-
1+(n—1)p

Using part ¢) of Proposition [I5] we see that ao(%) = = p — m, and by part b),

Iy(—m)=1/m! and T'p(—p) =—-1/(p— 1)

n

Also

L oty o =D)L (1
Crwmn  TO+w B La-L+(+w) 7 <n <n+y>p> Fpup)-

We thus have

(p—1)! _ Fp(l%)n_lrp(%
(6.6) =— T,

ESmME I
=1, (2) (14 (@ -6 (1)) +p) - (mod s

Finally, letting y = —1 in (6.5 and (6.6]), we see the desired congruence modulo p?.

— (% +y)p)Tp(yp)

We now prove Theorem [7l
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Proof of Theorem[7 Let p be a prime such that p =1 (mod 4). We will use the following formula
of Dougall (see Theorem 3.5.1 of [2]) which says that if 2a + 1 =b+ ¢+ d + e — m, then

a a/2+1 b c d e -m
a/2 1+a-b l+a—c 14a—-d 14a—-e l1+a+m’
(I +a)m(l+a-b—c)p(l+a—-b—d)p(l+a—c—d)y
C(l+a—-bnl+a—c)ml+a—d)pm(l+a—b—c—d),
Letting a = 1/4,0 =5/8, ¢ =1/8,d = (1 +pu)/4, e = (1 + (1 —u)p)/4, and m = (p — 1)/4), we
have 2a 4+ 1 =b+ c+d+ e —m and thus we can use ([6.7]). We first observe that the left hand side
reduces to

(6.7) 7Fs

1 1+pu 14+(1—u)p 1-p
4 4 (4 p 4 -1
U— 1 ’
1-2 14 1+5

4F3

after deleting three matching pairs of upper and lower parameters corresponding to a/2+ 1, b, and
c. Writing the right hand side in terms of Gamma functions, we thus get that

1 1+pu 1+(1—u)p 1—
41_7'3 4 4 (4 D 4 .
u u—1)p
1—ze pqplemle g

Qe \p(3)P(2)T(1 — 24T ()
DN+ Hrertse) -

P@+Qﬂﬁﬁ@+ﬁ%£W@W@>_r<

MGG -G I

[l (] NS
|
3

NE

SN—

=

—

[N

+

SN—

Using Proposition [[5] we can thus rewrite the right hand side as

Lo (DL (T + S50y (BT ()

= (—1)”4;11“;,, <%> T, <1>6 : <1 _ 5 —ut 1)(1G61(%)2 - GQ(%))ZQ

+u(u —1)(G1(0)3 — G3(0) — 21G122(5)G1(%) +7Gs(7) + 14G1 (7)° )p3) (mod p*).

Meanwhile, we expand the left hand side using harmonic sums as in Proposition [I7. So there exist
i, b i € Zyp such that modulo p* we have

1 1+pu 1+(1—u)p 1—
4 4 4 4
(u—L)p
-2 14 =% 142

4F3

Pﬂ

< (I (1+ ap 12+ ap2(B92 + ap 3(Z93) (1 + ag1 T592 4 ay, o (L5122 4 g 5(1512)3)
ki (1 + b1 == + b2 (=5%)2 + bi 3 (=4)?)
(14 ar1 72 + ar2(F)? + an3(F)°)

(1t by @02 gy (LoD gy (W DRysy g g 2 (2)2 4 bk,g(g)?’)) '

k=0
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Note that if we collect coefficients of p, p?, p® we get 0,

(u® —u+1)(af ; — 2bp2 — 2ax2 + b} )
16 ’

and
u(u — 1)(—3bk,3 + 36Lk73 — b%,l — 3ak71ak72 + 3bk71bk,2 + ail)

64 ’

7
|

respectively. A
By collecting terms, we see there are A;, B; € Z, such that for all u € Z,

11011
I R
%
- 1 1\°
= (—1)pT1I‘p <§> r, <Z> [1+ By(u? —u+1)p* + B3(u® — 1)p®]  (mod p?),

from which the claim of the theorem follows.

7. REMARKS

7.1. Truncated hypergeometric series and noncongruence modular forms. We first recall
the following hypergeometric series transformation (see [2, (2.4.12)])

-m a b (e —a)m -m a d—b
1 F: i 1| = ———3F: i1
(7.1) 32[ d e’ } (€)m 32[ d a+1—-m-—-e |’
which holds when —m is a negative integer and both sides converge. Given an integer n > 2 and a

prime p =1 (mod n), letting first m = pT_l, a= "_—iﬂ’, b=21 d=e=1,and then m = %,

a= W, b= %, d = e = 1 respectively, we derive the following supercongruence
p—1 n=-1 n-1 1 1 1 n=1
(7.2) (=)= gk ™ il =gk m 1 (mod p?).
1 1 o1 1 1 -

This was first observed and proved by McCarthy in a private communication via a different approach
using the work of Mortenson [35] for the case of n = 3. Moreover, we would like to mention the
following conjecture to demonstrate that truncated hypergeometric series arise in many different
settings including the theory of noncongruence modular forms.

Conjecture 26. For any integer n > 1 and prime p =1 (mod n),

1 1 nod
3F2[” 1

— 3

m] = a,(fu()) (mod 7).
p—1

where a,(fn(2)) is the pth coefficient of fn(z) = Y/ E1(2)"~1Es(z) when expanded in terms of the
local uniformizer €>™#/5"  and E1(z) and E3(z) are two explicit level 5 weight 3 Eisenstein series
with coefficients in Z (see (17) and (18) of [29] or [28, §3] for their expansions).

In a series of papers [29] [4 [30], the third author and her collaborators studied the properties of
these functions f,(z) which are weight 3 cusp forms for some finite index subgroups of SLs(Z) that
contain no principal congruence subgroups. For n = 3,4, 6, the pth coefficients of f,(z) are shown
to be related to the coefficients of classical Hecke or Hilbert modular forms.

4Compa.ring both sides, when we pick u = —(3 where (3 be a primitive cubic root, we can derive that the claim
of the theorem holds modulo p3.
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In terms of Gaussian hypergeometric functions, we have when p =1 (mod n) and 7, any order
n character of F)* then by work of Greene [21]

My Mns T _ _ My My T,
(73) 3F2 < €, c ,1>p = T]n( 1) 3F2 < €, - ,1>p.

7.2. Other observations. We conclude with some patterns observed from numerical data. For
each prime p =1 (mod 5), it appears that
2

5§23 8 % 2o (Ve (2 5
(7.4) 5Fy 11 1 1 =-TI, R r, R (mod p°).
p—1

Using the strategy of the proof of Theorem 5 and Dougall’s formula (G.7]), one can obtain (7.4
modulo p*. By the Gross-Koblitz formula, the p-adic Gamma value agrees with .J(n2,n2)2J (9, 7n)
when we choose the right order n character. Meanwhile, by Conjecture [, we sense the presence
of another Jacobi sum factor —J(10,,m,)J (N, 12)J (N, 13). It will be interesting to know whether
we can reconstruct the local zeta function of C5 1 as we have done for C3 1 and Cy 1. We leave this
task to interested readers.

We conclude with a few more observations. Motivated by Lemma [B] we numerically observed
the following supercongruences. Each corresponds to a supercongruence mentioned earlier.

= oy

(1) For any prime p =1 (mod 3),

p—1 k! 3_ p—1 Il 31 , . 3
kZ:O <p@) N Z <p@) =1 <§> (mod p*).

—2(p=1
k=2t

(2) For any prime p =1 (mod 4),

”‘1< ! >4 ”i < ! >4.
p— | = p—
=\ (D 3o (Dr

- 4

(3) For any prime p =1 (mod 5),

k=0 _3(-1)
5

[l
—~
[
N—
]

S
N
N | —
"
=

bS]
N
> =
"
(=)

—~

=

o
o,

3
i

N—

p

(4) For an integer n > 2, and any prime p =1 (mod n),

L, I S oo\ e 1\"
Z<p(l+1)k> -2 (p(lJrl)k) E_Fp<5> (mod ¢

k=0 k= =1)
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