
Planewaves, Pseudopotentials and the LAPW 
Method 

Second Edition 



PLANEWAVES, PSEUDOPOTENTIALS AND 
THE LAPW METHOD 

Second Edition 

DAVID J. SINGH 
Condensed Matter Sciences Division, 
Oal< Ridge National Laboratory 
Oal< Ridge, TN 37831-6032, U.S.A. 

LARS NORDSTROM 
Department of Pliysics, Uppsala University Uppsala, Sweden 

^ Springer 



David J. Singh 
Naval Research Laboratory 
Washington, D.C., USA 

Lars Nordstrom 
Uppsala University 
Uppsala, Sweden 

Planewaves, Pseudopotentials, and the LAPW Method, 2'"' Ed 

Library of Congress Control Number: 2005934277 

ISBN 10: 0-387-28780-9 
ISBN 13: 978-0-387-28780-5 
ISBN 10: 0-387-29684-0 (e-book) 

Printed on acid-free paper. 

© 2006 Springer Science+Business Media, Inc. 
All rights reserved. This work may not be translated or copied in whole or in part without 
the written permission of the publisher (Springer Science-hBusiness Media, Inc., 233 Spring 
Street, New York, NY I00I3, USA), except for brief excerpts in connection with reviews or 
scholarly analysis. Use in connection with any form of information storage and retrieval, 
electronic adaptation, computer software, or by similar or dissimilar methodology now 
known or hereafter developed is forbidden. 
The use in this publication of trade names, trademarks, service marks and similar terms, 
even if they are not identified as such, is not to be taken as an expression of opinion as to 
whether or not they are subject to proprietary rights. 

Printed in the United States of America. 

9 8 7 6 5 4 3 2 1 SPIN 11409021 

springeronline.com 



This book is dedicated to our 
wives, Nancy and Hedvig, 
whose love, patience and 
understanding made this 

work possible. 



Contents 

Dedication v 
List of Figures ix 
Preface xi 

1. INTRODUCTION 1 

2. DENSITY FUNCTIONAL THEORY AND METHODS 5 

2.1 Density Functional Theory 6 

2.2 Solution of the Single Particle Kohn-Sham Equations 10 

2.3 Self-Consistency in Density Functional Calculations 13 

2.4 Spin-Polarized Systems 16 

2.5 Non-CoUinear Magnetism 18 

2.6 The LDA-FU Method 20 

3. PLANEWAVE PSEUDOPOTENTIAL METHODS 23 

3.1 Why Planewaves 24 

3.2 Pseudopotentials 26 

3.3 Introduction to the Car-Parrinello Method 36 

4. INTRODUCTION TO THE LAPW METHOD 43 

4.1 The Augmented Planewave Method 43 

4.2 The LAPW Basis and its Properties 46 

4.3 Role of the Linearization Energies 49 

5. NITTY-GRITTIES 53 

5.1 Representations of the Charge Density and Potential 53 

5.2 Solution of Poisson's Equation 57 

5.3 The Exchange Correlation Potential 60 



viii PLANEWAVES, PSEUDOPOTENTIALS AND THE LAPW METHOD 

5.4 Synthesis of the LAPW Basis Functions 62 

5.5 Synthesis of the Hamiltonian and Overlap Matrices 67 

5.6 Brillouin Zone Integration and the Fermi Energy 73 

5.7 Computation of the Valence Charge Density 78 
5.8 Core State Relaxation and Atomic Charge Densities 81 

5.9 Multiple Windows and Local Orbital Extensions 83 
5.10TheAPW+LO Basis Set 88 
5.11 Charge Density Mixing for Self-Consistency 90 
5.12Fixed Spin Moment Calculations 92 
5.13The Total Energy 94 
5.14Atomic Forces 95 
5.15 Density Functional Perturbation Theory and Linear Response 99 
5.16Second Variational Treatment of Spin-Orbit Effects 102 
5.17Spin-0rbit with pi/2 Local Orbitals 105 
5.18 Iterative Diagonalization 106 

6. CAR-PARRINELLO AND THE LAPW METHOD 107 

6.1 Preliminaries 107 

6.2 The Transformation of Goedecker and Maschke 109 

6.3 The Transformation of Singh e? a/. 113 

6.4 Status and Outlook 121 

References 123 

Index 133 



List of Figures 

2.1 Schematic flow-chart for self consistent density functional 
calculations. 14 

3.1 Schematic illustration of the replacement of the all-electron 
wavefunction and core potential by a pseudo-wavefunction 
and pseudopotential. 25 

3.2 Bachelet, Hamann, Schluter procedure for generating norm-
conserving pseudopotentials. 28 

4.1 The dual representation of the APW and LAPW methods. 
Stars and lattice harmonics are symmetrized planewaves and 
spherical harmonics used to represent the density and potential. 44 

4.2 Procedure for setting the Ei in the LAPW method. Note that 
the various i components are to be considered separately. 51 

5.1 Construction of the stars. 55 
5.2 The construction of the lattice harmonics to represent the 

charge density and potential inside the LAPW spheres. 56 
5.3 Pseudocharge method for solving the Poisson equation. 59 
5.4 The exchange-correlation potential. 61 
5.5 A^ and R (which can be precalculated outside the radial 

loop) are used to transform from lattice harmonics to real 
space and vice-versa. 62 

5.6 The rotated coordinate system inside equivalent (i.e. sym
metry related) atoms. Note that the representative atom is in 
the global frame. 66 

5.7 Computation of Vpw using fast Fourier transforms. 70 
5.8 Evaluation of the non-spherical contribution to the Hamilto-

nian. The work inside the main loop is bypassed when the 
Gaunt coefficients (G) are zero. 73 



PLANEWAVES, PSEUDOPOTENTIALS AND THE LAPW METHOD 

5.9 The generation of special k-points and weights. The right 
side gives an example for a 2-dimensional square lattice with 
divisions of 1/4 of the zone. 75 

5.10 Computation of the interstitial charge density. The k-point 
sum is over the IBZ and the symmetrization is done by pro
jecting onto stars. 79 

5.11 The sphere charges. The symmetrization projects the charge 
in each atom onto the representative atom, so the the loop on 
n is on all atoms. 80 

5.12 Conversion of extended core or atomic charge densities to 
the LAPW representation. 82 

5.13 Example of windows with a semi-core state. The Ei corre
sponding to the semi-core angular momentum is set low in 
the single window case. 84 

5.14 Variation of a semi-core and a valence band with the lin
earization energy, E^. The dotted hues at ei and e2 denote 
the true locations of the bands. 85 

5.15 The fixed spin moment procedure. 93 
5.16 The second variational procedure for treating spin-orbit, i 

and j are indices that run over spins and the bands to be 
included in the second variation. 103 

6.1 Computation of Hip with a non-local pseudopotential and 
the projector basis method. 117 



Preface 

The first edition of this book, published in 1994, provided an exposition of the 
LAPW method and its relationship with other electronic structure approaches, 
especially Car-Parrinello based planewave methods. Since publication of that 
book, the LAPW method has been transformed from a specialized method used 
mostly by researchers running their own home made versions, to a popular, 
widely used method, where most users run standard codes to investigate ma
terials of interest to them. This is an exciting development because it opens 
the door to widespread use of first principles calculations in diverse areas of 
condensed matter physics and materials science. The positive impact of this on 
scientific progress is already becoming clear. Also as a result of this trend, the 
great majority of researchers using the LAPW method are no longer directly in
volved in the development of LAPW codes. Nonetheless, it remains important 
to understand how the LAPW method works, what its limitations are, and how 
its parameters determine the quahty and efficiency of calculations. The scientist 
with an understanding of how the method works has a clear advantage. This 
edition is an updated and expanded treatment of the LAPW method, including 
descriptions of key developments in the LAPW method since 1994, such as p 1/2 
local orbitals, the APW-i-LO method, LDA+U calculations and non-collinear 
magnetism, as well as much of the material from the first edition. 

The exceptionally high accuracy and reasonable computational efficiency of 
the general potential linearized augmented planewave (LAPW) method has led 
to its emergence as the standard by which density functional calculations for 
transition metal and rare-earth containing materials are judged. Furthermore, 
the widespread availability of high quality, user-friendly LAPW codes has made 
it a very popular method for first principles studies of materials. 

However, even though codes are generally provided in source form, it remains 
difficult for most users to delve into the method and implement calculations for 
properties of interest to them or simply to understand exactly how to set the 
parameters to optimally solve a given problem. Among the main obstacles 
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is the fact the essential details about the LAPW method are scattered through 
the literature, and some crucial aspects such as how to set the linearization 
parameters and sphere radii are hardly discussed at all. Newcomers to the field 
have had to learn the LAPW method either from one of the groups that currently 
uses it, or by the arduous process of reconstructing the method after gathering 
and digesting the literature on it. 

This book has two primary purposes. The first is addressed in the main part 
of this book, which is aimed at lowering this barrier so that newcomers can 
quickly learn the method and start performing calculations using an existing 
code, or, if desired, write a new code without having to "reinvent the wheel". An 
algorithmic approach is used to do this. Theory is discussed, but the emphasis 
is on how a practical implementation proceeds and on information that will 
be useful in carrying out calculations with LAPW codes. It is our hope that 
this edition will help new researchers more effectively use the LAPW method 
and its extensions to solve problems of particular interest to them, as well as 
advancing the method by providing a unified exposition of its inner workings. 

Our second purpose in writing this book derives from the very rapid progress 
in planewave based electronic structure techniques since the development of the 
Car-Parrinello method. These and related approaches have greatly increased 
the range of systems that can be treated using planewave based methods, but the 
underlying ideas have been slow to be applied to other methods. It is our view 
that this will prove to be a very fruitful endeavor. Accordingly, we devote a 
portion of this book to discussion of the (1) relationships between the LAPW and 
planewave pseudopotential methods, (2) essential aspects of the Car-Parrinello 
method and (3) early work aimed at incorporating Car-Parrinello like algorithms 
into the LAPW method. We hope that this will both help readers understand 
the relationship between different electronic structure methods and stimulate 
further work in this area. 

The ideas presented in this book regarding the relationships between LAPW 
and pseudopotential methods have been evolving for some time, and are the 
product not only of our thinking, but that of many others as well. We have ben
efited greatly from contributions of others and from many helpful discussions 
that we have had the opportunity to participate in. We especially thank Henry 
Krakauer, who taught one of us (DJS) the LAPW method and Warren E. Pickett 
who served as his mentor at the Naval Research Laboratory. A substantial part 
of this book is composed of things learned from them. Special thanks are also 
due to Karlheinz Schwarz and to Peter Blaha. Many of the insights in this book 
derive from ongoing interactions with them and from especially discussions in 
Vienna and at a series of workshops in Planneralm, Austria. Thanks are also 
due to R.E. Cohen, S. Goedecker, C. Haas, B.M. Klein, D.D. Koelling, A.Y. 
Liu, I.I. Mazin, V.L. Moruzzi, M. Postemak, E. Sjostedt, S.H. Wei, E. Wimmer 
and R. Yu. 
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Most importantly, we thank our wives, Nancy and Hedvig, for their loving 
encouragement and support, without which this work would not have been 
possible. It is our pleasure to dedicate this book to them. 
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