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FREE VIBRATION 0F AXISYMMETRIC AND BEAM-LIKE

CYLINDRICAL SHELLS* PARTIALLY FILLED WITH LIQUID

ABSTRACT

This report présents a theory for the détermination of free vibration

characteristics of am'sotropic thin cylindrical shells, partially or

completely filted with liquid for two circumferential wave numbers, n = 0

breathing and n = l beam-like. The method used was a hybnct one, based on

the finite élément method and supportée! by classical shell théories. The

shell was subdivided into cylindrical finite éléments and the displacement

functions were obtained using the shell"s équations. Expressions for the

mass and stiffness matrices for a fnite élément and for the whole structure

were obtained. Similarly, a fim'te élément was developed for the liquid in

cases of potential flow. The natural frequencies of the she11 in vacuo and

partially filled were obtained and compared with existing expenments and

other théories.
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CHAPTER l

INTRODUCTION

loi Général

Th1n shelts have been and are still very important éléments employed

virtually throughout modem chemical, nuclear, aeronautical and space

industries. There is a plethora of published static and dynamic shell

studies. Many théories have been put forth and possible applications of

thèse théories have been investigated.

Aron, in 1874, was one of the first to attempt to formutate a theory

for thin curved shells, starting with the général elasticity équation. He

was foHowed, in 1888s by Love [l J with his appr'oxnndtlon theory. Since

that time and up to the présent, linear elastic shell theory has been

examined and re-examinéd by scientific researchers throughout the literature

([2]to [7]).

More spedfically relating to cylindncal shells, Arnold and Waburton

den'ved the dynamic équations for a uniform cylindrical she11 by using the

energy method, the Timoshenko stress-strain relationships and the Lagrange

équations [8]. Baron and Bleich [9] based their theory on an energy methods

treattng the she11 as a membrane and introducing a correction factor that

took the curvature into considération. Galletly [10] reapplied Arnold and

Waburton's study to the reinforced cylindrical arched shell. The free

vibration of non-umform cylindncal shells was studted theoreticaUy by

A1-Najaf1 and Waburton [ll]s and Falkiewicz [12] investigated them experi-

mentally.



Dynami'c studies, based on simple équations of motion for particular

vibration problems, were undertaken by Seide [13]. Reissner was interested

in shells with sandwich-type arch [141; but the essence of thèse studies

appeared in Ambartsumyan's paper [15], which involved several cases of

anisotropic shells.

The effects of a fi u1 d on the dynamic state of a shell can mam'fest

itself in many ways. If the shell contains a low-pressure gas, then the

vibration System (shell-gas) differs very little from that of the empty

shelt. However, this is not the case when the shell contains high-pressure

gas. furthermore, if the fluid is compressible, the compressibility can

affect the effective stiffness of the System. In addition, if the density

of the fluid is relatively high, as is the case for the liquid, what wi11

occur is a considérable intertial load upon the shell , which wi11 result in

a réduction in the Systems natural frequency.

There have been several studios conducted on cylindncal shells partia-

11y filted with liquid. Niordson [16] was the first to présent a study

concerning the effect of the liquid on the natural frequency of the she11.

Berrv and Reissner [17] studied the case of a simply supported cylindrical

containing pressunzed gas. However the natural vibration of a shell

comp1ete1y or partialty fi11ed with non-pressurized liquid were theoreti-

cally and expérimental1y investigated by Lindholm and Kana [18].

1.2 Research objectives

This report 1s an attempt to détermine the natural frequencies of

am'sotropic cyHndrical sheils and shells partially filled with liquid for

the followtng two cases of circumferential modes: axisymétrie (n = 0) and

beam-like (n = l).



A hybrid method was used, based on the finite élément method and

classical thin shell theory. The fim'te élément chosen for a cylindncal

élément had two nodes with four degrees of freedom for each node for n = l,

and one to two degrees, for n = 0. This therefore made it possible to

employ the thin shell équations so that we coulct détermine the displacement

functions and then the mass and stiffness matrices of the élément. This is

not feasible however, if a triangular or rectangular élément is employed

[19] and [20 ]. Similarly, the method in référence [22] was used to obtain

the fluid's potential f1ow for a finite élément. The natural frequencies of

the empty and the parti ai1y liquid-fHled shells were determined and compa-

red to values found in the literature and existing experiments.

1.3 Outline of the report

The présent study is divided into nine chapters. A description of the
/*/*>n..t./k«n4»/o i.fîll nm.i kn-în-Plt^ k^ n-î * * ntft

^uiiuciica ni l l iiun ui ici ijf uc yivcii»

Chapter 2 is a review of basic thin shell theory and an outline of the

numerical method used.

Chapter 3 présents formulations of three équations of motion for this

study in conjunction with the displacement of the shells of référence and

components of the matrix of elasticity, as derived from the général equa-

tions for shells of révolution and their elasticity relationships.

In Chapter 4, the displacement functions are chosen for a finite

élément from the exact solutions of the three équations présentée!.

The mass and stiffness matrices of each éléments as well as for the

System as a whole are déterminée! in Chapter 5.



The liquid's apparent mass and stiffness as well as absorption matrices

are developed in Chapter 6. The study of free vibrations in a cylindrical

shell partially filled with liquid is then dealt with.

In Chapter 7, the method of computing natural frequencies and eigen

vectors of the (liquid she11) System are descnbed.

The synthesis obtained from numerical calculations and from our

research, compared with the findings of other authors, are given in Chapter

8.

Finally, Chapter 9 présents the général conclusions.



CHAPTER 2

BASIC THEORY AND METHOD

2.1 Classical thin elastic shell theory

The classical thin elastic shell theory is denved from the approxi-

mati'on of the tridimensional theory of elasticity. It originates oui of the

first approximation of Love [l], which is based on the following hypo-

thesis :

a) thickness (t) 1s small comparée! to the minimal radius of curvature

CW=

•l-r> çhol 1 •t-h''rl/=
JKH».1 t 01*»^ 1\—b) the wall disp'iacements of the shell are small compared to

ness;

e) the constraints which follow a normal axis to the surface of référence

are insignificant;

d) the normal s at the surface of référence remain normal and are not

subjected to any elongation;

Hypothesis (a) represents the définition of thin shells (r/t > 10).

The higher-order tenus for displacement are negligible when compared to the

fnst-order terms with assurance of linearity of the differential équations»

Hypothesis (e) and (d) assume that the constraints normal to the surface and

the transverse shear déformation are negligible.



In this report Sander's theory is used, based on the first Love appro-

ximation and the fact that unit déformations are cancelled for a11 rigid-

body movement. The équations of equilibnum, the strain-ch'splacement and

stress-strain relationships are given in Appendix A-l.

2.2 Method

As previously mentioned (in section 1.2), the method used was one,

developed in références [2l]s [22] and [23] specifically for cylindrical

shells with a circumferential mode equal to or greater than 2 (n > 2). This

same method was applied to cylindrical shells for two cases: axisymetnc

( n = 0) and beam-like behaviours (n = l). The principle points of this

method are as follows:

a) The shell is subdivided into several cylindrical éléments (Fig. 2).

The cylindrica1 élément is determined by two nodes i, j and the boun-

daries of the nodal surface (Fi g» 3}. The displacement functions can

be determined by:

U(x,

W(x,

V(x,

6)

e)

6)

= [N]
6,

x

<s.
3

Where 6, represent the nodal displacements and [N] is a matrix of général

position functions.



b) The displacement functions chosen must adequately represent the real

displacements of the shell, Accordingly, thin she11 équations were

used to détermine the displacement functions. Thèse .yi el d more précise

results than if the displacement functions are expressed in polynomial

form. The fundamental équations from Sanders in A-l were reduced to

three differential équations as a function of axial , radiai and

circumferential displacements of the surface of référence. The

solution of thèse équations gives us the displacement functions.



CHAPTER 3

EQUATIONS 0F MOTION FOR ANISOTROPIC CYLINDRICAL SHELLS

3.1 Equations of equilibn'um, strain-displacement and stress-strain

relationships

Sander's theory of thin shells [4], was used to descn'be the behaviour

of cylindrical curved shells (Appendix l).

By eliminating the shear forces Q^ and Q^, by means of équations A-1.5
*x

d,e, we obtain the three equilibnum équations:

8N__ , l 9 N... l 8M,
"x + - "xo - xu =

8x r 96 2r2 96

3Nx6 + 1 8N9 . 3 ^x9 . 1 9_Mi = 0 (3.1)

3x r 99 2r 3x r2 86

i2Mx+ L !^.+ 2 iïsi - l-Ne= '°

8x2 r2 962 r 9x36 r



The déformation vector {e} is given by:

{e}=^

>

£„
x

£e

2Si

Kx

K6

2^e

eu
3x

l 9V
r JQ

^ -.
9x

921

3x;

l

r2

2

r

+

l
r

ft?

2

3

w
r

8U
Ve

82W -(Sse2

2W +

3x96

3V'

96

3 8V -

2r 3x

\

l 8U

2r2 89 ^

(3.2)

Where U, V and W are, respectivel.y, displacement that are axial tangential

and radiai to the shell 's surface of référence.

The relationships between the stress and strain vectors and the

référence surface for an anisotropic shell are given as follows:

N
x

N.

N
{0} =.

x9 1= [P] (e} (3.3)
M_"X

M,

M.xe
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Where [P] is the matrix of elasticity [15].

Eléments P,,. in [p] charactenze the mechanical properties of the shell

matenal , and so in général we assume that:

[p]=

11

2 l

0

4 l

5 l

0

p
l 2

p
2 2

0

P4.

ps.

0

0

0

P33

0

0

p.

p
l 4

p
24

0

p.
4 4

p
54

0

p
l 5

p
2 5

0

p
4 5

p
5 5

0

0

0

p
3 6

0

0

p.
6 3 6 6.J

(3.4)

By substituttng (3.2) to (3.4) in the équations of equilibnum (3.1),

new équations (3.5) are obtained in conjunction with [P] éléments P^. and

with the axial tangential and radiai displacements. U, V and W of the

référence surface of the shell:

L^ (U,V,W,P^) = 0

L^(U,V,W,P^) = 0

L,(U,V,W,P,,) = 0

(3.5)

(thèse équations are given in Appendix A-2)



11

SimHar to Donnell [24], Sander's (3.5) équations of motion have been

simplifiée! for the n = l case and become:

•S^ (U,V,W,P^) = 0

[s^(U,V,W,P^j) = 0 (3.6)

,S^U,V,W,P^) = 0

(thèse équations are given in Appendix A-2).

3.2 Matrix of elasticity

The matrix fo elasticity [P] is generally given by équation (3.4); thus

this theory can be applied to:

(i) shells composed of only one layer or an arbitrary number of isotropic

or orthotropic tâyers;

(ii) double-walled shells, with slabs or n'bs;

(iii) ring-stiffered shells with grooves of known charactenstics;

(iv) shells where [p] can be expenmentally evaluated.

Me will now restrict ourselves to shells made of only one layer or of

an arbitrary number of symmetrical isotropic or orthotropic layers relati-

vely placed at the surface coordinate.

For the case of an arbitrary number of orthotropic layers [15] s we

assume that there is no sliding between them and that the principle direc-

tion of elasticity at each point or the shell coïncides with the Une direc-

t ion coordinates»
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(i) For a number of layers equal to 2V, P^ of [P] can be wn'tten as

foi 1ows:

y
piJ = 2 aÇl B^J (ts ~ tS+l)? x = T to 3 and j =~1 t03

'iJ = <2/3) s£l Bï-3'3-3 (^ - Ts+l)! i =4 to 6and

j = 4 to 6

P;,: = 0; i = 1 to 3 and j = 4' to 6; i == 4 fo 6 and j = 1 to 3'

(3.7)

(ii) For an odd number, 2V + l, we have:

P,^ =2
Ij

_v+l . . ^ _S .. . .1 .

[B,j- t^ - ^ B^ (tg - t^)J , i = l to3

and j = l t03

ij = (2/3) [Br-L-3 tv.i + ^ Bî-3,j-3 <tS - ts.i'}

i = 4to 6and j = 4 to6 (3.8)

P,, = 0; i = Ito 3 and j =4 to6; i = 4to 5 andj = l to3
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where

s
B.

s r s s s i s r s.._ s s.
B^ = ]E^/(1 - ^V;)|, B;, = ]E;/(1 - ^,)|

s s r s s .._ s s.l _s _ ^ _s
Bï. =B^ = 1^ EI/(1 - <<)|'- Bâ3 = °'5 G^

s
B.. =0 elsewhere
'ij -

t.. is the coordinate of the 6 "" layer using the surface of référence as a
s , , . \.. ,./,-SS

référence point as illustrated in Fig. 4; (E]'V]>) and (E^v^), which are,

respectivety, the etâstic modulus and Poisson ratto in relation to direc-

tions X and e; and G^ is the shear modulus of elasticity.
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CHAPTER 4

DISPLACEMENT FUNCTIONS

4.1 Choice of displacement functions

In accordance with the hybrid method mentioned in 2.2, the shell is

subdivided into several uniform cylindrical éléments (Figures 2-3). The

cylindrical élément is défined by two nodes i, j, and the three components

D, V and W respectively represent the axial, tangential and radiai dispta-

cements, from a point located on the shell's surface of référence»

4.1.1 Arbitraty loads (n = l)

The équations of motion (A-2) are given by:

S^ (U,V,W,P^) = 0

S^(U,V,W,P^j) = 0

5^{U,V,V!,P^} = 0

(4.1)

The displacement functions can be wntten as:

U(x,9)

W(x,6)

V(x,6)

= [T]

u(x)

w(x)

v(x)

(4.2)
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[T] is a (3x3) matrix 9 given in Appendix A-4 and u(x), v(x) and w(x) are

function only of x.

Setting:

u(x) = AeÀX/r v(x) = BeÀX/r w(x) =CeÀX/r (4.3)

and

Substituting (4.3) and (4.2) in (4.1), we obtain three homogeneous

équations which are functions of constants A, B and C.

[D] 0
(4.4)

In order to arrive at a non-trivial solution, the déterminant of

matrix [D] must be equal to zéro. From this the foltowing characteristic

équation is derived:

D| = h»À8 + h,X6 + h,X4 + h,À2 + h« = 0 (4.5)

The vaLues of coefficient h, in the polynomial are given in Appendix A-4.
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Each root \, of this équation yields a solution for the équations of

motion (4.1). The complète solution is obtained by totalling the sum of the

eight solutions independently from the constants A^., B,. and C,.(j = l,2o..8).

u(x) = ^, A,
j^l 3

X, x/r 8
v(x) = E B^

j^l 3

A, x/r

w(x) = Y. c.{
3^1 3

X, x/r
(4.6)

As constants A,s B, and C,. are not independent, we will express A^ and

R in rnn i nnr'1- i nn ui+h F
1^^ II» ^witj wl tv* ^ » ^<» iKiiu-.i w^

A^ = a^C^'J ~ "3~3

B, = P^C^'J ~ "J'J

j = l, 2, ... 8 (4.7)

The values œ.,. and p,. (j = l,2..08) can be obtained by nears of

following relationship:

•l l

'2 l

à l 2

22.

a .

3

6j

-âl3

- d23

(4.8)
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where di/g are the coefficients of matrix [D] given in Appendix A-4.

By introducing expressions (4»6) and (4.7) into (4.2), displacements

U(x,e), V(x,9) and W(x,6) can only be expressed in conjunction with the

eight C,. constants and may be written as:

U(x,6)

W(x,6)

V(x,6)

= [T] [R] {C} (4.9)

where [R] is a (3x8) matrix given in Appendix A-4 and {C} is an eight orders

vector of constants C..

(C) = {C, C, ...C,}
T

To détermine the eight C.,. constants, eight boundary conditions for the

f im" te élément must be formulated.

Hence, displacements at boundaries i(x=0) and j(x=A) (Fig. 3) are

expressed by:

6.

6..

j
= <"i "i ^)i vi U3 wi 1^ v.} (4.10)
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and {C} becomes:

f0 = [A-1]
{i

<s^

(4.11)

[A] is an (8x8) matnx given Appendix A-4 and derived from matnx [R] by

successively setting x = 0 and x = A.

Substituting (4.11) into (4»9) we obtain

u(x,e)]

W(x,9);

V(x,6)J

-.1

= [T] [R] [A-']
s.
i

6,
j

= [N]
<s_.

<s_.
3

representing the displacement functions.

4.1.2 Symmetnc T^oads {n - 0)

The équations of motion (A-2) are given by

(4.12)

L^ (U,V,W,P^) = 0

L^(U,V,W,P^) = 0

LgdJ.V^P^) = 0

(4.13)

In the particular case of axisymmetnc motion, the disptacements are

onîy a function of x. AU those derived in relation to 9 then become zéro

and équations (4.13) are wn'tten as:

L^(uywypij) = °

L;(U,W,P^) = 0

L^(V,P^) = 0

(4.14a-c)
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(thèse équations are given in Appendix A-2).

Two Systems of équations have been obtained: one, the so-called

torsional System, is represented by équation (4.14e) and is a function of V

only; the other is a non-torsional method, represented by the two équations

(4.14a-b) which are functions of D and M,

a) Non-torsional System

Setting:

u(x) = AeÀX/r w(x) = CeÀX/r (4.15)

and substituting (4.15) in (4el4a-b), we obtain two homogeneous équations

which are functions of constants A and C:

À
tDo])

e
= ° (4.16)

Proceeding analagously in this fashion, the case of an arbitrary load

becomes the characteristic équation:

D(,|= h;X; - h^À2 + h', = 0 (4»17)

The values of coefficient h^ in this polynomial are given in Appendix A-4.
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Setting A^. = œ^C, and substituting them in (4.15) we obtain:

(u(x)j

'W(x)
= [Ko ] {e} (4.18)

where [Ro] is a (2x4) matrix given in Appendix A-4; {C} is a fourth order

vector for constant C..

{e} = {c^ c^...c^}

The values for c^ are given by;

—(p^-^,, (j = l,2..4) (4.19)

To détermine the four C^ constants, four boundary conditions for each

élément must be formulated. To this end, displacements for boundanes 1

(x = 0) and j(x = A) are expressed by:

{A} =
<s_.

6^
= [A J {C} (4.20)

where {A} can be détermines by one of the two models below:
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Model l

{À} =
'\T,T\ '\TT\

iw. ??s. w. ^
rïi ^x]i "j 3x;j(

Model II

9W\ .. 9W\ (
{A} ={ui ^i ui iirjji

The [Ag] matrices are given in Appendix A-4 and vector {C} is given

by:

{C} = [A;']
6.

{jl
(4.21)

Substituting (4.21) into (4.18) we obtain:

u

w

(X)

(x)
= [ Ro] IA~0 ']

6,
l

<s.
j

= [N^ ]
«s-.
l

<s^
j

(4.22)

which represents the displacement functions,

b) Torsional System



The dtsplacement function can be represented by

22

wh e re

V(x) = Bg + B,x, such that: (4.23)

(V(x)} = [R^] [A;']
6.

<s^
[N;]

6i|
6,j

(4.24)

<5.
l

6,
j

V,
l

V,j
= [A;] {B}

(4.25)

and matrices [A'o] and [Rg] are given in Appendix A-4.
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CHAPTER 5

MATRIX CONSTRUCTION

This chapter will deal with détermination of the mass and stiffness

matrices and the method of constructing global matnceSo

5,1 Arbitrary load in beam^ 1^ (n = l)

5.1.1 Strain-displacement relationships

By using équations (3.2) and (4«12), vector {e} takes the form of:

{£}
T

0

0

T
[Q] [A-

l
-]

<s_.
l

6,
~1
»>

= [B]
6.i

s.
"l

J

(5.1)

where matrices [T], [A] and [Q] are given in Appendix A-4.

5.1.2 Stress-strain relationships

By ustng équations (3.3) and (5.1), the stress is given by

{0} =̂•<

N."X

N/

Nx9

M."X

M,

M
x6

.= [P] {e} = [P] [B]
ô..
l

<s^3

= [ST]
<s.
l

<s_j
(5.2)
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5.1.3 Mass and stiffness matrices

The mass and stiffness matrices can be expressed as

[k] = ^*[B]T [P] [B] dA

(5.3)

[m] = pt // [N]T [N] âA

where dA = rd9dx

Matrices [P], [N] and [B] are determined in (3.4), (4.12) and (5.1);

substituting them in (5.3) and integrating them with respect to e, we

obtain:

rt

k = [A-J± [„ y [Q]T [P] ^ ^j ^-^ ^ ^-,^ ^ ^.,^

(5.4)

[m] = pt [A-1]T [Tir / [R]T [R] dx] [A-1] = pt [A-1]T [s]

0

[A~ï] (5.5)

The éléments of matrices [6] and [S] are determined in conjunction with

éléments [p], \ and a.

For \, + x, * 0
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.2 _ (À, + À,U/r
G(i,j) = ^1^- [e' 1 r ' - l] Z(i,j)

i j

.2 (X, + À^)£/r
S(i.j) = —îh- [e' 1 r ' - l] F(i,j)

{i + Àj

and X. + \. = 0

G(i,j) = nrs. x Z(iJ)

S(1J) = nra x r(i,j)

where

(5.6a-b)

Z(i,J) = P^a^ . (P,, . P^/r) (a^ . a^) - P^O^

+ Àjai)/r~ + bibj (P22 + 2P^/r + P^/r~5 - (P,,

^bj + X^)/r- + P3,(c^ + Cjd^j+ P,s/r) (X;b^ + X;b,)/r- + îl^(c,d^ + e,d,)

+ P33cicj + p^âi^ + P44^^A'

F(i,j) = (a^ctj + g^Bj + l) (5.7a-b)
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where

a ^ = a.: À.. /r h. - ? fi - + l \ /- --j. , -l - "i"i-"" "i = '^j_ T -!-/'/r i,j =1,2..8

di = (2Ài + 3^iÀi/2 + a^/2)/r2

ci = {BiÀi ~ ai)/r

5.2 Symmetric load (n = 0)

Proceeding anatogously to the case involving arbitrary loads, we set:

5.2»1 Non-torsional

for \- + K- * 0

-2 - (À, + >^n/r
G^(i,j) = ^-^- [e- 1 3- • _ i] z^^j)

-i "j

,2 ^ (X, -. X^î^/r
S^(i,j) = ^-él^- [e' x 3- ' , i] r^i^j) (5.8a-b)I7-+-À7

-i j



y

and ^ + X^ =0

G,, (i, j) = 27Tr£Zp(i,j5

Sg(i,j) = 27rr-£rg(i,j)

where

,A2)/rîZ^i,j) = P,,a^ + P^(a^ + aj)/r - P^(À^a^ + a^À.)/

+ P22/rz - ^Z.^ + ^)A3 + ï\4ÀÎÀ32/r4

and

F» (i,J) = (a, a,; + l)

with

ai = aixi/r i'3 = l.2..4

5.2.2 Torisonal

k(l,l) = k(2,2) = -k(l,2) = -k(2,l) = 2vrh/t

C5.10a-b)

m(l,l) = m(2,2) = 2m(l,2) = 2m(2,l) = 2Trr^pt/3

where

h = (P33 + 9P,,/4r2 + 3P^/r)
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Comments:

The complète expansion ofn = 0 is given in Appendix A-3.

5.3 Global mass and stiffness matrices for the she11

The shell is subdivided into several cylindn'cal éléments. The mass

and stiffness matrices of each élément are assembled in such a way that

equilibnum forces and continuity of the displacements at each node must be

satisfied. The vectors {F,} and |F,} represent the internai forces active

on nodes (i, j) and {ô,} and {ô,} are the displacements associated with F,

and F,. . The sum of the forces and the moments of a node must be equal s

respectively, to the sum of the external forces and the sum of the moments

apptied at this node.

{F Ie = F.. + F,,,r j -j • •i+,

and ôj = ô,^

Through thèse relationships, the mass and stiffness of each élément

can be superimposed to yietd the global mass and stiffness matrices of the

shell . {Kg} and [Mo} are square matrices of the order NDF (N + l), where N

is the number of finite éléments and NDF 1s the number of degrees of freedom

at each node. This is schematically represented in Figure 5.



29

CHAPTER 6

FREE VIBRATION 0F CYLINDRICAL SHELLS

PARTIALLY FILLED WITH LIQUID

This chapter présents the final formulations of the équations of

motion for cylindrical shells partially filled with Hquid, by using the

relattonships established in this report together with the ones formulated

in référence [22]

6.1 Equations of motion

The dynamic behaviour of a shell subjected to a pressure field can be

représentée! by the following System:

{[Mj - [M-^]} ï'^} + {[€„] - [C^]} {6} + {[Kj - [K?} {6}

{F} (6.1)

where

{ô} is the d1sp1acement vector; [Mo] and [Ko] ares respectively, the mass

and stiffness matrices of "in vacuo" Systems, [M^], [C^,] and [K^] represent

the inerttal , Conolts and centrifugal forces of the liquid flow; [Co] is

the System damping matnx and the external forces {F} represent the random

pressure fi et d induced by the boundary layer [22].
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6.2 Inertial, Coriolis and centrifugal forces of the flow

It 1s considered here that the shell is subjected to only a potential

flow which induces inertial, Conolis and centn'fugal forces participating

in the vibration pattern. Thèse forces are coupled with the elasti'c defor-

mation of the shell.

The mathematical model used is based on the following hypothesis [22]:

a) The liquid flow is potential;

b) Vibration is linear (small déformation);

e) Pressure on the wa11 is purely latéral;

1/^if*'î4*»/ /^'îc*^tT>*ÎKii4'°î/ts'* /^"F •î"l^/')> I^/TI'Î/^ n r> ac'ftim/N/") /*/<ii»^(-4-">n4* •t-fc^tft/Mt/^^»
/ l iifeî ¥c * U^ i Uj ui^>^j iiJUulOii ui l-n e: iiv^uiu l j uo^uiincu *^viu l* un l/ util uuyii

out the shell section and finally;

e) The fluid is incompressible.

6.2.1 Det6CSlîâU2î-2Î-Ït!S-âPPa£ê2't-masSî,-^lîîSeâS-â2^-^âl2Ë12S-t2âî£l£êE

2î-ît]e-ll9ylcLîlow

The potential flow is governed by the équation:

v $ = -2
e

2 „ 2 _ „ 2
3$ 8$ g8$

+ 2U._ —— + U'
8t 8x8t x 3x

(6.2)
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where

e is the speed of sound in the fluid; U., is the velocity of the liquid
A

through the shelt section and $ is the potential function that represents

potential velocity.

vx=".+^.-Ve^tî--.-v.=^ f.3>

where

V^, VQ and V^ are the axial, tangential and radiai components of the fluid
x

velocity.

Thc pressures cXcrted upon the wa11 ar'c y^veH by:

p. =, = -p. ^. U., Ml}i = -.i ^ - ^i ^1^

^, -p^ ^_. u_ 3^'
e - -el ^— ~xe

(6.4a-b5

aT~ w 3x-Jr=a+t

wh e re

(a) and (t) are;, respectivety, the radius and thickness of the shetl s and

subscnpts i anct e indicate the internai and external locations of the

structure.
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Finally, the condition

, (l^\ , f^ . u ^S _ (6.5)
(vr)r=a = \fc)r=a = ^ T ux 8x^r=a

must be satisfied in order to obtain the contact between the shetl's surface

and the periphenal layer of the fluid.

Assuming that the form of the displacement functions is given by

équation (4.12) and setting:

8
$(x,9,r,t) = ^ R^(r) S^(x,e,t) (6.6)

q^l q' ' q

we obtain the pressure exerted on the wall as follows (for more détailed

information, the reader- is refered to références [22,23] or to Appendix

A-5):

8
pt = Ci {[-aipirq + aePesq] wq + 2 ^-Piaiuxirq + Peaeuxesq3 %q

+ ^-aipi^irq + aepeuxesq^ wq} Î6e7)
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where

l^(x,6,t) = C^ e(xq x/a + ia)t) cos ne is given by (4.12); p, , is the
•Il • s-

density of the fluids; u 1s the natural frequency and

r_ s l/[n - m^a f J (niaa) /J^ (m^a)^]
n +1" " ~1 -

z = l/[n - ma jrY(mqa)/Y^(mqa)p (6.8)

f^ - (aW) f^ï + i"y']imqa = lÀq ~ (a /c-)

»U"1/,a) and Y^(m^a) are, respectively, Bessel functions of the first and

second kind and of order n.

Substituting (4.1) into équation (6.7), using the fim'te élément

method and then tntegrating them for x and 9, we obtain the inertial,

Con'olis and centn'fugal forces as follows [22]:

[n^] = [A-1]T [S^] [A-1]

8x8

[c^] = [A-1]T [Df] [A-1] (6.9)

8x8

[k^] = [A-1]T [G^] [A-1]

8x8



S^(k,q) = -TT 6; y2 r^ I,_ (£,a,) + TT 6_ y2 s^ (-£,a_)'f^''ï' - " "l 'i "q -"kq x'k-'"i/ " "e 'g -q l"-y"e

D^(k,q) = 2X^îr.[-<5, U, Y^ r^ I,_ (^,aJ + ô^ U^ y^ s^ (^,a^)]'fvj"y^/ ~ *""q" L "i "i 'i "q ^kq v"'y"'i/ "e "e 'e "q v't'<>"e

(6.10)

G^(k,q) = Àïï [-6, U? r^ I,_ (£,a,) + ô^ U^ s^ I,_ (£,a^) ]'f'^'^' - "q" L "i "i -"q -'-kq v^'"i/ "e "e "q "kq ^'"e

The non-dimensionat terms in équations (6.10) are determined by:

6^ = (a^/t^) (P^/P,) ; 6e = (ae/ti) (pe/pi)

u; = pa,i.i)/p,t, .. u^ = u^/u, , (.„ = Uo/^ ^

iïe = uxe/uo ; Yi = ai/ri ? ye = ae/ri

p., 9 t, and r, are respectively, the radius, thtckness and density of the

first élément of the shell. The élément p (1,1,1,) is the first term of

elasticity matrix [P].

(X_ + X,.K/a,

Ikq<^'ai,e> = (X^ î »J [e"q "k""~i'e - l] ,o, \t\^

Ikq(^ai.e) = £/ai,e for xq + Àk = °

Matrices [M^], [C^] and [K^] are» respectively, the global mass,

stiffness and damping matrices of the fluid column, which are obtained by

overlaying the mass [m ^], stiffness [k^] and damping [c^ ] matn'ces for each

élément.
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Note: The foregoing development given for the n = l case is sti11 val id for

n = 0, with the following changes:

The matrices [Sf], [Dç] will be remultiplied by two and k,q = l,2..4.

Mat nx [A] will be given by [AJ.

6.3 Eigen value and eigen vector problems

For free vibration, équation (6.1) may be rewritten as follows:

M
œ'

h)
M

u

^ *%.

6
l

u
M

K

= {0} (6.13)

where

[M] = [M ] - [M^] ; [K] = [K^] - [K^]

[e] = [c^]

[M^] = [Mj/p^r; , [K^] = [Kj/P(l,l,D î

^ = P(l.l.l}/p,t^^

(6.14)
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and the problem for eigen values will be given by

[DD] ~ A[I] 0

where

[DD]=

0)

0

4 KnlM

0

J- v-\

u,

(6.15)

A= -^i (u is the natural frequency of the System)

Particular cases

If the shell is partiaHy or completely filled with tiquid (U,, = 0),

the ei'gen value and ei'gen vector problem is restated as:

4- K-IM - A[l]
h)

0 (6.16)

and tO (rd/sec) = /1/A'

Matrices [K], [M] and [C] are square matrices of order NDF (N + l),

where NDF is the number of degrees of freedom at each node and N is the

number of finite éléments in the shelt.
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CHAPTER 7

CALCULATION METHOD

7.1 Calculation method and the computer program

The non-uniform cylindncal shell is subdivided 1nto a sufficient

number of finite éléments. Calculation of eigenvalues and eigenvectors is

done with the help of a computer program, which détermines the mass and

stiffness matrices of an élément, assembles the global matrices of the

System and calculâtes the free vibrations and corresponding pnnciple modes.

The program is written 1n Fortran IV and is performed on a CDC (Syber

Model 173). The flow chart for the principal program is given in Figure 6.

a) The program is composed of finite éléments with the radius, thickness

and length of each élément defined, as are the mechanical properties

and the harmonie number in order to catculate (n = 0 or l).

b) The program proceeds as follows for each fini te élément:

(1) The roots of the characteristic équation of X,. (j = l,2...8) for n = l

are calcutated by the Newton-Raphson iterative method and then a^ and

p,. are obtained.

(ii) The intermediate matrices [A], [G] and [S] are calculated as, given

respectively, by équations (A-4), (5.6a-b).

(iii) Mass [m] and stiffness [k] matrices are detemn'ned by équations (5<,4)

and (5.5), respectively.
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e) The mass and stiffness matrices for the entire System are assemblée) as

described in section 5.3.

d) The boundary conditions are applied; [Kg] and [Mg] are now reduced to

square matrices of order NDF (N + l) - j, where j is the number of

constraint équations imposed. The géométrie boundary conditions are

simply spécifiée!: hence, for a shelt free at the ends, j = 0; for a

shell simply supported (V = W = 0), j = 4, and for a she11 clamped at

both ends, j = 8.

e) The natural frequencies ui and the corresponding modes of a real , non

symmetnc square matn'x of the form [MQ ]^^ [Kg] are obtained.

Where i = 1,2.. NDF (N + l) - j, [Ko]^ [Mo] are real symmetn'c

matrices. The calculations are done with the help of an EIGZE sub

routine from the IMSL catalog. The frequencies and corresponding

modes are reals

f) For the liquid component:

(i) Matrices [S^]s [G^] and [D^], which are given by System équations

(6.10), are calculated.

(ii) Matrices [m^], [k^] and [c^] are then determined, as given by (6.9)s

for each élément of the fluid column.

(iii) Thèse matrices are supenmposed on to the mass and sttffness matrices

of the empty she11.

(iv) The frequencies and pnncipte modes are obtained by solving the System

équation (6.15) where [K], [M] and [C] are square matrices of order

NDF (N + l) - j. Two sub routines, HSVEC and HESSEIN from the IMSL

catalog to the calculation.
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CHAPTER 8

CALCULATIONS AND DISCUSSION

The main purpose of this study was to compare results obtained with

the methods proposed with results from other dassical numerical and experi-

mental methods for différent boundary conditions.

The first section was devoted for determimng the eigen values and

eigen vectors of the wipty uniform cylindncal shells. The second section

consistée! of a study of the natural vibration of cylindrical shells, partia-

11y or completely filled with liquid.

8.1 Natural vibration of a cylindncal she11 in vacuo

The first example of calculations to détermine the natural frequencies

and corresponding modes for a cytindrical shell simply supported at both

ends was the analysi's done by Michalopoutos and Muster [28] and a1so by

Baron and Bleich [9]. This shell had the following propn'eties:

L = 18.65 in., t = 0.047 in., r = 4.08 in., E = 29.5 x 106

1b/in2; p = 0.734 x 10-3 1b - sec2/in4 et v = 0.3

we calculated the natural frequencies of this shell using our method and

compared results with what Michalopoulos and Mjst [28] obtained for n = 0,1

and m = l (Table l).
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Baron and Bleich [9] based thetr theory on the energy method, treating

the she11 as a membrane, and introducing a correction factor to take the

bending into considération. By using the energy method, and Lagrange

équations, and by expressing the displacements in Fourier séries, Michalo-

poulos and Muster [28] derived the équations of motion in matnx. The

natural frequencies were obtained by a Jacobi intégration method form.

In our case, the shell was subdivided into ten equal finite éléments.

The results f nom this method were in strong agreement with results obtained

by the other théories, in particular in Michalopoulos and Muster [28].

In this particular case, the first natural frequencies associated with

n = 0 and n = l were, respectively, 8 and 4 times higher than the lowest

frequency (436 Hz) which was associated with (n > 2), which was due to a

very high 1eve1 of dissipation energy déformation for n = 0 and n = l. This

phenomenon has aiready been discussed in détail in références [8,33 and

34].

The normalized etgenvectors were calculated and are présentée! in

Figure 7. In this case, radiai motion was dominant for n > 2 [28] and

circumferential motion dominant for n < 2 (see table in Figure 7).

The second of example calculation détermine the number of ftmte

éléments required to correspond to the appropriate natural frequencies.

The shelt under study here was the same as the one in the first

example for n = 0,1> and the number of finite éléments vaned from 2 to 10.

the results obtained are presented in Figures 8a (m = l) and 8b (m = 2

and 3). For m = 2 and m = 3s the natural frequencies converged more

rapidly»
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The third example consistée! of determining the natural frequendes of

a cylindncal clamped-free shell whose proprieties were as foltows:

r/t = 100, r/L = 0.448, r - 10.16 cm, \> = 0.3, g = 980 cm/sec ,

p = 7.84 x 10 ~ kg/cm et E = 2.11 x 10' kg/cm".

the results obtained are given in Table 2 where they are compared with

resutts from other dynamic discretization methods used by Tottenham and

Shimizu [29] and Sankran [30].

Following Donnell's équations and expressing the displacements in

séries form, Sakran [30] resolved the équations of motion by usina the

numerical intégration technique. Tottenham and Shimizu [29] used the

progression method and Ftugge's theory.

In this case, the shell was subdivided into ten equal finite éléments

and the results obtained with our method were in agreement with other

numencal methods ([29] and [30]), especially for low modes, but increasing

différences showed up with higher modes, which were dépendent upon the

degree of "discretizatlon" and the number of éléments chosen. In Sankran's

article [30];, seven points of intégration were used.

The fourth example of calculations consisted of determining the fre-

quency parameters (Q) for différent values of r/t and L/r for différent

boundary conditions of a cylindrical shell.
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The results obtained with our method (10 éléments) were comparée! with Baron

and Bleich's [9] results for a simply supportée! shell, and with Sharma and

John's [3l] finch'ngs for a clamped-free she11. The Sharma and Johns method

was based on Flugge's theory, and Rayleigh-Ritz's method» The frequency

parameters (Q) are indicated in Tables 3 and 4 for n = l and the first five

axial modes. Table 5 describes the results for n = 0 and m = l.

For n = l, the natural frequencies increased with increasing axial

mode (m) for a11 the parameter values of r/t and L/r and for différent

boundary conditions (see Tables 3 and 4 anct Figure 9, respectively),

The natural frequencies for n = 0 and n = l essentially depended upon

ratio L/r. The r/t ratio was only weakly affected, especially for L/r > 4

and n = l (Figure 10) and L/r > 2.5 for n = 0 (Table 5). This can be

accounted for by the fact that the déformation energy of the membrane was

more relevant than the energy due to the curvature [8]. Membrane theory was

applied in this case [9].

For n = l and m = l, the motion's radiai and circumferential ampli-

tudes were almost identical and greater than longitudinal amplitudes for L/r

> 3. In the case of L/r < 3, radiai motion was dominant (Figure 11). For n

= Oandm = l, circumferential motion dominated when L/r > 2 and radiai

motion dominated when L/r < 2.

8.2 Free vibration of cylindrical shells partially or completely filled

with liquid

For the first set of ca1cu1ations, it was necessary to détermine the

frequency parameters (o) for différent values of r/t and L/r and the diffe-

rent boundary conditions for a shell completely fi 11 ed with liquid.
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The results obtained (10 éléments) for n = l and the first five axial

modes are indicated in Table 3 in the case of a simply supportée! shellg and

in Table 4 for a clamped-free she11.

Me concluded that the frequency parameters (a) depended both on L/r

and on r/t, (contrary to the empty shell case where the r/t ratio was only

weakly supportée! (Figure 13)), as a result of the latéral pressure of the

liquid being exerted on the structure.

The particular case of a cylindrical shell completely filled with

liquid and simply supported at both ends was analyzed by Niordson [16]. The

shell had the following properties:

r/t = 60, L/r = 24.98, r = 35.43in», v = 0.3, E = 29.5 x 106

lb/i"2, p = n.734 y, io-3 ib-sec2/i"t» et p - 0.935 x 10-4

1b-sec2/in4»

The results obtained (10 éléments) with our method for n = l and the first

four modes were in accordance with Niordsons [16] results. (Table 6).

Expérimental results were obtained by lindoholm and Kana [32] for a

damped-free cylindncal shell partially fi'Hed with liquid having the

properties:

L = 14.95in., r = 1.485in^ t = (LOlin., E = 29.5 x 106

Ib/in2, p = 0.734 x 10-3 1b-sec2/in4 et p., = 0.935 x 104

1b-sec2/in\
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Our results (10 éléments) as shown in Figure 14, were in agreement

with the expérimental results above.

Finally, a calculation example was studied in the case of n = 0 and n

l for a cylindncal shell simply supported at both ends and partiaHy

filled with liquid. The shell proprieties were:

L/r = 2, r/t = 100, t = O.Olin., E = 29.5 x 106 1b/in2

v = 0.3, p = 0.734 x 10-3 1b-sec2/in2 et ?„ = 0.935 x 10-4

1b-sec2/in\

The results obtained for b/L = 0.0, 1/5, 2/5, 1/2, 4/5 and l are

presented in Figure 15. For n = l and m = 1,2,3, the natural frequencies

decr-eâsed considerdbly with t'ne vanation in liquid level. In the case

where n = Oandm = 1,2,3, the natural frequencies decreased rapidly for b/L

< 0.4.

The normalized eigen vectors are presented in Figure 16 for n = l and

m = l. For the empty and fu11 shell, the eigen vectors were identical to a

hatf-penod of "sin" and "cos". With the dropping level of liquid, howeveps

longitudinal displacement tended towards zéro at the base of the shell,

while at the same time, the peaks of the radiai and circumferential displa-

cernent curves were tending towards the shell base.

Above the liquid level, the radiai and longitudinal displacements

tended to move rapidly towards zéro for n = 0.
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CHAPTER 9

CONCLUSION

The présent report developed a particular method for determining the

natural frequencies and corresponding modes of anisotropic cylindncal

shells, partially or completely filled with liquid. It was a hybnd method

based upon classical thin shell theory and the finite élément method.

A cylindncal fim'te élément was used, contrary to the earlier prac-

tice of using tnangular or rectangular éléments. Consequently the den'va-

tians of the displacement functions for classical shell theory were formula-

ted and hence the mass and stiffness matrices of each élément were obtained.

Qn1y the axisymmetric (n - 0) snd beam=1ike cases (n = l) were des11

with in this paper. In the axisymmetnc case (n =0), two Systems of dis-

placement functions were derived for the torsional and non-torsional

motions» The équations of motion derived from dassical she11 theory were

solved to obtain functions which adequately represented real displacements.

Then, we used the fimte élément method to obtain the mass and stiffness

matrices of an élément in vacuo and then partialty fi'Hed with liquid. This

method was developed in références [2l], [22] and [23] for cylindncal

shells with a circumferential mode equal to or greater than 2 (n > 2).

The eigen values and eigen vectors of a she11 were determined with the

help of a computer program. The results obtained with this numerical method

were in several cases in accordance with those from other classical numeri"

cal or expérimental théories. The method used in this research may be

apptied to the static and dynamic analysis of axisymmetnc non-uniform

shelts and more precisely to free or forced vibration problems [22].
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APPENDIX A-l

SANDERS SHELL THEORY

a) Général équations pf equilibnum

The devetopment of équations for the static equilibnum of thin shells

has been the focus of several books and publications [4,6]. For our pur-

poses here, we shall 1imit ourselves to the final five équations of motion

only, as given by Sanders [4] in the form (Figure l):

9A2N1 + 8A1N11 + N12 8A1- N.
E)A2 ^ A^A.Q^ ^ A^

3ç, 9ç, ^1 R. 2 8Ç.

0 (a)

9A2N12 . 9A1N2 + 8A2 N
l 2

^l N_ + 1A2 Q^ + A2
J „««—«-.,—""— ^ •—

^1 8ç,

,R2 Rl

l 2

9Ç,

0

3Ç, R. 2 3Ç,

(b)

3A^Q, . 3AiQ2 -/Ni_ + ^\A,A, = 0 (A-l«l) (e)

^1 8ç, LR. R.
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9A^M, 9A,M 8A 8A.
^, + ^^12 + M_ ^ - M^on2 - A^A.Q, = 0

l 2 - 2
(d)

^1 8ç, 9Ç, 9Ç

3A,M,, ^ SA,M, , ^_ 8A, „ ^ 9A
l 2

9^ 8ç, 9^1 3Ç,

^_ - A^Q, = 0 (e)

with N l 2 = l (N12 + N,i)

Ml2 = ^ <M12 + M2l)

b) Déformation vectors

Déformation v'ector {e} is given by

l 3U l +

Ai 8^ A^ 3Ç;

^ ^ u. +^
R,

l 3U 2 +
l 9A2 U

l +

w

R.

l 2

A2 ^2 A1A2 3Ç1

l ^ 9U, ^ ^ 3Ui _ 8A^ y^

(A-1.2)

2A^Ag

k wi+ A,
9A

2 U.

^1 8C, 9C. Hl

K
l 93 l +

8A
1 e,

Ai 8^ A^A, 9^2

96 2 +
l 3A

l Pl

A, 9Ç, A^A, 9Ç,
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wlth
e. »ui - 1 9W

Rl Al 9S1

e, =ui-L3w.

R2 A2 ^2

e) Boundary conditions

The boundary conditions are given by

M
1 + N, = N.

R,

^-(L-l_\^-^
<R2 RJ 2

or U, = 0,

or U;, = U^

(A-1.3)

Q, . 1 3M» « 7,

A2 3^
or

w = w

M. = M
î l or w = w

9 ç 1 ^i

For a constant boundary aç., , where the double barred terms correspond to

boundary values.
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d) The parameters for a cylindrical shell of révolution

jHl

^ =

ç, =

. 2

x

e

and n g1ve us:

ul =

U2 =

u

v

Rl

R2

00

r

Ax

\
l

r

(A-1.4)

Substituting thèse parameters into the five équations of equilibnum

(A-l.l)» we obtain:

3N, , l 3N^ _ l _ 8M^^ o ^ (^

3x r 86 2r2 36

3N^e . l 3Nô , l W^ , l Q^, o (b)

3x r 36 2r 9x r

3Qx + 1 3Qe - 1 N, = o (A-1.5) (e)

9x r 80 r

8M.. ^ l 8M.
'-K + l w"xe ~ QX a ° ^d^

9x r 39

Si + 1L !Me - Qg = o (e)
3x r 96
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APPENDIX A-2

EQUATIONS 0F MOTION

This appendix contains the équations of motion for a thin cylindncal

shell, which were référencée! in the van'ous chapters of this report.

a) Sander's équations of motion (2.5)

L^ (U,V,W) = 0

p,, I2"+ ^.3W - ^,, ^w + ^ <p,. + ^3,) t L ?,S + P3.>

5x2 r 8x 8x3

+/ (p-- + p..) + (p.- +12 •t 3 3/ — x" l 5

2
ox ~ \ r

_LPe^| _^L+ LfPss -pil+ PH19^U- l-(pxs + 2P3e
4r3

P66

T)

^L*L^,-^+pn^-LfP,^
393x r2 \ r 4r2 / 892 r2

83W = 0

8x39;

Lg (U,V,W) = 0

1_(^. + P^ + PH+ pl1.- 3-Pee'l -3^u+-lfp.. + PH+33 ' JL 2 l — — — ~ 6 6 | — — Ç - 22
r \ r r r2 / 8x96 r2 \ r2

2 p__\ 92V . /p.. .3 p..^-9 p.\ 82V ^1 f^^ - P5^
25l — i'• 3 3 -'36 —"66J — —E-22

r / 3e2 \ r 4r2 / 8x2 r2 \ r

~1 (p..+ piA^ -1. (^^ + P,. + i pee + ^2 5 —— j — — | " 3 6 "24 —-66

r3 \ r /993 r \ r r

3W

36

33W
0

395x2
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L, (U,V,W) = 0

-P21 9U_ l /p + P25\ 3V -P22 1.T+ D 83U , l
P22 + ~ 2 5 | __> ~ - 22 W T P^^ ^_^ + "___ j'P

r 3x r2 \ r / 36 r2 9x3 r2

. 2P.. - pee\ 93U . 1 /p . pss\ 33V . 1 /P.. . 2P.
63 —-|—- —1-52 —j— _| -42 • ^"63

r / 9x802 r3 \ ~ r / 893 r

+ P45 + 3 P_
reej

r r

93V ^ 2P,, 92W _ P^ 94W + 2 p_ 32W _
2 4 - ^ 4 4

999x2 r3 392 r4 864 r 9x'

^"-1- (»„. -4P..) 3*K .0
4 2

3x' r- 9x"39

b) Sander's simplified équations of motion (2.6)

S^ (U,V,W) = 0

p. 3^P^+^(P» +F.,) 92V _ p_ 83W + P33 82U

3x2 r 8x r ^ / 9x36 8x3 r2 392

83W
- ^ /P- + 2P~^{V1^2V") 0

r2 x / 9x992

S^ (U,V,W) = 0

1 (p.. . p..\ 32U +
21 ' '•33

P22 92V + P_ 92V + P22 3W - P25 33W

2 ^o2 -^2 ^.2 ^Q y.3 afi39x96 r2 392 8x2 r2 39 r3 89

- ^ - 2P») ^"_= 0
".x,23x239
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Sg (U,V,W) = 0

_ P,, 3U „ P,, 9V „ P,, ^ , p 33U , l (^ , ^_\ 83U
4

33U ^ l fp__ ^ 2p^
l — • — ^51 "63

r 3x r2 86 r2 3x3 r2 v / 9x962

- !ii!^ + ^ f^, + ^.s'1 31V .2P" '2"-^^
r3 363 r N / 8x28e r3 362 r4 964

. 2 p,^ 32" - P,. a^w- L ('?« + "„') 3*w - °
4 2 _ ^44 _ — ^"45 ""66

r 3x2 3x't r2 N / 3x2962

e) Equations of motion^.14) (n = 0)

L\ (U,W) = 0

92U ^ P^ 9W - p 33W
l 4

8x2 r 3x 9x3

L^ (V) = 0

/p_ + 2 p.. + 9 p.
33 ' - ^36 '— '66

r 4r2

92V = 0

3x2

L^ (U,W) = 0

P^a"- P^W . p,, ^. 2p^ !^- P» !^-o
r 8x r2 9x3 r 9x2 3x4
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APPENDIX A-3

MATRIX CONSTRUCTION (n = 0)

In this appendix, the mass, stiffness and intermediate matrices are

détermines for cases of asixymmetric motion (n = 0).

A-3.1 Non-torsional

a) Strain-displacement relationships

The déformation vector {e} is given by:

<s> =

e

£

K

x

e

x

9U/9x

W/r

-92W/8x:

(A-3.1)

Substituttng équations (4.22) and (A-3.1), vector {e} takes the form

<s^ = [^o] K1]
6.

6^
=[B.]

(i

<s^

(A-3.2)

Matrices [Qo] and [Ao] are given in Appendix A-4.



b) Stress-strain relationships

The résultant stress vector takes the form

58

<CToî =Po] <£o^ (A-3.3)

with

[Po] =

11

?21

p.l

l 2

2 2

4 2

l 4

2 4

•t 4

(A-3.4)

By using équations (A-3.2 and A-3.3), the stress vector is given by:

{a,,} =

N_

N,

M
x

= Po] [Bo]
6i

6,j

(A-3.5)

e) The mass and stiffness matrices

The mass and stiffness matrices can be expressed in the same way as

équations (5.3).
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M = ^/[Bo]T [P°J [B°1 '

[m] = pt^'[NO]T [NO] dA
(A-3.6)

where dA = rd9 dx

Matrices [No] [Po] and [Bo] are determined in (4.22), (A-3.4) and

(A-3.5). Substituting them in (A-3.6) and integrating them on 9, we obtain

W = l\l]l-i T •/ :T
27Tr / [Go] ' [po] [Ûo] dx

-l^TK1] = [A^]

[G.] [A:'] (A-3.7)

-l-,T
[m] = pt [A^] ^:p2vrl [Ror M dx [A-1] = Pt K1]T[S^]

_ l[A:-]

The éléments of matrices [Go] and [So] are detennined as a function of

éléments of matrix [Pg] ^ and a

^ + X. * 0
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2îrr2 , (Ài + À-iu/r
Go (i^) = .-_iiïr_-_ <e ' x r " - D zo (i.j)

<Ài + Âj) (A-3.8)

27TF2 . (Ài + À-1)-e/r
so (i'3) = ^T~ (e x 3 " - 1) ro (i'3)

ai + Âj) (A-3.9)

and

Ài * Âj=0

Gg (i,j) = ï^rt Z, (i,j) (Â-3.10)

S, (i,j) = 2-wrt T, (i,j)

where

Zo (i,J) = P,, a^ a^. pl2. (^ - ^ - PL1 ^ ^2 + ^j xlî-j _ .-l 3- -^-
r r

+ P22 - P24 (X2 + \^) + P44 À? À^ (A-3.11)
1

r2 r3 ~ r4

and FO (iJ) = ("i "j + 1)

a, ^
with a^ = — i,j = l,2...4



A-3.2 Torsional

a) Strain-displacement relationships

Déformation vector {e'o} is given by

61

{^} =

2e
x6

2i<
xe

9V/9x

Ïr 9V/9X
(A-3.12)

Using équations (2.2), and (4.23) and (A.12), vector {e} takes the

f o rm:

<s> = PLI [A'o]
-J 6i

<s^

= W~]
6i

<s^

(A-3.13)

Matrices [Q'o] and [A'o] are given in Appendix A-4.

b) St ress-strain relationships

The résultant stress vector takes the form:

<°o} = [P;J{£^
(A-3.14)
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with

r p • i -
foJ =

33 "36

63 66

(A-3.15)

Using équations (2.3), (A-3.13) and (A-3.14), the stress vector is

given by:

{a,} =
N

x6

M
x6

-- [p;] [B;]
<s..

<s^

(A-3.16)

e) Mass and stiffness matnces

Analogously to the non-torsional case, the mass and stiffness matrices

here can be written as:

,-^T[k] = t:A:~^ 2TTF ^ rm 1T rnr

[m] = pt [A;nl]T

CQ;]T
'0

.t

?Trr f [R^]'

[Por] [0^] dx ,r-l[A-1]

[Rj dx
,-IDO

The éléments of matrices [k] and [m] are given by:

k(l,l) =
2ïïrh
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k(2,2) = 22rfh

k(l,2) .^

k(2,l) =-2îfh

and

m (l, l) s J- îrr^pt

m(2,2) = m(l,l)

m(l,2) = m(l,l)/2

m(2,l) = m(l,2)

where

h = /p.. + 9 p..-^3 p.
33 — - 66 - - 63

4r2 r

Quantifies A, r, and t are, respectively, the length, radius and thickness

of the élément and p is the density of the material.
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APPENDIX A-4

This appendix contains the matrices referenced in the bibl iography

dunng the course of out analytic developments.

Thèse matrices are classified as follows:

[D],- [Dg] (Table l)

[A]; [A^]; [A;] (Table 2)

[T]; [R]; [RJ; [R^] (Table 3)

[Q] [Q,,]; [Q^] (Table 4)

The subscript (g) corresponds to cases of symmetric loads. The subscripts

ij assignée! to the matrice correspond to: the roots of the characteristic

équations; coordinate x = A., =0; coordinate x = ^ = A.

Quantifies A,r are, respectively, the length and radius of each

élément» The roots of the characteristic équation are représentée! by \,,

where K = I,.«8 for n = l and K = 1,..4 for n = 0. The values of a. and p.

are determined by équations (4.8) for n = l and (4.19) for n = 0.



TABLE l

Matrix [D]
3x3
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[D]
3x3

= 0 ,- [D] =

11

2 l

3 l

l 2

2 2

3 2

l 3

•2 3

3 3

with

11
p.. X2 - P.
Il" 33

l 2 h.x

d,, = X(h,
- pl4x:

l 3

l,, == h, À

^2 = P22 - P33 x2

'2 3

3 l

3 2

2
À(h, - pi^)

= hg - hy X

3 3
^ p À- - h^ X2 + h,

4 4 _Y "9 " "1 l
r
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and

h = P + P
l 12 33

+ ±- IP +.
l2 = rï2 ' F v" 15 '•"36

h. = P + 25
5 22 —^-

^ = ^- (p.. + 2P )
7 - r ' 24 36

_ ^.11. fp _ + 2P- - ) + P.l9 = F l F VF4 5 ' " 66 / "24

h, , = 1 t 2P._ + 55 \ + P,
Il ~ — g "~25 — j - 2Z

r \ r

The characteristic équation (4.5) is of the form

h,À8 + h,À6 + h,À4 + h^X2 + h^ = 0

wh e re

12 - p. .p
8 ^ c 33 VJ-14 "l l'44

he == PZI [P2.P44 + r2 <p33h9 - h^)] + PSap44 + hx (rpl4h7

- P44hl) - pl4 (2rp33h3 + P14P22 - rhlh7)
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h = p.. -p2 2" 4 4r2P,, (2h,h, - P^hg - P33h,,) - P^ ^P,

+ r2 (P^hg - h^)^ + r2h, {h,h, - h,h,) + rh, [P^P 2 2

+ r <p33h3 lh7)] - rpl4 (2hlh5 P^h.)
2 2"3

h, == r2 [PH<p22hH - h|) - P33(2h,h, - P^h, - P33h^)

+ h,(2h^ - h^h^) - P^hp]

h0 = P33<PL - P22P55)
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Matnx [D]
2x2

[Do]
2x2 fAl-' ^]=f!;1 ;;21

Cl~ ~ ' ^°~ - Lâ^l âL.

with

dlx = PHÀ

2
(3*^ ^ p_ -. ïl4 \

12 ~ "12

d^ = P,^ - PM^3

d^ = P22 - 2P24 X2 + p^_ À4

r

The charactenstic équation (4.17) is of the form;

h.'X4 - h:À2 + h^ = 0'0

where

h; E^(p»p« -p^)

h* = l fp. .p.. - p. ,p
2 - r V l 1~ 24 - l 2 14

h' = p p_ - p2
10 ~ ' l 1- 22 - 12
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TABLE 2

Matrix [A]
8x8

<s.i
= [A] {C}; {C} = (c^ c^ ....e }

<s.
j 8x8 8x1

<s..'l

= {u; w.: 9w/3x); v.. u.; w_ 8w/3x)_ v^}'l i - '---'i -i -j "j --'---'j -jô.
3

A(I,K) = a.

A(2,K) = l

A(3,K) = K
r

A(4,K) = P^

A (5,K) = A(l,x) x a.

A(6,K) = A(2,K) x a,.

A(7,K) = A(3,K) x a

A(8,K) = A(4,K) x a.

K = 1,2...8

(^ i/r)
a _ = e

K



Matnx [Ag]

4x4
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<s_.
l

3
= [Ao]

4x4
{C} ;
4x1

{C} = (e, e, ..€„}

Model l

<s.

<s.
= {w^ 8w/9x)^ w^ 9w/9x)_j}

T

Ag (1,K) l

A^(2,K) K

r

Ap(3,K) AQ (I,K) x a

Ag(4,K) Ag (2,K) x a^

Model II

{i

<s.
3

= {u^ 9w/3x)^ u^ 9w/3x)^}
T

AQ (I'K) = a^

A» (2,K) =
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A;, (3,K) = A,, (1,K) x a^

A,, (4,K) = Aç(2,K) x a^

wh e re

(^ £/r)
a.. = e " K = (l, 2, . .4)

K



with

{i

<s_

= fvi vj}'

A^ (l,l) = l

A^ (l,2) = 0

Â^ (2,l) = l

A; (2,2) = t

72

Mat nx [Ao]

2x2

<s.
l

<5.

= [A^ {B}
2x2 2x1

{B} - {B. B,}'
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U(x,6)

W(x,6)

V(x,6)

= [T] W {C}
3x3 3x8 8x1

with

{0 = {Ci Cz ...Ce}
T

[T]

R(l.

R(2,

R(3,

K)

K)

K)

'cos e

0

0

a e
K

e(^

a B<e

0

cos 6

0

(X^ x/r)

x/r)

(À, x/r)

u

0

s in. 6

K = (l, 2, ..8)
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'U(x);

,W(x),

Matrices [Ro]; [Rb]

^ l^ •• v = LRi] LBÎ

with

{C} = {C, ..C^}T
4x1

(X, x/r)
R^.I.K) = a^ e' K

a, x/r)
R,,(2,-K) = e' K

R; (l,l) = l

R; (l,2) = x

{B} = {E;, B^T
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{£} =
[T]

0 [T]

6x6

°/
T].

TABLE 4

Matn'x [Q]

-l[Q] [A-]
6x8 8x8

<s.

<s.

8x1

with

{£} =
2£

x

'9

'x8

K,

2K
x6

8U/8x

(1/r) 3V/39 + W/r

9V/8x + (1/r) 8U/36

-82W/9x2

(~l/r2) (82W/992 - ^

(-2/r) 32W/3x36 + -^ ^- l SUT
2îï ^Q

[T]

Q(l

Q(2

Q(3

,K)

,K)

.K)

cas

0

0

a
K

l
r

l

6

b.
e~K

(p.. +'K

\

0

cas 9

0

b.
l) e"K

0

0

sin 6

\



76

Q(4^} = - ^ e K ^ ^ (^2, ..8)

b.

Q(5,K) » J— (l + 8J e K
r2 K'

Q(6,K) -L(2\ ^l\\ +laK)e"K
r' \ 2

where

b. = ÀKX

a..À.
a^ = -K'-K



Matrices [Qo]; [Qb]
3x4 2x2

a) {e} =

with

[QJ [A;1]
3x4 4x4

6.

6,j

4x1

77

{E.l =j

e

€•

K

x

e

x

8U/9x

W/r

-32W/3x2

Qo(l.K) a e
K

QO (2/K)

QO (3,K) . -(^ .b-

b) {e;} = [Qj [A;]
-l <s_.

6.

Q'Q (1,1) = 0

Q^ (l,2) = l



where
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Q^ (2,l) = 0

0^(2,2) = ^J

X -X
b_ = "K'

K - ——
r

a..À.
a._ = ~'K K
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APPENDIX A-5

FREE VIBRATION 0F CYLINDRICAL SHELLS

PARTIALLY FILLED WITH LIQUID

A-5.1 Egyatlons-of»motlon

The dynamic behaviour of a she11 subjected to pressures fi elds can be

represented by the foHowing équation System.

[[Mj - [M^]] {6} . [[Cj - [C^]] {6} . [[KJ - [Kp] {6} = {F}
(5.1)

wh e re

{ô} is the displacement vector; [Mo] and [Ko] are, respectivelys global

matrices for the mass and stiffness of the in-vacuo System, and [N^]; [C^]

and [K^.] represent the intertial Coriolis and centnfugal forces of the

liquid flow; [Co] is the System damping matrix and external forces {F}

represent the fi el d pressure hazardous induced by the boundary layer [22] e
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A-5.2 l2e[tlal»,.Çon^o^sandçentnfyga1 forces ofthe^gyi^d f T^ow

The she11 is subject to intertial, Con'olis and centn'fugal forces

because of the liquid flow, which participâtes within the vibration of the

structure. Thèse forces are coupted with the elastic déformation of the

shell.

The mathematic model used is based on the following hypothèses [22]:
\

\

a) The liquid flow is potential;

b) Vibration 1s linear (small déformation);

e) Pressure on the wall is purely latéral;

d) The speed distribution of the fluid is assumed constant throughout the

shetl section;

e) The fluid is incompressible.
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A-5.2.1 Detecmlîatlon_of the^agga^ent ^mass^^st^f f nessanddamgT^ng matrices

if-îlîê-llsyiîLflç^

The potential flow is govemed by the following équations:

v'$ ==1 r3^ +

CFL9t^

2 2
$ ...23 $'

2U__ " Y + U:
'X — "X —î-

9x3t 8x'

(a)

and (5.2)

2
v-$ - 1 8 /r 9$\ + 1 9-

2 - -

r 3r \ 3r/ r ao

2 - 2
9'$ ^ 8~$

3x'

(b)

where

C is the speed of sound in the fluid; U,, is the velocity of the liquid

through the she11 section and $ is the potentiat function that represents

potential velocity:

V = U + ^.. ¥„ - 1- ^I: V = ^/x = ux T 9?' ve ° ? 86''* vr = 3Î' (5.3)
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and

V,,, V^ and V^ are the axial, tangential and radiai components of the fluid
x u r

velocity.

The pressures exerted on the wall are given by:

pi= -pi (3^+ ",^1
x Y-3~F x±~^xl r=c

8$_ -. „ 8$.
= -PC |-—e + uxe —e

e \~^ xe -9?J r=c

(5.4)

pe = -PÉ

where

a and t are, respectively, the radius and thickness of the shell, and sub-

scripts i and e indicate the internai and external locations of the shell.

Finally, the condition

<V.>^ = (1^) r=a = (^ + "x l) ^a

must be satisfied in order to obtain the contact between the shell's surface

and the penpheral layer of the fi ui d.
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From équation (4.12) we have [22]:

_8 (\^ x/a + iwt)
W(x,9,t) =E c^e q ' ' cos n 6 (5.6)

q=l

and setting:

8
•^(x,9,r,t) = ^ R^(r) S^(x,9,t) (5.7)

qrl q ' ' q

Substituting (5o6) and (5.7) in (5.5). we obtain

Vx-e-t' =irW^ . u^] _ (5.8)

and équation (5.7) becomes:

<x'e'r't> ° qE ^<a>- [w<i ' "xwq] r=a (5-9)

Substituting équations (5.6) and (5.9) in équation (5.2), we obtain for each

value of q:

r

'n2 _2-

m[^ ~ mqjR"(r) + 1_ Rg(r) - Rg(r) n- m^ (5.10)
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wh e re

2

mq a^-CL(—)
a C \ a

R

The solution of équation (5.10) is in the form:

(r) = D^ J^(m r) + D^ Yn(mar) (5.11)

such that

tUm^r') and Y^(m^r) are, respectively, Bessel functions of the first and

second kind and of order n; the potential functions will be given by:

8_ J^îm^r)

1 = Si c?î> ^ + Bxi "9] r- (5-12>

and

te = A Ï¥;> [wq + ux- wq] rsa
«ï> ^ J- n C[ e

and the pressure exerted on the wall
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pt = pi - pe

g
Pt = _î:, ^~aiPirq + aepesq] wq + 2 [-piaiuxirq + peaeuxesq3

W_ + [-p,a,U2,^ + P^a,U2_s^] W^} (5.14)
"q •- r'i~i~xl-q 'e e xe~q~ q

where

8 (À_ x/a + iut)
W(x,6,t) = Y, C_ e q cas n 6, p^. p^

q=l <3 - l e

are, respectively, internai and extemal fluid densities, and a) is the free

vibration of the System.

r =l// __ _ . /_. ^ . \ . (5-15)
'q l/(n - mqa ^1 (Vi)/^<Vi>)

V(" - V Yn.l 'Ve'/Y^ln^))
- l // _ „ /„ _ ^ / \ (5.16)

-q -

Using the finite élément method, vector {F} will be given:

{F} =11 [N]T {P} a âxd6 (5.17)
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where the pressure vector is determined by;

{p} = (5.18)

Finalty, substituting (5.14) and (5.18) in (5.17) and integrating on x

and e, we obtain the intertial Conolis and centrifugal forces of the liquid

how as follows:

[m^] = [A-1]T [S^] [A-1]

[c^] = [A-1]T [D^] [A-1]

'f-

)f:

(5.19)

and

-l

[k^] = [A-1]T [G^] [A-1]

where

S^(k,q) -TTÔ,Y,r_I,_ (t,a,) + TTÔ,.Y_S^ (-£,a^)'i'iA'qAkq ^'ui/ ""e'e'aq v"''^e

D^(k,q) == 2À ÎT E-^UiYirqI^q U.a^) + ^U^YgSq (Z,a^) ] (5 . 20)
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G^(k,q) = X^ [-ô,U^I^ (^a,) . â^s^I^ (^)]

In the équations, the non-dimensional terms are déterminée) by:

{i - (ai/.,) (pi^,) ' {e = (V-.) (p^>)

2
u.0

iïe

= P(l,

xe

l'l)/.t,

<

' ui

- Yi

u._,XI
~"7

=ai-
^rl

. "0

' ^e

= u°

rl

a
e/,

wh e re

r^, t^ and pi are, respectively, radius» thickness density of the first

élément of the shell. The élément P(l,l,l) is the first term in the matn'x

of etasticity [P].

(À^ + À^)-£/a
W^'a) ° (X^î »,) [e'"k "q'"- -1^" »k+Àq''°

<î

l (t,a) = £/a for X^ + X^= 0 k,q = l,2,...8

and A is the élément length.
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Matrices [M^], [C^] and [K^r] are, respectively, the global matrices

mass, stiffness and for the apparent damping of the entire fluid column,

which are obtained by superposition of the mass [m^.], stiffness [k^1 and

damping [C^:] matrices for each élément in the fluid column.

Note: The preceding developement, gi'ven for the case of n = l, is still

applicable for n = 0 with the two following changes:

Matrices [S^], [D^] and [G^] wi11 be re-multiplied by two and k,q =

l,2,.o4« Matrix [A] will be given by [Ao].
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APPENDIX B

TABLES
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n

0

l

BARON

&
BLEICH

3540

1920

MICHALOPOULOS

&
MUSTER

3384

1775

PRESENT

METHOD

3398

1790

TABLE l - Natural frequencies (Hz) of a uniform cylindrical shell simply

supportée! at both ends, calcutated by various théories (m = l)

Chall
<univ- i l

Length

Radius (average)

Thickness

Young's modulus

Poisson's ratio

18.54 in.

4.08 in.

0.047 in.

3 x 107 Ib/in2

0.3

Density of matenat : 0.7324 x 10-3 1b - sec2/Po4

Boundary conditions : simply supported she11

V=W=Otox=Oandx=L
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n = l; clamped-free

m

l

2

3

4

TOTTENHAM*

&
SHIMIZU

[29]

2033

5387

6957

7532

SANKARAN**

[30]

2080

5450

7000

7740

PRESENT

METHOD

2043

5557

7289

8163

* Progression method

** Intégral method

TABLE 2 - Natural frequencies (Hz) of a damped-free cylindn'cal she11

calcul ated by vanous numencal methods (n = l).

She11

r/t = 100

r/L = 0.448

v = 0.3 g = 980 cm/sec2

p = 7.84 x 10-3 kg/cm3 r = 10,16 cm
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empty
full

empty
f un

empty
fun

empty
f un

empty
fuii

empty
f un

empty
f un

empty
fuit

empty
full

empty
f un

empty
fuii

empty
fuii

empty
fun

r/t

L/r

1.0

L5

2.0

2.5

3.0

3.5

4_n

5.0

6.0

7.0

8.0

9.0

10.0

20

0.8581
0.6915

0.7151
0.5358

0.5746
0.4180

(L4605
0.3314

0.3738
0.2674

0.3082
0.2195

(L2577
0.1828

0.1870
0.1315

0.1411
Oe0986

0.1098
0.0762

0.0876
0.0605

0.0714
0.0491

0.0592
0.0406

50

0.8482
0.5647

0.7153
0.4214

0.5770
CL3219

(L4632
0.2525

0.3761
0.2025

0.3100
0.1665

0.2590
n_i 'ïTî.

0.1875
0.0983

0.1412
0.0734

0.1098
0.0566

0.0876
0.0448

0.0714
0.0363

0.0592
0.0300

100

p. K m
a <J<Ji\J A

0.4621

0.7229
0.3320

0.5849
0.2491

0.4688
0.1936

0.3794
0.1546

0.3117
0.1260

0.2598
n 1 HÛS

0.1877
0.0745

0.1413
0.0556

0.1099
0.0428

0.0876
0.0339

0.0714
0.0274

0.0592
0.0226

200

nV ® ^IUI£»U

0.3596

0.7446
0.2485

0.5985
0.1840

0.4748
0.1426

0.3819
0.1138

0.3127
0.0927

0.2604
n0 © \Jf l \Jt f

0.1879
0.0548

0.1414
0.0408

0.1099
0.0314

0.0877
0.0248

0.0714
0.0201

0.0592
0.0166

300

n oono
U @UOUO

0.3018

0.7635
0.2050

0.6055
O.Ï5Ï9

0.4771
0.1178

0.3828
0.0941

0.3132
0.0767

0.2606
n nc'îc
\J S UUv>sJ>

0.1879
0.0464

0.1414
0.0337

0.1099
0.0260

0.0877
0.0205

0.0714
0.0166

0.0592
0.0137

Baron &
Bleich

a11 values of r/t

n o/i no
U.Ot^O

0.7117

0.5728

0.4591

0.3727

0.3072

(L2569

0.1864

0.1406

0.1096

0.0874

0.0713

0.0592

TABLE 3 Vibration parameter (o) of a cylindrical she11 simply supported at
both ends and filled with liquid (n = l),jn = l, v = 03, p^ =

0.935 x 10-lt 1b - sec2/p^ and Q = ar /p(l - v )/É)
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empty
f un

empty
f un

empty
f un

empty
f un

empty
f un

empty
f un

empty
Tlii i

empty
f un

r/t

L/r

15

20

25

30

35

40

43

50

20

u.z/yb
0.1901

0.1610
0.1090

0.1043
0.0704

0.0729
0.0492

0.0538
0.0363

0.0414
0.0279

0.0329
u.wzz

0.0268
0.0180

50

0.2796
0.1398

0.1610
0.0801

0.1043
0.0516

0.0729
0.0360

0.0537
0.0265

0.0413
0.0203

0.0327
U.ulbi

0.0265
0.0130

100

0.2796
0.1052

0.1610
0.0602

0.1043
0.0338

0.0729
0.0270

0.0537
0.0199

0.0413
0.0153

0.0327
U.Ul^l

0.0265
0.0098

200

0.2796
0.0770

0.1610
0.0440

0.1043
0.0284

0.0729
0.0198

0.0537
0.0146

0.0413
0.0112

0.0327
u.uuby

0.0265
0.0072

TABLE 3 Vibration parameter (Q x 10) of a cylindrical shell simply
supported at both ends and filled with liquid (n = l, m = l,

v = 0.3, p^ = 0.935 x 10-4 1b - sec2/pj and Q = or /p(l-v )/É)
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empty
fun

empty
f un

empty
fuii

empty
full

empty
f un

empty
full

empty
fuii

empty
fun

r/t

L/r

1.0

L5

2,0

2.5

3.0

3.5

4.0

5.0

6.0

7.0

8.0

9.0

10.0

20

0.0956
0.9972

0.9331
0.7938

0.8611
0.6934

0.7937
0.6113

0.7226
0.5394

0.6512
0.4766

0.5838
0.4224

0.4687
0.3356

0.3802
0.2709

0.3128
0.2221

0.2610
0,1847

0.2206
0.1556

0.1886
0.1326
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TABLE 3a Vibration parameter (o) of a cylindncal shell simply supported at
both ends and filled wi'th liquid ( n =1, m = 2/v =0.3, po =

0.935 x 10-lt 1b - sec2/p^ and Q= ur / p(l - v2)/É)
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TABLE 3a Vibration parameter (Q x 10) of a cylindncal shell simply
supported at both ends and filted wi th^ _[T^nd_0^ = l, m= 2, p^ =

0.935 x 10-4 1b - sec2/p^ and Q= or / p(l - v )E)
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TABLE 3b Vibration parameter (o) of a cylindricat she11 simply supported at
both ends and filled with liquid (n = l, m = 3, v = 0.3, po =

0.935 x 10-4 1b - sec2/p^ and Q ^ ur / p(l »2)/E)
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TABLE 3b Vibration parameter (Q x 10) of a cylindncal shell simply
supported at both ends and fiHed wi'th liquid (n = l, m = 3, v =

0.3, p^ = 0.935 x 10-4 1b - sec2/pj and fîr / p(l - v )/E)
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TABLE 3c Vibration parameter (Q) of a cylindn'cal shell simply supported at
both ends and fi 11ed with liquid (n = l, m = 4, v = 0.3, pj^ =

0.935 x 10-4 1b - sec2/P^ and Q = ur / p(l - v )/E)
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TABLE 3c Vibr-dtion parameter (o) x 10) of a cylindn'cal she11 simply
supported at both ends and filled with liquid (n = 1s m = 4, v =

0.3, p^ = 0.935 x 10-4 1b - sec2/p^ and Q= or p/ p(l - v2)/E)
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TABLE 3d Vibration parameter (Q) of a cylindncal shell simply supported at
both ends and filled with 1iqui d (n = l, m = 5, v = 0.3, po =

0.935 x 10-4 1b - sec2/P^ and Q = ur / p(l - v )/É
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TABLE 3d Vibration parameter (Q x 10) of a cylindn'cal shell simply
supported at both ends and filled with liquid (n = l, m =, v = 0.3,

pj^ = 0.935 x 10-4 1b - sec2/p^ and Q= «r / p(l - v )/É)
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TABLE 4a Vibration parameter (o x 102) of a clamped-free cylindrical shelt
filled with liquid (n = l, m = 2, v = 0.3 p^ = 0.935 x 10-4 1b -

sec2/p^ and R= or / p(l - v )/È)
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6.8613

5.7750
4.6673

4.1752
3.3643

3.1506
2.5333

2.4584
1.9738

1.9711
1.5807

1.6165
1.2952

20

24.081
17.072

13.383
9.3376

8.4387
5.8301

5.7628
3.9552

4.1642
2.8450

3.1398
2.1383

2.4470
1.6627

1.9583
1.3283

1.6015
1.0849

50

9A 11.0.
t_-r e Ji. JL\J

12.780

13.378
6.9333

8.4327
4.3097

5.7577
2.9154

4.1603
2.0931

3.1364
1.5709

2.4440
1_??ni

1.9533
0.9739

1.6080
0.7947

100

24.140
9.701

13.378
5.2439

8.4310
3.2525

5.7565
2.1972

4.1592
1.5760

3.1355
1.1820

2.4433
Q.9175

1.9550
0.7322

1.5980
0.5973

200

9A 1
C.'-T ^ JL

7.1349

13.378
3o8490

8.4302
2.3843

5.7556
1.6093

4.1587
1.1536

3.1351
0.8649

2.4430
n e?
\J ® U /

1.9545
0.5355

1.5977
0.4368

300

24.153
5.9061

13.378
3.1840

8.4298
1.9714

5.7553
1.3303

4.1584
0.9534

3.1350
0.7147

2.4430
n CCAC
u • ^i^-ru

1.9544
0.4424

1.5976
0.3608

TABLE 4b Vibration parameter (Q x 102) of a clamped-free cylindncal shell
filled with liquid (n = l, m = 3, v = 0.3, p^ = 0.935 x 10-4

1b - sec2/P^ and Q = air / p(l - v )/È)
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empty
f un

empty
f un

mpty
f un

empty
fun

empty
f un

empty
f un

empty
f un

empty
f un

empty
f un

r/t

L/r

10

15

20

25

30

35

40

45

50

10

-ÎO 01 0

31.903

22.626
18.660

14.819
12.129

10.395
8.4619

7.6590
6.2092

5.8580
4.7347

4.6152
'^7?17

3.7253
2.9986

3.0680
2.4660

20

•30 /17C

27.776

22.644
16.042

14.807
10.366

10.378
7.2044

7^6420
5.2718

5.8413
4.0107

4.5986
t 1AK?

3.7080
2.5299

3.0496
2.0762

50

10 711

21.025

32.673
12.008

14o807
7.7127

10.374
5.3388

7.6401
3.8954

5.8359
2.9572

4.5936
? '<1 RQ

3.7030
1.8598

3.0447
1.5245

100

38»831
16.030

22.689
9.1170

14.808
5.8390

10.373
4.0344

7.6353
2.9400

5»8347
2.2292

4.5923
1_74âR

3.7021
1.4000

3.0438
1.1471

200

"î.P. Q1 9

11.811

22.700
6.7066

14.810
4.2890

10.372
2.9600

7.6347
2.1547

5.8342
1.6330

4.5918
1 9771

3.7016
1.0248

3.0435
0.8394

300

•Î.O Q/L.Q.

9.7823

22.704
5.5519

14.811
3.5489

10.372
2.4480

7.6345
1.7816

5.8340
1.3500

4.5918
1 nKRR.

3.7015
0.8468

3.0433
0.6930

TABLE 4c Vibration parameter (o x 102) of a clamped-free cylindncal shell
filled with tiquid (n = l, m = 4, v = 0.3, p^ = 0.935 x 10-4

1b - sec2/p^ and Q = ur / p(l - v )/E)
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empty
f un

empty
f un

mpty
fuii

empty
full

empty
full

empty
fuit

empty
•C..*Ï 1

Tu i t

empty
f un

empty
fuii

r/t

L/r

10

15

20

25

30

35

40

45

50

10

52.313
44.032

32.801
27.235

T

22.118
18.230

15.843
12.981

11.860
9.6719

9.1822
7.4607

7.3024
/\ -a r r

eylao

5.9364
4.7976

4.9157
3.9651

20

53.012
38.809

32.936
23.600

22.137
15.677

15.833
11.108

11.840
8.2470

9.1007
6.3431

7.2795
f^t ~9

ï>.

5.9127
4.0603

4.8910
3.3488

50

53,669
29.731

33.068
17.807

22.166
11»7417

15.837
8.2784

11»838
6.1230

9.1547
4.6964

7.2728
3.7066

5.9059
2.2942

4.8840
2.4657

100

54.012
22.764

33.131
13.567

22.180
8.9187

15.840
6.2734

11.838
4.6319

9.1541
3.5477

7.2714
f\ /^, r* ^ «^

(i.ubuJ

5.9043
1.6540

4.8824
1.3606

200

54.252
16.800

33.174
9.9978

22^190
6.5828

15.843
4.6102

11.838
3.4003

9.1541
2.6022

7.2714
2.0503

5.9043
1.6540

4.8824
1.3606

300

54.355
13.916

33.192
8.2817

22.194
5.4338

15.843
3.8152

11.838
2.8130

9.1541
2.1521

7.2714
1.6953

5.9083
1.3674

4.8822
1.1246

TABLE 4d Vibration parameter (o x 102) of a clamped-free cylindn'cal she11
fiHed with liquid (n = l, m = 5, v = 0.3, p^ = 0.935 x 10-4

Ib - sec2/p^ and Q= ur / p(l - v )/E)
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r/t

L/r

1

2

4

6

8

9

10

20

n QKA7U e J'V-t /

0.9333

0.4666

0,3111

0.2333

0.2074

0.1866

200

n QKI.A
U ® ^U AT

0.9331

0.4665

0.3110

0.2332

0.2074

0.1866

Baron and Bleich
a11 values of r/t

n n/ion
U ® .?"t0./

0.9294

0.4646

0.3097

0.2323

0.2065

0.1859

TABLE 5 Vibration parameter (Q) of a cylindncal shell si'mply supported at
2. .1

both ends (n = 0, m = l, \> = 0.3 and Q= ar / p(l - v~)/E)



108

n = l; simply supported - supported

m

l

2

3

4

NIORDSON
7

9.956
4^504

37.504
17.257

77.271
36.361

123.693
59,594

PRESENT
METHOD

9.861
4.549

37.290
17.46

77.900
37.137

128.120
62.115

CONDITION

empty she11
shell filled
with liquid

empty shell
sheH filted
with liquid

empty shell
shell f111ed
with liquid

empty shetl
shell filled
with liquid

TABLE 6 Free vibration (Hz) of a cylindrtcal shell stmply supported at both
ends and filled with liquid [in list of Tables]»

Shell

r/t =60 V = 0.3 E = 29.5 x 106 1b/in2 r = 35.43 in»

L/r- = 24.98 p = 0.734 x lu-3 ib - sec2/in^ p^ = 0.935 x 10-4

1b - sec 2/i n4
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APPENDIX C

FIGURES
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Direction of résultant constraints

Ma

Direction of résultant moments

FIGURE l - DIFFERENTIAL ELEMENTS FOR A THIN SHELL
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x=x,=o

*x

X=X,=1

Ui

rw
u

FIGURE 3 - NODAL DISPLACEMENTS AT JOINTS i AND j



113

FIGURE 4 - SHELL COMPOSED 0F BY AN ODD NUMBER (2V + l)

0F ANISOTROPIC LAYERS
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INPUT!

). 0F CIRCUMFERENTIAL MODES, n = 0,1

CONSTRUCT MASS MATRIX FOR EACH ELEMENT

CONSTRUCT STIFFNESS MATRIX FOR EACH ELEMENT

CALCULATE MASS MATRIX 0F EACH ELEMENT IN FLUID COLUMN

ASSEMBLE SYSTEM STIFFNESS MATRICES

ASSEMBLE SYSTEM MASS MATRICES

OVERLAY BOUNDARY CONDITIONS

CALCULATE SYSTEM EIGEN VALUES AND EIGEN VECTORS

PRINT FINAL RESULTANTS

FIGURE 6 - Slow chart of the principle program
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FIGURE 7 - NORMALIZED NATURAL EIGEN VECTORS 0F A CYLINDRICAL

SHELL SIMPLY SUPPORTED AT BOTH ENDS
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12 N

FIGURE 8a - CONVERGENCE TEST 0F A CYLINDRICAL SHELL

SIMPLY SUPPORTED AT BOTH ENDS FOR

n = 0 and n = l

(N = number of finite éléments)
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7.6

2
FIGURE 8b

-^——-ç——j——^'Q ^ —-jy-
CONVERGENCE TEST 0F A CYLINDRICAL SHELL SIMPLY

SUPPORTED AT BOTH ENDS FOR n = 0 and n = l

(N = number of fim'te éléments)

N
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r/fc =200

m=,5

FIGURE 9 "

5o~" Vr

r(L .nn^TFR fQ^IN CONJECTION
w^m OF° ^wmw^ ^ S^JTED""
^T/"r"OF ^CYLWIUl SHELL SII<PL< w;^^,

= 0,3 and Q= ^/P^ - v
AT BOTH ENDS (n = l). v= u-
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t n.

0.9

0.'

0.5

0.4

0.3

0.2

0.1

^>rL/I=l°_

Simply supported

Clamped-free

L/r-.l

L/r=5

0

FIGURE 10

50 100 200 300" r/t

VARIATION 0F VIBRATION PARAMETER (o) IN CONJUNCTION
WITH r/t 0F A CYLINDRICAL SHELL (n =1, m= l, v = 0.3

and Q= ur /p(l - v~)/E)
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10)

7|
5'

3

2-

irfl
7-

5-

3

2|

lût

6l

E-L

s.s
'dominant radia.1 motion,

radiai and circumferential

motion identical

\ \
\ \
\ \
\ \

\ \
\ \

\ \

E-L (Clamped-Free)

S-S (Simply"Supported)

\ \ .
\ \
\ \

\ \.
\ \
'y \

\ \
^ \
\ \
\ \
\ \

10"

T ^^__^^^^_^--_^_^^

FIGURE 11 - EFFECT 0F L/r ON EIGEN VALUES AND EIGEN VECTORS

FOR DIFFERENT BOUNDARY CONDITION (n = l, m = l,

r/t = 100 and Q= ur / p(l - v-)/E)
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}Q'\

6l
4^

lu"

6

4 ^

2-

.2
10',

n »7t>

radiai motion

circumferential motion

2 6 8 10 20 40 60 100 L/r

FIGURE 12 - VARIATION 0F VIBRATION PARAMETER (Q) IN CONJUNCTION WITH

L/r 0F A CYLINDRICAL SHELL SIMPLY SUPPORTED AT BOTH ENDS
^—ç

(n =0, m = l, v = 0.3 and Q = ur / p(l - v")/E)
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t J3.X1

1.4l

S-S (Simply Supported)

E-L (Clamped-Free)

(empty)

(with liquid)

03i

0.2-

-r».

0 50 100 150 200 250

FIGURE 13 - EFFECT 0F THE LIQUID ON VIBRATION PARAMETER (o)

(n = l, m = l, v = 0.3, p = 0.935 x 10-4 1b - sec2/in1»

L/r = 50 and Q = ur / p(l - v~)/E)
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-^

.2

présent method

0 expérimental 32

0 0.2 0.4 0.6 0.8
FIGURE 14 - COMPARISON 0F PRESENT METHOD WITH EXPERIMENTAL

VASLUES [23] FOR A CYLINDRICAL SHELL PARTIALLY FILLED

WITH LIQUID [n = l, v = 0.3 and p = 0.935 x 10-4

1b - sec /in

^

^2.2

ÎC

b/L 1
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^

16

0
FIGURE 15 - VARIATION IN FREE VIBRATION 0F A CYLINDRICAL SHELL

PARTIALLY FILLED WITH LIQUID AND SIMPLY SUPPORTED
2^ 4

AT BOTH ENDS (?„ = 0.935 x 10-4 1b - sec /in
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1

0

1

^
\
\

\
\

^s.

^
x•\ h

\
,\

^
<\N

0

m=1
n=1

&• -l—h

/L
O.OJ.O

-0.8

-—0.5

0;5̂  —t—l—t. ^X/L

FIGURE 16 - NORMALIZED EIGEN VECTORS 0F A SHELL SIMPLY

SUPPORTED AT BOTH ENDS AND PARTIALLY FILLED
WITH LIQUID
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