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Preface 

In the introduction to the first volume of The Arithmetic of Elliptic Curves 
(Springer-Verlag, 1986), I observed that "the theory of elliptic curves is 
rich, varied, and amazingly vast," and as a consequence, "many important 
topics had to be omitted." I included a brief introduction to ten additional 
topics as an appendix to the first volume, with the tacit understanding that 
eventually there might be a second volume containing the details. You are 
now holding that second volume. 

Unfortunately, it turned out that even those ten topics would not fit 
into a single book, so I was forced to make some choices. The following 
material is covered in this book: 

I. Elliptic and modular functions for the full modular group. 
II. Elliptic curves with complex multiplication. 

III. Elliptic surfaces and specialization theorems. 
IV. Neron models, Kodaira-Neron classification of special fibers, 

Tate's algorithm, and Ogg's conductor-discriminant formula. 
V. Tate's theory of q-curves over p-adic fields. 

VI. Neron's theory of canonical local height functions. 

So what's still missing? First and foremost is the theory of modular 
curves of higher level and the associated modular parametrizations of ellip
tic curves. There is little question that this is currently the hottest topic 
in the theory of elliptic curves, but any adequate treatment would seem to 
require (at least) an entire book of its own. (For a nice introduction, see 
Knapp [lJ.) Other topics that I have left out in order to keep this book 
at a manageable size include the description of the image of the £-adic 
representation attached to an elliptic curve and local and global duality 
theory. Thus, at best, this book covers approximately half of the material 
described in the appendix to the first volume. I apologize to those who may 
feel disappointed, either at the incompleteness or at the choice of particular 
topics. 

In addition to the complete areas which have been omitted, there are 
several topics which might have been naturally included if space had been 
available. These include a description of Iwasawa theory in Chapter II, 
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the analytic theory of p-adic functions (rigid analysis) in Chapter V, and 
Arakelov intersection theory in Chapter VI. 

It has now been almost a decade since the first volume was written. 
During that decade the already vast mathematical literature on elliptic 
curves has continued to explode, with exciting new results appearing with 
astonishing rapidity. Despite the many omissions detailed above, I am 
hopeful that this book will prove useful, both for those who want to learn 
about elliptic curves and for those who hope to advance the frontiers of our 
knowledge. I offer all of you the best of luck in your explorations! 

Computer Packages 

There are several computer packages now available for performing compu
tations on elliptic curves. PARI and SIMATH have many built-in elliptic 
curve functions, there are packages available for commercial programs such 
as Mathematica and Maple, and the author has written a small stand-alone 
program which runs on Macintosh computers. Listed below are addresses, 
current as of March 1994, where these packages may be acquired via anony
mous ftp. 

PARI (includes many elliptic curve functions) 
math.ucla.edu 128.97.4.254 
megrez.ceremab.u-bordeaux.fr 147.210.16.17 

(directory pub/pari) 
(unix, mac, msdos, amiga versions available) 

SIMATH (includes many elliptic curve functions) 
ftp.math.orst.edu 
ftp.math.uni-sb.de 

apecs (arithmetic of plane elliptic curves, Maple package) 
math.mcgill.ca 132.206.1.20 

(directory pub / apecs) 
Elliptic Curve Calculator (Mathematica package) 
Elliptic Curve Calculator (stand-alone Macintosh program) 

gauss.math.brown.edu 128.148.194.40 
(directory dist/EllipticCurve) 

A description of many of the algorithms used for doing computations on 
elliptic curves can be found in H. Cohen [1, Ch. 7J and Cremona [1]. 

Acknowledgments 

I would like to thank Peter Landweber and David Rohrlich for their care
ful reading of much of the original draft of this book. My thanks also go 
to the many people who offered corrections, suggestions, and encourage
ment, including Michael Artin, Ian Connell, Rob Gross, Marc Hindry, Paul 
Lockhart, Jonathan Lubin, Masato Kuwata, Elisabetta Manduchi, Michael 
Rosen, Glenn Stevens, Felipe Voloch, and Siman Wong. 

As in the first volume, I have consulted a great many sources while 
writing this book. Citations have been included for major theorems, but 



Preface ix 
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